BuLL. AUSTRAL. MATH. Soc. 41455, 65032
VoL. 53 (1996) [1-12]

AN ANALOGUE OF PROBLEM 26 OF P. TURAN
Y.G. SHI

Explicit formulas for Cotes numbers of the Gaussian Hermite quadrature formula
based on the zeros of the nth Chebyshev polynomial of the second kind and their
asymptotic behaviour as n — oo are given. This provides an answer to an analogue

of Problem 26 of Turén.

1. INTRODUCTION AND MAIN RESULTS

This paper deals with explicit formulas for Cotes numbers of the Gaussian Hermite
quadrature formula based on the zeros of the nth Chebyshev polynomial of the second
kind and their asymptotic behaviour as n — .

Let a(z) be a nonnegative function on [~1, 1] with infinitely many points of in-
crease such that all moments of a(z) are finite and let Py denote the set of polynomials
of degree < N. According to Theorem 4 in [3], given integers m > 1 and p > 0, if

n
wn(z) :== [] (2 — zkn) with
k=1
(1.1) 1=2n>Z1n> 222> "> 2Zpn > Tnp1n=-1, n21

satisfies

(1.2) /;1 (1 - 22)? |wn(z)|™ da(z) = _min / (1 = 2P |P(2)|™ de(z),

P=z"4... 1

then the quadrature formula with certain numbers ¢;gm := Cikmn (called Cotes numbers
of higher order)

1 n+1 Hi .
(L3) [ f@ote)date) = 30 camfOas)
-1 k=0 1=0
1s exact for all f € Pmny2p-1, where
(1.4) o(z) := sgnwy(z)™
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and

(1.5)

m-2, 1<k<n,
Hi = .
p—1, otherwise.

As Turdn pointed out in [10, p.46], particularly interesting is the case

dz
VI—z2

By a theorem of Bernstein [2], in this case the nth Chebyshev polynomial of first kind
21T, (=) is the solution of (1.2) for all values of m > 1. Meanwile, Turan raised the
following problem for even m [10, p.47], in which ¢;kmn stands for the Cotes number

p=0, da(z)=

based on the zeros of Ty(z):

PROBLEM 26. Give an explicit formula for ¢;pm, and determine its asymptotic

behaviour as n — 0.

In [6, 7] we got a solution of this problem for each (even and odd) m.

Another particular interesting case is
(1.6) p= [%] , do(z) = dam(z) = (1 — 22)HVATmI2

By a well known result (see, say, [8]), in this case the nth Chebyshev polynomial of
the second kind 27"Uy(z) is the solution of (1.2) for all values of m > 1. Then the

quadrature formula with certain numbers cigm

1 n+l1 mp
(1.7) [ f@en(@)an(e) = 303 cami(a1)
-1 k=0 i=0
is exact for all f € Pprnyo[m/2j—1, Where
(1.8) om(z) :=sgnUn(z)™
and
1, 1<k<n,
(1.9) my = [np(m — 2)|, np:= { 1 )
2 otherwise.

In the present paper, using a modification of the main idea of [6], we intend to
answer to the same problem for this quadrature formula. It turns out that, in the
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present case the probiem is more difficult and complicated. To state our results we

need the notation:

e wa@) _ )
li(z) := Lin(2) = = zk)w;‘(zk), k=1,2,...,n,
(1.10) Am(z) = Bmalz) = (1 - mz)[m/zl Un(z)™,

m!(1 — zi)[m/le,',(zk)m, 1<k<n,
(1.11) dim = Asr[::;km])(zk) = (_2)[17!/2]([%])”]"(1)"1’ k= 0,
A2 (2L (-1)™, k=n+1,
([nem))! Amn ()

1.12 Lim(z) := Lipma(z) = , k=0,1,...,n+1
(L12) (2) (2) = e ,

(1.13) bikm = bikmn = %[Lkm(z)-l](i) 1=0,1,...; k=0,1,...,n+1,

Z=Zk’
(?

Bitm = Bitmn := }, { Z [2(z, - "’)Lkm(-"’)]_l} ;

ve{0,n+1}\{k}

z=z}
(1.19)
1=0,1,...; k=0,1,...,n+1,
2, ifmisodd,
(1.15) S 1=
m, otherwise.

