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SOLUTIONS OF
A CERTAIN NONLINEAR ELLIPTIC EQUATION
ON RIEMANNIAN MANIFOLDS

YONG HAH LEE

Abstract. In this paper, we prove that if a complete Riemannian manifold
M has finitely many ends, each of which is a Harnack end, then the set of all
energy finite bounded .4-harmonic functions on M is one to one corresponding
to R', where A is a nonlinear elliptic operator of type p on M and [ is the
number of p-nonparabolic ends of M. We also prove that if a complete Rieman-
nian manifold M is roughly isometric to a complete Riemannian manifold with
finitely many ends, each of which satisfies the volume doubling condition, the
Poincaré inequality and the finite covering condition near infinity, then the set
of all energy finite bounded .A-harmonic functions on M is finite dimensional.
This result generalizes those of Yau, of Donnelly, of Grigor’yan, of Li and Tam,
of Holopainen, and of Kim and the present author, but with a barrier argument
at infinity that the peculiarity of nonlinearity demands.

§1. Introduction

The classical Liouville theorem, which states that any bounded har-
monic function on R? must be constant, has long been an interesting topic
of study to analysts and geometers. In 1975, Yau [20] proved a remarkable
result that any complete Riemannian manifold with nonnegative Ricci cur-
vature has no nonconstant positive harmonic functions. On the other hand,
the validity of the Liouville property means that the space of positive har-
monic functions on the manifold is one dimensional. In this view point, it
is natural to regard the finite dimensionality of the space of positive har-
monic functions as a generalized version of the Liouville property. Later,
such a theory is, in this line, well developed by the works of Donnelly [6],
Grigor’yan [7], Li and Tam [15], [16], Kim and the present author [14], and
others.

In this paper, we consider, in line with the above viewpoint, the gener-
alized version of the Liouville property for solutions for a nonlinear elliptic
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operator A in the following setting: Let M be a complete Riemannian man-
ifold and €2 be an open subset of M. Let W1P(Q2) be the Sobolev space of
all functions v € LP(§2) whose distributional gradient Vu also belongs to
LP(). We equip WHP(Q) with the norm |lul|1, = |lull, + || Vulp. The space
W, P(€2) is the closure of Cg°(€) in WhP(Q).

Let TQ = UgeT, M. Suppose that a map A : TQ) — T satisfies the
following assumptions for some constants 1 < p < oo and 0 < C; < (5 <

(A1) the mapping A, = Al a2 To M — T, M is continuous for a.e. x € Q,
and the mapping = — A, (§) is a measurable vector field whenever &
is; for a.e. x € Q and for all £ € T, M

A2) (A:(§),€) = CrlE]P;
A3) |AL(§)] < ColgfP~t;
Ad) (Ap (&) — Ax(&2), & — &2) > 0 whenever & # o
)

(
(
(
(A5) AL(AE) = AMAP~2A,(€) whenever A € R, A # 0.
A function u in T/Vlf)Cp(Q) is a solution (supersolution, subsolution, respec-
tively) of the equation
(1) — divAx(Vu) =0 (> 0, < 0, respectively)
in Q if

/ (Ax(Vu), Vo) =0 (>0, < 0,respectively)

Q

for any (nonnegative, respectively) ¢ € C§°(€2). We say that a function
u is A-harmonic (of type p) if u is a continuous solution of the equation
(1). In the typical case A,(£) = £|¢|P~2, A-harmonic functions are called
p-harmonic and, in particular, if p = 2, we obtain harmonic functions. An
important property of A-harmonic functions is the comparison principle as
follows: if u € W1P(Q) is a supersolution and v € WP(Q) is a subsolution
of (1), respectively, in an open set 2, and min{u — v,0} € Wol’p(Q), then
u > v a.e. in . In particular, if both u and v are A-harmonic in a bounded
set 2 and v > v on 09, then u > v in . (See [8].) A Green’s function
G = G(x,-) for the elliptic operator A on M denotes (if exists) a positive
solution of the equation

—divA(VG) = é
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for each x € M, in the sense of distributions, i.e.,

/ (A(VG), V) = ()
M

for any ¢ € C3°(M). It is known that a Green’s function G for the elliptic
operator A on M exists if and only if M has positive p-capacity, i.e., there
exists a compact subset K C M such that

Cap, (K, 00, M) = inf / Vo > 0,
¢ Jm

where the infimum is taken over all functions ¢ € C3°(M) with ¢ =1 on K.

