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Abstract

In this paper we prove a short time asymptotic expansion of a hypoelliptic heat kernel on a Euclidean
space and a compact manifold. We study the ‘cut locus’ case, namely, the case where energy-
minimizing paths which join the two points under consideration form not a finite set, but a compact
manifold. Under mild assumptions we obtain an asymptotic expansion of the heat kernel up to
any order. Our approach is probabilistic and the heat kernel is regarded as the density of the law
of a hypoelliptic diffusion process, which is realized as a unique solution of the corresponding
stochastic differential equation. Our main tools are S. Watanabe’s distributional Malliavin calculus
and T. Lyons’ rough path theory.

2010 Mathematics Subject Classification: 60HO07 (primary); 58J65, 35K08, 41 A60 (secondary)

1. Introduction

Short time asymptotics of heat kernels is a huge topic in analysis, probability
and geometry and have been studied intensively and extensively. In this paper
we focus on the short time off-diagonal asymptotic expansion of heat kernels.
We do not discuss the on-diagonal asymptotics, the estimates or the logarithmic
asymptotics of heat kernels. Even if we restrict our attention to the off-diagonal
expansion, so many papers have been published and our references are probably
far from complete.

Known proofs of off-diagonal asymptotics are either analytic or probabilistic
and our proof is the latter. The first probabilistic proof was given by
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Molchanov [38] in the case of the standard heat kernel on a Riemannian manifold.
In it pinned diffusion processes are used. Bismut [8] was first to use Malliavin
calculus, then followed by many others. The Feynman—Kac representation is the
key in these probabilistic approaches.

On a Riemannian manifold A, if x and x’ are outside the cut locus, the
following asymptotic expansion of the standard heat kernel is well known:

Po(x, x') ~ e X2 (0t e oot 4 --0) ast N\ O. (1.1)

Here, n = dim N and d(x, x') is the Riemannian distance between x, x’ € N.
Ben Arous [7] proved that the heat kernel of a hypoelliptic diffusion process of a
wide class on a Euclidean space admits essentially the same expansion as above
if x and x’ are outside the cut locus. In this case, however, the distance should be
replaced by the sub-Riemannian distance.

When the two points are not near, this asymptotics becomes quite difficult.
Molchanov [38] already mentioned that there is an example of a Riemannian
manifold N and x,x’ € N in the cut locus such that the factor =% in
(1.1) must be replaced by ~"*+")/2 with some n’ # 0. Therefore, the off-
diagonal asymptotics in the cut locus case is qualitatively different and much less
understood than the case of ‘near points.” (Note that we use the term ‘cut locus’
in a loose sense in this section. What we precisely mean by the term will be given
in Assumption (B2) in the next section.)

Our present work aims to study the short time off-diagonal asymptotic
expansion for hypoelliptic heat kernels in the cut locus case in a satisfactory
general way. It has the following three features. To our knowledge, no other
works have all of these features simultaneously:

(a) The manifold and the hypoelliptic diffusion process on it are rather general.
In other words, this is not a study of special examples.

(b) The case is allowed where the set of energy-minimizing paths (or controls)
which connect the two points under consideration is assumed to be a compact
manifold of finite positive dimension. In particular, this lies outside the usual
‘non-cut-locus’ hypothesis.

(c) The asymptotic expansion is full, that is, the polynomial part of the
asymptotics is up to any order.

A recent paper by Barilari et al. [3] satisfy (a) and (b), but only the leading term
of the asymptotic expansion is obtained. Chang and Li [12] satisfies (b) and (c)
for special examples. (Many papers obtain the leading term in the ‘cut locus’ case
for special examples. See [4-6, 10, 17, 43, 49, 50] among many others.) Note that
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the result in [7] is formulated on a Euclidean space, but can be modified to the
manifold case (if the manifold and the diffusion process are not too wild). Hence,
it satisfies (a) and (c).

On a Euclidean space, however, there are two famous works which satisfy (b),
(c) and the latter half of (a). Both of them are probabilistic and use generalized
versions of Malliavin calculus. One is Takanobu and Watanabe [47]. They use
Watanabe’s distributional Malliavin calculus developed in [51, 52]. The other
is Kusuoka and Stroock [32]. They use their version of generalized Malliavin
calculus developed in [31]. In this paper we use the former.

Though we basically follow Takanobu—Watanabe’s argument, the main
difference is that we use Lyons’ rough path theory together, which is something
like a deterministic version of the SDE theory. The main advantage of using
rough path theory is that while the usual Itd map that is the solution map of an
SDE is discontinuous, the Lyons—Itd6 map that is the solution map of a rough
differential equation (RDE) is continuous.

This fact enables us to do ‘local analysis’ of the Lyons—It6 map (for instance,
restricting the map on a neighborhood of its critical point and doing Taylor-like
expansion) in a somewhat similar way we do in the Fréchet calculus. Recall that
in the standard SDE theory, this type of local operation is often very hard and
sometimes impossible, due to the discontinuity of the Itd map. For this reason,
the localization procedure in [47] looks so complicated that it might be difficult
to generalize their method if rough path theory did not exist.

In this paper we first reprove and generalize the main result in [47] in the
Euclidean setting by using rough path theory. Malliavin calculus for Brownian
rough path was already studied in [25, 27] in the proof of large deviation principle
(LDP for short) for conditional measures. It turned out that these two theories fit
very well.

The strategy of our proof is as follows: first, the LDP above implies that
contributions from the complement of the set of energy minimizers (action
minimizers) are negligibly small. In other words, only a neighborhood of the
set of energy minimizers matters. Next, around each energy minimizer in the
Cameron—Martin space, we take a small neighborhood with respect to the rough
path topology with certain nice properties. Since the set of energy minimizers
is compact, we need to compute contributions from finitely many of them only.
Then, on each of such small neighborhoods, we do local analysis. To prove the
asymptotic expansion up to any order, we use a modified version of Watanabe’s
asymptotic theory given in [47], which can be regarded as a ‘localized’ version of
his asymptotic theory developed in [22, 52].

Even in this Euclidean setting many parts of the proof are technically improved
thanks to rough path theory. We believe that the following are worth mentioning:
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(i) Large deviation upper bound (Theorem 3.8 and Lemma 7.1). (ii) Asymptotic
partition of unity (Section 6). (iii) A Taylor-like expansion of the Lyons—Itd map
(Section 3.3) and the uniform exponential integrability lemma for the ordinary
and the remainder terms of the expansion (Lemmas 5.2 and 5.3). (iv) Quasisure
analysis for solutions of SDEs, although this is implicit in this paper. (See [25, 27]
for details.)

Then, we study the manifold case. Recall that Malliavin calculus for a manifold-
valued SDE was studied by Taniguchi [48]. Thanks to rough path theory and the
localized version of Watanabe’s asymptotic theory, it is enough to localized in
a small neighborhood of energy minimizers in the geometric rough path space.
Restricted on such a small neighborhood, the (Lyons-)Itd6 map corresponding to
the given SDE on the manifold can easily be transferred to one on a linear space.
For these reasons, without much technical effort the problem reduces to the one
on a Euclidean space. As a result, the proof of the asymptotic expansion in the
manifold setting is not so different from the one in the Euclidean setting.

Of course, there is a possibility that our main result can be proved without
rough path theory, but we believe that the theory is quite suitable for this problem
and gives us a very clear view (in particular, in the manifold case).

The structure of the paper is as follows: in Section 2, we provide setting,
assumptions and our main results. First, we discuss the Euclidean case. Our
assumptions are weaker that those in [47] and hence our main result (Theorem 2.2)
in the Euclidean case generalizes the main result in [47]. Next, we formulate a
parallel problem on a compact manifold. As mentioned before, our main result
(Theorem 2.5) in the manifold case satisfies all of (a), (b) and (c) above. At the
end of the section, a few examples are given.

Sections 3—7 are devoted to proving our main theorem in the Euclidean setting
(Theorem 2.2). In Section 3, we gather various facts from relevant research areas
such as Malliavin calculus, rough path theory and differential geometry. All of
them are already known basically, but some of them are not elementary. They
will be used in the proof of the asymptotic expansion.

In Section 4, we calculate the skeleton ODE driven by an energy-minimizing
Cameron—Martin path and show that the solution satisfies a naturally defined
Hamiltonian ODE. We look at this well-known argument from a viewpoint of
rough path theory. In Section 5, we prove the uniform exponential integrability
of Wiener functionals which appear in the proof of the asymptotic expansion.
Since we use rough path theory, the Taylor-like expansion of the Lyons—Itd map
is deterministic and the remainder terms satisfy a simple and reasonable estimate.
This simplifies our proof.

In Section 6, we study an asymptotic partition of unity which was first
introduced in [47]. Though it plays an important role in the proof of the
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asymptotics in [47], it is of very complicated form. We construct a rough path
version of it, which is written in terms of Besov norms of Brownian rough path
and looks simple and natural.

Section 7 is the main part of our proof of Theorem 2.2. Our main tool is a
modified version of Watanabe’s asymptotic theorem. In Section 8, we prove our
main result in the manifold case (Theorem 2.5).

2. Setting, assumptions and main results

2.1. Setting: the Euclidean case. Let YW = Cy([0, 1], R") be the set of the
continuous functions from [0, 1] to R” which start at 0. This is equipped with the
usual sup-norm. The Wiener measure on WV is denoted by . We denote by

1
H= {h € W | absolutely continuous and ||h[3, := / |n|*ds < oo}
0

the Cameron—Martin subspace of WV. In some (nonprobabilistic) literatures, the
derivative of Cameron—Martin paths are called controls. The triple (W, H, )
is called the classical Wiener space. The canonical realization on W of
r-dimensional Brownian motion is denoted by (w;)o</<1 = (wt', ce Wogi<l

Let V;: R? — R be a vector field with sufficient regularity (0 < i < r). Precise
conditions on V; will be specified later. For a small parameter ¢ € (0, 1], we
consider the following SDE of Stratonovich type:

dX; =&Y Vi(X{)odw! + & Vo(X{)dt with X§ = x € R, 2.1)

i=1

When necessary, we write X7 = X°(¢, x, w) or X°(¢, x) and sometimes write
A8 = &%t. When ¢ = 1, we simply write X, = X/. By the scaling property of
Brownian motion, the laws of the processes (X),;>¢ and (X,2,),>¢ are the same.
Now we introduce the skeleton ODE which corresponds to SDE (2.1). For a
Cameron—Martin path & € H, we consider the following controlled ODE:

dg, =) _Vi(g)dh, with ¢ =x e R”. (2.2)
i=1
The solution will often be denoted by ¢,(h), ¢ (¢, x, h), and so forth. Note the
absence of the drift term in (2.2).
Let V be an n-dimensional linear subspace of R? (1 < n < d) and ITy: R?
— V be the orthogonal projection. (For our purpose, we may and sometimes will
assume without loss of generality that V = R" x {0,_,}, where 0,_, is the zero
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vector of R?™".) Set Y, =IIy(X;) and y, = IT),(¢,), which will often be denoted
by Y*(¢, x, w), and ¥ (t, x, h), respectively.

Fora € V, define IC, = {h ¢ H | v (1, x, h) = a}. We set d, := min{||h||y |
h e K.} and KM = {h € KC, | ||hllg = d,}. It is known that if IC, # ), then
inf{||Ally | h € K.} actually attains a minimum and ™" # ¢J. (We can see this
from the goodness of the rate function in a Schilder-type large deviation principle
on the rough path space.) We basically assume x ¢ I1,,' (@) and K, # @, which
imply 0 < d, < oo.

2.2. Assumptions: the Euclidean case. In this subsection we introduce
assumptions. First, we impose two conditions on the coefficient vector fields. The
first one is on regularity of V;.

(A1): V;: RY — RY is of C* with bounded derivatives of all order > 1 (0 < i
<r).

Note that V; itself may have linear growth. When V; is also bounded, V; is said
to be of C;°. (Cf is similarly defined for 1 < k < 00.) This assumption is very
standard in Malliavin calculus and most of the results in Malliavin calculus for
SDEs are proved under this assumption. Under (A1), a global solution X° of
(2.1) uniquely exists and X; is smooth in the sense of Malliavin calculus for any
(t, €) € [0, 1]* and their Sobolev norm of any index is bounded in (¢, €) € [0, 1]°.
Similarly, (A1) is a standard assumption for the skeleton ODE (2.2). A unique
global solution ¢ for any & € H exists and, moreover, ¢ (-, x, ) is Fréchet smooth
in & € H for any x under (Al).

Next we introduce a kind of Hormander’s bracket generating condition not
only on the ‘upper’ space R?, but also on the ‘lower’ space V. We denote by
o[Y]] and o[y;] the Malliavin covariance matrix of Y{ and the deterministic
Malliavin covariance matrix of ¥, respectively. (Precise definitions will be given
in Section 3.)

Set

y={Vill<i<r} and X ={[Vi,W0<i<rWeZX_}

for k > 2 recursively. Note that the drift vector field is not involved in the
definition of ;.

(A2): We say that (A2) holds if either of the following two conditions holds:

(i) At the starting point x € RY, [ JZ {W(x) | W € X;} spans R in the sense
of linear algebra.
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(i) There exists L € N such that

L
inf inf Y > (MyW(x).n)* > 0. (2.3)

E]R" EV, =1
x nev,inl| =1 Wezy

The first one is quite standard. The latter one is called the uniform partial
Hoérmander condition. This condition (A2) implies that Y = Y*(z, x, w) is non-
degenerate in the sense of Malliavin calculus for any ¢+ > 0 and ¢ € (0, 1].
Moreover, there exist positive constants v and C, (1 < p < 00) such that

Ideto[Yi1 ' <Cpe™ (1 <p<o00,0<e<]). (2.4)

(See Kusuoka and Stroock [30, Theorem 2.17 and Lemma 5.1].) Note that v is
independent of p. Non-degeneracy implies that, if ¢ > Oand ¢ > 0, §,(Y/") is well
defined as a positive Watanabe distribution (that is generalized Wiener functional),
where §, stands for the delta function at a € V), and its generalized expectation
E[$,(Y?)] equals the smooth density of the law of ¥;” with respect to the Lebesgue
measure on V for every a. (By the way, the partial Hormander condition only at
the starting point does not imply the non-degeneracy of Y. There is a simple
counterexample.)

From here we introduce assumptions on the subset ™" of energy minimizers

(a # IMyx).

(B1): Assume that ', # @ and the deterministic Malliavin covariance matrix
o [Y](h) is non-degenerate for any / € IC;“i“.

Note that non-degeneracy of o [y;](h) is equivalent to surjectivity of the tangent
map Dy (h): H — V. If we use terminology of sub-Riemannian geometry, this
condition loosely means that any element of ™" is a nonabnormal geodesics.
(Keep in mind that we are not in the framework of sub-Riemannian geometry,
however.)

As we wrote, when ™" is not a finite set things usually get quite complicated.
To exclude the cases where K™ is not nice, we assume the following condition:

(B2): KM is a smooth, compact manifold of finite dimension n’ regularly
embedded in H.

In the above condition the case n’ = 0 is also allowed, which means that
ICmin is a finite set. Note that compactness of KM is essential and will be
used throughout this paper. It will turn out in Remark 4.5 that (A1) and (B1)
imply compactness of ™" with respect to H-topology. From this viewpoint, the
compactness assumption in (B2) seems natural.
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Finally, we assume positivity of the Hessian of I|x, on K™, where I (h) :=
||h||%{/ 2, in an appropriate sense. Without the positivity our proof breaks down.
Since I|i, attains minimum on ™", its Hessian is naturally defined on ™"
without assuming additional structures. The precise definition of the Hessian at
h € KMin is as follows: for any k € T,,KC, (which is equivalent to k € ker Dy, (h)),
take a smooth curve (—1y, ) > T — c(r) € K, such that ¢(0) = h and
¢’(0) = k. (Here, 1y > 0. Because of (A1) and the implicit function theorem,
‘H-neighborhood of & in X, has a manifold structure. Hence, the notion of
‘smooth’ curve in the neighborhood is well defined.) Then, we set

2

I"(h){k, k) := % I (c(7)).
T le=0

As is well known, this is independent of the choice of the curve ¢ and
I"(h) becomes a bounded bilinear form on T,/C, x T,K,. It is obvious that
I"(h){k, k) = 0if k € T, K™,

We assume that the elements of 7}, lCami“ are the ‘only directions’ in T},/C, such
that /" (h) vanishes. For simplicity, we set Ho(h) := T,K, N (T, ™M)+, which is
a closed subspace of codimension n + n’.

(B3): For any h € K™ and any k € H,(h) \ {0}, I"(h)(k, k) > 0.

Some equivalent conditions to (B3) are known. (See for example Bismut [8] or
Takanobu and Watanabe [47].) One obvious example is that (B3) remains the
same if we replace ‘k € Ho(h) \ {0} by ‘k € Tk, \ T,K™ . Note also that (B3)
is also equivalent to the exponential integrability of a certain quadratic Wiener
functional that appears in the proof of our main theorem. (See Section 5.)

Another possible choice of sufficient condition in place of (B3) is the
‘nonfocality condition.” In [14, Section 3], equivalence of (B3) and the nonfocality
condition is shown under slightly different assumptions from ours. Although (B3)
is quite typical and does not look bad, some people may prefer the nonfocality
condition since it is written in terms of finite-dimensional mathematics, in
particular, Hamiltonian ODEs. However, we do not use the nonfocality condition
in this paper.

We introduce a family G°(w) = G(e, w) of scalar-valued D,,-functionals
(0 < & < 1). Main examples we have in mind are multiplicative functionals that
appear in the Feynman—Kac(-1t6) formulas. Here, D, stands for the space of test
Wiener functionals.

T=

(C1): for any ¢ € (0, 1], G° is a real-valued smooth Wiener functional, that is,
G* € Dy, and the following asymptotic expansion holds for any & € H:

h
G(s,w—{——) ~ To(h) + el(w; h) + &> Ny(w; h) + -+ inDy ase \( 0
&
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uniformly on {h € H | ||h]l < p} forany p > 0. Here, I(h) is a smooth function
onH and I';(-; h) € Dy depends smoothlyon h € H (j > 1).

In the asymptotic expansion of heat kernels, the odd order terms of & vanish. (As
usual we use a scale change ¢t = £2.) To formulate and prove this phenomenon,
we set the following assumption:

(C2): For any h € Kmin I;(-; h) € Dy is an even (respectively odd) Wiener

a

functional in w-argument if j is even (respectively odd).

We say a (generalized) Wiener functional F is even (respectively odd) if
F(—w) = F(w) (respectively F(—w) = —F(w)). These are well defined since
the map w — —w leaves p invariant. If G® = 1, then (C2) is clearly satisfied.

REMARK 2.1. The reader may wonder why we introduce the projection [Ty, in
our formulation. In the early days of Malliavin calculus, this type of assumption
was common in the study of ‘partially hypoelliptic’ problems (See [30, 48] and
references within.) This formulation probably has its origin in Eells—Elworthy’s
construction of Brownian motion on a Riemannian manifold (Example 2.8).
Recently, this kind of formulation attracted attention from mathematical finance,
too. (See [14] for instance.)

2.3. Main result: the Euclidean case. In this subsection we present our
main result in the Euclidean setting. The proof of this theorem will be given
in Sections 6—7. An explicit expression of the leading term ¢, will be given in
(7.17). If I is non-negative and not identically zero on IC;““‘, then ¢, > 0. Note
that the left hand side of the asymptotic expansion (2.5) below is the generalized
expectation.

