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Stability of Equilibrium Solutions in Planar
Hamiltonian Difference Systems

Cristian Carcamo and Claudio Vidal

Abstract. In this paper, we study the stability in the Lyapunov sense of the equilibrium solutions
of discrete or difference Hamiltonian systems in the plane. First, we perform a detailed study of
linear Hamiltonian systems as a function of the parameters. In particular we analyze the regular and
the degenerate cases. Next, we give a detailed study of the normal form associated with the linear
Hamiltonian system. At the same time we obtain the conditions under which we can get stability
(in linear approximation) of the equilibrium solution, classifying all the possible phase diagrams
as a function of the parameters. After that, we study the stability of the equilibrium solutions of
the first order difference system in the plane associated with mechanical Hamiltonian systems and
Hamiltonian systems defined by cubic polynomials. Finally, we point out important differences with
the continuous case.

1 Introduction

The importance of difference equations of the first order has grown significantly in
recent years as evidenced by the large number of publications existing in the literature
(see for example, [1,15,19]). In this paper we study particular systems of difference
equations of second order called discrete or difference Hamiltonian systems, which
were introduced, for example, in [2,3,9].

In order to describe our main contributions, we will recall the definition of discrete
Hamiltonian systems. We start with linear difference Hamiltonian systems. These
systems were formulated in [3], where some properties can be found.

Definition 1.1  Let A(n),B(n),C(n) € Myxn(R) be matrices. A difference (or
discrete) linear Hamiltonian system is defined as the second order difference system of
the form

Axi(n) = A(n)x;(n +1) + B(n)xy(n),

an Axy(n) = C(n)xy(n+1) — AT(n)xy(n),

where Ax(n) = x(n +1) — x(n), B(n), and C(n) are Hermitian matrices of order
N x N in a domain D c Z and I — A(n) is non singular in D. The system (1.1) is
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Axi(n)\ _ x(n+1)
(2a0) -4 (%6)

M) - (A<n) B(n) )

equivalent to

where

C(n) -AT(n)

Bohner [6] studied the eigenvalues of the matrix M(n) when this depends on one
parameter and gave conditions to have a lower bound for the eigenvalues. In [2] he
made an analysis of the linear Hamiltonian as a second order difference system.

Hereafter, we will assume that D = Z. The system (1.1) naturally presents the in-
convenience of defining a second order difference system, because we are interested in
studying the stability of the null solution, and the majority of the strong background of
stability theory is associated with difference systems of first order. It is easily verified
that the system (1.1) can be reduced to a first order system, namely,

(1.2) (xl("“)) = S(n) (xl(n)),

x(n+1) x2(n)
where
_[E(n) F(n)
S(”)‘(G(m H(n))’
with
E(n) = (I-A(n))7, G(n)=C(n)(I-A(n))™

E(n) = (I-A(n))"'B(n), H(n)=C(n)(I-A(n))"B(n) +I—AT(n).

According to [3, p. 83], the matrix

S(n) = (EE;((Z; fl((z)))

associated with the system (1.2) is symplectic for every n. For this reason, the study of
linear Hamiltonian difference systems (1.1) is reduced to the study of linear difference
systems of first order. In [2,3] the authors studied the linear Hamiltonian systems in
order to find a parallel between the continuous and discrete cases; they study the sym-
plectic difference systems in particular. The study consists of obtaining general prop-
erties of such systems. In [14] a preliminary study of the symplectic matrix associated
with the linear Hamiltonian system is made. In [17] general qualitative properties of
the linear Hamiltonian systems in differences are studied; the methods that are used
involve the Riccati type matrix. The authors proceed to extend the qualitative proper-
ties of the continuous and nonautonomous linear Hamiltonian systems. Zhang et al.
in [26,27] established several inequalities of the Lyapunov type for Hamiltonian linear
systems in the planar case. Properties of disconjugacy for the discrete Hamiltonian

https://doi.org/10.4153/CJM-2014-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-040-3

1272 C. Carcamo and C. Vidal

systems are considered in [3,5,7,16,23]. Other studies of the linear Hamiltonian sys-
tems with time-scales are considered in [4,8]. According to [5], Hamiltonian systems
in difference equations are defined as follows.

Definition 1.2 Let H € C'(R?N,R), and denote by VH(z) the gradient of H in z.
The difference Hamiltonian system for H is defined by

(1.3) Ax(n) = JVH(Lx(n)), nel,

where x(n) = ( 222%), with x;(n) € RY, i =1,2, L is defined by Lx(n) = ( x;gr(l;;)),
and J = ( I?v N ) is the standard symplectic matrix with Iy the identity matrix of
order N.

Zheng [29] studied the existence of multiple periodic solutions using Morse theory.
In [11] the Hamiltonian system

Axi(n) = —HxZ(n,x(n)) ,

(L4 Ax,y(n) :Hxl(n,x(n)),

is considered, where H(n, x(n)) is periodic in n and superlinear when || x|| - oo. The
existence of homoclinic orbits is proved using critical point theorems.