We say that a complete Riemannian manifold M is p-parabolic if M does

not admit any Green’s function G. Otherwise, M is called p-nonparabolic.
Also, we consider functionals associated with F : TQ2 — R, where

(A6) the mapping F, = F|r, v : T.M — R is strictly convex and differ-
entiable for all x € Q, and the mapping = — F, () is measurable
whenever ¢ is;

(A7) there exist constants 0 < C; < Cy < 0o such that
C1llP < Fe () < Colgf
forallz € Qand £ € T, M.

We will write

I(u, Q) = /QF;E(Vu).
Let A, (&) = (A1(£),A%(€),...,A™(£)) be defined by

Al(¢) = %Fx(f) for 1 =1,2,...,n.

Then A satisfies (A1) through (A4). In fact, given f € W,?(Q), each A-
harmonic function h with h — f € Wol’p(Q) minimizes J in H = {u €
WP(Q) - u— f € WyP(Q)}. (See [18].) In the case when an A-harmonic
function © on M has finite energy, i.e., J(u, M) < oo, we say that wu is

an energy finite 4-harmonic function. We now introduce an additional as-
sumption on F as follows: For any &1,& € T, M,
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(A8) in case 2 < p < o0,

P (2082) 1 p (B8) < L) + Fa@)

in case 1 <p < 2

/

P (), (M8) < (L) + Fae)

where p' =1/(p — 1).

In particular, using Clarkson’s inequality, the assumption (A8) is satisfied
in the typical case F(§) = %]f\p, i.e., p-harmonic case. (See [9].)

In the above setting, we can describe the set of nonnegative A-harmonic
functions on a complete Riemannian manifold M in terms of ends of M as
follows:

THEOREM 1.1. Let M be a complete Riemannian manifold with finitely
many ends, each of which is a Harnack end. Let E1, FEs, ..., E; and e, es,
..., es be p-nonparabolic ends and p-parabolic ends, respectively, with [ > 1
and s > 0. Then for any nonnegative A-harmonic function f on M, there

exist real numbers ay,az,...,a; € R and a subset P of {1,2,...,s} such
that

2 li — .

(2) ,dm  fe) = as

(3) lim  f(x) = oo,

T—00,TE€;

where 1 = 1,2,...,1 and j € P. Conversely, given real numbers ay,as,
...,a; € R and a subset P of {1,2,...,s}, there exists nonnegative A-
harmonic function f satisfying (2) and (3).

Moreover, in the case when A satisfies (A5) through (AS8), each energy
finite bounded A-harmonic function f is uniquely determined by the values
in (2).

It is instructive to note that in the case of harmonic functions, we have
only to construct generators of the space of positive harmonic functions.
(See [7], [15], [16] and [14].) However in the above setting, there is no clear
way to define generators due to the nonlinearity. Furthermore, a sum of
A-harmonic functions is not necessarily .A-harmonic again. Hence we need
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to directly construct each solution taking the given data at infinity of each
end. The key argument in proving the existence theorem is to construct
barriers at infinity corresponding to given data, which impose a solution to
converge to given data at infinity, thereby we get the desired solution. On
the other hand, the proof of the uniqueness is more delicate. In the case
of the Laplacian, if a positive harmonic function converges asymptotically
zero at infinity of each nonparabolic end, then by the maximum principle
it is identically zero. Therefore, the uniqueness immediately follows from
the linearity. However, in nonlinear case, this procedure is not feasible any
longer. In Section 3, we introduce a rather subtle method, which depends
deeply on the energy finiteness of solutions. This method, together with the
barrier argument, plays a crucial role in proving the uniqueness in Theorem
1.1.