THEOREM 2.2. Letx € RY and a € V such that ITy(x) # a. Assume (A1), (A2),
(B1), (B2), (B3) and (C1). Then, we have the following asymptotic expansion:

E[G (e, w)8,(Y)] ~ e %/ e~ () 4 16+ cr6> +-+-) ase O (2.5)

for certain constants c; € R (j 2= 0). If we assume (C2) in addition, then ¢, =
0@ =20).

REMARK 2.3. The only difference between our Theorem 2.2 and [47,
Theorem 5.1] is the Hormander’s bracket generating condition (A2). In [47]
the stronger version of bracket generating condition is assumed at every x € R?
on the upper space. (By ‘stronger’ we mean the drift vector field Vj is not involved
in the condition.)
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On the other hand, we assume the weaker version of bracket generating
condition. Moreover, the condition is either ‘on the lower space’ or ‘at the starting
point only on the upper space’ as in (A2). Therefore, we believe we made sizable
relaxation of the bracket generating condition.

Put in a broader context, however, whether this improvement is large or not
is somewhat unclear. In other words, we do not know how many of the newly
allowed examples by this relaxation satisfy the other assumptions. (For instance,
under the weaker version of Hormander’s condition, (B1) may not hold very
often.) It needs further investigations.

On the other hand, the relaxation of the Hormander-type condition to the
‘partial’ version (that is the bracket generating condition on the lower space)
is crucial for our geometric purpose. Without it we could not even treat the
case of Brownian motion on a Riemannian manifold. (See Remark 2.1 and
Examples 2.8-2.12.)

The formulation of Theorem 2.2, (in particular, the generalized expectation)
may look too general for nonexperts of Watanabe’s distributional Malliavin
calculus. Therefore, we give basic examples below.

EXAMPLE 2.4. Consider the case V = R¢ and write a = x/(# x). As usual we
set t = &2. Then, the heat kernel p:(x, x") associated with the differential operator
L:=(1/2)Y7_, V2 + V, is expressed as

pe(x, x') = E[80(X*(1, x, w))].

In this example G(e, w) = 1. (In our convention, (e'* f)(x) = fRd pi(x,x")
f(x')dx’, where e'" denotes the heat semigroup associated with L.)

Let C be a tempered smooth function on R¢ which is bounded from below.
Then, the heat kernel p€(x, x') associated with L€ := (1/2)Y7_ V?+ Vo — C
is expressed as

1
pgcz(x, x) = E[exp(—sz/ C(X%(s, x,w)) ds) S (X°(1, x, w))].
0

In this case G(g, w) = exp(—e&? fol C(X%(s, x,w))ds) is the Feynman—Kac
multiplicative functional and satisfies (C1). See Ikeda and Watanabe [22, pages
414-415].

Due to the Feynman—Kac-Itd6 formula, the heat kernels of magnetic
Schrédinger operators also admit a similar expression (We omit details. See
Ikeda’s survey [21, Section 6].)

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Asymptotics of hypoelliptic heat kernel at cut locus 11

2.4. The manifold case. Let M and N be compact manifolds with dimension
d and n (1 < n < d), respectively, and let IT: M — N be a smooth submersion.
N is equipped with a smooth volume vol. (A measure on N is said to be a smooth
volume if it is expressed on each coordinate chart as a strictly positive smooth
density function times the Lebesgue measure.)

For vector fields V; (0 < i < r) on M, we study the following scaled SDE and
its corresponding skeleton ODE:

dX; =&Y Vi(X{)odw, +&*Vo(X{)dt with Xj=xeM, (26)

i=1

dp, =Y _Vi(p)dhi with ¢y =x € M. .7)

i=1

Set Y7 = I1(X}) and v, = I1(¢,). When necessary we write X; = X°(t, x, w),
and so forth, as before. For x € M and a € N such that IT(x) # a, we define
K., KM, and d, in the same way as in the Euclidean case.

Malliavin calculus for SDEs on manifolds was studied by Taniguchi [48].
Roughly speaking, most of important results in the flat space case still hold true
in the manifold case.

We impose two assumptions on the coefficient vector fields. They are similar
to the corresponding ones in the Euclidean case.

(A1)’: V; is a smooth vector fields on M (0 <i < r).

Under this condition, X; is smooth in the sense of Malliavin calculus for any
(t, &) € [0, 17%. (For the definition of manifold-valued smooth Wiener functionals,
see [48].)

Now we introduce a Hormander-type condition. X} is defined as in the
Euclidean case. Since the manifold M is compact, the partial Hormander
condition below is automatically uniform as in (2.3). Therefore, (A2)’ and (A2)
are parallel.

(A2)’: We say that (A2)’ holds if either of the following two conditions holds:

(i) Atthe starting pointx € M, [ J;- {W(x) | W € X}} spans T, M in the sense
of linear algebra.

(ii) For every x € M, J- {(UT).W(x) | W € X;} spans TV in the sense
of linear algebra.

Choose a Riemannian metric on " so that the determinant of the (deterministic)
Malliavin covariance of A -valued functionals are well defined. Results in
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Taniguchi [48] or Kusuoka and Stroock [30, Section 5] apply to this case. Y?
is non-degenerate in the sense of Malliavin calculus for any r > 0 and ¢ € (0, 1].
Moreover, Kusuoka—Stroock’s moment estimate (2.4) for deto [Y{]~' also holds
in this case.

It is known that integration by parts formula also holds for manifold-valued
Wiener functional. (See Section 8 for a proof.) Therefore, as in the Euclidean
case, if an \/-valued smooth Wiener functional F is non-degenerate in the sense
of Malliavin, then the composition T(F) =T o F € ]]j),o<J is well defined as a
Watanabe distribution for any distribution 7 on . In particular, §,(Y{) a positive
Watanabe distribution under (A2)’ for every a € N.

On the other hands, Assumptions (B1), (B2), (B3), (C1) and (C2) need not
be modified and will be imposed in the manifold setting again. In this case,
too, non-degeneracy of o [y](h) is equivalent to surjectivity of the tangent map
Dy (h): H — TN.

Without loss of generality, we may assume that a Riemannian metric is given on
both M and V. The reason we introduce them is as follows: one on M is needed
when a tubular neighborhood on M is used. Since Malliavin covariance matrix of
N -valued functional is actually a bilinear form on the cotangent space, a metric
on the cotangent space is needed when the determinant and the eigenvalues of
the Malliavin covariance matrix are considered. For our purpose any Riemannian
metric will do. In particular, even if we change the Riemannian metric on \V/, (A2)’
and (B1) (and the other assumptions) remain equivalent. Hence, §,(Y;) does not
depend on the choice of the Riemannian metrics on M and N.

On the other hand, §, and §,(Y7) depend on the choice of vol. Since any other
smooth volume can be expressed as vol(dy) = p(y)vol(dy) for some strictly
positive smooth function p on N, the delta function with respect to vol is given
by Sa = p(a)~'8,. Therefore, it is sufficient to prove Theorem 2.5 below for one
particular smooth volume. In the proof of Theorem 2.5 in Section 8, we assume
that vol is the Riemannian measure on .

THEOREM 2.5. Letx € M and a € N such that I1(x) # a. Assume (A1)’, (A2)’,
(B1), (B2), (B3) and (C1). Then, we have the following asymptotic expansion:

E[G (&, w)8,(YD)] ~ e /> &= (c) 4 16 + cr6> +-++)  ase N\, 0

for certain constants c; € R (j = 0). If we assume (C2) in addition, then c;;,, =
0@ =20).

REMARK 2.6. Compactness of M and A in Theorem 2.5 is assumed for
simplicity. Since manifold-valued Malliavin calculus in [48] is developed for a
reasonable class of noncompact manifolds, we believe that Theorem 2.5 extends

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Asymptotics of hypoelliptic heat kernel at cut locus 13

to the case of noncompact manifolds under fairly mild assumptions. (In this
paper, however, only the compact case is proved. The noncompact case is just
a conjecture.)

REMARK 2.7. A remark similar to Example 2.4 holds in the manifold setting,
too. In particular, if M = N and IT is the identity map, then E[8, (X*(1, x, w))]
is the Feynman—Kac representation of the heat kernel p.2(x, x’) associated with
L:=1/2)Y_,Vi+ V.

However, some important second order differential operators cannot be written
in a ‘sum of squares’ form as in Remark 2.7 above, which is the reason why two
manifolds are considered. Here are examples of manifolds M and N we have in
mind.

The first example is the orthonormal frame bundle over a compact Riemannian
manifold. This is a familiar example in stochastic analysis on manifolds and called
Eells—Elworthy’s construction of Itd’s stochastic parallel transport. (See [22,
Section V-4] or Hsu [19], Stroock [45] for example.)

EXAMPLE 2.8. Let N be a compact Riemannian manifold with dimA\ = n
and let M = O(N) be its orthonormal frame bundle. Hence, d := dim M =
n(n + 1)/2. Let IT: O(N') — N be the canonical projection. We take V; to be
the ith canonical horizontal vector field on O(N) for 1 <i < n and set V; = 0.

Let @ € N and consider SDE (2.6) with r = n, x € IT-'(@) ¢ OWN) and
a € N. Then, regardless of the choice of x, the process t — Y¢(t, x, w) is the
Brownian motion on A/, that is, the diffusion process associated to the (minus one
half of) Laplace-Beltrami operator Ay starting at a € N.

In this case (A1)’ and (A2)’ are clearly satisfied and 6,(Y*(1, x, w)) is well
defined. Moreover, E[3,(Y¢(1, x, w))] = p.2(a, a), the heat kernel associated to
—Apr/2. Note that the deterministic Malliavin covariance is non-degenerate at
any h € H since the coefficient vector fields are elliptic at x. So, (B1) is also
satisfied.

We denote by H; (/) the set of absolutely continuous path £ on N starting at
a with £(&) = fol ||§$||27fo ds < o0o. The Cartan development map i +— ¥ (h) is

a diffeomorphism (of Hilbert manifolds) between H and H;(N) which preserves
the energy, that is, E(Y (h)) = ||k ||§{ for any 4 € H. Therefore,

d: =min{E(&) | § € Ha(N), & = a}
and

YO = (£ € HaN) | & = a, EE) = d?)
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which will be denoted by IC;‘“; (NV). In other words, the set of minimal energy
paths does not change through . Moreover, d, is equal to the Riemannian
distance dnr(a, a).

Let us rewrite the other assumptions in terms of KCI'"(N). First, (B2) is
equivalent to

(R2): /Cg“a“ (N) is a smooth and compact manifold of finite dimension n’ regularly
embedded in H; (N).

Set o o(N) := {§ € Ha(N) | & = a} and restrict & to this set. Then, (B3) is
equivalent to

(R3): Forany ¢ € ngfg‘(J\f) and any k € T: Kz, (N)\TSIC;‘TE‘(N), E"(E)(k, k) > 0.
Then, as a corollary of our main theorem, we obtain the following: assume a # a,
(R2) and (R3). Then, as a special case (G° = 1) of Theorem 2.5, we have the
following asymptotic expansion:

dy(a, a)’

2¢?

for certain constants ¢;; € R (j > 0).

p(a,a) ~ eXp(— )e—("+"’>(co+c282+c4e4+- ) ase (0 (2.8)

Conditions (R2) and (R3) are natural and often appear in Morse theory and
Riemannian geometry (possibly in a slightly different form). Note that the
dimension of the null eigenspace of £”(£) equals the dimension of the set of
Jacobi fields along £ which vanish at both ends.

The simplest example which satisfies (R2) and (R3) is the sphere S" and two
antipodal points @ and a on it. In that case, lC;“'u“ consists of great circles from a
to a and therefore diffeomorphic to S"~!.

REMARK 2.9. We are not aware of any preceding work that proved (2.8) above.
However, a few months after we finished our present work, Ludewig [33] proved
a similar theorem. His conditions on IC;‘“; which is called Morse—Bott condition
in [33], are essentially equivalent to (R2) and (R3). His method is basically
analytic. Compared to (2.8), his result is stronger in the following senses. First,
he obtained the leading constant ¢, in two explicit ways. Second, he studied heat
kernels associated with Laplace-type operators acting on sections of a vector
bundle in a systematic way. On the other hand, no hypoelliptic case is studied

in [33].

The next example is a compact, strictly pseudo-convex CR manifold and its
unitary frame bundle in Kondo and Taniguchi [29]. For fundamental facts on CR
manifolds, the reader is referred to [15] among others.

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Asymptotics of hypoelliptic heat kernel at cut locus 15

EXAMPLE 2.10. A CR (Cauchy—Riemann) manifold V is a real smooth manifold
equipped with a complex subbundle T} , of the complexified tangent bundle CT N
with properties that T} o N Ty ; = {0}, where T, ; = T} is the complex conjugate
of T\ o and [T}, T1,0] C T1o. Assume that N is compact, orientable and of real
dimension 2k 4 1 and T  is of complex dimension k.

There exists a real nonvanishing 1-form 6 on N annihilating H =
Re(T, o ® Ty.1). We assume that  is strictly pseudo-convex, that is the Levi form
L, defined by

Lg(Z, W) =—«/—1d9(Z, W) forZ, W € FOO(TLO@TO’[),

where I"*°(V) is the space of smooth sections of vector bundle V, is positive
definite. Associated with 6, the characteristic direction 7', the unique real vector
field on NV transverse to H is given by

T|d6 =0, TJo=1,

where T |w is the interior product.
The Webster metric gy is defined by

X, Y)=do(X,JY), g(X,T)=0, g(T,T)=1 forX,Y € '"°(H),

where J: TN — TN is defined so that its complex linear extension to CT N is
equal to the multiplication by /—1 on T g, that by —«/—1 on Ty ;, and J(T) = 0.
The Tanaka—Webster connection is a unique linear connection V on " such that

ViY € I°(H), VJ=0, Vg, =0, Te(Z, W)=0,
TV(27 W/) =2 \ _ILH(Z7 W/)T7 TV(T» J(X)) + J(TV(T» X)) =0

for X € I'°(TN),Y € I'*(H), Z, W € I'*(T,), and W € I'°(T, ), where
Vyx is the covariant derivative in the direction of X and Ty is the torsion tensor
field of V.

Define the unitary frame bundle over A/ by

U(Typ) = ]_[{u: CF — (Ty,0),: u is a unitary isometry}.

xeM

For u € U(Ty,) with u: C* — (T} )., let I[T(u) = x. Every v € T, admits a
unique horizontal lift n,(v) € T,U (T, ), where u € IT~'(x), so that there exist
smooth curves p: [—7, 7] — N and p: [—7, t] — U(T} ) such that [T o p = p,
PO) = u, p'(0) = 1,(v), (I.),1,(v) = v, and the curve [—7, 7] 3 1 > p(1)¢ €
Ty, is a parallel section along p with respect to V for any ¢ € C*. Extending
n, naturally to a complex linear mapping of CT, M to T,U (T ), set L(¢), =
n. W) for ¢ € Ck. Using the standard complex basis {ey, ..., e;} of C*, define

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Y. Inahama and S. Taniguchi 16

the canonical vector fields Ly, ..., L; by
Li:L(Ei), lzl,,k
Let Vi, ..., Vy be vector fields on U (T} ) defined by

1 — —
‘/lz_(Ll+Ll) and Vk+i: (Li_Li)7 l=1,,k

1
V2 V2J=T1

Consider the stochastic differential equation on U (7 ) given by

2%
dX; =&Y Vi(X{)odw' (1)
i=1
for 0 < ¢ < 1. Then ¥, := [1(X}) determines a diffusion process generated by
—(&%/2)A,. Here the operator A, is a hypoelliptic sub-Laplacian given by

/ (Apf)g dvol :/ L;(dy, f,dpg) dvol
N N

for any smooth f, g on A, where vol = 6 A (d6)*, L; is the dual metric on H* of
Ly, and d,, f is the projection of df onto H*.

Assumption (A1)’ clearly holds. Moreover (A2)’ is also satisfied as was seen
in [29]. Indeed, if {Z;}"_, is a local orthonormal frame of 7} ;, then

k
(M) (L) =) €Z; and
j=1

(M)[Li, L) = =2V/=1T mod {Z:, Z; | i = 1,..., k},

where (eij ) € U(n). See Kondo and Taniguchi [29] for details.

We say that an absolutely continuous path & on N is horizontal in the CR
sense if £/ € Hg for almost all . We denote by Ha(N) the set of absolutely
continuous path & on N which is horizontal in the CR sense and start at a. The
energy functional £ on H, (N) is defined in the same way as in Example 2.8,
this time with the Webster metric instead of the Riemannian metric. In this case
again, the development map /& — (k) is an energy-preserving diffeomorphism
(of Hilbert manifolds) between  and ;(N). Therefore,

d; = min{€&) | § € Ha(N), & = a)
and
Y™ = (5 e HaW) | & = a, EG) = d7),
which will be denoted by l&;“‘a“ (NV). In other words, the set of minimal energy

paths does not change through . Moreover, d, is equal to the sub-Riemannian
(Carnot—Carathéodory) distance dar(d,a). In a strictly pseudo-convex CR
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manifold, no nontrivial energy-minimizing path (that is geodesics) is abnormal
in the sense of sub-Riemannian geometry. (See [42, pages 24-25] for example.)
Hence, (B1) is always satisfied.

Let us rewrite the other assumptions in terms of I&;“‘;(N ). First, (B2) is
equivalent to Y

(CR2): l@g“:(]\f ) is a smooth and compact manifold of finite dimension n’
regularly embedded in 7:[5, WN).

Set Kz .(N) := {€ € Ha(N) | & = a} and restrict € to this set. Then, (B3) is
equivalent to

(CR3): For any § € KI"(N) and any | € T;Ks..(N) \ TLKZ(N), E"(E)(1, 1)
> 0.

Then, as a corollary of our main theorem, we obtain the following: assume a # a,

(CR2) and (CR3). Then, as a special case (G* = 1) of Theorem 2.5, we have the
following asymptotic expansion:

dy (@, a)? ,
/\/(2 2 ) )8(2k+1+n)(60+6282 +C484+.”) ase \, 0
&
2.9
for certain constants ¢;; € R (j > 0). Here, p stands for the heat kernel associated

with the sub-Laplacian A, /2.

pe2(a, a) ~ exp(—

The next example is a continuation of Example 2.10 above. We provide a very
concrete example of V" and @, a € N which satisfy (CR2) and (CR3).

EXAMPLE 2.11. In this example, we show that antipodal points on the standard
CR sphere S**! (k > 1) satisfy (CR2) and (CR3). For basics of the standard CR
sphere, we refer to [5, 13, 39]. To keep notations simple, we avoid the complex
coordinates and describe the standard CR sphere as a real manifold.

Let S**1 = {(x0, Yo, - - . » X, V) € R*+2 | Z _o(x?+y?) = 1}. It has a natural
strictly pseudo-convex CR structure inherited from C**! = R**2_which is given
as follows:

(Tl.0)(x0,yo,...,xk,yk)

{2k o)+t )] |

k

(P0: 4o, - -» Pi @) € R*P2, Z(p,»xi +qiy) =0, (gixi — piyi) = 0}'
i=0 i=0
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The horizontal subbundle H coincides with the kernel of the following contact
one-form: w = Y'_ (—yidx; + xidy;). The Webster metric on S**! is just
restriction of the canonical one on R**2,

We choose (£1, 0, .. ., 0, 0) as the starting point and the end point, respectively,
and denote them by e and —e. By the way the metric is defined, we have £(§) =
(&) for a horizontal path & on S**!. In particular, we have

lagij’e(SZk“) ={t e /Cg_‘ife(SZk“) | £ is horizontal in the CR sense}.