In this paper our main objective is to study the stability of the equilibrium solution,
which we suppose is (0, 0), for the linear Hamiltonian system (1.1) and for the non-
linear Hamiltonian systems (1.3) in the planar and autonomous cases. Our strategy is
to reduce the study of the stability of the equilibrium solution (0, 0) of the two previ-
ous situations to one difference system of first order associated with the Hamiltonian
system. Thus, we can apply the standard theory of difference equations in order to get
our results. The analysis of the stability of the null solution of the associated Hamil-
tonian system is relatively new. Although there are several results in the literature
about asymptotic behavior for solutions of difference equations, little is known for
Hamiltonian difference systems.

To get our results, we have organized the work as follows. In Section 2 we study
the stability of the null solution of a symplectic difference linear system as a function
of the parameters associated to the matrix. Next, we relate the conditions of stability
with the parameters of the associated linear Hamiltonian system. In particular, we
characterize all the possible phase portraits of the linear system in the bi-dimensional
case as a function of the involved parameters. Also, we analyze all the possible normal
forms associated with the symplectic matrix and associated with the Hamiltonian lin-
ear system. Here, we emphasize that given the spectra of a symplectic matrix, where
we are in the critical case; that is, the product of the eigenvalues is 1. In Section 3
we study the Lyapunov stability for the null solution of a particular, but interesting,
Hamiltonian system, which is associated with a mechanical system. Different cases
are analyzed and important differences are observed when they are compared with
the continuous case. Finally, we analyze Hamiltonian difference systems defined by
polynomials of degree three.

The proofs of our main results are achieved by the convenient use of Lyapunov
theorems (see [1,15,20]) and the Chetaev Theorem (see [10,12]).
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Zhang [28] studied the stability of the null solution in systems which are perturba-
tions of linear Hamiltonian systems, but the perturbation are not necessarily Hamil-
tonian, as in system (1.4).

An important point is that in the study of stability in the Lyapunov sense of the null
solution in a Hamiltonian system for the continuous case, the existence of resonance,
the theory of normal form, and the existence of a first integral each play an important
role (see details in [24,25]).

2 Analysis of the Type of Stability of the Null Solution for Linear
Hamiltonian Difference Systems in the Bidimensional Case

We intend to prove particular properties of system (1.2) coming from the system (1.1)
when it is compared with the linear difference system in the general case.

It is evident that the point (0,0) is a solution of (1.2). Next we are going to study
the type of stability (linear) of the null solution of (1.2) for the autonomous case.

Let a linear Hamiltonian system of 2 x 2 be given by

B x1(n+1)
(2.) Ax(n) = M( (1) ),
a ¢
o weft 7).
where a, b, c e Rand 1-a # 0. Then the associated linear symplectic system (1.2) has
the form
(2.3) x(n+1)=Sx(n), n>n,y,

where the symplectic matrix is

1 b
) s=(7 o).

-a 1-a

In [15] the existence of 11 possible phase portraits for the bidimensional linear dif-
ference system of first order are shown. In our case, the fact that the matrix S of the
linear system (2.3) is symplectic implies that det S = 1. Thus, if A4, A, are its eigenval-
ues, then 111, = 1, and so |A1] |A;| = L. Therefore, for the symplectic system (2.1), there
are only the following possibilities:

(a) Saddle type,ie., A; >1and A, < 1. In this case the phase portrait is topologically
given in Figure 1; therefore, the origin is unstable.

(b) Degenerate type, i.e., A = A; = 1(or A; = A, = —1). In general, if the system
with eigenvalues A; and A, is diagonalizable, it is verified that the phase portrait
is given in the left side of Figure 2. Thus, the phase space is full of equilibrium
solutions, and in particular, each of them is stable.

On the other hand, if the system is nondiagonalizable, we have that its phase
portrait is topologically given in the right side of Figure 2. Therefore, the origin
is unstable.
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Figure I: Saddle point (unstable) with A; >1and A, < 1.

Figure 2: Degenerate cases. Left: diagonalizable, stable; Right: nondiagonalizable, unstable.

(c) Center type. In this case the eigenvalues are given by A, = a + if3, with  # 0.
Set w = arctan % Then the solution of the system

()’1(”+1)):(“ /3) (Yl("))
y2(n+1) B a)\y2n)

y1(n) = ||"( 10 cos(nw) + yzo sin(nw))

y2(n) = [M]" (=10 sin(nw) + yz9 cos(nw)).
In this case |A;| = 1, and we obtain an equilibrium that is a center where all the
orbits are circular with radius ro = \/y7, + ¥, and the phase portrait is topolog-

ically given in Figure 3. Therefore, the origin is stable. We should emphasize that
for a symplectic 2 x 2 matrix, it is not possible to have the situation A € C with

is given by
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Figure 3: Center with [A,| = 1.

|| # L In fact, the nature of the symplectic matrices implies that if A is complex,
then 1/A is an eigenvalue and A and 1/A are also eigenvalues.