That an end is Harnack means the validity of the Harnack inequality
near infinity for nonnegative .A-harmonic functions on the end. Holopainen
[10], [11] proved that the Harnack inequality forces each nonnegative A-
harmonic function to converge to a constant at infinity of each end, and gave
various examples of Harnack ends. As another example of Harnack ends,
we consider ends satisfying the volume doubling condition, the Poincaré
inequality and the finite covering condition, expounded later. In fact, these
conditions are valid on each end of a complete Riemannian manifold with
nonnegative Ricci curvature outside a compact subset and finite first Betti
number. (See [2], [3], [17] and [19].) An ingredient treated in this paper
is the rough isometry, which is a more general one than the bi-Lipschitz
map. We can prove the rough isometric invariance of the volume doubling
condition, the Poincaré inequality and the finite covering condition, and
hence we obtain that any end roughly isometric to an end satisfying these
conditions is also Harnack. Moreover, the number of ends is invariant under
rough isometries between complete Riemannian manifolds and each rough
isometry between manifolds can be reduced to a rough isometry between
ends. Also, following the program of Kanai [13], one can prove that the
p-parabolicity is invariant under rough isometries between ends. (See also
[10].) Hence, we get the same result as that of Theorem 1.1 on a lager class
of complete Riemannian manifolds as follows:

COROLLARY 1.2. Let M and N be complete Riemannian manifolds
satisfying the local volume doubling condition and the local Poincaré in-
equality, expounded later, and roughly isometric to each other. Suppose that
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M has finitely many ends, each of which satisfies the volume doubling con-
dition (D)oo, the Poincaré inequality (P)so and the finite covering condition
(FC). Then N has the same numbers of p-nonparabolic ends and p-parabolic
ends as those of M, respectively, and each end of N is Harnack.

Let E1,FEo,...,E;, 1 > 1, and e1,es,...,e5, s > 0, be p-nonparabolic
ends and p-parabolic ends of N, respectively, and A be an elliptic operator
on N satisfying (A1) through (A5). Then for any nonnegative A-harmonic

function f on N, there exist real numbers a1, ao,...,a; € R and a subset P
of {1,2,...,s} such that
4 li — .
@ i (@) = 0
(5) lim  f(z) = oo,

T—00,x€€;

where ¢ = 1,2,...,1 and j € P. Conversely, given real numbers ay, as,
...,ap € R and a subset P of {1,2,...,s}, there exists nonnegative A-
harmonic function f on N satisfying (4) and (5).

Moreover, in the case when A satisfies (A5) through (AS8), each energy
finite bounded A-harmonic function f is uniquely determined by the values

in (4).

As mentioned above, if a complete Riemannian manifold has nonneg-
ative Ricci curvature outside a compact set and finite first Betti number,
then each end of the manifold satisfies the volume doubling condition (D),
the Poincaré inequality (P)s and the finite covering condition (FC) at in-
finity. Hence, each end becomes a Harnack end. Therefore, from Corollary
1.2, we have a generalization of results of Yau [20], Donnelly [6], Grigor’yan
[7], Li and Tam [15], [16], and Kim and the present author [14] as follows:

COROLLARY 1.3. Let M be a complete Riemannian manifolds being
roughly isometric to a complete Riemannian manifold with nonnegative
Ricci curvature outside a compact set and finite first Betti number. Let
Ei,Ey,....E;, 1 >1,and ey, es,...,es, s > 0, be p-nonparabolic ends and
p-parabolic ends of M, respectively, and A be an elliptic operator on N sat-
isfying (A1) through (A5). Then given real numbers ay,az,...,a; € R and
a subset P of {1,2,...,s}, there exists nonnegative A-harmonic function f
on M satisfying (4) and (5).

Moreover, in the case when A satisfies (A5) through (A8), the set of
all energy finite bounded A-harmonic functions on M is one to one corre-
sponding to R!.
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§2. p-parabolicity and Harnack end

We begin with defining ends of a complete Riemannian manifold M: Fix
a point o in M. We denote by £(r) the number of unbounded components
of M \ B,(0). It is easy to prove that f(r) is nondecreasing in r > 0. Let
lim, of(r) = k, where k may be infinity, then we say that the number of
ends of M is k. Through this paper, we assume that the number of ends
of each manifold is finite. In this case, we can choose ry > 0 such that
#(r) = k for all r > ry. Hence, there exist mutually disjoint unbounded
components E1, Es, ..., E, of M\ B,,(0) and we call each E; an end of M
fori=1,2,...,k.

We classify all ends of a complete Riemannian manifold by p-paraboli-
city as follows:

DEFINITION 2.1. We say that an end F of a complete Riemannian
manifold M is p-nonparabolic if E has positive p-capacity at infinity, i.e.,
for some r1 > 1o,

Cap,(E \ By, (0)) = inf / IVl > 0,
E\B:, (0)

u

where the infimum is taken over all continuous functions v on E \ B,,(0)
such that u is compactly supported, smooth on E \ B,,(0) and u = 1 on
0By, (0) N E. Otherwise, E is called p-parabolic end.