The main results in this paper is

THEOREM. Let (1.1) be the zeros of Q,(z) := (1 — 2?)Un(z) and let m > 1 be
an integer. Then for each 1, 0 < i { my, and foreach k, 0 < k< n+1,

m(m — 2)!
{ ka,k'm = kS (m ) m 2 2,

di,m—2[(m — 2)!12(n + 1)’

Cmy+1,km = 0)

(1.16)

mklcmk,k,m

1.17 ikm = Cik.m— -
( ) e Cirk, 2+1,!11;,(m—2)

{(1. + ng(m — 2) — mi)bm, —ikm—2

1 m
_5[1 + ("1) +1]Bmk—i—l,k,m—2} y m p- 3.

Moreover
(1 = o) m 0 g
(1.18) |cikmn] < nmH1=2{(m=3)/2] » 1Sksm,
1 N ]
nm—2[m/2l+2i+1? otherwise,
(1 — :ci )i/2
(1.19) cikmn~ ———, m= even; 1=0,2,4,...,m—2; 1<k n

nitl
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REMARK. For sake of notation we still use the idex m in (1.16) and (1.17). In fact,
they remain true if we replace m by any suitable integer r (say, r > 3 in (1.17)). Thus
these two formulas provide an explicit expression for ¢;xm -

2. LEMMAS
To prove our theorem we need several lemmas.

LEMMA 1. Let

n+1
(2.1) Qik '= Qikmn :——Z [n,,m] 1=1,2,...; 0<k<n+1.
— )
u;ék
Then
(22) 1kmn=_zaukbt v, k,m, 'L=1,2,, 0<k<n+1

PROOF: Let k, 0 < k < n+1, be fixed. It is easy to check that

' 1: n+1 n,m
(2.3) ﬁ:(z; z q[;u - l
v#k
Hence
1 Ly (2)]97Y
(2.4) k=G [_ L:m(z)] '

T=2)

Using (1.13) and applying the Newton-Leibniz rule we get

1 : _ 1 : 1 L;m(z) (V—l) 1 —19(i—v)
; z aukbz—v,k,m =3 ‘; (V — 1)| [_Lkm(z) T ll)' [Lkm(z) ]z=zk

=1 T=Z) (1

L[ Lim(2) L)%Y -G g
= 5 || = ) K = b

LEMMA 2. Let (1.1) be the zeros of ,(z) and let m > 0 be an integer. Then
foreach k, 0 <k<n+1,

1 l(l - 3;2)1/2Un(:c)lm Qn(z) 42 _ ngsm(ml)
/-1 QO (zk)(z — z1) Vi—z2  (m!)(n+1)

PROOF: We distinguish two cases.

(2.5)
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Casel. 1<k<n.
We know [5, Volume 3, Chapter 5, Section 4]

(2.6) | /_ 11 l(z)(1 = 2?)2de = 1(,11—:2—)

Expand [sin§|™ as

(2.7) sin 6]™ = Z B, cos vl.

v=0

Here we can use [4, Formula 3.621-3 and 4, p.369] to calculate the required first two

coefficients:
1 ™ . m sm(m!)

. == 6|™ do = =0.
(2.8) Po T /o sin 7r(m!!)2 » fr=0
Replacing 8 by (n+1)8 in (2.7) yields
(2.9) |sin (n + 1)8 Z B, cosv(n + 1)4.

v=0

By making the substitution § = arccosz, we obtain

(2.10) |1 =22 *Vn(a)|” = 3 BuTutmsn(a):
v=0

Then

1 I(l - z’)l/zUn(z)|m Na(2z) dz
/-1 ' Q, (zk)(f —zi) V1—-2z2

1_% ;[0 v ke - ) s

= ]_-_-—32 _[_ [Z ﬂvTv(n+1)($)] lk(z)(l _ 32) \/f—zz

- z V24, o om(ml)
- /l"( ) -<7) (m(n+1)

CASE 2. k=0,n+1.
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We give the proof for the case k = 0 only, the proof for the case k = n + 1 being
similar. Since [1, Formula 22.3.12, p.776]

(2.11) U,(cos8) = M = Z cos (n — 2v)8,
sin ol
we have
(2.12) / Un(cos 8)(1 + cos8)dd = .
0

This means

(2.13) /_1 Un(z)(1 + 2) \/l_‘ff_;. .