We will denote by p1,, = +V a? + be the eigenvalues associated with matrix (2.2).
On the other hand, the eigenvalues associated with the symplectic matrix (2.4) are

) 1+ (1-a)*+bc+/(1+(1-a)>+bc)> - 4(1-a)>

(2.5) M2 2(0-a)

Considering Ay = a® + b, it is verified that
AS = AM [AM +4(1— a)] .
By virtue of the previous properties we have the following result.

Proposition 2.1 If Ay =0, then Ay, = 1. Moreover, if b = 0, then the following hold:

(i) Ifc = O, then the null solution of (2.3) is stable and is of degenerate type and
diagonalizable (see Figure 2).

(ii) Ifc # O, then the null solution of (2.3) is unstable and is of the degenerate type and
nondiagonalizable (see Figure 2).

In the case b # 0, the null solution of (2.3) is unstable and is of degenerate type and non

diagonalizable (see Figure 2).

Proof Since Ay = 0, it can be verified from (2.5) that A, = 1. To prove the other

items, we note that if Ay = 0 and b = 0, then a = 0. Thus, the matrix S in (2.4)
assumes the form

Then, under the condition ¢ = 0, proof of item (i) follows. In the case ¢ # 0, S is not
diagonalizable, and therefore we obtain the conclusion of item (ii).
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The condition b # 0 implies that ¢ = —%2, and then we have that the symplectic
matrix S in (2.4) has the form
1 b
s-( T2 ).
“b(l—a) 1-a

Then the eigenspace associated with the eigenvalue 1 has dimension one, which im-
plies that the matrix is not diagonalizable, and therefore the null solution is unstable.
Thus, we conclude the proof of the proposition. ]

Now consider the following situation.

Proposition 2.2 (i) Assume that Ay > 0 and that1— a > 0. Then the equilibrium
solution (0,0) of (2.3) is unstable and is of saddle type (see Figure 1).
(i) Assumethat Ayr >0and1l—-a <0.
(@) If Ay +4(1—a) >0, then the equilibrium solution (0, 0) of (2.3) is unstable
and is of saddle type (see Figure 1).
(b) If Ay +4(1-a) <0, then the equilibrium solution (0, 0) of (2.3) is stable and
is of center type (see Figure 3).
(¢) If Ay +4(1—a) =0, then the equilibrium solution (0, 0) of (2.3) is unstable
ifb # 0. For b = 0 and c = 0 the equilibrium point is stable, and if ¢ # 0 the
equilibrium solution is unstable.

Proof In (i) it is verified that

_ AM \/AM [AM+4(1—Q):|
_1+2(1—a)i 2(1-a) ’

A1,2

and clearly

AM \/AM[AM+4(1—Q)]
2(i-a) 2(1-a)

A1:1+

So, (i) is proved.
The proof of the case (ii)(a) is obtained by observing that the eigenvalue

A2—1+ AM _\/AM[AM+4(1—61)]

- 2(1-a) 2(1-a) &=

For case (ii)(b) we have that the eigenvalues are given by

Ay in/~Ay [Ay +4(1-a)]
T 20-a) 2(1-a)

Mpa=1 ,
which satisfy |11 5| = 1. Thus, we verify that the matrix S is semisimple, and therefore
the null solution must be stable.

For case (ii)(c) we have that A; ; = —1. Then the type of stability of the null solution
is decided according to the diagonalization of the matrix S. It follows that (a — 2)? =
—bc; that is, a = 2 + \/=bc, so there are two possibilities for the matrix S in (2.5),
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namely,

e _ 1 _ 1
1+V-bc 2+ 1+ =bc 1-v/-bc 2+ 1-V/-bc

-1 -b -1 -b
S = (1+\/—hc 1+\/—bi: ) or S = (1—\_/C—bc 1—\/—hlc ) .

It is verified that for b # 0 the eigenspace associated with the eigenvalue —1 (of al-
gebraic multiplicity 2) has dimension 1, where the solution (0, 0) of (1.2) is unstable.
For the case b = 0 (i.e., a = 2) it is shown that if ¢ = 0, the solution (0,0) of (1.2) is
stable, and in the case ¢ # 0, the solution (0, 0) of (1.2) is unstable. This concludes the
proof. ]

Remark 2.3 It is important to call the attention to the fact that condition
Ay +4(l-a)<0,
could be true, since
Ay+4(l-a)=a*+bc+4-4a=(a-2)"+bc,
which holds if bc < 0 and |bc| > (a - 2)%.

Now, we will proceed to the analysis of the case Ay < 0.

Proposition 2.4  Assume that Ay < 0.

(i) If1-a <0, then the null solution (0, 0) of (2.3) is unstable and is of saddle type
(see Figure 1).
(i) Ifl-a>0and
(@) Ay +4(1-a) > 0, then the equilibrium (0,0) of (2.3) is stable and is of the
center type (see Figure 3);
(b) Ay +4(1-a) <0, then the equilibrium (0,0) of (2.3) is unstable and is of
saddle type (see Figure 1);
(c) Ay +4(1-a) = 0, then the equilibrium (0,0) of (2.3) is unstable and is of
degenerate type and nondiagonalizable (see Figure 2).

Proof To prove item (i), we observe that Ay [Ay +4(1-a)] > 0and

Av VAM[Am +4(1-a)]

T I 2(1-a)

> 1.