On the other hand, A-harmonic functions are quasi-minimizers of p-
Dirichlet integral, i.e., if u € W1P(€) is a solution of (1) and u — ¢ €
VVO1 P(Q)), then there exists a constant C' < oo such that

/ Val < C / VP,
0 Q

Therefore, the p-parabolicity of an end E is equivalent to the existence of
a continuous function ug, called an A-harmonic measure of FE, on E such
that

Aug =0 in  E\ B, (0);
(6) up =0 on B, (0o)NE,;

supE\Brl(o)uE =1.

We now give a characterization of p-parabolic ends as follows:
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LEMMA 2.2. Let e be a p-parabolic end of a complete Riemannian man-
ifold and f be a nonconstant A-harmonic function bounded below on e. Then

inf. f < liminf, o gee f().

Proof. Suppose that liminf, . yeef(2) = inf.f = m > —oo. Since f
is nonconstant, there exists a proper open subset (2 of e such that 2 = {x €
e: f(x) < m+e} for sufficiently small € > 0. Put v = max{(m+e— f)/¢,0}.
Then v is a nonnegative subsolution for the operator A on e such that v = 0
on e\ 2 and sup, v = 1. By the comparison principle, we can construct an
A-harmonic measure u, of e, which contradicts p-parabolicity of e. 0

We now introduce a nonnegative A-harmonic function in each
p-parabolic end e, which virtually takes over the role as a barrier at
infinity of e in Section 3. (See [11] for the proof.)

LEMMA 2.3. Lete be a p-parabolic end. Then there exists a nonnegative
A-harmonic function ve in e such that ve = 0 on 0B,,(0) N E and v, is
unbounded on e.

Let o be a fixed point of a complete Riemannian manifold M. We say
that an end E of M is Harnack if there exist a sequence {Hr} of compact
(not necessarily connected) subsets of £ and a constant C' < oo such that
for any nonnegative A-harmonic function f in F,

sup f < Cinf f,
Hp Hg

where d(o, Hgr) — oo as R — oo, and each Hp divides E into a bounded
subset and the unbounded component of E \ Hp.

Let us consider some examples of Harnack ends.

EXAMPLE 2.4. (i) Let E be an end of a complete Riemannian manifold
M and o be fixed point of M. Suppose that E satisfies the volume doubling
condition and the Poincaré inequality as follows:

(D)oo for given 0 < av < 1/2, there is a constant C' < co depending only on
a such that for any point z € 9Br(0) N E and any 0 < r < R/2,

volB,(z) < Cvol By, (z);
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(P)oo there exist a constant C' < co and an integer k£ € N such that for any
point x € 0Br(0) N E, any 0 < r < R/2 and all f € C*°(B,(x)),

/Br/ku) | = 71 < Cr(volBy(2))" " p(/BT@) \Vf\p)l/p,

where f = (volByx(2)) ™" [, (a) I-

By the result of [11], the Harnack inequality is valid on each ball B,(x) C E
with 0 < r < d(o,)/2, i.e., there exists a constant C' < oo such that for
any nonnegative A-harmonic function f in B,(x),

sup f<C inf f.
B, jo(x) d B,./2(z) !

We now add the following finite covering condition on F:

(FC) for given 0 < o < 1/4, there exist a positive integer m = m(«) and
points x1,%2,...,%m in OCE g such that (J;", Bar(z;) is connected
and 0Cg.r C U;~, Bar(xi), where Cg r denotes the unbounded com-
ponent of E'\ Br(0).

This condition gives a uniform connectedness near infinity of E. Therefore,
we get the Harnack inequality as follows: There exists a constant C' < oo
such that for any nonnegative A-harmonic function f in F,

<O

(ii) Let M be a complete Riemannian manifold with nonnegative Ricci
curvature outside a compact set. Then the volume doubling condition (D).,
and the Poincaré inequality (P)o, are satisfied on each end of M. In addi-
tion, if the manifold M has finite first Betti number, then the finite covering
condition (FC) also holds on each end. (See [16] and [17].)