As we see, the right hand side above is not empty. The sub-Riemannian distance
between the two points is 7.

Recall that ™" (S**!) is the set of all the great circles from e, to e_ (in
time 1). We write them down explicitly. Set

S* = {(Po, 90, - - -» P> @) € S | py = 0},
S* T ={(po. qos - - » Prs i) € ¥ | py = g0 = 0}.
Forv = (0, qo, - .., px, qx) € S*, we write
&,(t) = cos(mrt)e + sin(rrt)v.
Then, &, is a great circle and we have
K (§*4) = {& | v e S*).

Moreover, by straightforward computation, we have (£, wg,) = mqo. Hence, &, is
horizontal in the CR sense if and only if gy = 0 and we have

’agliile(SZkﬁ-l) — {SV | ve SZk_l}.

Thus, we have shown (CR2) with n’ = 2k — 1.
Now we turn to (CR3). A key fact is

T KM (S*F1) = T (S*H) N T Ke —o(S*F!) (8 € KM (S*H1)). (2.10)

Once (2.10) is established, the problem reduces to the corresponding one for S*+!
as a Riemannian manifold. The reason is as follows. If [ € Tglae,_e(Sz"“) \
TR0 (S*+1), then | € TeKe _o(S*H!) \ KM (S*+1) by (2.10). We have
already seen in the paragraph just above Remark 2.9 that & &, D =E"ET
> 0 holds for such /. This proves (CR3).

It is obvious that the left hand side of (2.10) is included in the right hand side.
To see the converse inclusion, we use F: Ko _.(S**!) — R defined by F(§) =

fol (E'(1), wer)) dt. Let (—1, 1) 3 T > ¢(1) € K¢ _o(S*T) be a smooth curve such
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that c(0) = € € I@‘;‘ij‘e(SZk“). Then, 7 +— c(t)’ is a smooth curve in L2([0, 1],
R%*+2) since the differentiation in ¢ (denoted by ‘prime’) is a unitary isomorphism
from the (R**2-valued) Cameron—Martin space to L>([0, 1], R**?). It is easy to
see that (d/dt)|.—oF (c(t)) exists. Moreover, it depends only on & = ¢(0) and
[ := (d/dt)|,=oc(7). (The latter can be regarded as a Cameron—Martin path in
R+2 ) It is obvious that (d/dT)|.—oF (c(t)) = 0if [ € Tgl&ey_e(SZkH).
However, we can show that (d/dt)|.—oF(c(r)) # 0if [ € T (S*+1) \

TEICL‘}T&(SZ"“) as follows. Let v = (0,0, p1, g1, ..., pr. qx) € S*~! be such that
E=¢& andlet Tt = v(t) = (0, go(7), ..., pr(T), gx(r)) be a smooth curve in
S% such that v(0) = v. It is easy to see that (d/dt)|,—ov(z) is tangent to S*~!
at v if and only if (d/d7)|.—0qo(t) = 0. As we have seen, (d/d7)|,—oF §vr)) =
7w (d/dt)|.—0q0(t). This proves our claim in this paragraph and hence (2.10), too.

Finally, we show that the sub-Laplacian A, on S**! cannot be written in a
‘sum of squares’ form of exactly 2k vector fields if 2k + 1 # 3 or 7, that is, we
cannot find vector fields A; (0 < i < 2k) on S**! such that A, = Zfil A? +
Ag. (We should recall that 2k is the real dimension of T} ,.) Consequently, we
need the stochastic parallel transport as in [29] to construct the diffusion process
generated by —A, /2 (as long as we use 2k-dimensional Brownian motion). The
reason why A, cannot be written in such a form is as follows. If it could, by a
formula A; 3 = A, + T? in [5, page 137], the Laplace—Beltrami operator A,z
of S*+! as a Riemannian manifold would have a ‘sum of squares’ form A,z =
S A2 + T2 + Ay. However, this is impossible if 2k + 1 # 3,7. (S/ is not
parallelizable for j # 1, 3,7 and therefore {A, ..., Ay, T} cannot be a global
frame of the tangent bundle of S**!.)

In [5, Proposition 3.7], the leading term of short time asymptotic of p;, (e, f)
is calculated with an explicit value of the leading constant ¢y, where f =
(€?,0,...,0) € C*! = R (0 < § < 7). However, the case § = 7 (that is
f = —e) seems to be excluded. Since all the energy minimizers on the standard CR
sphere is obtained in [13, 39], it may be an interesting future task to strengthen [5,
Proposition 3.7] by combining our result (2.9) with [13, 39].

Grong and Thalmaier [18] recently showed that diffusion processes on sub-
Riemannian manifolds associated with sub-Laplacians also admit a similar
construction. For basic information on sub-Riemannian geometry, we refer
to [11, 40, 42] among others.

EXAMPLE 2.12 (Diffusions associated with sub-Laplacians on sub-Riemannian

manifolds. See [18, Section 2] for details). Let (N, D, g) be a compact sub-
Riemannian manifold. Here, D is a subbundle of the tangent bundle TN of a
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smooth compact manifold N with dim N = n and g is a metric tensor on D. By
definition, D is bracket generating.

Let g be a Riemannian metric tensor of AV that tames g (that is g|p = g). Let I”
be the orthogonal complement of D in T/N'. We write the orthogonal projection
by prp and pr ., respectively. Denote by V the Levi-Civita connection on N with
respect to g. Define a sub-Laplacian by using a local orthonormal frame {A,, ...,
A,} of Dby

Dgup = Z AT+ Z g(prpVa, Aj, A A
o1

i.j=1

where r (1 < r < n) is the rank of D. This is a globally well-defined differential
operator and known to be hypoelliptic.

The diffusion process on N associated with Ay,,/2 + A, admits Eells—
Elworthy’s construction for any vector field Ay on N (A, need not be a section of
D.) In this case, the principle bundle is

oMD)o o) = U{(u, v) | u: R — Dyand v: R — I are isometries}
yeN

with its structure group O(r) x O(n — r). The projection is denoted by I7. Since
V is a metric connection, it defines a Cartan—Ehresmann connection on O (D) ®
O(I'). Define canonical horizontal vector fields A; (1 <i <r)on O(D)© O(I")
so that (/i,-)(u,v) is the horizontal lift of ue; € Dy, Where {e;}/_, is the canonical
basis of R’. Also define A, to be the horizontal lift of A,. Then, the solution to
SDE on O(D) ® O(I") with the coefficient vector fields A; (0 < i < r) is the
diffusion process associated with A,;,/2 + Ay. (In [18], only the case Ay = 0 is
treated. However, a modification of this first order term is easy.)

In Example 2.12 above, an example of a submersion IT: M — A and vector
fields which satisfy (A1) and (A2) is given. However, as readers may have noticed,
there is no concrete example of a sub-Riemannian manifold and two points on
it. (In this sense this should be called a potential example.) It is an interesting
and important future task to find such examples which satisfies our assumptions
(B1)-(B3).

REMARK 2.13. Our present paper is based on Takanobu and Watanabe [47] and
the assumptions are quite similar. In particular, the assumptions on the set of
energy minimizers are the exactly same. Our main result is stronger than the one
in [47] because we work under the partial Hormander condition and work also on
manifold.
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On the other hand, Barilari et al. [3] imposes assumptions on the set of energy
minimizers which look quite different from our (B1)-(B3) and obtained the
leading term of the asymptotics.

The relation between the two types of assumptions are unclear, yet. Neither is
it clear at the moment whether a full asymptotic expansion can be proved under
the assumptions in [3].

3. Preliminaries

In this section we summarize results we use in the proof of our main theorems.
All the results in this section are either known or easily derived from known
results.

3.1. Preliminaries from Malliavin calculus. We first recall Watanabe’s
theory of generalized Wiener functionals (that is Watanabe distributions) in
Malliavin calculus. Most of the contents and the notations in this subsection
are contained in Ikeda and Watanabe [22, Sections V.8-V.10] with trivial
modifications. We also refer to Shigekawa [44], Nualart [41], Hu [20] and
Matsumoto and Taniguchi [37]. For basic results of quasisure analysis, see
Malliavin [36, Ch. II].

Let W, H, ) be the classical Wiener space as before. (The results in this
subsection also hold on any abstract Wiener space, however.) We denote by D
the gradient operator (#-derivative) and by L = —D* D the Ornstein—Uhlenbeck
operator. The following are of particular importance in this paper:

(a) Basics of Sobolev spaces: we denote by D,,(X) the Sobolev space
of X-valued (generalized) Wiener functionals, where p € (1,00), r € R,
and X is a real separable Hilbert space. As usual, we use the spaces

Do (X) = 2, ﬂl<p<oo D4 (X), Doo(X) = M2, Ul<p<oo D, () of test
functionals and the spaces D_,(X) = U, Ul<p<oo D, (X)), D_oo(X) =
Uizt M2 peoo Dp 1 (X) of Watanabe distributions as in [22]. When X' = R, we
simply write D, ,, and so forth. The D, ,(X’)-norm is denoted by || - ||, .. The

precise definition of an asymptotic expansion up to any order can be found in [22,
Section V-9].

(b) Meyer’s equivalence of Sobolev norms: see [22, Theorem 8.4]. A stronger
version can be found in [44, Theorem 4.6], in [41, Theorem 1.5.1] or in
Bogachev [9, Theorem 5.7.1].

(c¢) Watanabe’s pullback: pullback T o F = T(F) € D o of a tempered
Schwartz distribution 7 € S’(R") on R” by a non-degenerate Wiener functional
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F € Dy (R"). (See [22, Section 5.9].) The key to prove this pullback is an
integration by parts formula in the sense of Mallavin calculus. (Its generalization
is given in Item (d) below.)

(d) A generalized version of the integration by parts formula in the sense of
Malliavin calculus for Watanabe distribution, which is given as follows (see [22,

page 377]):
For a non-degenerate Wiener functional F = (F!,..., F") € Dy (R"), we
denote by o[F](w) = or(w) the Malliavin covariance matrix of F whose

(l J) component is given by o/ (w) = (DF'(w), DFj(w)) We denote by

(w) the (7, j)- component of the inverse matrix aF Note that o/ € Dy, and
Dy =—> L viH(Do}! )y . Hence, derivatives of y;/ can be written in terms of
y}j ’s and the derivatives of UF I, Suppose G € D, and T € S’ (R"). Then, the
following integration by parts holds;

E[(0;T o F)G] =E[(T o F)®;(-; G)], 3.

where @;(w; G) € D, is given by

Qi(w; G) = Z D* (v (w)G(w) DF’ (w))

d
—Z{ ZG(w)y W)y} () (Do} (w), DF’ (w))y
j=

k=1

+ i (W) (DG (w), DFI ()3 + vy (W)G(W)LF’(w)} (3.2)

Note that the expectations in (3.1) are in fact the generalized ones, that is the
pairing of D_ and Do

Watanabe’s asympt0t1c expansion theorem is a key theorem in his distributional
Malliavin calculus. Its standard version can be found in [22, Theorem 9.4, pages
387-388] or Watanabe [52]. In the present paper, however, we need a modified
version in [47, pages 216-217]. Though it plays a key role, no proof is given
in [47] unfortunately. Therefore, we prove it below.

Letp > 0,& € Dy, and F € Dy, (R") and suppose that

inf vop(w)v=p on{weW]||E(w)| <2} 3.3)

veR"||v|=1

Let x : R — R be a smooth function whose support is contained in [—1, 1]. Then,
the following proposition holds [47, Proposition 6.1].
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PROPOSITION 3.1. Assume (3.3). For every T € S'R"), xEXT o F) =
XE)T (F) € D_ can be defined in a unique way so that the following properties
hold:

1) ifT, > TSR ask — oo, then x ()T (F) — x(E)T(F) € D_oo;

(ii) if T is given by g € S(R"), then x (§)T (F) = x(§)g(F) € Dx.
Proof. Let n: R — R be a smooth function whose support is contained in
(—2,2). By the assumption (3.3), o is invertible on {n(§) # 0} and 77(’;‘)0;1
is of class D In fact, it is the limit of (&) (o + (1/m)Id,) " in Dy, as m — oo,

where Id, stands for the n x n-identity matrix. Hence @;(-; n(§)G) in (3.2) is
well defined and of class ID,,. Moreover, observe that

®:(-;n()G) = D* (n@)G > y;"DF") (3.4)
k=1
for any G € D.,. Let f € S(R"). Since

@)@ f o F) =€) Y (D(f o F), DF*)yyi¥,

k=1
we have the same integration by parts formula as (3.1);
E[n(§)(@; f o F)G] = E[(f o F)®:(-; n(§)G)]. (3.5)
Furthermore, for p > 1 and r > 0, let C, , be a constant such that
ID(GEK)lpr < CprllGllaprrillKll2pria
forany G € D, ,+1 and K € D, .41 (H). Then

19: (3 nE)O)lpr < Cpor 1Gl2prs1- (3.6)

2p,r+1

nE) Y yiDF*
k=1

Take a sequence { x;};2, of smooth functions on R such that x; = x, suppyx C
(=2,2), and yx4+; = 1 on suppxx, kK = 1,2,... For a multi-index o = (o,
..., o,), where ¢;’s are non-negative integers, let i, = max{i; o; # 0} and o' =
(g = Biiys - - -5 0ty — 8piy ), 6;; being Kronecker’s delta. Define @, by

Cb(a)(‘ ; G) = d)iu('; x16)G)
if || = ZZ=1 o = 1, and
DPy(+:G) =D, (+; X0/ ()P (5 G))
if |o| > 2.
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It then holds that
E[x(€)(@“f o F)G] = E[(f o F)P)(-; G)] (3.7)

forany f € S(R") and G € Dy, where 9% = (3)* - - - (,)*. In fact, for x| = 1,
(3.7) is nothing but (3.5). Suppose that (3.7) holds for o with || = k. Then for «
with |a| = k + 1, since

X E) P (-5 G) = P (5 G),
by the assumption of induction and (3.5), we obtain

Elx (§)(3" f o F)G] = E[x (§)(3 (3;, f) o F)G]
=E[@3;, f o F)Pw)(-; G)]
= ElX1e1(6) (0, f 0 F)P) (-3 G)]
=E[(f o F)@u(-; G)].

On account of (3.6) and (3.7), repeating the standard argument to construct
Watanabe’s pullback in [22, Section V-9], we arrive at the unique existence of the
continuous mapping u: S’'(R") — ]13),00 such that u(f) = x (&) f(F) for f €
S(R"™). Rewriting u(T) as x(¢§)T (F), we obtain the desired continuous linear
mapping. O

Next, we state the asymptotic expansion theorem, which is [47, Proposition 6.2].
Let {F.}o<e<1 C Doo(R") and {&;}o<.<1 C Dy be families of Wiener functionals
such that the following asymptotics hold:

F.~ fot+efi+efo+-- inDy(R)ase \ 0, (3.8)
E ~day+ea; +&*a,+--- inDyase \ 0. (3.9)

PROPOSITION 3.2. Assume (3.8), (3.9) and |ag| < 1/8. Moreover, assume that
there exists p > 0 independent of € such that (3.3) with F = F, and &€ = &,
holds for any ¢ € (0, 1]. Let x : R — R be a smooth function whose support is
contained in [—1, 1] such that x (x) = 1 if |x| < 1/2. Then, we have the following
asymptotic expansion:

X(SS)T(FE)N¢O+8¢1+82¢2+"' inD_m ase\O.

In the above proposition, @, € D_, can be written as the kth coefficient of the
formal Taylor expansion of T (f, + [ef) + &2 f> + - - -]). In particular, @y = T (fp).

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Asymptotics of hypoelliptic heat kernel at cut locus 25

Proof. Let T € S'(R"). Take an m € N so that ¢ = (1 + |x|* — %A)""T isa
bounded function on R” which is k-times continuous differentiable with bounded
derivatives up to order k. By virtue of (3.7), there exists a continuous linear
mapping ¢, : Dy, — Dy such that

Elx (6T (F,)G] = E[¢(F.)L.(G)] forevery G € D.
By (3.4),

2m
£(G) =) {Pi(e), D'Ghyer,
i=0
where P;(¢) € Dy, i =0, ..., 2m, are polynomials in F, Xk(ée)o;:, k=1,...,
2m, and their derivatives. Since
1
lim 1 (&) = 1., =0

forany p > 1,7 > 0 and k € N, applying the argument used in the proof of
[22, Theorem V.9.4] to x(&)¢(F,) instead of ¢(F,), we obtain the desired
asymptotic expansion. 0

At the end of this subsection, we gather well-known facts about SDE (2.1) and
ODE (2.2) for later use. The Jacobian J; of ¢ (¢, x, h) with respect to x and its
inverse K, satisfy the following ODEs:

dJ, = Z VVi(¢)J, dhi  with Jy = 1d,, (3.10)

i=1

dK, ==Y K, VVi(¢)dh] with Ky = 1d,. (3.11)

i=1

Here, J, K, VYV, are all d x d matrices. Note that K, = Jt‘l. When the dependence
on & and x needs to be specified, we write J,(h) or J(t, x, h), and so forth. The
deterministic Malliavin covariance matrix is given by

1
olpil(h) = Jl(h){/ Jt(h)]V(¢l(h))v(¢t(h))*(Jt(h)1)*dt}*,l(h)* (3.12)
0

and o[¥](h) = IIyo[¢](h)IT5,, where we set V := [V;,...,V,] € Mat(d, r)
for simplicity.

Similarly, the Jacobian process J;° for SDE (2.1) and its inverse K; satisfy the
following SDEs:

dJf =&Y VVi(X))J} odw! + & VVy(X)Jfdt  with J§ =1d,, (3.13)

i=1
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dK{ = —& Y K{VVi(X}) odw| — ?K;VVo(X{)dt with K§ =1d,. (3.14)
i=1
As before, K; = (Jf)‘l. When necessary we write J(w) or J*(¢, x, w), and so
forth. The Malliavin covariance matrix is given by

1
e 2o[X:] = Jf{/ (Jf)"V(Xf)V(Xf)*(Jf)"’*dt}(Jf)* (3.15)
0

and o[Y/|(w) = Iyo[X;(w)II}, as. (The dependence on w is suppressed
above.)

3.2. Preliminaries from rough path theory. In this subsection we recall the
geometric rough path space with Holder or Besov norm and quasisure property
of rough path lift. For basic properties of geometric rough path space, we refer
to Lyons and Qian [35], Lyons et al. [34], and Friz and Victoir [16]. For the
geometric rough path space with Besov norm, we refer to [16, Appendix A.2].
Quasisure property of rough path lift is summarized in Inahama [25].

We assume that the Besov parameters (o, 4m) satisfy the following condition:

1 1 1 1
-<au<-, m=1,2,3,..., a——>—, and 4dm|-—«a | > 1.
3 2 4m 3 <2

(3.16)

We choose such a pair (¢, 4m) and fix it throughout this paper.

We denote by GR27(R"), 1/3 < @ < 1/2, the geometric rough path space over
R? with o-Holder norm. Let c{f 7H([O, 11, R), 0 < B < 1, be the Banach space of
all the R-valued, 8-Holder continuous paths that start at 0. If « + 8 > 1, then the
Young pairing

GRI (R x C(?*H([O, 1,R) > (w, 1) = (wW,1) € GRI®R)

is a well-defined, locally Lipschitz continuous map. (See [16, Section 9.4] for
instance.)