Therefore, the origin (0, 0) is unstable and is of saddle type.
For (ii)(a), from the hypotheses, we have that Ay [Apy +4(1-a)] < 0, and so its
eigenvalues are of the form

AM .\/—AM[AM+4(1—61)]
A1’2:1+2(1—a)i1 2(1- a) '

They satisfy |1;2| = 1 and are distinct. In conclusion, the solution (0,0) of (1.2) is
stable and is of center type.
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For (ii)(b) from the hypotheses, we note that 1 + A—_Ma) < -1, and so

201
Ay [Ap+4(1-
Ay =1+ Ay —\/ w By 401 -a)) <-L
2(1-a) 2(1-a)
Thus, |[A;| > 1, where we conclude that the equilibrium (0, 0) of (1.2) is unstable and

is of saddle type.

Finally, for the case (ii)(c) we know that Ay = —=4(1 - a), and so Ay, = —1. Anal-
ogously to the proof of Proposition 2.2(ii)(c), we prove that the equilibrium (0, 0) of
(1.2) is unstable, degenerate, and nondiagonalizable. ]

Taking into account the expression of A s and of A, we can point out the following
properties.
(a) If Apy = 0, then Ag = 0.
(b) If Ag =0, then Apy =0o0r Ay =4(a-1).
(c) If Ap =0, then Ay, =1 or system (1.2) is degenerate.
(d) IfAp >0, then yy e R* and pp e R™.

In synthesis, the stability of the null solution for a planar and autonomous linear
symplectic difference system associated to a linear Hamiltonian difference system is
summarized as shown in Figure 4.

Unstable,if b = 0
Ap

1

Ay+4(1l—a)=0 | Stable,if b=0 and c=0

Unstable,if b =0 and ¢ # 0

Unstable
Stable

Unstable

Unstable
L a

Stable,if c=0 and b =10

| Unstable,if ¢ % 0 andb = 0

Stable orhbxe0andc=0

Usr""é/e

Unstable

Figure 4: Type of stability for the null solution for planar and autonomous linear symplectic
difference system.

2.1 Analysis of the Stability of the Null Solution of the Planar System (2.3) through
Normal Form of Symplectic Matrices

The study of stability of the equilibrium solution (0, 0) can be also considered through
the process of normalization of symplectic matrices applied to S defined by equation
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(2.3). The study of the normal form has been considered, for example, in [21, 22,
24]. Here, all the possible scenarios according to the eigenvalues of the matrix S are
analyzed. In our study, we will focus our attention to the case S € M,y (R). The
details of our arguments are discussed with depth in [25] and [22].

Letx(n+1) = Sx(n), x(n) € R? be a difference system with S a symplectic matrix
as in (2.4). We characterize the possible normal form as follows:

Casel. A,y e R-{0}and A, = /\%’ where A; # 1. According to the theory of normal
forms, the possible normal forms are:

A1 0 A] 0
81— (1 /\_1) or 82— (0 /11_1)
For these symplectic matrices, according to (2.4), we obtain that the associated Hamil-
tonian matrices are

M-l hi-l 0
3{1:(111 lh) or 5{2:(8 lh)

) N ’
respectively.

Case 2. Ay = A, = 1. Here the possible normal forms for S are

1 0 1 0
512 (1 1) or 82 = (0 1)

Then according to (2.4), the Hamiltonian matrices are
0 0 0 0
H, = (1 0) or ¥, = (0 0))

Case 3. If A\; = A, = -1, then normal forms of S are

-1 0 -1 0
81:(1 _1) or 82:(0 _1)

Then according (2.4), the Hamiltonian matrices are

2 0 2 0
}C] = (1 2) or g‘[z = (0 2’)

respectively.

respectively.

Case 4. If A, = iy and A, = —if3, then the normal form of the matrix S is given by

(4 9).

Notice that if we consider the previous expression for S, it is not possible to have this
form §, because in this case we obtain that ﬁ = 0, which is impossible.
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3 Study of Nonlinear Planar Hamiltonian Systems

Here we will point out some results that characterize the stability in the sense of Lya-
punov of one equilibrium point of a Hamiltonian system, which are associated with
mechanical systems. Moreover, we study the stability of the equilibrium solutions de-
fined by Hamiltonian functions defined by cubic polynomials. Initially, we remember
that a mechanical system corresponds to the differential equation of second order

(3.1) % =VU(x1),

where U:RY < § — R is a differentiable function (at least of class C') to real values
and S denotes the set of singularities of U. In this case, U is called a potential function
and the associated Hamiltonian function is given by

1
62) H = H(x,x) = 5|l - Uln),

where the variable x; is called conjugate variable.

In order to compare our results with the continuous case for mechanical systems
of the form (3.1), we first recall the Dirichlet Theorem. It was proved by Dirichlet [13]
and formulated by Lagrange [18].

Theorem 3.1 Let x| be an isolated critical point that is a local maximum of U. Then
the equilibrium solution (x5, 0) of the Hamiltonian system associated with (3.2) is sta-
ble.