By (2.8) and (2.10) we conclude

1 |(1- ;,;2)1/2Un(:c)lmﬂn(:c) dz
L —amer v
l"‘ dz

2—(n—1?|-—ﬁ /_1 ’(1 — 32)1/2(1,,(:,-) Un(z)(1 + 2) T
.2—(—"1'*'—1)./—1 [ZﬂvTv(u+l)($)] Un(z)(1 +:c)\/11f_z_2

v=0
dz 3m(m!)

T-22  2(m!(n+1) 0

=g [, )

LEMMA 3. Let (1.1) be the zeros of Q,(z) and let m > 1 be an integer. Then
for each i, i < [ngm],

n2li/2]
(2.14) bikmn| < c(l PTG 1<k<mn,
en®, otherwise,
n2[|'/2] k<
¢ [ ’ ~ ]xIn,
(2.15) |Bikmn| < { (1 - 22, )lG+3)/2
en®, otherwise.

ProorF: We distinguish two cases.
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Case 1. 1<k n.
We have [11, Lemma 3.11]

€))

z=z}

2(3/2]
(2.16) <a—o roj<m.

(1- zi)[(.ﬁ'l)/z

™

Meanwhile it is easy to see that

1 g2y ~tm/a7) »
(2.17) [(—) <a(l-z2)7, j<m.

1-22
k T=Tk

Then by the Newton-Leibniz rule

1 1— 22 —[m/2] m
ikl = [(1?—) h(z)
' k

Here we used the relation

) .
! n2lis2]

C——————T——77-
i+1)/2
(1= 22)FO7]

T=Th

(1 — :t:i)_l/2 < c3n.

On the other hand, since in this case

O]
1 1 1 -1
Bikm—ﬁ [(1—$—H—_Z>Lkm(m) ] ]

T=2Tp

we have in a similar way
n2li/2]

| Bikm| < L —T YT
(1- zi)[( /2]

CasE 2. k=0,n+1.
We discuss the case k¥ = 0, the case £ = n 4 1 leading to entirely analogous,

symmetric considerations. In this case we obtain

—[m/2] —_m1)
1 14z Un(z) 2
. - |= < .
1bs0,m| 2! [( 2 ) (U,.(l)) ] , Sen

1 - —14(4
Bioml = |55l + 2) Bom(e) 1,

Meanwhile
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LEMMA 4. Let (1.1) be the zeros of Q,(z) and let m > 1 be an integer. Then
(1.16) is true for each k, 0 < I < n+1.

Proor: That co k1 =0, 0 < k < n+1, follows from (1.7). Now let m > 2 and
let £, 0 < k<<n+1, be fixed. It is easy to see that

Am—2(z)2n(z)

(2.18) 2) = s @)z = 28)

satisfies the conditions:

(2.19) F(z;) = 8imy ik, =0,1,...,ms; j=0,1,...,n+1.
In fact, it 1s sufficient to show

(2.20) Fm)(z) = 1.

By the Newton-Leibniz rule and (1.11) this is indeed the case:

Am—2(z)n(2) J(m") -1 —— A () = 1.

frRan) = [dk,m-zn;(mk)(z ~21)

dy,m-2

T=Z)

Substituting f into (1.7) and using (2.5) gives

Sk = [ f(z)om(z)dam(z)
1 /1 (12", @7 =) g
-1 U (ze)(z — z1) 1 —z2
_ Ng8m(m — 2)!
T dem—z|[(m = 22+ 1) 0

dk,m—Z

3. PROOF OF THEOREM

The theorem for m < 2 or 1 = my is given by Lemma 4. Now assume that m > 3
and that both 7 and k, 0<:<my—1,0< k< n+1, are fixed.