Now we consider a system of RDEs driven by the Young pairing (w, 1) €
GRER™) of w € GRHMR?) and A € C;7"([0, 1], R!). (In most cases, we
assume A, = const x ¢.) For vector fields V;: R — R? (0 < i < r), consider

dx, =Y Vi(x)dw] + Vo(x)d, withxy =x € R, (3.17)
i=1

The RDE:s for the Jacobian process and its inverse are given as follows;

dJ, =Y VVix) Jdw) + VVo(x)Jy da,  with Jo = 1d, € Mat(d, d), (3.18)

i=1
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dK, = =Y K, VVi(x,) dw! — K,VVy(x,)dA, with Ko = 1d; € Mat(d, d).
i=1

3.19)

Here, J, K, and VV;, are all Mat(d, d)-valued.

Assume that V;’s are of C} for a while. Then, a global solution of (3.17)—(3.19)
exists for any w and X . Moreover, Lyons’ continuity theorem holds. (The linear
growth case is complicated and will be discussed later.) In that case, the following
maps, where (w, 1) € GR2H (R") x COI*H([O, 11, R"), are continuous:

(W, 1) = (w,1) € GRI®RT
= (w, A x,J,K) € GRFR™ @ R @ Mat(d, d)®?)
— (x,J,K) € GRYR! @ Mat(d, d)®?). (3.20)

Here, the first map is the Young pairing, the second is the Lyons—It6 map, and
the third is the canonical projection. (The map (w, 1) — x will be denoted
by ®: GQI®R) x C;7"([0,1],R) — G227 (RY).) Recall that in Lyons’
formulation of rough path theory, the initial values of the first level paths must
be adjusted. Note that (Id + J) )" = Id 4+ Kj, always holds.

When w is the natural lift 7 € H and A = 0, the first level path

t> (x+xp,,1d+J;,. 1d+ K ) (3.21)

is identical to the solution of a system (2.2), (3.10), (3.11). Here, X(])’l is the first
level path of x evaluated at (0, 7), and so forth. Similarly, if (w, A) = (¢W, A%),
where W = L(w) is the Brownian rough path under p« and A = g%t, then (3.21)
coincides with the solution of (2.1), (3.13), (3.14) a.s.

We define a continuous function I : G.Qf (R") x C(;*H([O, 1], R) — Mat(d, d)
as follows: set

w2 = 1+ 33 ) Fw, )Ad + 35", (3.22)

where
1
Fw, )= / dd 4+ K )V (x + x5 )V(x 4+ xp,)*(1d + Ky ) * dt
0

withV:= [V, ..., V.] € Mat(d, r).

From (3.12) and (3.15) we can easily see the following: if A} = g%t, then
T'(eW, %) = ¢ %0 [X{](w) for p-almost all w, where X¢ denotes the solution
of SDE (2.1) att = 1. If A, = 0 and h = L(h) is the natural lift of » € H,
then I" (h, 0) = o[¢,](h), the deterministic Malliavin covariance matrix given in
(3.12). From these we can easily see that ITy, 1" (ew, A*)I1};, = s’za[Yf](w) a.s.
and ITyI" (h, 0)IT5, = o [y ](h).
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REMARK 3.3. In this paper we use Lyons’ continuity theorem only with respect
to a-Holder topology (1/3 < @ < 1/2) and for C}-coefficient vector fields. We
do not try to extend it to the case of unbounded coefficient vector fields or Besov

topology.

Now we introduce the Besov topology on the rough path space. For («, 4m)
which satisfies (3.16), G227, (R") denotes the geometric rough path space over
R" with (o, 4m)-Besov norm. Recall that the distance on this space is given by

~ ! 2 a2
dw,w) = ||lw' — ||a4m B+ ||W — Wl 2m—p

|4m 1/4m
dsdt
(//O<s<l<l |t - S|l+4ma )
"2 |2m 1/2m
s,
dsdt .
(//0<s<z<1 N )

By the Besov-Holder embedding theorem for rough path spaces there is a
continuous embedding G2, (R") — GL[ ,,,, (R).Ifa < o« < 1/2, there
is a continuous embedding G2/ (R") — G£272,,, (R"). We remark that we will
not write these embeddings exphcltly (For example, if we write @ (w, A) for
(w, L) € G.Qa 4 (R7) X Cé*H([O, 1], R), then it is actually the composition of the
first embedding map above and @ with respect to {o — 1/(4m)}-Holder topology.)

Note also that the Young translation by & € H works perfectly on G.Qf am R
under (3.16). The map (w, h) > 7,(W) is continuous from G272, (R") x H to
GRB, (R"), where 1,(w) is called the Young translation of w by 4 and is defined

a,4m

by
rh(w);!t .—W —|—hsl,, r,,(w)f’, = wf,t—}—hit—l—/ WS LAhy —|—/ hslu dw,.

Here, the integrals are in the Young (or Riemann—Stieltjes) sense and we set w, :=
W, ,. Moreover, there exists a positive constant C = Cq 4, such that

17 (W) Necam—5 < W' llaam— + Cllll3, (3.23)

17h (W) ll2a.2m—5 < 1W 2w 2m—5 + 2CI1W' laam—s 12113 + CPlIR[13, (3.24)

holdforallh € Handw € G258, (R").
Fory > O and h € H, we set

a,4m

Upy ={w e G20, (R) It (W' I3, 5+ 11T (W15, 5 < ™"}, (3.25)
Uf/l.y - Uh 2—1/4::1
={we G, R) | lItwW'IYs, 5+ lTaWI5,, 5 < v™/2).
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When h = 0 we simply write U, and U,. By the continuity of 7, with respect
to the (o, 4m)-Besov rough path topology, {U;,,},-0 forms a system of open
neighborhoods around h = £(4) and so does {U/;,y}y>0' Clearly, U,/W = Uy po-1/am,
Uh,y = th(U;/) and Uf/w = Th(UJ//)

Now we discuss quasisure properties of rough path lift map £ from W to
GR2p,,(R). Fork =1,2,... and w € W, we denote by w(k) the kth dyadic

piecewise linear approximation of w associated with the partition {{27* | 0 < [
< 28} of [0, 1]. We set

Zoam i ={w e W | {L(w(k))}2, is Cauchy in GRZ, (R")}.

a,4m

We define £: W — GQ2,, (R") by L(w) = lim,,_. L(w(k)) if w € Z, 4, and
we do not define L(w) if w ¢ Z, 4,,. (We always use this version of £.) Note that
H and C{~"([0, 1], R") with B € (1/2, 1] are subsets of Z, 4, and this lift for
elements of such subsets coincides with the direct lift by means of the Riemann—
Stieltjes integral. Under scalar multiplication and Cameron—Martin translation,
Z4.4m 18 invariant. Moreover, cL(w) = L(cw) and 7,(L(w)) = L(w + h) for any
weE Zyum,c €R,and h € H.
It is known that Z7,  is slim, that is the (p, r)-capacity of this set is zero
for any p € (1,00) and r € N. (See Aida [1], Inahama [23, 25].) Therefore,
from a viewpoint of quasisure analysis, the lift map £ is well defined. Moreover,
the map W > w — L(w) € GQOIEM (R") is oo-quasicontinuous (Aida [1]).
We often write W := L(w) when it is regarded as a rough path space-valued
random variable defined on V. Due to Lyons’ continuity theorem and uniqueness
of quasicontinuous modification, X¢(-,x,w) = x 4+ @(eL(w), e21)" holds
quasisurely if V; (0 < i < d) is of C,f. (Here, A; = t and )~(8( -, x, w) denotes
the oo-quasicontinuous modification of the path space-valued random variable
w i X°(-, x, w).) A similar remark holds for J° and K°.

Before closing this subsection, we give a remark for the coefficient vector fields

with linear growth.

REMARK 3.4. If V; (0 < i < d) satisfies (A1) and has linear growth, it is not
easy to prove the existence of a global solution of RDE (3.17) for a given (w, 1) €
GRE(R") x Cé*H ([0, 11, R). However, Bailleul [2] recently proved it. Hence, the
Lyons—Itd map @ can be defined on the whole space G2 (R") x COI*H ([0, 11, R)
and Lyons’ continuity theorem holds under (A1), too. However, almost no other
properties of the solution are known under (A1) at this moment. Therefore, we
basically assume that V; (0 < i < r) is of C;° when we use RDEs. The reason
why we may do so is as follows. In the proof of our main theorem we discard
contributions from rough paths distant from L£(X™") by using large deviation
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theory. Therefore, by simple cut-off argument, the problem reduces to the C;°-
case anyway.

3.3. Some useful results in Malliavin calculus on rough path space. First,
we recall Taylor-like expansion of (Lyons-)Itd map. In the proof of our main
theorem, we compute the Cameron—Martin translation of X°. For a Cameron—
Martin path i € H, we set X{" := X*(z, x, w + (h/¢)), which satisfies

dX;" =) " Vi(Xi") o (edw! + dhi) + £ Vo(X{ ") dt - with X§" = x e R
i=1
(3.26)
Similarly, the translations of the Jacobian process and its inverse satisfy:

dI" = VV(XM I o (edw! + dh)) + 7V Vo(X{") I dt
i=l

with J§" = 1d, (3.27)

and
dKo" = — Z K"V VI(XE") o (edw! + dhl) — e* K"V V(X5 dt
i=1

with K" = Id,. (3.28)

It is easy to see that (X*", J&" K®") coincides a.s. with (3.21) with the driving
rough path being (7,(eW), A*) = (eL(w + h/e), A°).

It is known that under (A1) the following asymptotic expansion holds in
Dy (RY) as & N\ 0:

X5<1,x, w+g> = fo(h) +efi(w; h)+- - -+ " fiw; h) + O, (w; h) (3.29)

where Qf,,(w; h) = O (™). Note that fy(h) = ¢;(h). It immediately follows
that

h
Y£<1,x, w+g) = go(h) +egi(w; h) +- -+ €' ge(w; h) + Ry, (w; h) (3.30)
in Do(RY) as & N\, 0, where we set R; (w; h) = ITy(Qp,,(w;h)) and
gj(w; h) = ITy(f;(w; h)) for all j > 0. Note that go(h) = ¥ (h) and g, (w; h) =

Dy (h){(w). Moreover, these asymptotic expansions are uniform in 4 as h varies
in an arbitrary bounded set in .
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The expansion (3.29) has a counterpart in rough path theory, which we call
Taylor-like expansion of the Lyons—It6 map @. (See Inahama and Kawabi [28]
and Inahama [24].) Assume 1/3 < a < 1/2 and that V; is of C;° for a while

(0 < i < r). Then, there exist continuous maps f : GRIR) x H +— R? and
QiH : GQ:I(]R’) x H +— R for k =0, 1, ... which satisfy the following (i) and
(i1):
(i) Forallk =0,1,...and ¢ € [0, 1],
few; h) = fi(W; h) and Qi (w; h) = QiH(W; h), wp-as., (3.31)

where we set

0% (W h) i= x+ P (1,(eW), 190 | —{ fo(h) +e& fi(W; h)+- - -+ fi(w; ).
(3.32)

(ii) Forany k € N, p > 0, h € H, there exist positive constants C; and C; , such
that

| fews )| < Co(1+ W e p + WP, )" (3.33)

for any w € G2 (R") and
105, (Ws )| < Cf (e + 1(eW) lamp + 1eW) 1317 ) (3.34)

if [|(eW) fla—rr + [ (eW)?||'/* < p. Of course, Cy and C; , also depend on £,
but in fact they depend only on ||/ ||«.

Note that the inequAalities (3.33) Elnd (3.34) are deteArministic. It is obvious
that g, (w; h) := Iy (fi(w; b)) and R;, | (W; h) := IT,(Qf,(W; h)) have similar
properties to (3.31)—(3.34).

REMARK 3.5. (i) Heuristically, (3.31) means that, in a sense, fk and Q,i 41 are
‘lifts’ of f; and Qy_,, respectively.

(ii) By abusing notations, we simply write fi, gk, O, Ri,, for fk 8k Q,iH,
Ry, in the sequel.

(iii) If we assume that V; is of C;° (0 < i < r), then we can actually obtain (3.29)
via the deterministic expansion (3.31)—(3.34) on the geometric rough path
space. (See Inahama [26].) Under (A1), however, it is not known yet whether
this is possible or not.
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(iv) There is a simple expression of fk(w, h) when the drift vector field V, = 0.
Suppose that § € H (I = 1,2, ...) converges to w in G2 (R"). Then,

A 1
Je(w, h) = lim EDk(pl(h)@:h <2 &), (k-times).

Here, D stands for the Fréchet derivative on H. (Even when V, does not
vanish, this kind of expression exists. Since it looks quite complicated due
the factor &2 in front of V;, we omit it, however.)

In order for F(X*(1, x, w+ h/¢e)) to admit expansions as above, F need not be
a projection or a linear map. In the next lemma, we show that for quite general F,
it admits expansions in both senses. The proof is straightforward. So we omit it.
We also remark that the expansions in Lemma 3.6 are uniform in % as & varies in
any bounded set in . (Lemma 3.6 will be used in the proof of the manifold case,
not in the Euclidean case.)

LEMMA 3.6. Let F: RY — R¢ be a smooth map such that V’ F is bounded for
all j > 1. Then, we have the following (1)—(i):
(1) Ase (0,

e }_l _ JF Fooo. ko Foo. &F (o,
FlX l,x,w+(9 =gy (h)+eg (w; h)+---+&"g (w; h)+ R (w; h)

in Doo(RY). Here, Ry \(wih) = O(*") in Doo(RY) and gl (w; h) are

determined by the formal composition of (3.29) and the Taylor expansion
of F. For example,

gl (h) = F(fy(h)),
gl (w; ) = VE(fo() {(fi(w; h)),
g1 (wi h) = VF(fo(W){ fo(w; b)) + SVEF(fo(W){ fi(w; h), fi(w; h))

and so on.

(i) Similarly, if ng (w; h) is determined by the formal composition of (3.32) and
the Taylor expansion of F, then we have

F(x+® @, (ew), 1)) ) = &5 () +e8l (w; )+ - +e* gl (wy ) +RE (ws ),

where gl and Ié,ffl satisfy essentially the same estimates as in (3.33) and
(3.34) (for different positive constants Cy and C; ,). Moreover, we have

gr (Wi h) = gF(w: h) and Ry (w; h) = Ry (W: b, p-as.
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Next we give a simple lemma for Malliavin covariance matrices of X°(1, x,
w+h/e)and Y°(1, x, w—+h/¢e). For any h € H, the Malliavin covariance matrix
of Qi (w; h)/e ={X°(1, x,w+ h/e) — fo(h)}/e is given by

1
oQ(-: h)/el(w) = / TRV (X VG (K (T d
0
= I'(ta(eW), 1%,

where A = ¢, W = L(w) is Brownian rough path and I" is defined in (3.22).
Note that o [R{(-; h)/el(w) = TTyo[Q5(-; h)/el(W)IT5;.

Let & € K™ and let {e;}"_, be an orthonormal basis of T,K™" C H. Here,
n' = dim ™", Set

n

in(w) = ) _{er w)ner. (3.35)

i=1

In fact, {e;, - )5 € VW*, as we see later. Then, the Malliavin covariance matrix of
(RS (w; h) /e, i) € Do (V x T, K1) is given by

SL(RE(- 3 h) e, in)] = (U[Rmé;* h)/e] 15) |

where & € V®(T,KC™™)* which is defined by e - [Ty, [, J" K"V (XE™e' (1) .
The following lemma is essentially [47, Lemma 6.3], rewritten in a rough path
way. Let

A= inf inf Z'o[Yy](h)z >0 (3.36)
helCmin zeV:|z|=1

be the infimum over % of the smallest eigenvalue of o [y](h).

LEMMA 3.7. There exist yy, &9 € (0, 1] such that the smallest eigenvalue of
o[(R{ (-3 h)/e, i) |(w) is greater than (AA1) /2 if ||(eW) |27, + | (W) 1325, <

Yo" (that is eW € U,,), h € K™ and 0 < & < &. Moreover, both y, and &, can
be chosen independent of h € K™™.

Proof. The covariance matrix o [(R{(-; h)/¢e,is)](w) is of the form A(t,(e W),
A%), where

(G) A: GQ@HI(R’“) — LV x T,K™ YV x T,K™") = Mat(n +n',n+n') is a
certain continuous map,

(ii) 7, stands for the Young translation by #,
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(iii) (7,(eW), L) stands for the Young pairing of 7,(¢W) and A°. At (h, 0) (or
equivalently when & = 0) the covariance matrix becomes

Ah.0) = (awé](m Ig)

which is clearly greater than or equal to A A1 as a quadratic form. (Since 7;, ™" C
ker D (h), the ‘off-diagonal’ components are zero.) Hence we can find y, and
&o as in the statement for each A.

Since A and the Young translation/pairing are Lipschitz continuous on any
bounded set, we may take y, and &, independently from i € ™. O

At the end of this subsection we discuss a large deviation principle of Freidlin—
Wentzell type for conditional measures. Using the upper estimate of the large
deviation principle, we prove that contributions from a subset away from £ (™)
is negligibly small in the proof of the asymptotic expansions. Note that we
do not need the lower estimate, which probably does not hold true under our
assumptions.

Let 6 be a finite Borel measure on W which corresponds to the positive
Watanabe distribution §,(Y}) via Sugita’s theorem [46]. Since L is quasisurely
defined, we can lift this measure to a measure ! := (¢£).[0f ] on G272, (RY).
In other words, 1/, is the law of the random variable eW = L(sw) under 6.

Set a rate function I : G282, (R") — [0, oc] as follows;

a,4m

||h||§{/2 (if w = L(h) for some h € K,),

Iw) = (otherwise).

This rate function / is actually good under (A1l). (We can prove this by using
Lyons’ continuity theorem and the goodness of the rate function for the usual
Schilder-type large deviation on the rough path space.)

THEOREM 3.8. Assume (A1) and (A2). Then, the family {u.}.~0 of finite
measures satisfies the following upper bound of a large deviation principle on
GRE, (RY) as ¢ \{ 0 with a good rate function I, that is, for any closed set

o, 4m

ACGRE, (RY),

a,4m

lim sup &2 log i (A) < —inf I(w).
8\0 weA

Proof. This was proved in Inahama [27] (under slightly stronger assumptions).
The keys of the proof are Kusuoka—Stroock’s estimate (2.4) and the integration
by parts formula (3.1) for Watanabe distributions. Hence, the same proof works
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under (A1) and (A2). (The assumptions in [27] are stronger for the lower bound
of the LDP.) I

3.4. Basic differential geometry on /C™". In this subsection we recall some
basic results on ™" and fix notations. All the ingredients in this subsection can
be found in [47, Section 6.2]. We assume (A1), (B1), (B2) in this subsection.

Let:: KM" < 7 denote the inclusion map. The induced Riemannian metric g
on KM is given by g, (u, v) = ((t.)att, (L)rv)% for u, v € T,K™" and h € KMn,
The Riemannian volume measure is denoted by w.

Let A,: T,K™ x T,KMr — (T,K™")* be the second fundamental form
defined by

Ap(u, v) = 7 [V, ()pv]  foru, v e T,KM" and h € Kmin,

Here, V denotes the flat connection on H and 7+ is a short hand for the orthogonal
projection from H onto the orthogonal complement of (L*)h[Tthg‘i“]. (Precisely,
v should be extended to a vector field near /.)