Proof This result is a consequence of Lyapunov’s Theorem, defining the Lyapunov
functionas V (x1, x2) = H(x1, x2)+U(x;"). For more details of the proof, see [25]. W

Considering the Hamiltonian function given in (3.2), the difference Hamiltonian
system is given by

Axi(n) = x3(n),
Axy(n) =VU(xi(n+1)).

Since Ax(n) = x(n + 1) — x(n), it follows that system (3.3) is of first order, which
assumes the form

(3.3)

x1(n+1) =x(n) +x2(n),

(G.4) xz(n+1):xz(n)+VU(x1(n)+x2(n)).

Next, we are going to analyze the planar case H = éx% — U(x1), where U is a

differentiable function. In particular, system (3.4) is reduced to
x1(n+1) =x(n) +x2(n),
x(n+1) = xz( n)+ U'(x(n) + xz(n))

The characterization of the equilibrium solution of the system (3.5) is the following
proposition.

(3.5)

Proposition 3.2 The equilibrium solutions of the system (3.5) are characterized by
(x1,x5) where x; is a critical point of U and x5 = 0.

https://doi.org/10.4153/CJM-2014-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-040-3

Stability of Equilibrium Solutions in Planar Hamiltonian Difference Systems 1281

Proof Set f(x1,x2) = (x1+ x2,%2 + U'(x1 + x2)). Then f(x1,x;) = (x1, x) if and
onlyif x; + x, = x1, X + U'(x1 + x2) = x,. Then x, =0y U'(x1) = 0. [ |

From now on we will assume without loss of generality that (0, 0) is an equilibrium
solution for the nonlinear system (3.5), i.e., 0 is a critical point of U. We are interested
in determining the type of stability of the solution (0,0). We are going to analyze an
analogous result to the Dirichlet Theorem in the discrete case for the planar system
(3.5).

Initially we propose the linear stability of the equilibrium solution (0, 0) of the
mechanical system (3.5). The linearized system (3.5) around the point (0,0) and de-
noting u = U"(0), it follows that the linear part is the symplectic matrix ( pRT ).
Thus the associated eigenvalues are

Y o A u(p+4)

=1+ -
b2 2 2
According to the notation for the associated symplectic matrix S in (2.4) we must
havethata=0,b=1Landc =1+ p.

Theorem 3.3 (i) If y > 0, then the null solution of (3.5) is linearly unstable (of
saddle type) and is also unstable in the Lyapunov sense.

(ii) If u = 0, then the null solution of (3.5) is linearly unstable (degenerate case).

(iii) If p € (—4,0), then the null solution of (3.5) is linearly stable (center type). If
y € (—oo, —4), then the null solution of (3.5) is linearly unstable (saddle type) and
is also unstable in the Lyapunov sense. If y = —4, then the null solution of (3.5) is
linearly unstable (degenerate case).

Proof The proof of item (i) is clear, because if 4 > 0, then A; > 1.
In item (ii) we have that Ay = 0, so Ay, = 1, and by Proposition 2.1 it follows that
(0,0) is linearly unstable (degenerate case, the linear part is non diagonalizable).
For the item (iii) and y € (—4,0), by Proposition 2.4(i) it follows that (0,0) is
linearly stable, since the eigenvalues are
a iy/-a(a+4)
Map=1+ -2 —7—7—,
2 2
i.e., of the center type. For y € (—o0, —4), by Proposition 2.4(ii), we have that (0, 0)
is linearly unstable (saddle type), and thus is unstable in the Lyapunov sense. Finally,
if 4 = —4, it follows that A, , = —1, so by Proposition 2.4(iii) we have that (0,0) is
linearly unstable (degenerate, nondiagonalizable linear part). |

Remark 3.4 'The condition y > 0 in the previous proposition in particular tells us
that 0 is a local minimum of U. Thus our result shows that there is a great differ-
ence between the continuous and the discrete case, because in the continuous case
the equilibrium (0, 0) is always stable in the Lyapunov sense.

To complete the study of the nonlinear stability of the solution (0,0) of (3.5) by
Theorem 3.3, we need to analyze the case y € [-4,0].
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Theorem 3.5 If y € (—4,0) with U such that U(0) = 0 and analytic in a neighbor-
hood of 0, then the origin of system (3.5) is unstable in the Lyapunov sense.

Proof We consider the quadratic form V (xy, x;) = ax} + fx}, with « and 8 chosen
conveniently. Then if we take g = U”(0) and calculating the difference of V, we have

AV(Xl,Xz) = V(x1 + X, X2 + U,(Xl +X2)) - V(X],Xz)
2
= a(x + %)% + ﬁ(xz + U (% + xz)) — axt - Bx?
= 20,5 + axs + 2Bxa U (3 + X3) + ﬁ( U'(x +x2))2

= 20,0 + axs + 2Bxap (X1 + x3) + B( p(x + xz))2
= 200X, + X3 + 2Bux1x + 2Puxs + Pulxl + 2Bux1x;
+ Buxz + O(Jx[)
= Buxi + 2(a+ P+ Put)oixa + (o + B+ Bu)x; + O([x).