(iii) As the simplest case, let M be a complete Riemannian manifold
with nonnegative Ricci curvature everywhere. Then by the splitting theorem
of Cheeger and Gromoll [4], M has at most two ends. Furthermore, for each
end E of M, 0Br(o) N E is connected, where o is a fixed point of M. (See
[1].) Since M satisfies the volume doubling condition globally, the finite
covering condition (FC) is valid on each end. The Poincaré inequality also
holds globally on M. Therefore, every end of a connected sum of complete
Riemannian manifolds with nonnegative Ricci curvature is Harnack.
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Let us end this section by mentioning the rough isometric invariance
of (D)oo, (P)o, (FC) and the p-parabolicity of ends. In fact, we can prove
that if an end E is roughly isometric to an end satisfying (D)o, (P)o and
(FC), then E is also a Harnack end. Therefore, using this result, one can
find further examples of Harnack ends.

A rough isometry ¢ : X — Y is a (not necessarily continuous) map
between two metric spaces X and Y satisfying the following conditions:

(R1) for some 7 > 0, the 7-neighborhood of the image ¢(X) covers Y;

(R2) there exist constants a > 1 and b > 0 such that

() = b < dlplan). plan) < adlar, ) + b

for all z1,z9 € X, where d denotes the distances of X and Y induced
from their metrics, respectively.

Especially, being roughly isometric is an equivalence relation. (See [12] or
[5].) However, even if two metric spaces are roughly isometric to each other,
their topologies may be completely different, since the rough isometry is
not assumed to be continuous. So, in order to deploy our theory via rough
isometry, we need to add the following local conditions on manifolds: Let
@ : M — N be a rough isometry between manifolds M and N.

(D)joc there exists a constant C, < oo depending only on r > 0 such that for
any point x in M (in N, respectively)

vol By, () < Cvol B.(x);

(P)1oc there exists a constant C, < oo depending only on r > 0 such that for
any point x in M (in N, respectively) and for all f € C*°(B,(x))

/ !f—?\SCr/ V.
Br(z) By (x)

where f = (volB,(z)) ™" fBT(x) VE

(C)ioc there exists a constant C' > 1 such that for any point x in M

%volBl(az) < vol B (p(2)) < CvolBi (x).
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Note that these local assumptions are satisfied on any complete Riemannian
manifold with the Ricci curvature bounded below by a constant and the
positive injectivity radius. (See [3] or [12].) From now on, when we say that
amap ¢ : M — N is a rough isometry between complete Riemannian
manifolds M and N, it means that the map ¢ satisfies the conditions (R1),
(R2) and (C)ioc, and M and N satisfy the local conditions (D)jec and (P)ioc,
unless otherwise specified.

In [14], Kim and the present author proved that the number of ends
of complete Riemannian manifolds is preserved under rough isometries be-
tween complete Riemannian manifolds, moreover, the restriction map to
each end becomes a rough isometry between ends. On the other hand,
slightly modifying the program of Kanai [11], [12], one can obtain the rough
isometric invariance of the conditions (D), and p-parabolicity of ends. Re-
cently, Coulhon and Saloff-Coste [5] proved that the Poincaré inequality is
invariant under rough isometries between complete Riemannian manifolds.
One can easily apply this result to our situation. Now we have only to
check the invariance of the finite covering condition (FC). However, we get
only the modified version of the finite covering condition via rough isome-
try. Nonetheless, this modified one still gives a uniform connectedness near
infinity as follows:

LEMMA 2.5. Let ¢ : D — E be a rough isometry between ends of
complete Riemannian manifolds. Suppose that D satisfies the finite covering
condition (FC). Then there exist a sequence {HRr} of hypersurfaces in E
such that d(o, HR) — o0 as R — oo for a fized point o € E and each Hgr
divides E into a bounded subset and the unbounded component of E \ Hp,
and a positive integer m and finitely many points yi,ya, - .., Ym such that
U™, Bar(y:) is connected and Hr C U, Bar(y:), where 0 < 3 < 1/4 is
independent of R.