Set ih € DOO(ThICIunin) by

(u, i (w)) gy pepn = ((WInu, wy  foru € K™, h € K™,

Precisely, the right hand side above is the stochastic extension of the bounded
linear map ((ts)nu, -)1: H — R. However, we see in the next section
(Proposition 4.3) that it in fact extends to a bounded linear map from W
to R.

Define a;, € Do (77 (KM") @ T;7 (™)) by

a,(w)(u, v) = (A, (u, v), w)y foru,v e T,KM", h e mn,

For the same reason as above, this also extends to a bounded linear map from W
(see a local expression in (3.38) below).
An important remark is that

a, () (1, v) = —(u, Vg pn  foru, v € T, o € KCmin, (3.37)

Note that (3.37) is nontrivial and is a consequence of the fact that IC;‘““ is a subset
of a sphere in ‘H centered at 0. It can be checked as follows. First, the problem
reduces to the case of two-dimensional sphere embedded in three (or higher)
dimensional vector space in a standard way. Next, the case of the two-dimensional
sphere can be shown by straightforward computation.

We write these quantities in a local coordinate chart (U; 6!, ..., 0"y of lCami“.

Set
() (i) — (i) (h) = <(i) (i) >
b 20! 00! h’ Kij 29! h’ 007 ) [ u
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. 0
G(h) = (W) 1<ijer and (&) = {G<h>”2}”<w>-
h

(Summation over repeated indices are omitted.) By way of construction, {(e;); ?; I
is an orthonormal basis of 7;,C™". Using this we can write down i, and a, as
follows:

iy (w) = ((W)n(e)dn, wyn (e,

—-1/2 at dat —-1/2
a,(w)((e)n, (ej)h) = G(h)ik ah(w)<<w) s (@) >G(h)[j
h h

L 1,2 82[
=W\ Goma ) ).

92 -
_ <<W§ez)h (c*)h<em)h>ﬂ<<c*>h(em)h, wm]G(h)u”z-
(3.38)

Define
AP (w) = 8y(iy(w)) €D o, and D™ (w) = det[—a,(w)] € Dy,

where §, stands for the delta function at 0 on T,K™". Note that Malliavin
covariance matrix of i, (w) is the identity matrix. In a local coordinate chart, A®
and D™ can be written as follows:

9 "
AD () = \/detG(h)-50<{<<—L,> ,w> } )
891 h HIi=I
where 8, stands for the delta function at 0 on R”, and

DM (w) = detG(h)™!

ol {-{ (), ), + (), conenr)
) e|: 00106/ h’wq.[—'_ 90i 907 h’ t*)h(em)h N

’

(e (emns wm} }

ij=1

Hence,

DY (w)A" (w) =

<ol (@), o)) (G )LL) <o
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Since K™ 5 h > DWA® ¢ D_4 is continuous, the D_..-valued integration
/ DD AD o (dh)
U

is well defined, where w (dh) = +/det G (h) dO' - - - d0" is the Riemannian volume
measure.

4. Some computations of skeleton ODE

In this section we compute the skeleton ODE under (A1) and (B1). We do not
assume (A2), (B2) or (B3) for a while. The main point is that if 7 € ICE““ then
¢ (h) satisfies (the configuration component of) a Hamiltonian ODE for a naturally
defined Hamiltonian. The key in the proof of this fact is the Lagrange multiplier
method. This kind of argument has been known for a long time. (See probabilistic
literatures such as Bismut [8], Ben Arous [7] or sub-Riemannian geometric
literatures such as [11, 40, 42].) Our exposition basically follows Rifford [42,
Section 2.2]. However, we take a new look at this well-known argument from a
viewpoint of rough path theory and slightly modify it. For example, the Lagrange
multiplier g (h), the key quantity in this argument, can be understood in a rough
path way.

First we give some formulas for the skeleton ODE (2.2). In the sequel D also
stands for the Fréchet derivative on H. Let ¢, (/) be the solution of the skeleton
ODE driven by & € H and set v, (h) = ITy¢,(h). For simplicity, we set V =
[Vi,..., V.] whichis a (d x r)-matrix.

By straightforward computation,

D¢, (h) (k) = Jf(h)/ J ()~ V(@ (h)) dk, (k€ H). 4.1
0

From this expression, D¢, (h) and D, (h) = I1y,D¢,(h) extend to continuous
linear maps from W to R and to V, respectively. In a similar way, we have

D¢, (h) k. k) = Jt(h)/ T )"V (@, () (D () (k), D, (h)(k), dhy)
+ V@, (M){D,(h) (k). d ks
+ VV(g,(M){D¢s(h)(k), dk)}  (k, k" € H) 4.2

and D2y, (h) = ITy,D*¢,(h). Note that | D>¢, (h) (k, l%)l < C||k||7.[||l€||w for some
positive constant C = C(h) which actually depends only on ||/ ]| 3.
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We apply the Lagrange multiplier method to || - ||3,/2 under the constraint
Yy = a. Due to non-degeneracy of Dir(h), we have the following; for any
h € KM, there exists a unique ¢ = g(h) € V* =V such that the function

H s h L3, — (g, Y1 (h) — a)y
is stationary at £, that is,
(h, k)3 = (q(h), DY (h)(K))y (k€ H, h € K™™). (4.3)

Hence, (h, - )3, € W* for any h € k™.

If we choose an orthonormal basis of VV and set n = dim Y, then we can
easily see from the above relation and (A1) that g () has the following explicit
expression in this coordinate system:

q(hy' =Y {olynl(h) "} Dyl (h)(h) (1 <i <n). (4.4)

j=1

Therefore, if we assume (B2) in addition, then 7 — g (h) is smooth from ™" to
V. (We see later that 1 — ¢ (h) extends to a continuous map from the geometric
rough path space under (A1) and (B1).)

We now introduce a Hamiltonian and a Hamiltonian ODE which are naturally
associated with the skeleton ODE. Define

r

H(x, p) = %Z(p, Vi(x))*  ((x, p) € R x R! = T*RY),

i=1

where the bracket denotes the pairing of a covector and a tangent vector. This is
called a Hamiltonian function and clearly smooth on RY x R? = T*R¢.
The Hamiltonian ODE is given by

dx, 3H Ny ,

E = _ap (X1, pr) = ?:1 Vi(x)(p:, Vi(x1)), (4.5)
dp, OH d
d_lz - _W(xt, pr) =— E (Pe, VVi(x))(pes Vi(x). (4.6)

i=1

Since we always assume x, = x, dependence on x will be suppressed. The
solution with the initial condition (x, pg) is denoted by (x,(po), p;(po))-
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In the natural coordinate x = (x!, ..., x%) of R?, we can write p = Z’j:l pidx’
and V;(x) = Z?:l V! (x)(3/9x7). Moreover,

d ' d aV‘j
(p. Vi) =) p,V/@) eR and (p.VVi0) = ) pj

dxk
=1 k=1

Therefore, the Hamiltonian ODE (4.5)—(4.6) above can also be expressed as
follows:

dx*  OoH

t

= g e P = Zv (x,)Zp,fv (),

d
p’;’= -~ O e p = ZZp,,a k(x»Zpl,V(xt

i=1 j=1

We do not prove that a unique global solution exists for a given initial condition
because it is unnecessary for our purpose.

A remarkable fact is that the solution ¢, (h) of the skeleton ODE for & € K™
can be expressed as the ‘configuration component’ of the Hamiltonian ODE.

PROPOSITION 4.1. Assume (A1) and (B1). Let h € IC;““‘ and denote by q(h)
the Lagrange multiplier given in (4.3). Then, a unique global solution of
the Hamiltonian ODE with the initial condition py = (q(h), [TyJ;(h)e)y, €
TrRY(= R?) exists and satisfies that x,(po) = ¢, (h). Moreover, hi = fé(ps (po),
Vilxs(po))) ds (1 < i <r).

Proof. For simplicity of notations we assume that YV = R* x {0,_,}, where n =
dim V. (Without loss of generality we may do so.) Then, [Ty, = [1d,|0,xg—n]-
J and J~! are d x d matrices and V is a d x r matrix. ¢(h) and p are regarded
as an n-dimensional and a d-dimensional row vector, respectively. Since H is

smooth, the uniqueness is obvious if a solution exists.
From (4.1) and (4.3) we have

1 1
/ (hy, ky) ds = / q(W)ITyJi(h) I (WV (¢ (h)k, ds.
0 0

Since k € H is arbitrary, we can easily see that

(h,l,---,hf)E/ gy Ji (W) I (V¢ () ds.
0
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Define x, = ¢,(h) and p, = q(h)ITy,J,(h)J; " (k). Clearly, py = q(h)ITy,J(h)
and (h),...,h) = fot psV(gs(h)) ds. The skeleton ODE can be rewritten as

dg () = ) V(¢ (h)dhy =y Vi@ (W) p, Vi( (W),
i=1 i=1
which means that (4.5) is satisfied. From the ODE for J[l = K;, we can see that
P = qU)ITyJy(h) [—J,‘l(h) > vv,»(qs,(h))(h;)/]
i=1

=—pi > Vi@ ())[p, Vi (@, (h))].

i=1

Thus, (4.6) is also satisfied. O

REMARK 4.2. In Proposition 4.1 above, the Hamiltonian H is of course constant
along the trajectory of t — (x,(po), p:(po)). From the explicit form of 4 we can
easily see that the constant is d/2 = ||h||3,/2 > 0. Furthermore, this implies that
the smooth path ¢t — x,(py) = ¢, (h) is regular, that is, its velocity vector never
vanishes. Indeed,

(Pi(po), ¢, (h)) = <pt (Po)> Y Vi@ () {(pi(po), V(¢ (h))>>
i=1

= 2H (x,(po), p:(po)) =d> > 0

for any .

Thanks to the above proposition, we know that if & € lC;“i", then both % and
¢ (h) are smooth in ¢. This fact is highly nontrivial since a generic element of H
is not even of C'. Moreover, we have the following proposition:

PROPOSITION 4.3. Assume (A1), (B1) and (B2). Then, the mappings (t, h) —
&,(h) and (t, h) — h, are smooth from [0, 1] x k™" to R? and to R’, respectively.

Proof. Assume that Hamiltonian ODE (4.5)—(4.6) has a unique global solution for
an initial condition (x, py). Then, a standard cut-off technique and smoothness of
H shows that there is an open neighborhood U of p, such that (i) a unique global
solution exists for any (x, po) with py € U and (ii) the mapping [0, 1] x U >
(t, po) = (x,(po), p:(po)) € R x R? is smooth.
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Since /C;“i“ > h+— pg={q(h), [Ty, J|(h)e)y, is smooth under (B2), we see that
(t, h) — x,(py) = ¢, (h) is also smooth. Smoothness of (¢, h) — h, is immediate
if we recall

d
E(h}, o B = q() Ty Jy(h) I (W)Y (i ().

This completes the proof. O

The continuity of the natural lift map L[4 : H < G£72,,, (R") means that the
rough path topology, restricted on £(#), is weaker than H-topology. The next
proposition claims that on £(/C™") the two topologies are in fact the same.

PROPOSITION 4.4. Assume (A1) and (B1). Let hy, hy, ..., ho € K™ Then,
lim;_,oc hj = heo in H if and only if lim;_, . L(h;) = L(ho) in G272, (R").
Proof. By setting (w, 1) = (L(h),0) in (3.20), we see that & — (h, ¢ (h),
J(h), J~'(h)) extends to a continuous map from G2%, (R") to G (R" & R?
@ Mat(d, d) ® Mat(d, d)) for any o’ € (1/3,« — 1/(4m)). From this and (4.1)
we see that

1
h = Dy (h)(h) = HVJl(h)/ Js (W)™ V (¢ (h)) dh
0

extends to a continuous map from G272, (R") since the right hand side can be
regarded as a rough path integral along the natural lift of (2, ¢ (h), J(h), J~'(h)).
Also, the deterministic Malliavin covariance matrix 2 — o[y](h) extends to
a continuous map from G.Qof 4 (R"). Hence, from the explicit expression (4.4),
we see that ™" 5> h > g(h) is continuous with respect to the rough path
topology. Therefore, as & € K™" varies continuously with respect to the rough

path topology,

d
E(h’l’ b)) = gy () I () V(@ (h)

varies continuously with respect to L*([0, 1], R")-topology. Thus lim;_, », L(h;) =
L(hy)in G.Q(f 4 (R") implies lim;_, o || ; —h |3 = 0. The converse implication
is obvious. O

REMARK 4.5. Since the rate function in a Schilder-type large deviation principle
on the rough path space is good, ™" is compact with respect to G.Qof am(R)-
topology under (A1). If we assume (B1) in addition, the above proposition implies
that it is also compact with respect to H-topology. From this viewpoint, the

compactness assumption in (B2) is not strong.
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The following lemma is essentially a rough path version of [47, Lemma
6.2]. We use (a, 4m)-Besov rough path topology instead of the norm {|w,|* +
fol |wy|*>ds}'/?. In the statement of this lemma, a ‘neighborhood’ means a
neighborhood with respect to H-topology. Due to Proposition 4.4, the assertion
(i) clearly holds if y is small enough since {U,,, | y > 0} forms a fundamental
system of neighborhood of L(h) with respect to («, 4m)-Besov rough path
topology.

LEMMA 4.6. Assume (A1), (B1) and (B2). For any h € ICIa“i“, there exists a
coordinate neighborhood O C K™ of h which satisfies the following property:
for any subneighborhood O’ of O, there exists y > 0 such that:

(i) {k e K™ | L(k) € U} C O';

(i) [, DX APw(dk) =1on{w e W | L(w) € Uy}, that is, for any F € Dy
such that F - Vizwev, ) = F a.s., it holds that E[F [, D® A®w(dk)] =
E[F].

Proof. The proof here is essentially the same as the proof of [47, Lemma 6.2].
We use Proposition 4.3 and the inverse function theorem. We denote by W2,
the Banach space of all the elements in Y} with finite («, 4m)-Besov norm. The
injection IC;‘“" < H is denoted by ¢, which will be sometimes omitted when the
notation gets too heavy.

Take h € K™ and a coordinate neighborhood O of h arbitrarily. Let Q be an
open subset of R” such that Q 5 (8',...,0") — k(@) = k@', ...,0") € O is
diffeomorphic (namely, k: Q — O is a chart map).

We consider

ot
00!

d a2
=1 —k(9), and .L ,
90! o<i<l 901967

82
- {aeiaeik(g)’} '
110)) 0<r<1

An integration by parts on [0, 1] immediately yields

ot 0 ! d
<—. ,w> =<w1,ek(9)g> —/<w,,—.k(9);’> dr,
90" 1) H 90 R 0 00! R

9% 9? ! 9’
- - y = ,*k(g/ — ,*k@” dt.
<89,39_, o w>H <w‘ 207007 ()‘>Rr /o<w 9010 ()’>R»‘

From Proposition 4.3, these two functions on the left hand sides above are defined
for all (8, w) € O x Wof 4+, and continuous with respect to the product topology.
(In particular, for each fixed 6 these two linear functionals on A continuously
extends to ones on W2, ~or W.) Moreover, they are smooth in € for any fixed w

o, 4m

and their derivatives are all continuous in (8, w), too.

k(©)
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Set

dt

_i ,w> } '
30" ko) Tudi<icw
0%

J 97 =- i i ’ 7
(0, w) |:<39’891 k() w>H]1<i~J<"’

where the latter is the Jacobian matrix of the former with respect to the 6-variable.
Then, we can easily check that f(6,k(0)) = 0 and J;(0, k(0));; = gi;(k(6)),
where (g;;) is the Riemannian metric tensor on IC;““‘. (We omit the proof because
it is a routine. See [47, pages 215-216]. However, we note that the fact that IC;““‘
is a subset of a sphere is crucial here.) For each fixed 6, f is an R" -valued linear
functional which is non-degenerate in the sense of Malliavin since its Malliavin
covariance matrix is given by (g;;). Also, J; is linear in w and det J; is just a
polynomial in w.

For each fixed w, we use the inverse function theorem for f( -, w) and carefully
keep track of the dependence on w. We write i = k(6y), Q,(6p) = {6 | 160 — 6| <
p} C Qand By (h) = {w | |lw — hllgsn_s < ¥} for p,y > 0.

Then, we can show the existence of p’ > 0 and ' > 0 such that:

(a) for each w € B, (h), Qy(B) > 6 — fO,w) € f(Qy(6),w) is
diffeomorphic and

ro.0) =

(b) foreach p € (0, p’), there exists y € (0, ') such that N{ f(Q,(6p), w) | w €
B, (h)} contains 0 € R" as an interior point and the assertion (i) holds.

(Though it is not difficult, it is not so obvious, either. Find a nice textbook on
calculus and modify a proof in it. Note also that the implicit function theorem is
not used here.) We write O, = {k(0) | 0 € Q,(6y)}, which is the subneighborhood
O’ in the statement of the lemma.

Let x : R” — [0, 0o) be a smooth, radial function with compact support such
that [, x = 1.Itis well known that x, := k™ x (- /k) = §pask \ 0in S'(R™).
If k > 0 1is sufficiently small,

/ det J;(0, w)x (f(0,w))dd =1 forallw € B, (h).
Qp(eo)
If F is supported in {w | L(w) € U,, } C B, (h),
E[F/ det J (6, - )x.(f(6, -))d@} = E[F].
Q) (60)

There exists constant / > 0 independent of 6 such that x.(f(4,-) —
8o(f (O, ) = 8(—=f(0, -)) in D, _,-norm for any p’ € (1, 00) uniformly
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in 6. Since F € D, ; for some p = p(l) € (1, 00), we have
E[F/ det J;(8, -)8o(—f(O, -)) d9:| = E[F].
Qp(90)

Since w(dk) = +/detG(k(0))d6, where G = (g;;) is the Riemannian metric
tensor, the left hand side is equal to

]E[F f D(")A(")a)(dk)].
0p

Thus, we have shown (ii). I

REMARK 4.7. (1) By carefully examining the proof, we can slightly strengthen
the assertion (ii), Lemma 4.6 as follows: for any ¢ € (0, 1],

/D“)(sw)A(“(ew)w(dk):l on {w | L(sw) € Uy, }

for the same y > 0 as in Lemma 4.6. The proof is essentially the same, but
we should note that f(6, sw), J,(9, ew), and so forth, are well defined since
f®, ), Js (@, -), and so forth are continuous maps from W.

(2) It is almost obvious that if (i), (ii) in Lemma 4.6 hold for some y > 0,
then they still hold for any y € (0, y). In other words, we may replace y
in Lemma 4.6 by any smaller positive constant.

5. [Exponential integrability lemmas

In this section we see that the positivity of Hessian assumed in (B3) implies
exponential integrability of a corresponding quadratic Wiener functional. In this
section we assume (A1) and (B1)-(B3).