For the case y € (-1,0) we take > 0 and 8 > 0 such that —i < g < _,4(11+y)' With
this election, we verify that V is definite positive in a neighborhood of the origin and
the quadratic form Bu?xf +2(a+Bu+Pfu?)x1xz + (a+Pu+Pu*)x3 is positive definite
by the Hurwitz criterion. In fact, Bu* > 0 and

2 2
gt B a+ﬁu+/3#):_a+ o+ Bu+ Bud),
(rx+ﬁu+ﬁy2 o+ By + By (a+Bu)(a+Pu+pu’)
which is positive because of the hypotheses. In the case y € (-4,-1) we take § <
—ﬁ, and in particular, § is negative. Thus, in a neighborhood of the origin, AV is
negative definite and V takes positive values. Finally, by the Theorem of Instability of
Lyapunov, we conclude that the origin of the system (3.5) is unstable in the Lyapunov
sense. u

Hamiltonian Polynomials of Degree 3
We consider the Hamiltonian function
B 2 Y, 2, €3
H="=x5 +axixy + Zx; + =X;.
2% X2+ X+ 3%
Thus, the associated Hamiltonian system is given by
Axy(n+1) = Bxy(n+1) + yxa(n) + exz(n),
Axy(n+1) = —axy(n+1) — Bxa(n).

It can be reduced to the first order difference system

1

x1(n) + 1E/ﬂ 5
o o ae

x(n+1) = —1_ﬂx1(n) + (1—[3 - ﬁ)xz(n) - 1_/})x%(n).

It is clear that (x;(n), x,(n)) = (0,0) is an equilibrium solution of (3.6).

x(n+1) = xz(”)‘*Lx%(”)

(3.6) 1-p
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Theorem 3.6 For3+1, ay <0, and e € R — {0} the null solution of (3.6) is unstable
in the Lyapunov sense.

Proof Let V(xj,x,) = x1x, be a Chetaev’s function, which is positive in the first and
third quadrants, and is negative in the second and fourth quadrants. It is verified that

AV(Xl,Xz) = V(f(x1> xz)) - V(xl’xl)

& o oy 2 2ay 1

T (-By te(r (1—/3)2) (1-p)?
2aye PN 2« ae’

+(“< ﬁ)z) (1 /3)2’“"2 -py

Considering only the first quadrant, it is enough to consider § # 1, « < 0, y > 0 and
e > 0. In the third quadrant, we take § # 1, « < 0, y > 0, and e < 0. Therefore, in
both cases, in the region V > 0, we must have that AV is positive definite, so by the
Theorem of Chetaev, we conclude that the null solution of system (3.6) is unstable.
For the second quadrant, the convenient parameters are 8 # 1, @ > 0, y < 0, and
e < 0. In the fourth quadrant we take 8 # 1, « > 0, y < 0, and e > 0. Then in both
cases, in the region V < 0, we have that AV is negative definite, so by the Theorem of
Chetaev, we conclude that the null solution of the system (3.6) is unstable. [ |

Next, we study the Hamiltonian system, where the Hamiltonian is given by

o
H(x1,x2) = Exlz + Bx1x, + ng +p(x2),

where p(x;) is a polynomial starting with terms of order greater or equal to 3 in the
variable x,. We will assume that 8 # 1. Thus, the associated Hamiltonian system is
given by

s %ﬁp%xz(n)),

g+ (=12 # 1= B)aa(m) - =g Gan)

It is clear that the origin is an equilibrium solution of system (3.7), since p’(0) = 0. In
order to study the type of stability of the solution (0, 0) we will analyze the Chetaev
function V (x, x2) = x1x,. It is clear that this function is positive in the first and third
quadrants. Moreover, through the solutions of (3.7), we have that

1
xi(n+1) = xi(n) + x(n) +
(3.7) l_ﬁ

xn+l)=-——

o 2y -ay?
(3.8) AV(xp,x2) = —(1_ﬁ)2x12 - (l—ﬁ)lexz + ( W + y)x%
2a

—mxlpl(xz)*'( - /3)2 1)sz’(xz) = ﬁ)z( ’(xz))z.

To decide the sign of AV, we will first analyze the particular case where p(x,) =

£x3 + %xg, so we can formulate the following result.

Theorem 3.7  Assume 8 # 1, ay < 0, and p(x;) = £x3 + %xg such thate- f > 0. Then
the null solution of the system (3.7) is unstable in the Lyapunov sense.

https://doi.org/10.4153/CJM-2014-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-040-3

1284 C. Carcamo and C. Vidal

Proof By the form of p, it is verified in (3.8) that AV assumes the form

AV(Xl,Xz) = -

¢ 2 _ X1X2 %
(—ﬂ)le <1 ﬂ)2 (- (1 ﬂ)z “7)
—2ay

- ﬁ)le(exz + fx3) + ( (- p)? )xz(exz +fx3)
- W(exz + fx3)°.

In the first quadrant, considering the restrictions « < 0,y > 0, e > 0, and f > 0, we
have that AV is positive definite. For the third quadrant, taking & < 0,y > 0,e <0
and f < 0, we get that AV is positive definite.