Proof. Fix a point 6 in D and put o = ¢(0). Choose a smallest integer
n € N such that n > 8a?/a and a finite sequence {Rj}j=0,1,..n such that
Ry = R/2a and R; = Rj_1 + aR/4a for j = 1,2,...,n. Then by (FC),
there exist an integer [ € N and points :c{, :c%, e ,x{ € 9Cp,g, such that

n 1 n
(Ba(rsr+8)(0) \ Bror—t)/a(0)) N D C | J | Baar(a?) U | 4;
j=0i=1 j=0
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and J7_ OUE 1 Baar(x J /) is connected, where A; is the union of bounded
components of D \ Bg,(0). Also by (R2), Uj_ OUZ 1 Bar(p(x Z)) is con-
nected, where 8 = 3a2a.

We claim that [J;_, Ui 1 Bar(p(x )) divides F into a bounded subset
and the unbounded component of £\ |J;_ o U, Bar(p(a))). Otherwise,
there exist a point y € 0Cg r\ (Uj—g UZ 1 B3g2ar(p(x ]))) and an arclength
parameterized curve 7 : [0,00) — E\ Br(0) such that v(0) = y, d(o0,~(t)) —
oo as t — oo and

n [
(7) Be(710,00)) N (| | Baazar(e(@]))) =0

j=0i=1

for some ¢ > 5a?(T + a + b). From the condition (R1), we can choose a
sequence {2;}reN in D\ Bpr/oe(0) such that d(p(2;),v(k)) < 7 for each
k € N. Therefore, there exists a curve o : [0,00) — D\ Bp/,(6) such
that o(0) € 90Bp/2,(0) N D, d(6,0(t)) — oo as t — oo and o[0,00) C
Uzo:() Ba(27+b+1)(zk)' By (R2)7 @(U[O) OO)) C B4a2(7'+a+b)(’7[ovoo)) and this
implies that

(8) Bz (p(0]0,00))) € Be(7[0,00)).

On the other hand, since o(0) € Byur(0) and o(t) — oo as t — oo, there
exists a point zg € 0[0,00) N ICp 2.r- Hence by (8), ¢(xg) € B.(7]0,0)).
However since

n
(aCD 2aR C B U U BaR C U U BQQQQR(@(xg))v

j=0i=1 j=0i=1
this contradicts (7). 0

§3. Proof of main results

Any nonnegative A-harmonic function on a Harnack end satisfies the
asymptotically constant property as follows: (See [11] for the proof.)

LEMMA 3.1. Let E be a Harnack end and f be a nonnegative A-
harmonic function on E. Then there exists a constant 0 < Cy < oo such
that

(9) lim, oo zer f(x) = Cy.

In particular, if E is p-nonparabolic, then f is bounded at infinity, hence
the limit value Cy in (9) is finite.
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We construct nonnegative A-harmonic functions corresponding to each
p-parabolic end, in particular, each of which takes the infinity as the value
at infinity of each corresponding p-parabolic end.

LEMMA 3.2. Let M have at least one p-nonparabolic end, and e be a
p-parabolic and Harnack end of M. Then there exists a nonnegative A-
harmonic function h on M such that

(1) limg—oozee h(x) = 00;
(ii) limgy—oozer h(xz) =0  for any p-nonparabolic end E;
(iii) 0 <h < Cp on M\ e, where C}, is a constant.

Proof. By Lemma 2.3 and Lemma 3.1, there exists a nonnegative
continuous function v, on e such that v, is A-harmonic in e, v, = 0 on
0By, (0) Ne and limy_,o0 zee Ve(x) = 00. Let {hy },~r, be a sequence of con-
tinuous functions on B, (0) such that h, is A-harmonic in B,(0), h, = v,
on 0B,(0o) Ne and h, =0 on 0B,(0) \ e.

We claim that {h,} is uniformly bounded on 0B,,(0) N e. Otherwise,
there exists an increasing sequence {r;} such that a,, = maxy Bry (0)Ne hy, —
oo as r; — o0o. Put H; = hy,/a,,, then H; = v./a,, on 0B,,(0)Ne, H; =0
on 0By, (0) \ e and maxsp, (one i = 1. By the comparison principle, we
get

0<H;<wv/ar, +1 on B, (o)Ne.

Since 0 < H; < 1 on B, (0) \ e, the sequence {H;} is locally uniformly
bounded. By the result of [8], the sequence {H;} is equicontinuous. Hence
by Ascoli’s theorem, there exists a subsequence converging uniformly to an
A-harmonic function H on any compact subset of M such that 0 < H <1
on M.