Let (—7y, T9) 3 T — ¢(1) € K, be a smooth curve in K, such that ¢(0) = 1 €
Kmin and 0 # k := ¢/(0) € Ho(h), where we set Ho(h) = T,KC, N (T, ™M) as
in (B3). Then, a straightforward calculation shows that

2 2 2 2
% TZOHC(Tz)”H _ j? r=0(Ilc(rz)llq{ (). (D)) _a>)
= [l O) 13, + (" (0), c(0))3 — (g (h), D1 (c(0)){c"(0)))
— (g (h), D*Y1(c(0))(c'(0), ¢'(0)))
= [Ikll3, — (q(h), D>y (h) (k. k)). (5.1)

The cancelation above was due to the Lagrange multiplier method (4.3).
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It is known that the symmetric bounded bilinear form (g (h), D>y, (h)(e, %)) is
Hilbert-Schmidt and so is (g (h), D>y, (h) (7" e, 7"x)), where " : H — Ho(h)
is the orthogonal projection. (An explicit form of 7" will be given in (5.6) below.)
As a result, the spectra of their corresponding symmetric operators are discrete
except at 0. Consequently, the condition (B3) implies that

C(h) := sup{i(g(h), D*Y (W) (" v, 7" V'))y | v, v € H, [vlln = [V[lx = 1}
<L (5.2)

From the explicit expressions of D*yr;(h), g(h) and 7" in (4.2), (4.4) and (5.6),
we can easily see that
K™ 5 b g (h), D>y (h)(n"e, ")) (5.3)

is continuous with respect to the topology of bounded bilinear forms. This implies
the continuity of 2 — C(h) and

Cnax = max{C(h) | h € K™} < 1. (5.4)

Therefore, if &), € C, corresponds to the symmetric Hilbert—Schmidt bilinear
form in (5.3), namely the bilinear form is equal to (1/2)D?Z), then E[e“1 ] <
M < oo for certain constants ¢; > 1 and M > 0 independent of & € K™, (We
denote by C; the ith order homogeneous Wiener chaos.)

The following lemma is [47, Lemma 6.1], which states that the quadratic
Wiener functionals that appear as the second term of the Taylor-like expansion
of Itd map is exponentially integrable with respect to the conditional Gaussian
measure. Though g, can be written as a iterated stochastic integral of second
order, we do not use it. Our proof uses rough path theory and can be found in [26]
in a more detailed way. For the definition of i, and g; . =0, 1, 2, ...) see (3.35)
and (3.30), respectively.

LEMMA 5.1. Assume (A1) and (B1)—(B3). Then, there exists a constant ¢, > 1
which is independent of h € K™" and satisfies that

sup E[exp(ci(q(h), g2(w; h))v)do(g1(w; h), in{w))] < oo. (5.5
helCiin

Here, & is the Dirac delta function on ¥V x T, K™ = R+,

Proof. Let h € K™™ and let {e; (W)}, be an orthonormal basis of T,Kmin C H.
Due to Proposition 4.3, {e;(h), - )» € H* naturally extends to an element in WW*.
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Recall that g;(-; h) € WW* is the continuous extension of D, (h) € H*. Then,

Ho(h) =kergi(-; h) N (ﬂ ker{e; (h), -)H) =kerg,(-; h) Nkeri,,
i=1

which may depend on &, but not on the choice of the orthonormal basis. It is
easy to see that H(h)* is a finite-dimensional subspace of dimension n + n’.
Denote by Wy(h) the closure of Ho(h) with respect to the topology of W.
The orthogonal projection 7": H — Hy(h) naturally extends to a continuous
projection 7" : W — W) (h), which we denote by the same symbol.

The finite Borel measure corresponding to the positive Watanabe distribution
80(g1(+; h), 1,) via Sugita’s theorem [46] is (277) ="/ {det o [/, 1 (h)}™"/? -7/ pu,
which is a constant multiple of a Gaussian probability measure 7 11 supported on
Wi (h). Tt is clear that Wy (h), Ho(h), 7" 1) is an abstract Wiener space.

Let us now identify V = R” by choosing an orthonormal basis of V. (The choice
is independent of /.) Then we have explicitly that

n

m'w=w— Y o[y 1) g h) i) =Y (e (h), whei(h)

LI'=1 i=l

=w— Y {olyil() Jwgiw: b)Y Fgi (3 ) — iy (w) (5.6)
LI=1

and we set (7")*w = w — 7"w € H. Here, g;(w; h)' is the /th component of

g1(w; h) = Dy (h)(w), {o[¥](h) "'} is the (I, I')th component of the inverse of

the deterministic covariance matrix o [y, ](h) ath, g, (- ; h)" is the unique element

in H that corresponds to g,(-; h)! € W* C H* via the Riesz isometry. Note that

g1(-; h)! and e;(h) are orthogonal for any / and i.

By abusing notations we write 7"W = L(z"w) = lim;_, o, L((x"w)(l)). Here,
w(l) denotes the /th dyadic piecewise linear approximation of w and £ denotes
the rough path lift map defined by those dyadic approximations. By the explicit
formula (5.6) for w"w, we can easily see that 7" W is well defined a.s. with respect
to u and in fact equal to the Young translation of Wby — >, _ {o[¥11(h) '}y -
giwi ) - Fgi () =i (w).

It is shown in [26] that g, actually has the following form: for some continuous
map &,: GRE, (R?) x H — V of ‘quadratic order,

o,4m

g2(w; h) = g,(W, h)

1 1
= llim{EDzlﬁ] (W (wd), wd)) + Iy J, (h)/ Js(h)lvo(¢s(h))d5=-
—> 00 0
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Then, g,(w"w; h) = &,(x"W, h) is defined with respect to w. This in turn
implies that g, (w; h) = g,(W, h) is well defined with respect to nfu. Hence, if

/ exp(ci(q(h), ga(w; h))y)7! n(dw)
Wo(h)

=/ exp(ci{g(h), (" w; )y)udw) < M (5.7
w

holds for some M > 0, then the proof of the lemma is done. (Since g,(w; h) =
2:(W, h) is oo-quasicontinuous in w, the left hand side above is a constant
multiple of the integral in (5.5).)

Now we show (5.7). It is straightforward to check that

E[Di(q(h), g:(7"w; h))y] =0 forallk € H
and D3(g(h), g,("w; h))y = 0. This shows that

{q(h), g2 "w; b))y — El(g(h), g2 (" w; h))y]

belongs to C,. The corresponding symmetric Hilbert—-Schmidt bilinear form is
easily calculated as

(k. k') >  ID{{q(h), g("w; b))y = 3(q(h), D>y (h)("k, "K'))y.
From (5.4) and boundedness of E[(g (h), g, (7" w; h))y]in h, we obtain (5.7). [

We give two technical lemmas (Lemmas 5.2 and 5.3) on integrability of certain
Wiener functionals which will appear in the asymptotic expansion. Since the
solution of RDE is involved in these lemmas, we assume for safety that the
coefficients are of C,°. In the proofs of these lemmas we write g; = g;(w; h),
R% = R (w; h) for simplicity of notations.

The first one below corresponds to [47, Lemma 6.4]. Note that the constant y
depends on r, but not on & with || iy < 7.

LEMMA 5.2. Assume (A1), (B1)-(B3) and boundedness of V; (0 < i < r). Then,
the following assertions (i) and (ii) hold:

(i) Foranyr > 0 and c > O, there exists y > 0 such that

i R5(-,h
sup sup E exp(c M >1UV(SW) < 00.

2
0<e<1 [[hll3<r €

(i) Foranyr > 0and c > 0, there exists y > 0 such that

i Ri(-,h
sup sup E exp(c M >1Uy(8W) < 0.

0<e<1 Il <r &
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Proof. We use the deterministic estimates (3.31)—(3.34) for the Taylor-like
expansion of the Lyons—Itd map and Besov-Holder embedding for rough path
spaces witho' =« — 1/(4m). If eW € U/, then

RS < C(e + 11 (W) laam + 1 (eEW)2[1305,,)
for some positive constant C = C(j, y’, r). We take ¥’ = 1 below. For0 < y < 1,
c|Rs/e? < cCle + ) (L+ W laam + [W2l15005,)%
Hence, we have

sup sup E[exp(c| R§/8|2)1Uy(sw)]

O<exy lhlln<r

< Elexp(@cCy?(1 4 W g + IW225,0D].

20,2m

By a Fernique-type theorem for Brownian rough path, the right hand side is
integrable if y is chosen sufficiently small. Once y is fixed, we can easily estimate
the integral for ¢ € [y, 1]. Thus, we have shown assertion (i). The proof of
assertion (ii) is essentially the same. O

The other one is a key technical lemma. It corresponds to [47, Lemma 6.5].

LEMMA 5.3. Assume (A1), (B1)-(B3) and boundedness of V; (0 < i < r). Let
ci1 > 1 be as in (5.5) in Lemma 5.1. Then, for any c; € (1, cy), there exists a
constant y; > 0 which is independent of h € IC;“i“ and satisfies that

sup sup Elexp(ca(g(h), R5(-, )y /)1y, (eW); [ix]?
O0<eg1 hefCmin
+IR{ (-, h) /el < k°] < 00

foranyk > 0.

Proof. Thanks to Lemma 5.2(ii) and Holder’s inequality, it is sufficient to show
the following integrability. For any ¢, € (1, c;), there exists y > 0 such that

sup sup Elexp(ca(q(h), g2)v) Ly, (6W); [ial” + R /6> < k*] <00 (5.8)

O<e<1 peCmin

for any k > 0.
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By straightforward computation, we see that
g2(w; h) = lim g>(w(?); h)
1 1
= llim:EDzlﬂl(h)(w(l), w(l)) + Hle(h)/ Js(h)_lV0(¢s(h))ds}
— 00 0
. 1
= Jim { S DM w) D). (7w (D)
1
+17v-]1(h)/ Js(h)_IVO((PS(h))ds}
0
+ llirgoiDzwl(h)((ﬂhW)(l), (") w) D)
1
+ EDQI/fl(h)(((Nh)Lw)(l), ((ﬂh)lw)(l))}

= gy (t"w; h) + D*y () (7" w, (") w) + %D% W (") w, (") w).

Here, we used basic properties of Young translation and the fact that g,(-; &) is
actually a continuous function in W = L(w).

There exists a positive constant C (which depends only on ||/1]|3; and may vary
from line to line) such that

|82(w; 1) — ga("wi W) < C(lm " wlwllGr") T wllse + G wli3)
< Clwlwli") wlly + ") wiz)

2
P 2 1 hyLo 12
gC{EHwHW‘F(Z—pZ"FZ)H(TF) wIIH},(5.9)

where p > 0 is a small constant which will be determined later and we used the
estimate for D?¢; given just below (4.2).

Under the condition that [i,|*> + |R{/¢|> < «?, we can easily see
that |g(w; h)] < |R{/e — R5/e|] < k + |R5/¢|. From these, we have
(") wlly < Clic + |R3/¢]) and

&
2

R2
)

Cp? 1
8263 ) = oo ws W) < 2wy + c<2—p2 + z) (Kz +

Note that C > 0 is independent of «, €, p, w, h.
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Using Holder’s inequality with p = ¢;/c; € (1,00) and 1/p + 1/p’ = 1, we
have

Elexp(ca{g (h), g2)v)1y, (¢W); iy|* + R} /e|* < k7]
< Elexp(ei{g(h), g2 o t"W)1y, (eW); [ial® + | RS /e|* < 17
x Blexp(p'c; max |q(h)llg2 — g2 7" D1y, (eW); [iy]?
e :lmn
+IR /el <7177
< Qm) ™2 (deto [y 1(h)} 2P Elexp(ci (g (h), g2)v)80(g1, i1)1"”

C’ 2 1 RE 2 1/p'
xE[exp( 2” ||w||2W+C/<2—p2+2)(K2+ ?2 )>1UV(8W)] ,

(5.10)

where we set C' = Cp’c, max;,cxcmn |g(h)|. The first factor on the right hand side
of (5.10) above is dominated by a positive constant independent of & € ™", due
to (5.5) or (5.7). Now, we choose p so small that exp(C’p?||w]3,,) is integrable,
which is possible by Fernique’s theorem, and use Schwarz’ inequality for the
second factor. Then, by Lemma 5.2(i), we can choose y > 0 so that sup, sup,
of the second factor is finite. Thus, we have shown (5.8), which completes the
proof. O

COROLLARY 5.4. Keep the same notations and assumptions as in Lemma 5.3.
Then, the following (i)—(iii) hold:
(1) Foranyc, € (1, ¢y) and any k > 0,

sup Elexp(ca{g(h), g2(-, M)v); [inl® + 181 h)I* < k*] < o0.

hekmin
(ii) For any smooth function f onV x T,KC™ with compact support,

exp(ca(g(h), & (-, MIV) f (&1 (-, h), iy) € Dy

Moreover, as h varies in IC;"‘", these Wiener functionals form a bounded set
in Dey.

(iii) Let T € 8'(V x T,K™™) with compact support. Take any two smooth function
fand f on'V x T,K™ with compact support such that f =1 = f on the
support of T. Then,

exp(ca(q(h), g2+, m)v) f(gi1 (-, h), i) T (g1 (-, h), i)
= exp(c2{q(h), (-, MW) f (&1 (-, ), 1,)T(g1(-, h), 1)) € D_w.
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In particular, the generalized expectations of these two Watanabe distributions
also coincide. Moreover, as h varies in IC;“‘“, these Watanabe distributions form a
bounded set in D_,.

Proof. We can easily prove (i) by applying Fatou’s lemma to the inequality in
Lemma 5.3. Noting that

L g mR<w/22) < lifgl\ionfl{\i/,\ZHRf(-,h>/a|2<K2}

for almost all w, we have the desired inequality with « being replaced by « /2.
Since, k¥ > 0 is arbitrary, we have shown (i).

It is straightforward to check (ii) from (i). We now prove (iii). Since
T(gi(-,h),i,) is a well-defined element in D_,,, we see from (ii) that both
sides belong to D_ . To check the equality, we justhave touse f-T =T = f-T
as finite-dimensional distributions. O

REMARK 5.5. We may and will write exp(ca{q(h), g2(-, h))y)T(g((-, h), 1)) €
ID_, for simplicity in the situation of Corollary 5.4(iii). Later, we usually choose
T to be a partial derivative of the delta function. Note that since exp(c; (g (h),
g (-, h))y) ¢ Do, the product exp(ca{q(h), g2(-, h))y)P or its generalized
expectation cannot be defined for a general element @ € D_o.

6. Asymptotic partition of unity

In this section, by using rough path theory, we modify the argument on an
asymptotic partition of unity in [47, Section 6.6].

Let f: R — R be an even smooth function such that f(s) = 1if |s| < 1/2 and
f(s) =0if |s] > 1. We also assume that f is nonincreasing on [0, co). Define,
fory >0,e € (0,1]and h € H,

o) = f( W) 1 + ||(eW)2||§Zizm_B>’
y m
: o h 1 (W) 1 + 1T (EWD2 I3,
zy’h(w)=<;y<w—g>=f( h ),

Here, t_, stands for the Young translation by —/ on the geometric rough path
space. Note that these are D,-functionals. It is clear that (i) ¢, = 0if eW ¢ U,
and ¢S = 0if eW ¢ U, ,, and (i) ¢ = 1if eW € U and " = 1if eW € U .
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For hy,...,hy € KM and y,...,yy > O satisfying that L(KM™) C
Ui, Uy, we define
N
K ) =1=TTa g, ©.1)
v=1
v—1
T w) = gt ) [ T = gt ) 6.2)
n=1

for 1 < v < N. Loosely speaking, x°(w) = 1 means that ew is close to h, for

some v. Similarly, x’(w) = 1 loosely means that ew is close to h,, but distant

fromhy, ..., h,_;. Itisclear that 0 < x® < 1 and easy to see that Zy:] X =x°.
It is easy to see that

k
;;,hv<w+_> =14+ 0(") inDyase\ Oforanyl >0
v €

uniformly in k € L7'(U; W N JCmin, (Note that the Wiener functional on the left
hand is the composition of f and a polynomial in ¢ with the coefficients from an
inhomogeneous Wiener chaos. Therefore, it clearly has an asymptotic expansion
in D.,-topology and we just need to check that the coefficients vanish by formal
differentiation.) In a similar way, we have

k
X‘g(w—l——) =1+0(") inDyase\ Oforanyl >0 (6.3)
e

uniformly in k € K™, Note that we have repeatedly used the fact that f(x) = 1
on[—1/2,1/2].

Now we get back to our SDE/RDE and choose such N, &, and y, (1 < v < N).
Before going into details, we explain below why our problem is reduced to the
case where V; (0 < i < r)isof C;°. (This remark is unnecessary if V; is of C;°
in the first place.)

REMARK 6.1. Since the deterministic Itd6 map is continuous under (A1),
R :=sup{lx + @(h, 1),| [t €[0, 1], € [0, 1], h € K™} € (0, 00).

From a result in [2] (or a standard cut-off argument, alternatively) we see the
following: there exists a neighborhood A of £(K™") in G2, s([R") such that

sup{|x + @ (w, )f)(l),tl |t €[0,1],e €[0,1],we A} < 2R.
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Therefore, if we work on the neighborhood, we only need information of V;
restricted to the ball of radius 2R.

In the argument in the rest of this section, taking y = y, > 0 smaller if
necessary, we have U, , C A. For these reasons, we may and will assume in
the sequel that V; is of C;°.

(When we throw away contributions from the complement set of a
neighborhood of £(KX™") in Lemma 7.1 below, we use the upper bound estimate
of the LDP in Theorem 3.8. Hence, it is important that Theorem 3.8 holds under
(A1)

For any h € K™, there exists a coordinate neighborhood O,, of i (with respect
to H-topology) and a constant y = y;, > 0 such that the following conditions
holds:

KrrnU,, ={k e K™ |k € Uy,} C O. (6.4)

Forany e € (0,1], | D®(cw)A® (cw)w(dk) =1 on{w e W |eW € U,,}.

Oy
(6.5)
fiﬁ( (891) Z'(BM@J) )<°°
and mf detG(k) > 0. (6.6)
keO, h
Here, (0',...,0") is the local coordinate on O,,. Note that (6.4) and (6.5) are

immediate from Lemma 4.6 and Remark 4.7. (Note that y above can be taken
smaller if necessary. See Remark 4.7.)

We choose any 1 < ¢; < ¢y as in Lemmas 5.1 and 5.3 and fix them in what
follows. Let A > 0, y > 0 and gy € (0, 1] be the constants defined in (3.36) and
Lemma 3.7, respectively. Similarly, let y; > 0 be the constant that appeared in
Lemma 5.3.

We write p = p, 1= sup,., [k — hll3x > 0. Then, we can take O, and y =
¥, > 0 so small that the following inequalities hold:

161/4mcp

0 =0y = ——— =2/, (6.7)

14
2(1 + 32]/4ln)4mc4m,04m — 2(21/4m0,y + C,O)4m y(;lm7 (68)
2y + Co)*" <y (6.9)
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Here, C = C,4, > 0 is the smallest constant that satisfies the estimates (3.23)—
(3.24). It is easy to check that such p and y exist. First, take O, (or p) small
enough and fix it and then we can retake y > 0 smaller if necessary for this
fixed p.

Note that the condition (6.8) immediately implies the following: if ¢eW €
Uh_k’21/4m(7y, that is,

Ik W) 1Y, 4 T EW)2 1130, < 20y (6.10)

holds for k € Oy, then (W), 5 + (eW)? 30,5 < ¥o™, because of
(3.23), (3.24), (6.8) and the obvious fact that eW = t_;,;, o 5z_,(¢W). (Thus,
the assumption of Lemma 3.7 is satisfied.) Therefore, under (6.10) we have

8 . 3 >
k1€nof“1nf Zo[(Ri (-5 k) /e, i) (w)z > 2

ife € (0, 0] and eW € U, p1/amg, - (6.11)

Likewise, if ||Tx_, (e W)' |4”1m 5+ 1 T_n (EW)? ||2a om_p <y fork € Oy, then
(3.23), (3.24) and (6.9) imply that ||(eW)! ||a4m s+ ||(8W) ||2a g < ¥ In
other words, U,_,, C U,, for k € O, Therefore, by Lemma 5.3,

sup sup E[GXP( (g k), Ry (w; k))y )IUMV@W); lic|?