By the same arguments as that in [9, Lemma 1] we conclude

(3.1) flz) == Z b km-a(z — 2k)i+ij,m—z(z')

satisfies the conditions:

(3.2) fB(zy) = 6ipbpu, p=0,1,...,mp~1; v=0,1,...,n+1.
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Applying (1.7) to f twice yields

(33)  ciamez = /_ F()om_3(2)detm—3()

n+1

/ F(2)0m(2)dom(2) = citm + 3 Emy i S ™ (1),

v=0

We distinguish two cases.

Case 1. v=k.
From (1.11) and (1.12) it follows that Lyn(zx) = 1. Using (3.1) and (2.5) and
applying the Newton-Leibniz rule twice, we obtain

| i ()
FOre)(zy) = a Z bjk,m—2 [(1: =~ 2)" Lim- 2(3)]
j=0 T
T T e
it o A

( ){[1](’3’%2‘) (mk—i)!bmk_,-,k,m_z}

(mk)!bmk—i,k,m—Z
1! )

CASE 2. v #k.
By using (3.1) and applying the Newton-Leibniz rule again we have

mp—1-1

(mu)
E Cm, v, mf( ")(-’B ) = ' Z Cm,,v,m Z b; j k,m—2 [(2 - zk) +JL" m-= 2( )] _
2 o g z=z,
mk—l i (my)
= Z b],km 226,""‘,,", [(:z:—z:k JLkm 2( )] __
s vk o
mk —-1-—3
= Z bJ' k,m—-2 Z Cm, v, m(zv - wk)1+JLS:mn‘:) 2(1: )
=0 v#£k

According to (1.11) and (1.12) we see that

du,m-zmk!

('mu)
4 v
(3 ) L 2(:: ) dk,m—Z(zu _ zk)

s VFE k.
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Substituting (1.16) and (3.4) into the previous formula and applying Lemma 1, we get

z cm,,,v,mf(mu)(zv)

vk
_ Sm(m — 2)lmy! mki_ib- n,
T ilm -2 P (nt Ddim o T ot (o, — 2y
myle i n,(m-—2
= z'nkk ::,k;") E bjkm— 2;—:(2;)—,,,3—,;7
_ mklemy km o ib m, + [ny(m — 2) —m,]
~ ilng(m - 2) Z Lkmz.;: (2 —zg)™
! mg —1—i oy _
It remains to compute
T n,(m—2)—m,
S = ; Gikym— 2;; (2 —mk)m”—'—’

It is particularly simple for even m; in this case we have m, = n,(m — 2) and hence
§=0.
Determination of S for odd m in the same way first leads to a formula of different

structure:

ny(m—2)—m, 1
> ( ) _

)mk—l'—j - 2(:!” _ Zk)mk_i_j

(2, — zk

v#k ve{0,n+1}\{k}

L Y [z —2) e,

= —._ _ I
(mr—i=3 =1 fomrings)

Using the notation (1.14) we can get a simple formula for S:

mp—1—i
1 —1y(mp ~i—j—
Z biikm-2 (mg—i—j-1) Z [(2(=z0 —2)) 1](Z=I;k =
j=0 " ve{0,n+1}\{k}
(my—i-1)
1 -
aicrere RSP CRD IO
k " ve{o,n+1}\{k} ——

= Bm,—i-1,k,m—-2-
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By substituting the values of S we obtain a simple formula:

Z Cmu'"'mf(m")(zv)
@5 .
mk.cmk,k,m . m+1
= = Tk — )om, —ikm—2 + {1+ (-1 B, i —2}.
i!nk(m _ 2) {(mk t)b k )ks 2 + 2[ + ( ) ] k 1,k,m 2}
At last, from (3.3) we get the recurrence relation (1.17) with respect to the index

m. Finally, (1.18) follows from (1.16), (1.17), (2.14), (2.15), and the relation

k+1
vy (D) (1)
Un(zk) - 1-— zi ‘
To prove (1.19) by the same arguments as those in [9, Lemma 3] we claim bikm > 0
for even i. Thus if both i and m are even then for 1 £ k < n by (1.16) and (1.17)

1r(1 - zi)i/.z .
@i (n + 1)

Cikm 2 Cik;m—2 2 Ci,ki+2 =
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