On the other hand, since 0 < H; <1 on By, (0) \ (e \ By,(0)), for each
p-nonparabolic end E, 0 < H; < 1 —ug on B,(o) N E, where ug is the
A-harmonic measure given in (6). Hence we get
(10) xﬂlogralseEH(:c) = 0.

Since maxgp, (o)ne Hi = 1, we can suitably choose a subsequence of {H;}
in such a way that maxgpp, (one H = 1. Then by the strong maximum

principle, H = 1, but this contradicts (10). Therefore, {h,} is uniformly
bounded on 9B,,(0) Ne.
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Put @ = sup, a,. Then by the comparison principle, v, < hy,, < v, +a
on (By,(0) \ By,(0)) Ne. By Ascoli’s theorem, there exists a subsequence,
denoted again by {h,, }, converging uniformly on any compact subset of M.
The limit function h = lim; . h,, is a nonnegative .A-harmonic function
on M such that

ve <h<wv.+a on e\ By(o),
hence we get (i). On the other hand, since h, = 0 on 9B, (0) \ e and h, <
on 9B;,(0) Ne, by the comparison principle, we have 0 < h, < a(l —ug
on B,(0) N E for each p-nonparabolic end E and 0 < h, <@ on B,(0) \ (e
B,,(0)). Hence we get

/\—/ Q|

0<h<a(l—ug) onE and 0<h<a on M)\ (e\ By (0)).
These imply (ii) and (iii), respectively. U

Proof of Theorem 1.1. From Lemma 3.2, we can choose a nonnegative
A-harmonic function h; on M for each j € P such that

(1) limy oo zee; hj(z) = 00;
(ii) limg—oozer, hj(r) =0 foreach i=1,2,...,1;
(ili) 0 < h; <Cj < oo on M\ ej.

Put C = max{supM\ej h; : j € P}. Without loss of generality, we may
assume that 0 < a1 < a9 < ... < a7 < 2a; and C < 2a1 — a;. By the
comparison principle, we have h; + a; < a;(2 — ug,) on each E;, where ug,
is the A-harmonic measure of E;. Now construct a sequence {fy}r>p, of
continuous functions such that

Af,=0 in  B(o);
fr=a; on »(0) N Ej;
fr="h; on  0B.(o)Ney;
fr=a1 on 9B.(0)\Ujepej,

where i = 1,2,...,1l and j € P. By the comparison principle, f, < h; + a;
on B,(0) N E;, hence a;ug, < fr < ai(2—ug,) on By(0) N E;. On the other
hand, hj < f, < h;j + a; on B(0) Ne;.

By Ascoli’s theorem, there exists a subsequence, denoted again by {f,},
converging uniformly on any compact subset of M. The limit function f =
lim,_,~ fr is @ nonnegative A-harmonic function on M such that a;up, <
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[ < ai(2 —ug,) on E; for each i = 1,2,...,1, hj < f < hj + a; on ¢; for
each j € P. Hence we get

pdm  fl@)=a; and | lim_f(z) = oo,
where i = 1,2,...,l and j € P. On the other hand, since f, < max{h;:j €
P} +a; on By(0) \ Ujepej, fis bounded on M \ Ujcpe;.

Note that in the case that P = (), we get the consequence by neglecting
the role of the A-harmonic function h; corresponding to p-parabolic end e;.

Let us prove the last statement. Suppose that f and f’ are energy finite
bounded A-harmonic function on M such that lim, .o zer(f — f')(x) =0
for each p-nonparabolic end E of M. Put g = max{f — f/,0} and Cy =
supys g- Since limy o zep g(x) = 0 for any p-nonparabolic end E of M,
for given € > 0, there exists Ry such that g(z) < € for all z € E'\ Bg(0),
whenever R > Rg.

Choose a sequence {hgr} of continuous functions such that hp is A-
harmonic in Bgr(o) and hg = g on 0Bg(0). Then for sufficiently large
R > Ry, hg < Cy(1 —ug) + € on 0Bgr(o) N E and hg < Cy(1 —ug) on
0By, (0)N E, where ug is the A-harmonic measure of E. By the comparison
principle,

0< hgr< Cg(l — UE) + € on BR(O> NE.

By Ascoli’s theorem, there exists a subsequence {hpg, } converging uniformly
to an A-harmonic function h on any compact subset of M. Moreover, by
the minimizing property of A-harmonic function, i has the finite energy.