0<e<l keOy,
Re .
1 ’
+ [ —
&

< K2:| < 00 (6.12)

for any « > 0.
Thus, we have shown the following lemma:

LEMMA 6.2. Assume (A1) and (B1)-(B3). Forany h € IC““" we can find O, and
vy, such that (6.4), (6.5), (6.6), (6.11), (6.12) hold.

Since KM is compact, there exist finitely many Ay, ..., hy € K™ and y,, .. .,
yx > 0 such that L(K™") C U U, ,,» Where we wrote y, = y,, for simplicity
(1 < v < N). In the next section We denote by x° and x: the asymptotic partition

of unity defined in (6.1), (6.2) associated with these data {(h,, y,)}"_,

REMARK 6.3. The definitions of x° and X/ in (6.1) and (6.2) depend only
on the data N and {(h,, y,)}"_,. Information of the SDE is involved only in
choosing such data. Therefore, our version of the asymptotic partition of unity
is much simpler than the one in [47] and looks more powerful. This is one of the
advantages of our rough path approach. (See [47, Section 6.6] and compare.)
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7. Proof of the main theorem: the Euclidean case

In this section we prove our main theorem in the Euclidean setting
(Theorem 2.2). We assume (A1)-(A2), (B1)-(B3) and (C1) throughout this
section. We set G°(w) = G (&, w) below. Define

E[G®8,(Y])] = E[(1 — x)G* 8. (Y] + E[x G*8,(Y[)] =: I (e) + L(e). (7.1)

Due to the large deviation upper bound (Theorem 3.8), the first term /;(e) does
not contribute to the asymptotic expansion.

LEMMA 7.1. There exist positive constants c, C such that
2
a

d
L)) < Cexp(— ki

5 2C) as e N\ 0.
&

Here, d, = inf{||h||y | ¥(1,x,h) =a} > 0.

Proof. We use Theorem 3.8. By the way of construction, 1 — x° is dominated by
1{sweo< for some open set O C GQOf 4 (R%) containing IC;‘““. Therefore, we have

1/p
|11(8)|=‘/ (l—xE)GEG;E(dw)‘<M§(0“)“"{/ |éf|P’95<dw>}
w w

for any p, p’ € (1,00) with 1/p 4+ 1/p’ = 1. Here, G*® is an oo-quasicontinuous
modification of G°.

Since OF¢ is closed and the rate function I is good, it is easy to see that
infycoe I (W) > d?/2. Set k := (infycoc I (W) — d?/2)/4 > 0. By Theorem 3.8

we have
—infycoe I (W) + Kk
£ OC 1/p =0
(07 = 0 ap( S L))

<0 (exp( —infyepe Iz(w) + 2k >)
£

as e \( 0if p > 1 is sufficiently close to 1.
On the other hand, when p’ = 2/ with arbitrarily large / € N,

/W 1G* 165 (dw) = E[(G)¥8,(Y))] < (G [12118. (YD) 2

for some j € N such that §,(Y;) belongs to the Sobolev space D_;,. (j is
independent of /.) Moreover, it is well known that ||5,(Y{)|-;» = O(e™") as
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e \y 0 for some v > 0. (This comes from (A2) and the integration by parts
formula.) Since we assumed in (C1) that G? is bounded in D, (G?)% is bounded
inD; , for any /, j. Combining these all, we obtain

1(e)| = o<exP(—infweoc812(w) " 3K>>

as ¢ \{ 0. If we set ¢ = 2« this is the statement of the lemma. O

Hence, the problem reduces to the asymptotic expansion for

N
L(e) =Y EIZG 8. (Y])].
v=1

For the reason we stated in Remark 6.1, we may additionally assume that
V: (0 <i < r)is bounded. Now we compute each summand.

Take n € Cg°(V, R) with n > 0 and fv n(y)dy = 1 and set n;,(y) = I"n(ly)
for! > 1. Then, n,(Y{ —a) — 6,(Y{)asl — ooin ]f)),oo. Noting that ¥} (w) =
Xs (w)1eweu,, ,,) by definition, we have from (6.5) that

B[ G- m(Y] - a)] = E[}ZEGS (¥ —a)- [ DY (sw)A“”(sw)w(dk)}

0,

=1
:/ E[%;G® - m(Y{ — a) - D (ew) A® (sw)]w(dk),
o,
(7.2)

where we set O, = O, .

Let (', ...,60") be the local coordinate on O, and lgt év C R” be the image
of O,. As before k € O, is denoted by k(0), 6 € O,. Set G(0) = G(k(9))
and [e5(0)]5_, = G(6)"/*[(0k/367)(0)1},_,. Then, {es(6)};_, is an orthonormal
basis of Tk(g)lC;“i“ C H. Wesete(@, w) = [{ez(0), w)]j_},/zl, which is a continuous
linear map from WV to R”. (Recall that i) (w) = Z';/:l (eg(0), w)eg(P), which
is almost the same as e(f, w), but it takes values in Tk(g)ng““.) By definition we
have D (ew) A®) (ew) = det[—eay @) (w)]8(ce(d, w)).

Combining these with the Cameron—Martin translation by k(9) /e, we see that

Elx; G'n(Y] —a)]
= / Elx:G*n, (Y] — a) det[—eay,)18o(ce(0, -))]/detG(0) dO

0,
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1 1 0\ - k()
:/@ E|exp —g(k(9),w>ﬂ —z—gzlk(@)IH)XU (w-i-T

k(6
X G<£, w + Q)m(Yf‘k(g) —a)
&

x det[—eay ) (W) — axe) (k(0))]60(ce(6, w) + e(@, k(@)))}/detG(Q) deo

d? k(© k(6
ool el )
0\7

x (RS (w; k(6))) det[Id, — eag) (w)1E: (w + @)80(%(0, w))]

x y/detG(0) db. (7.3)

Here, we used the following facts: (i) (6, k(0)) = 0, (ii) axp)(k(#)) = —Id,» by
(3.37), and (iii) x (w + k(@) /e) = x;(w + k(@)/e)(ju";;’ (w + k(6)/¢e), which is
immediate from f(s) = f(s) f(s/o¥") for all s € R, due to (6.7). (Recall that f,
{;*h and x; were introduced at the beginning of Section 6.)

Now we apply Proposition 3.1 with F(w) = (R{(w; k(0))/e, e, w)), x = f,

m 22
I Tx@)—n, EW) llgam_5 + I Tk@)—n, EW) 55 20—

4m A, 4m
o,y

Ew) =" (w) =

Note that £(w) is just a polynomial of order 4m and x (§) = ;“{fv"}’,:(w + k(9)/e),
which is on the right hand side of (7.3). As we have seen in (6.10) and (6.11),
|&(w)| < 2 implies that the smallest eigenvalue of o [ F] is greater than or equal to
(A A 1)/2. Hence, we can use Proposition 3.1 to obtain that, for each 0 < ¢ < &,

: N k(@) o
Jim £ (w + T)nl(Rl (w; k(0)))8o(ce(0, w))
= é';;};: <w + @)50(13?(11); k(©)), ce(®, w)) inD_n

uniformly in 6 € O,. Here, the delta function on the right hand side is defined on
VY x R”,
Therefore, we have

ElX, G"8.(Y7)]

_ efdaz/ZE2 / E|:e<k(€)’w>ﬂ/8)zlf (w + @)G(S’ w + @)
o, & €

x det[Id — eag, (w) g5 (w + @)50(1%?(10; k(6)), ee(©, w)):|
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X 4/ detG(0) db

_ 8—(n+n’)e_d§/252/ E[g—(k(@),w)ﬂ/a’x"‘f (w n kw))G(s, w4+ k(@))
o, € e
14 R{(w; k(0
x det[1d — eay g ()15 (w+ ( ))ao( 1w k( )),e(Q,w)>:|
W e e

X 4/ detG(0) db

= g("”")edf/z*?z/ ]E[e“"wm/gf(f (w + E)G(s, w + E)
0, ) €

x det[Id — ea (w)]¢:h (w + S)SO(M’ ik(w>)]w(dk)7

where in the last line §, stands for the delta function on V x T IC;“"‘.

Under the condition that R{(w; k) = 0, (k, w)y = (q(k), Dy (k){(w))y =
(g (k). g1(w; k) is equal to —(q k), R(w; b))y /e.

Since f((|y|*+ |z|%)/kH80(y, 2) = 8o(y, z) as a distribution on V x T, ™" for
any k > 0, where (y, z) denotes a generic element in V x T, ™", we can see that

k “(w; k Ré(w; k) |
cate (w4 )7 (2 oo (B
= a4 5 Jon( B )
& &

in D_,., where we set k* (w; k) = | RS (w; k) /e|? + |ix(w)|? for simplicity.
Summing up these all, we have the following lemma:

LEMMA 7.2. Forany 1 <v < N, 0 < ¢ < g, k >0, it holds that

E[7G 8,(Y{)] = g~ ) e~/
o f e (we E)o(nn+ )
€ €
€ ;k k
x det[Id — eak(w)]f<&2))§f;?x: (w + —>
k €

x 3O<M, Mw))}w(dk). (1.4)

&

Here, gy € (0, 1] is the constant given in Lemma 3.7.

Now it suffices to compute a full asymptotic expansion of the generalized
expectation in Lemma 7.2 above. We write A, (e, k) := E[- - - ] on the right hand
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side in (7.4). Note that all the asymptotics below are uniform in k € K™. So, we
do not explicitly write uniformity or boundedness in k.

Now we list the asymptotic expansion of each factor in (7.4). First, by
Assumption (C1),

k
G(s, w+—> ~ Toy(k)+el(w; k) +e2H(w; k)+---  inDy as e \ 0. (7.5)
&

Next, det[Id — ea; (w)] is just a polynomial:
det[Id — ea,(w)] = Jo(w; k) + e Ji(w; k) + -+ - + &" T (w; k) (7.6)

for some J;(w; k) € Dy (1 < j < n'). Note that Jp(w; k) = 1.

From (3.23), (3.24) and the definition of o, in (6.7), we can easily see that
Lk — h,)'|m + 1Lk —h

0< li{%;&g(w) O IEC 0 R (Do o [V 0 R i <

4m 4, 4m
g,V

’

oo | —

which is one of the assumptions in Proposition 3.2. It is clear that

(Ri(w; k) /e, ix(w)) ~ (g1(w; k), ik (w))
+e(gw;k),0) +---  inD(R™)ase \ 0.

Hence, we can use Proposition 3.2 to obtain

k R:(w; k
va’ﬁ: (w + 5)30(—1 (1: )sik(U)))

~@o(w; k) + Py (w; k) + 2Py(w; k) + -+ in Iﬁ)_oo ase \( 0. (7.7)

The coefficient @;(w; k) is obtained by the formal asymptotic expansion for the
composition of §, and (Rj(w; k)/e, iy (w)) as explained in Proposition 3.2. In
particular, @(w; k) = §o(g1(w; k), i (w)).

Let L € N be arbitrarily large. Since e/9®-Rh/Ev gy k /e) f (k* (w; k) /1)
is bounded in ]]3)00 due to Lemma 5.3, we have

A, (e, k) = |: (g k), RS (w3k)/e%)v E(w + k)G(s, w+ E)
€

x det[ld—eak(w)]f<K (w: k))(Zglcp (w; k))} + 0(eht

(7.8)
as e \ 0.
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Then, we expand e®- KR/ gy 4 k /) f (k* (w; k) /i) in Dy, by using
Lemma 5.3. It is clear that
Ri(w; k) Ri(w; k)

g2 g2

as e\ 0.

— ga(w; k) ~ egs(w; k) + °ga(w; k) + -+ in Dy (R")

In particular, R(w;k)/e*? = O(e) in D (R") as & N\, 0. From the Taylor
expansion of e* at x = 0, we have

k Kk&(w; k .
)Zj(w+g>f( (K2 ))e(f](k),Rz(w,k)/Sz)v

= (o £ ) (S [t 0 i/

/=0 J!
1 & .
+ / dt exp(<q(k), (I —1)g2(w; k) + TMZ’IO> )
0 & v
. 2\ L+1
(g k), R5(ws k)/e%)y; } (7.9)
L+ D)

Using Lemma 5.3, (5.8) in its proof and Holder’s inequality with the exponents
1/t and 1/(1 — 7), we can show that the last term on the right hand side
of (7.9) is O(¢**") in Dy-topology. Here, we have used (6.12). Similarly,
el1®s2wilv 3 ey + k/e) f(k (w; k) /k*) € Do, due to (5.8).

Denote by B;(w; k) € Dy, (j € N) the coefficients that appear in the formal

asymptotic expansion of

i (q(k), Rs(w; k)/e%),

. ~ By(w; k) + eBy(w; k) + e*By(w; k) + - -+ in Dy
J:

j=

as e N\ 0.

Note that By(w; k) = 1. As ¢ N\ 0, it holds that

o+ ) (£ s

K
_ 3 wi X 7 Wi K) ) g.swion
Y e K2
L ~
x Y e Bj(wik) + 0" inDy (7.10)
Jj=0
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and therefore

k k
A, (e, k) = E[emk%gﬂw*”v x& (w + —)G(e, w + —) det[Id — ea,(w)]
& &

K (W k) [ -
x f(T) <Z e B, (w; k)) (Z e2 ), (w; k))}

j1:0 j2:0
+ 0(eth. (7.11)

By Proposition 3.2, each @;(w; k) is a finite sum of terms of the following

form;

(a Dy-functional) x (8780 (g1 (w; k), ix(w)),
where 8 is a certain (n + n')-dimensional multi-index. Hence, by Corollary 5.4,
(iii) and Remark 5.5, exp({g(k), g>(w; k))y)@;(w; k) € D_,. Note that all the
other factors in the generglized expectation in (7.11) belong to D,,. (Because
exp({q(k), g2(w; k))y) ¢ Dy, a little care was needed above.) So, it suffices to
expand them in D, -topology.

By the general theory, f(x®(w;k)/«?) admits asymptotic expansion in Dq,-
topology as follows:

€ (w3 k) |R; (w3 k)2 + Jix (w)
~ Co(w: k) + &€y (w3 k)
+2C(wi k) + -+ inDy ase \ 0. (7.12)
Note that Co = f({|g1(w; k)|> + [ic(w)[*}/x?).

Let us see that {C;(w; k)} does not contribute to the asymptotic expansion. In
other words, f(k®(w;k)/k?) is merely a dummy factor which is introduced
for technical reasons. Each term in C;(w;k) has a factor of the form
FOUlg1(w; k)|* + |ig(w)]|*}/«?) for some [ € N. Similarly, by Proposition 3.2,
each term of @, (w; k) has a factor of the form (8%80) (g1 (w; k), i (w)) for some
(n 4+ n’)-dimensional multi-index §. Noting that

f(z)(|g1(w; k) 1” + i (w) 2

K2

> - (8780) (g1 (w3 k), iy (w)

o (f1 > 1),
| @P80) (g1 (w; k), ik (w))  (GEL = 0),

we can easily see that C;(w; k)®;(w; k) = 01in }f)),oo if i > 1 and hence
ZsiCi(w; k) Zs-/¢j(w; k) = Zs-’¢j(w; k)
i=0 j=0 j=0

holds as a formal asymptotic expansion.
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Again by the general theory, 1. (w 4 k/¢) also admits an asymptotic expansion
inDy:

k
p (w + —) ~ D (w; k) + DV (w; k) + D (w; k) + - inDy
g
as e N\ 0. (7.13)

However, we should note here that the coefficient {Di(”)(w; k)} may depend on
v.Ifk ¢ O,, then k ¢ U,, ,,, which implies that Dl-(”)(w; k) =0foralli > 0.
Moreover, since Zi\;l X. = x° and x° admits the asymptotic expansion (6.3),
we easily see that, for all k € IC;‘H“, >, Df”)(w; k) = 0 for alli > 1 and
>, D (w; k) = 1.

We now set a notation. Define &;(w; k) € D_w by the following formal
asymptotic series:

oo

Z 8j5j(w; k)
j=0
— (Z eIy, (w; k)) (Z e T, (w; k)) <Z eh B, (w; k))
J1=0 J2=0 J3=0
X (Z g1, (w; k)). (7.14)
Jja=0

Note that I';(w; k), J;(w; k), B;(w; k), @;(w; k) are all defined not just for k €
0,, but for any k € K™". Hence, so is £ ;(w; k), which means that the definition of
E;(w; k) is independent of v. It is easy to see that Ey(w; k) = I(k)o(g1(w; k),

i (w)).
Combining these all, we have the following asymptotics: for any L € N,

L L
A, k) = ]E|:e<"(")‘gz“”*")>" (Z &/ & (w; k)) (Z "D (w; k))] + 0"
=0

j=0
(7.15)
as & \( O uniformly in k € /C;“i“. Therefore,

N
Y EIZ G 8.(Y))]
v=1

N L L
= Z{ f E[e“i(")’“(w;"”" <Z e’ & (w; k)) (Z 'Dy” (w; k))]a)(dk)
v=1 /Oy =0 =0
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+ 0(€L+1)}
N L L
— Z{/ E[e(Q(k)fgz(w;k))v (Z ejgj(w; k)) (Z 81D1(u)(w; k)>j|a)(dk)
V=1 e =0 1=0
+ 0(8L+1)}
L
=> & f E[e“®-W0v € (w; k)|w(dk) + O (") (7.16)
s min

as ¢ \( 0, which is the desired asymptotic expansion. Note that {Df”) (w; k)} does
not contribute to the asymptotic expansion, either. The leading term is given by

Co =/ _ E[e!®-80 00 5 (g1 (w; k), ik (w) 1T (k) (dk), (7.17)
Komin

which is positive if I is non-negative, but not identically zero on ™.

To complete the proof of our main theorem (Theorem 2.2), we show that
c2j+1 =0(j =0,1,2,...) under (C2). First, note that f,;(w; k) and f>;(w; h)
are even and odd in w, respectively. (For simplicity, we say that {f;} satisfies
the even-odd property.) Obviously, so does {g;}. (See (3.29) and (3.30) for the
definitions of { f;} and {g;}.) It immediately follows from this that {53;} satisfies
this property. Although not so obvious, it is still straightforward to check the even-
odd property of {@;}. From the explicit form of a;(ew), it is easy to see that {7;}
has the same property, too. Therefore, {£;} satisfies the even-odd property and

E[e(q(k).gz(w;k)>v52j+1 (w; k)] =0

by the invariance of the Wiener measure p and g,(w; k) under w +— —w.
(Although it is not necessary in the proof of this Euclidean case, we note that
{D;”)} also satisfies this property due to the explicit construction of x:.) Thus, we
have shown Theorem 2.2.

8. Proof of the manifold case

In this section we prove Theorem 2.5. As we mentioned before, we choose
Riemannian metrics on M and N arbitrarily and fix them. The measure vol is
the Riemannian measure on A/. It is often useful to embed M into RY with
sufficiently high dimension N and solve differential equations in the ambient
space RY. For instance, when we prove continuity or differentiability of various
maps from (rough) path spaces, this extrinsic view has an advantage.
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Choose such an embedding M < R" and extend V; (0 < i < r) so that it
becomes Cj°-vector field on R". (By abusing notations we denote the extended
vector fields by the same symbols.) Then, consider Stratonovich SDE (2.1) and
skeleton ODE (2.2) on RY. If x € M, then the solutions stay in M and coincide
with the solutions (2.6) and (2.7), respectively.