In the second quadrant it is enough to consider &« > 0, y < 0, e < 0,and f < 0,
while in the fourth quadrant we take e > 0, f > 0, and then we will have that AV is
negative definite.

The conclusion of the theorem follows from Chetaev’s Theorem. |

Remark 3.8 'The previous theorem can be generalized if we take p(x;) such that

n OCJX§J+1
X = —_— >
p(x) El 2j+1

where p(x,) is an arbitrary polynomial at least of degree 3 without variations of sign.
Under these conditions it is verified that the null solution of system (3.7) is unstable.
In a more general way, we can take a polynomial p(x,) such that p’(x) is positive or
negative depending on the sign of the parameters « and y.

Now, we consider the Hamiltonian function

@ 2 Yoa [, €3 2 2
H(xy, %) = 5%t Bx1xz + JXU A X T g hxyx5.

Thus, the Hamiltonian system is given by
Axi(n) = Bry(n+1) + yxy(n) + gxi(n +1) + 2hxy(n +1)x,(n) + ex3(n),
Axy(n) = —axi(n+1) = fxa(n) = fxi(n+1) = 2gx1(n +1)x3(n) — hx3(n).
Assuming that g = 0, the associated system of first order assumes the form

x1(n) + cxy(n) + ex3(n)

1) =
xa(n+1) = 1- B -2hxy(n)
x1(n) + yxz2(n) + ex3(n
(9  x(n+l)=-a [ i i_;jghlz(n’;z( )]+[l—ﬁ—hx2(n)]x2(n)
—f[ xl(n)+cxz(n)+ex§(n)]2
l—ﬁ—thz(n) ’
where clearly x,(n) must be different than By virtue of this restriction we must

assume that § # 1.

https://doi.org/10.4153/CJM-2014-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-040-3

Stability of Equilibrium Solutions in Planar Hamiltonian Difference Systems 1285

For the case g # 0, the associated difference system of first order is

(3.10) B~ 2hes(n)
1-5-2hx,(n
xi(n+1)= —
. J n(n) _yxa(n) ext(n) [1-B-2hn(n)]
g g g 4g?
x(n+1) = [—a —-2gx,(n) - fa-p —;hxz(”))]
y 1- - 2hxy(n) i\‘ “x(n)  yxa(n)  exj(n) . [1-B-2hx;y(n)]?
2g g g g 4g?

e
+ ixl(n) + (1—[3 + ﬁ)xz(n) + ( ef _ h)xf(n)
g g g
It is verified that (0,0) corresponds to an equilibrium solution of system (3.9). To
analyze system (3.10) we must be very careful, because extra conditions are needed
in order to have an equilibrium solution at the point (0,0). In fact, if x;(n + 1) =

fita(n), x2(n)) y x2(n +1) = fo(x1(n), x2(n)), then

fl(0,0):lz_g/j:I: (12_;) zlz_gﬁi|12_gﬁ"
f2<o,o>:[—a—§<1—/3>][12g’3 (I;j)z]
[ La-p)[ 5L+ S

Thus, if 1‘7"‘ > 0, the origin is an equilibrium solution of system (3.10). It is verified

that the linearization of system (3.9) with 8§ # 1around the equilibrium (0, 0) is given
by the symplectic matrix

whose eigenvalues have the form

1 2 2 2 2
Alz—m[—ay+ﬁ ~2B+2+/(cay+ B2 +2)7 —4(B- 1),

Ay =

_2(ﬂ;—1)[—ay+ﬁ2—2/3+2—\/(—06)/+/32—2ﬁ+2)2—4(/5‘1)2]'

The following theorem establishes the conditions that must be verified in order to
have stability in the case when g = 0.
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Theorem 3.9  Assume that in system (3.9) it is verified that B # 1, (f* - 2B — a*) > 0
and moreover that

138 + 462 + a? + a2B? + a2 B2y + 8aBy + y* + By + B°
+e” + pPe’ +4ye + a’y’ + 4afe + 2a’ye

<12ﬁ3 + 20¢2ﬁ + 20(2[3)/2 +4Pye + 2Py + yzez + 20()/2 +12a3 + 14aBe
+12af%y + 2aB%y + 2ay + 2Be + 6° + 2By* + 2af’e + a’e® + 2ae.

Then the null solution of the system (3.9) is asymptotically stable in the Lyapunov sense.

Proof Let V(x;,x;) = x? + x3 be a Lyapunov function. It is clear that this function
is positive definite in a neighborhood of the origin. Now we evaluate AV:

X1+ pxy +exi\2 [ —ax; —ayx; —aexs  (1-B-2hx;)%x
AV(xl,xz):(l X2 2) [ 1 - ayx ;, (-8 2)°%
1—ﬁ—2hx2 1—5—2]’!%’2 1—[3—2]’!?@
Srpmeediys
(1—/3—2]’1)(2)2
_(x+yxp +ex3)? [(1—/>’—2hxz)(—ocx1—0cyx2 - aex?)
© (1-B-2hx,)? (1- B -2hx,)?