Put ¢, = g — hy, with h,, = hp,,, then each ¢, has a compact support
and {¢,} converges uniformly to ¢ = g — h on any compact subset of M.
We will prove that

(11) lim J(¢ — ¢p, M) = 0.
n—oo
On the other hand, there exists a constant o < oo such that

o = infJ(g -5, M),
n

where the infimum is taken over all compactly supported smooth functions
n on M. By the minimizing property of A-harmonic functions,

a = lim J(h,, M).

n—oo
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In case 2 < p < o0, by (AS),

a<J((h + hp)/2, M)

I((hn + b ) /2, M) + I((hny — b)) /2, M)
§2 YI(hy, M) + I(hpp, M)) — a as n,m — oo,
and in case 1 < p < 2, by (A8),
a? < J((hy + him) /2, MY

< I((hn A B /2, M)+ 3 (= ) /2, M

< 27 (I (hp, M) + J(hm,M)))p, — o as n,m — oo,
(

where p’ = 1/(p — 1). Therefore, we get

Jhy —hm) =0 as n,m — oo.
By the Lebesgue dominated convergence theorem, we have

lim J(h — hy) =0,

n—oo

which is equivalent to (11).

Note again that 0 < h < Cy(1 — ug) + € on each p-nonparabolic
end E. Since lim; oo zepup(z) = 1 and € > 0 is chosen arbitrarily, we
have lim, .o zc g h(z) = 0 for each p-nonparabolic end E of M. Hence, by
Lemma 2.2, h=0 on M.

Applying the above argument to w = max{f’ — f,0}, we can choose a
sequence {t¢,} of compactly supported continuous functions such that

(12) lim J(w — 1, M) = 0.

Combining (11) and (12), the sequence {¢,, — 1, } of compactly supported
continuous functions such that

(13) nlggo‘]((f_f,) - (%-%%M) =0.
By (A3) and the Holder inequality, we get
/M<A(Vf)7 V(f — F) = V(6n — )
<Gy / CFPUNS = £) = (6n — )
M

<a( [ o) (v - - G- vp)

1/p

https://doi.org/10.1017/50027763000007844 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007844

SOLUTIONS OF A CERTAIN NONLINEAR ELLIPTIC EQUATION 165

Using (A7), (13) and the energy finiteness of f, we have

/M<./4(Vf)7 V(f—=f)=V(pn—1n)) — 0 as n — .

Since f is an A-harmonic function, this implies that

[ awn.vi -y =o.
M

Similarly arguing, we have

/ (A(V,V(f=f) =0.
M

These imply the following identities;

/M<A<Vf>, V) = /M<A<Vf>, v/
and
/M (A ), Tf) = /M<A<Vf'>, Vi),

Using these identity,
| ATH - 495 9F -8
= [ awn.vn - [ Awn.vr - [ e
0 + [ e

Thus by (A4), f—f' = C for a constant C. Since lim, o0 zep(f—f")(x) =0
for each p-nonparabolic end E of M, we have f = f’. 0

As mentioned in Section 2, if an end FE is roughly isometric to an end
satisfying the conditions (D), (P)s and (FC), then E becomes a Harnack
end. Also since these conditions are satisfied on each end of a complete
Riemannian manifolds with nonnegative Ricci curvature outside a compact
subset and finite first Betti number, we have Corollary 1.2 and Corollary
1.3.
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By the result of [11], when M is a complete Riemannian manifold with
nonnegative Ricci curvature, the p-nonparabolicity of M is equivalent to

> r 1/(p—1)
(14) /T (VOTT(O)) dr < oo

0

for a fixed point o in M and some rg > 0. On the other hand, by the
splitting theorem [4], M has at most two ends. Furthermore, if M has two
ends, then M is isometric to K x R, where K is compact, hence M is p-
parabolic. Therefore, applying our result to this simple situation, we have
the following corollary:

COROLLARY 3.3. Let My, Ms, ..., M, be complete Riemannian mani-
folds with nonnegative Ricci curvature and M be a complete Riemannian
manifold being roughly isometric to a connected sum of My, Mo, ..., M.
Then the set of all energy finite bounded A-harmonic functions on M is
one to one corresponding to RY, where | is the number of M;’s satisfying

(14).
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