The case of RDE is slightly different. We do not define RDE on M in an
intrinsic way. We just solve RDE (3.17) on R" and call the first level path of the
solution the solution of RDE on M. (Note that if x € M, then the first level path
of the solution stays in M.) Since we only need the first level path of the solution
of the RDE, this is enough for our purpose.

Recall that J(t, x, h) defined by (3.10) on the ambient space is the Jacobian of
the smooth map x — ¢ (¢, x, w). Hence, J (¢, x, h) is a linear map from T, (R")
to Ty .oy (RY). When restricted to T, (M), it is from T, (M) to Ty ,.n) (M) and
coincides with the Jacobian of x — ¢ (¢, x, w) defined by (2.7) on M. A similar
fact holds for X*(¢, x, w) and Jé(z, x, w).

We remark that all the results in Section 4 remain valid in the manifold setting
with trivial modifications. To see this, let us write key quantities in an intrinsic
way. As usual we identify H and H* via the Riesz isometry. We denote by
L(X, Y) the space of bounded linear maps from A" to ).

First, D¢, (h) € L(H, Ty, M) and

Dy (h) = (L), © Dy (h) € L(H, Ty, iy N),

where (I1,),: T.M — Tp N is the tangent map of IT at x € M. The
deterministic Malliavin covariance matrix is defined by

o[Y11(h) := DY (h) o DY ()" € L(Ty, ;u N, Ty nN), 8.1

where the Riesz isometry H = H* is implicit.
Similarly, DX} (w) € L(H, Tx:w)M) and DY, (w) = (I1,)x:w) o DX;(w) €
L(H, Ty (/) for a.a. w. The Malliavin covariance matrix of Y7 is as follows:

o[Y{1(w) := DY} (w) o DY;(w)* € L(Ty:,, N, Ty uyN). (8.2)

The (deterministic) Malliavin covariance matrix is viewed as a bilinear form on
the cotangent space. Since the cotangent space is equipped with an inner product,
its eigenvalues and determinant make sense.

Here, we discuss the integration by parts formula for manifold-valued smooth
Wiener functionals. This was implicitly used in [48] and is not very difficult.
However, since no proof is given in [48], we now give a sketch of proof for
the reader’s convenience. This formula is used in (i) pullback of a Schwartz
distribution on the manifold by a non-degenerate manifold-valued smooth Wiener
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functional, that is a manifold version of Item (c) in Section 3.1 and (ii) upper
estimate of the large deviation, that is a manifold version of Theorem 3.8.

Leaving SDE (2.6) aside for a moment, we discuss in a general setting. Let \/
be a compact Riemannian manifold and let F' be a D, -Wiener functional that
takes values in V. (For basics of manifold-valued Malliavin calculus, see [48].)
The sets of smooth functions and of smooth vector fields on N are denoted by
C>(N) and I'*(TN), respectively. In a standard way, we identify T,,\" and H
with their dual spaces T;‘/\/’ and H*, respectively.

Suppose that DF(w) o DF (w)*: TN — Trw)N is nonsingular, that is

det[DF(w) o DF(w)*] #0 fora.a. w e W. (8.3)
For f € C®(N) and Z € I'*(TN), substituting
h = DF(w)*o{DF(w)o DF(w)*}"' Zrw,
into
D(f(F))(w)(h) = (D(f(F))(w), h)3y = (V) (w)(DF (w)(h)),
we obtain that
(D(f(F))(w), DF(w)* o{DF(w)o DF(w)*}' Zrw))n = (Zf)(F(w)). (8.4)
In addition, assume that
(DF)* o {DF o (DF)*}'Z; € Doo(H) forany Z € I'*(TN). (8.5)
Setting
®(Z'; G) = D*[G - [(DF)* o {(DF) o (DF)*}™' Z} 1],
& (ZY, ..., Z5G) =o(Z8 o (ZY, ..., 2 6)), k=2,3,...

for Z',...,Z¥ € '*(TN) and G € D, and then using equation (8.4)
successively, we arrive at the desired integration by parts formula for a manifold-
valued Wiener functional:

E[(Z'--- Z*)(F)GI =E[f(F)®(Z', ..., Z" G)] (8.6)

forany Z',...,Z* €e '*(TN) and G € D, f € C®(N). For the same reason
as in the Euclidean-valued case, this formula extends to the case when f is a
Schwartz distribution on .

The assumptions equation (8.3) and equation (8.5) are satisfied provided that

I{DF o (DF)} 'llopre ) L'(w) or

l<p<oo

det[{DF o (DF)*}™ '] € ﬂ LP(w).

l<p<oo
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Here, || - [lop., stands for the operator norm of a linear mapping of T, into itself
with respect to the Riemannian metric. Since we work on a compact manifold, the
above condition is independent of the choice of a Riemannian metric.

By the way, there is another justification of Watanabe’s composition 7 o F on
manifold. It does not use (8.6), but a localized version of Watanabe’s composition
theorem in (an open subset of) R" (not Theorem 3.1 in this paper, but its slightly
different variant in Yoshida [53]). Here, we only give a sketch. If a distribution T
has a very small support (like the delta functions), then its support is contained in
one coordinate chart. Then we can find a suitable real-valued cut-off function on
W and view that F, restricted to the support of the cut-off function, takes values
in an open subset of R”. Then, we can use the localized version of Watanabe’s
composition theorem to justify 7 o F. Finally, recall that a general distribution on
N can be written as a sum of distributions with small support thanks to a partition
of unity on V.

Let us get back to our original setting and assume (B1). For 1 € ™", the
Lagrange multiplier g(h) = o[y,](h) ' Dy (h)(h) should be regarded as an
element of Ta*/\/'. Hence, g(h) o (I1,) g, € Tq;"] (h)./\/l and g(h) o (I1.) g,y 0 Ji(h) €
T 7M. Recall the latter is the initial value p, of the Hamiltonian ODE associated
with Hamiltonian

1 . 2 * *
Hix,p) =5 (p.Vi)?, (. p)eT"M = T'M,

i=l zeM

where the pairing is between 7" M and 7, M. Clearly, H is a smooth function on
the cotangent bundle 7* M.

Then, if Assumption (A1) is replaced by (A1), Proposition 4.1, Remark 4.2,
Proposition 4.3, Proposition 4.4 and Lemma 4.6 also hold in our manifold setting
with trivial modifications of the statements. (For instance, /Ty, should be replaced
by (I1.)4,a), and so forth.) A rough sketch of proof is as follows: if we take a
local coordinate chart on M, ODEs for ¢ (h) and J (k) can be written down in the
coordinates. Then, the computation for the Hamiltonian ODE is essentially the
same as in Section 4. To prove differentiability or (rough path) continuity of g ()
or po = po(h), and so forth in A, the extrinsic expression of the skeleton ODE on
RY is better.

As we see in the next lemma, in a neighborhood of the path ¢ +— ¢,(h),
h € KMn the RDE on M can be transferred to an RDE on RY. Hence, for
local analysis around % of the RDE on manifold, it is sufficient to deal with the
corresponding RDE on the Euclidean space. This is one of main advantages of
using rough path theory since in the classical theory of Itd maps this kind of
‘local” operation is not easy and sometimes impossible.

https://doi.org/10.1017/fms.2017.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.14

Asymptotics of hypoelliptic heat kernel at cut locus 67

LEMMA 8.1. (i) Forany h € K™, we can find the following (1)—(4):

a

(1) An open neighborhood U = U, of Im¢(h) := {¢,(h) | t € [0, 1]} in
M.

(2) A bounded, connected, open subset U’ = U, in R4,
(3) A diffeomorphism0 = 6,: U — U’

(4) Vector fields V" on R? of class C° such that (0,), V;(x) = V" (6(x))
0<i<r)

(ii) Consider skeleton ODE (2.2) and RDE (3.17) on RY, but with the coefficients
Vi(h) (0 < i < r) and the initial point 6(x). If k € H is sufficiently close to
h in H-topology, then t — 0(¢,(k)) solves the skeleton ODE on R¢ driven
by k. Likewise, if w and h = L(h) are sufficiently close in G.Q[f an (RY) and
IMl—p is sufficiently small, then t — 6(x +x;,) = 0(x + @ (W, A)y,) is the
first level path of the solution of the RDE on R? driven by (w, 1).

Proof. First, we prove (i). Clearly, the image of the path ¢(h) is compact in
M and there is no selfintersection due to the energy-minimizing condition.
Moreover, by Remark 4.2, ¢;(h) never vanishes. Therefore, we can use the
standard technique of the tubular neighborhood to prove such U, U, 6 exist. Then,
existence of such Vi(h) is almost obvious. Since the (Lyons-)Itd maps associated
with the skeleton ODE and the RDE are continuous, the assertion (ii) is easy. [

REMARK 8.2. To keep our notations simple, we often identify / and I/’ through
6. In such cases we compute ODE/RDE/SDE on R? with the coefficients V"
and the initial point x € R?. The solution of SDE (2.1) associated with V,-(h) is
denoted by X*®_ (This should not be confused with X*" := X¢(¢, x, w + h/¢).)
Likewise, ¢ (k), @ (w, A) associated with V" are denoted by ¢ (k), @™ (w,
A), respectively. The ordinary terms and the remainder term in the expansion of

Xe® (¢, x, w+ k/e) in (3.29) and (3.32) are denoted by ;" (w: k), Q% (w: k)
and fj(h)(w; k), ijrhl) (w; k), respectively.

Next, we take the normal coordinate around a € AN . Then, there exists a
diffeomorphism from a neighborhood of a to a neighborhood of 0 in 7,. Note
that 7,/ is a vector space with an inner product. Through this diffeomorphism,
the delta function at @ € N corresponds to the delta function at 0 € T, N.
Moreover, since the tangent map of this diffeomorphism at a is isometric and so is
its transpose, the determinant and the eigenvalues of the deterministic Malliavin
covariance matrix of ¢ (k) for i € K, remains the same even if they are calculated
in the normal coordinate.
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Let h € K™ and let U, U’ and 0 be as in Lemma 8.1. (They all depend on
h.) If we take a small neighborhood of 0 (¢;(h)) € U’, then IT (viewed as a map
from U{") maps it into the normal coordinate of a € A In a standard way we can
find a C;°-map IT™ from R? to T,N which agrees with [T when restricted to
the neighborhood of 6(¢;(h)). Consequently, for (k) > 0 and y (h) > 0 small
enough, it holds that

O"x + @ (EW, 2 1=Y(1,x,w) € TN
ife € [0,e(h)] and eW € Uy, ).

(Precisely, this means that Y?(¢, x, w) takes values in the normal coordinate of a
if e € [0, e(h)] and eW € U, ,, ) and the value is equal to the left hand side.)
Asymptotic expansion of

k
O x + &P (1. (eW), A%y, 1 = TP [X&“”(l, x,w+ —)]
’ &

was already done in Lemma 3.6. We write g}h) (w; k) and R;f{)(w; k) for g7 (w; k)
and ij] (w; k) in Lemma 3.6, respectively (with F = IT™). Thus, local analysis
of the solution of RDE on manifold M was reduced to that in the linear setting.

REMARK 8.3. The definition of ™" depends on the coefficient vector fields of
the skeleton ODE. If they are replaced by new vector fields Vi(h) o0o<igr), IC;‘““
may change and k € ™" that is close enough to & may not belong to Kmin-®
anymore. However, we need not worry about this for the following reasons: such
k is still a local minimum of k > |[k||2,/2 subject to ¥\ (k) = [T (" (k)) =
0 € T,N and all the computations for the skeleton ODE, but one, require just
the local minimum property via the Lagrange multiplier method (So k need not
be a global minimizer of this conditional minimal problem in the proof of the
asymptotic expansion.) The only exception where the global minimum property
is really used is the proof of the large deviation upper bound, in which we compute
original ¥, and K™, not y"’ and ACmim®.

Now we compute the second order terms. Let # € K™" and take &/ and
Vi(h) (0 < i < r)asin Lemma 8.1. Suppose that k is sufficiently close to 4.
The Lagrange multiplier ¢(k) € T,*\/, which is independent of %, is now an n-
dimensional row vector and (4.3) holds with V replaced by R"* = T, N/

We can compute qu,(h)(k)(l) and qub,(h)(k)(l, f) in the same way as in (4.1)
and (4.2), respectively (if V; are replaced by V,-(h)).

Since k and h are close, IT(¢;(k)) = IT™(¢" (k)) and we do not distinguish
them in this paragraph. We denote by V the usual gradient for maps from an open
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subset of R to 7, = R”*. Then, we have

DY ()(1) = (VID(@{" (0)(Dig("” (k) = (I1.), Dip{" (k) (with y = ¢{" (k)

and

Dy " (k)(1,1') = (VIT)(¢}" (k))(D}, " (k))
+ (V2ID)(9" () (D" (k), Dy (k). (8.7)

Here, we wrote D;¢,"” (k) = D¢}" (k)(I) and D},¢," (k) = D*¢" (k)(l, 1) for
simplicity.

Note that the same computations as in (5.1) and (5.2) still hold if k is close to 4.
Hence, if O,, is a sufficiently small neighborhood of % in IC;‘““, then sup{C" (k) |
k € O0,} < 1/2 instead of (5.4).

For the same reason as before, if & is sufficiently close to £,

(q k), g3 (T*w; k)) — El(q(k), g (7w w; k)]

belongs to C,, the second order homogeneous Wiener chaos, and corresponds to
the Hilbert—Schmidt bilinear form
3q k), DY (" (k) (e, 7'5)).

To check the correspondence, just apply (1/2)D?* to gf (m*w; k) with F = [T™
in Lemma 3.6(i) and compare it with (8.7).

From this and sup{C ™ (k) | k € O,} < 1/2, we have the following under (A1)’
and (B1)-(B3): forany & € ICZ““, there exits ¢; = ¢;(h) > 1 and a neighborhood
Oy, of h in ™" such that

sup E[exp(c; (g (k), g5 (w; k))8o(g\” (w; k), ik (w))] < 00.  (8.8)

keOy,

Here, §, is the Dirac delta function on R" x T} ngﬁ“. (The proof is essentially the
same as in Lemma 5.3.) Moreover, from (8.8) we obtain the following: for any
c; € (1, ¢ (h)), there exists a constant y; = y;(h) > 0 which is independent of
k € O, and satisfies that

RE® (w; k)

2 ’

sup sup E[exp(c2<q(k), —2>>1Uy1 (eW); A(h, k, &, K)j| < 00,
0<e<1 keOy &

R (k)

2
where A(h, k, &, k) = {lik|2 + < Kz}, (8.9)

for any k¥ > 0. (The proof is essentially the same as in Lemma 5.3.)
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In a similar way, Lemma 3.7 can be modified. If Oy, is sufficiently small, then

A(h) := inf inf z*o[y"1(k)z > 0. (8.10)
keOy, z:|z|=1

Taking O, smaller if necessary, we have the following: there exist yy = yy(h),
g0 = &o(h) € (0, 1] such that the smallest eigenvalue of o [(R}’ (h)( s k) /e, i) (w)
is greater than (A(h) A 1)/2if eW € U, k € O, and 0 < ¢ < . (Here, wfh) and
Rf’(h)( -5 k) /¢ are regarded as TN = R"-valued maps.)

In the same way as in Lemma 6.2, we have the following lemma. Note that
in this case the constants A, y;, y1, & all depend on h € ICZ““ (which makes no
difference, however). The definition of o = oy, is in (6.7).

LEMMA 8.4. Forany h € K™, we can find Oy, (or p = p := SUPico, lk—hll3 >
0), y =y, > 0and g9 = go(h) € (0, 1] such that (6.4), (6.5), (6.6) and the
following three conditions hold. The first one is:

inf _inf ol(RF (/e i)z > “ A
keOp z:||zl=1 )

ife € (0, el and eW € U,_gp1/amgy,.

The second one is:

sup sup E[exp( (q k), RS (w; k)>)lu,,k_y(eW>; lig |2

0<e<l keOy
S,(h) .

1 (w’ k)

- ‘—

&

<K2i| < 00.

The last one is:

{x+@w, 1), |1 €[0,1],& €0, 8], we Up,}
U{p k), |t €[0,1], k € O}
c U, CM,

where U, C M is the tubular neighborhood of Tm¢ (h) introduced in Lemma 8.1.
Proof. The proof is the same as in Lemma 6.2. O

In what follows let y, be the constant in Lemma 6.2. Since y, > 0
for all h e IC;‘““, we can choose finitely many (hy, 1), ..., (hy, yn) and

construct asymptotic partition of unity x° and X’ exactly in the same way as
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in (6.1)—(6.2). (Here, y, stands for y;, with & = h,.) Note that the definitions of
x° and x. depend only on (h,, ,)1<v<n- Below we set &) := min;¢,<y €0(h,)
€ (0, 1] and A’ := min; ¢,y A(h,) > 0.

As in the Euclidean case, contribution of the rough paths away from ACmin
is negligible. To prove it, we need to modify Theorem 3.8, the large deviation
upper estimate, to the manifold case. (Once this is done, a manifold version of
Theorem 7.1 can be obtained in the same way.)

The keys of the proof of Theorem 3.8 are Kusuoka—Stroock’s moment
estimate (2.4) of deto[Y¥{]™' and the integration by parts formula for Watanabe
distributions. Both of them hold in the manifold case (see (8.6)). Therefore, we
can prove Theorem 3.8 in the manifold case, too. Consequently, /;(g) does not
contribute to the asymptotic expansion.

Proof of Theorem 2.5. 1t is sufficient to compute
N
L(e) =) E[£G*8,(Y])]

as ¢ € (0, )] tends to zero. Here, §, is the Dirac measure at a € N and Yy =
I1(X?}) with (X?) being the solution of the M-valued SDE (2.6).

Let n € C(T,N,R) be as in (7.2) in Section 7. Then, defined by n,(y) =
"n(ly), {m};>1 approximates &, where &, is the delta function at O on TN =
R" with respect to the Lebesgue measure associated with the inner product on
T,N. Denote by 7, € (Ohe (N, R) the function which corresponds to 1; via the
exponential map at a. Then, {f};};>; approximates the delta function at a on N.
Therefore,

E[X;G8,(Y))] = lim B[z, G*fi(Y}))] = lim B[z G n(Y7"")]  (8.11)

since 3¢ = 0if eW ¢ U, ,,. Here Y is a shorthand for
Yo" =na®xe®1,x, w)] withh = h,.

Note that the right hand side of (8.11) is essentially the same as the left hand
side of (7.2). Thus, the asymptotic problem has been reduced to the one on the
Euclidean space. Note also that we need not prove non-degeneracy of oY, )
because we use Propositions 3.1 and 3.2.

Define £ (”)(w k) € D_oo in the same way as in (7.14). (This time it depends on
v (or h,), however) By the same computation as in (7.16), we have the following
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asymptotics: for any L € N,

E[#° G5, ()] = f

o

L A k
jew) . L+1 ~e ~
X (E e!&(wy k) + O(e )))(U <w+ 8>]w(dk)

j=0

L
= / E[exp«q(k), gy (w; k))) (Z /€ (w; k))
0, =0

L
x (Z DY (w; k))]a)(dk)

=0
+ O(SL_H)

E[exp((q k), g (w; k)))

as ¢ \( 0. Note that the asymptotic expansion inside |, o, @(dk) is uniform in
k € O,. Vanishing of ¢,;;; under (C2) can be shown in the same way as in the
Euclidean case. This completes the proof of Theorem 2.5. O
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