+ (1_/3 _th2)3x2 _ f(xl Tyx+ ex%)Z:IZ —xZ_y2
(1-B - 2hx;)? (1-B - 2hx,)? b
C(x +yxp + ex3)? . 1

© (1-B-2hx;)>  (1-P-2hx,)*
2

+(1-p8 —th2)3x2 - f(x1+yx2 + ex%)z]2 —xf - x5.

[(1- B - 2hxy)(—ax; — ayx, — aex3)

Multiplying by (1 - & — 2hx;)* on both sides we obtain the equality

(1- B = 2hxy)*AV (x1, %)
= (1= B —2hxy)*(x1 + pxs + ex3)?
+[ (1= B-2hxy)(—ax, — ayx, — aex3)
+ (1= B=2hx)°x — f(x1 +yxz + ex%)z]2
~(1=B-2hxy)*x} — (1- B - 2hxy)*x3
= (1= B —2hxy)*(x1 + pxs + ex3)?
+ (1= B = 2hxy)*(—ax; — ayx; — aexs)*
+ (1= B —2hx,)%%3 + f2(x1 + pxy + ex3)?
+2x,(1 = B = 2hxy)* (—axy — ayx; — aexs)
~2f (1= B = 2hx;)(~ax; — ayx; — aexs)(x; + yx;
+exs) = 2fxy (1= B —2hxy)> (x1 + pxa + ex3)?

— (1= B =2hxy)*x} — (1= B - 2hx,)*x3.
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After some manipulation and simplification the expression on the right-hand side is
equivalent to

S=(2B+4p% —4p* —58% + a® + a’B* — 2a*B)x}

+ (2B%y +2B%e — 4By — 4Be + 207y + 8af + 8af’ — 2aB* — 12ap* + 2e
+2y = 20 — 4’ By + 2’ f7y)x1x2
+ (14B* 2B - 16B° — 6> + B® + 9B% — 4Bye + 2% ye — 2a*By* + & B*y*
+8afy +8af’y - 2af%y — 12ayB® + y* + e + By + 2Be* + fre?
+2ye = 2By* +a’y’ = 2ay)x; + O(|x|*)

=—(B-1D*(B-2B-aP)x} +2(B-1)2af + a’ye + e +y — & — af*)x1x,
+(B-1)*(B* - 4p° —2app + 5% + 4afy - 2
+a?y? +y* +e* = 2ay + 2ye)xs + O(|x[?),

where O(||x|?) denotes terms of order equal and greater than 3. We observe that AV
is negative definite when S < 0. In fact, (8% — 23 — a?) is positive, and furthermore

(1) 138 +4B% +a’ + a? B+ aP By + 8af’y + y* + By + B + e + BPe?
+4ye + a’y* + 4afe + 2a’ye
<128’ +2a°B +2a° By* + 4fye + 2By + ye* + 2ay’ + 12a°
+l4afe + 2ap’y + 2afy + 2ay + 2fBe + 68°
+2By* +2ap%e + a’e® + 2ae.

Now, we note that —(8 — 1)?(B? - 28 — a*) < 0 is negative and that det( 3% ;2 ) > 0,

where
su = (B~ 17(F - 26~ o),
s2=(B-1)(2ap+a’ye+e+y-a-ap’),
sn=(B-1)(2ap +a’ye+e+y-a-ap’),
s2= (B-1)*(B" —4p> —2ayp> + 58 + 4y

2B+ oy + 9>+ e? - 2ay +2ye).
In fact,
det (S11 512) = (B-1)*(13p" + 48> + a? + 2B + a?B7)? + 8B’y
S21 S22

+97 4+ B2y* + BO + e® + fre’ + dye + a’y® + 4afe - 128°
—20B - 2a%bc* — 4fye — 2By + 2a’ye — y*e? — 2ay?

- 12a° - 14aBe — 12ayp® - 2aB*y — 2ay - 2Be - 6°
—2By* —2ap%e - (a’e? - Zae)) .

By inequality (3.11) we have that the factor at the right-hand side of the determinant,
is less than zero and — (8 - 1)* < 0, we conclude that the quadratic form S is negative

https://doi.org/10.4153/CJM-2014-040-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-040-3

1288 C. Carcamo and C. Vidal

definite. Therefore, AV is negative definite. By Lyapunov’s Theorem for asymptotic
stability we conclude that the null solution of system (3.9) is asymptotically stable. W

Example 3.10 Observe in system (3.9) thatif« = e =land 8 = %, the condition
B*-2B-a*=(3)*-5-1= > 0is satisfied, and substituting in (3.11), we verify

that % < %, which implies that the null solution of the system (3.9), given by

x1(n) +x2(n) + x3(n)

xa(n+l) = -3 —2hx,(n)
x(n+1) = —[ xl(nz:fzz(hnzzznx)%(n)] + [—% - hxz(n)]xz(n)
x1(n) + xz(n) + x2(n) 12
_f[ —% —2hx,(n) ]

is stable in the Lyapunov sense.

Finally, we point out that the value of f is arbitrary and is not relevant at the mo-
ment of analyzing the type of stability of the null solution.
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