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Genericity of Representations of p-Adic
Sp., and Local Langlands Parameters

Baiying Liu

Abstract. Let G be the F-rational points of the symplectic group Sp»,,, where F is a non-Archimedean
local field of characteristic 0. Cogdell, Kim, Piatetski-Shapiro, and Shahidi constructed local Lang-
lands functorial lifting from irreducible generic representations of G to irreducible representations
of GLyu41(F). Jiang and Soudry constructed the descent map from irreducible supercuspidal repre-
sentations of GLy+1(F) to those of G, showing that the local Langlands functorial lifting from the
irreducible supercuspidal generic representations is surjective. In this paper, based on above results,
using the same descent method of studying SO,,+1 as Jiang and Soudry, we will show the rest of local
Langlands functorial lifting is also surjective, and for any local Langlands parameter ¢ € ®(G), we
construct a representation o such that ¢ and o have the same twisted local factors. As one application,
we prove the G-case of a conjecture of Gross-Prasad and Rallis, that is, a local Langlands parameter
¢ € P®(G) is generic, ie., the representation attached to ¢ is generic, if and only if the adjoint L-
function of ¢ is holomorphic at s = 1. As another application, we prove for each Arthur parameter v,
and the corresponding local Langlands parameter ¢, the representation attached to ¢, is generic if
and only if ¢, is tempered.

1 Introduction

Let G be a connected reductive algebraic group split over F, where F is a non-Arch-
imedean local field of characteristic 0, and let G = G(F). Let II(G) be the set of all
equivalence classes of irreducible admissible representations of G.

Since szvn((C) = $04,11(C), GLY,,(C) = GLy,41(C), and there is a natural em-
bedding i: SO5,+1(C) — GLy,4+1(C), by the local Langlands functoriality conjecture,
there would have a local functorial map I: II(Sp,,) — II(GLy,1).

Let IT¥)(Sp,, ) be the subset of II(Sp,,) consisting of irreducible generic repre-
sentations of Sp,,. In [CKP-SS], Cogdell, Kim, Piatetski-Shapiro, and Shahidi con-
structed local Langlands functorial lifting / from this subset to I1®)(GLyy41 ), which is
a subset of II(GL,,+1) (explicit definition will be given Section 4.5), such that

L(o x m,s) = L(l(0) x m,5), €(o xm,s,9) = e(l(o) x m,5,9),

for any irreducible generic representation m of GLi(F), with k € 7., where ¢ is
a fixed nontrivial character of F. The left-hand side are the local factors defined
by Shahidi [S1], and the right-hand side are the local factors defined by Jacquet,
Piatetski-Shapiro, and Shalika [JP-SS]; both sides are the Langlands local factors with
respect to the standard representations, called standard local factors.
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In [JngS3], Jiang and Soudry constructed the descent map from supercuspidal
representations of GL,,1(F) to irreducible supercuspidal generic representations of
Sp,,(F), showing that the local Langlands functorial lifting from irreducible super-
cuspidal generic representations of Sp,, (F) is surjective.

The first aim of this paper is to prove in Section 4 that the rest of local Lang-
lands functorial lifting is also surjective. Note that for SO,,1, in [JngS2], Jiang and
Soudry have already constructed corresponding local Langlands functorial lifting,
and proved that it is actually bijective. To prove the surjectivity in the Sp,  -case, we
use the same descent method as in [JngS2]. Since the Jiang’s conjecture (a refinement
of local converse theorem conjecture; see [Jng] and Section 3) of this case has not
been proved, while the SO,,,.1-case was proved in [JngS1], the local functorial lifting
here may not be injective. We will discuss Jiang’s conjecture further in Section 3. Us-
ing the same method as in [JngS1], we can show that the equality of local vy-factors
of generic representations of Sp,, (F) twisted by any irreducible supercuspidal repre-
sentation 7 of GL;(F) with [ = 1,2,...,2n, can be reduced to supercuspidal generic
representations, see Theorem[3.5

Let W be the Weil group associated with F. Let W x SL,(C) be the Weil-Deligne
group, see [Kn, Ku, GR], and let G¥(C) be the Langlands dual group of G. A homo-
morphism ¢ from W x SL,(C) to G¥ (C) is called admissible if it can be decomposed
into a direct sum of irreducible representations of Wr x SL,(C)

¢:@¢i®swm

which satisty the following conditions:

(i) the representations ¢; are continuous complex representations of Wrg;

(i1) ¢;(WFE) consists of semi-simple elements;

(iii) S,y is the unique irreducible algebraic complex representations of SL,(C) of di-
mension w;.

Let (G) be the set of conjugacy classes of such admissible homomorphisms. The
elements in the set ®(G) are called the local Langlands parameters for G. Then the
local Langlands reciprocity conjecture that associates a local L-packet I1(¢) with each
¢ € ®(G) implies the parametrization relation between ®(G) and II(G). This con-
jecture implies the arithmetic aspects of representations of p-adic groups.

For G = GL,, Zelevinsky [Z] reduced this conjecture to the supercuspidal case,
which was proved by Harris and Taylor [HT] and by Henniart [H1]. Note that for
each ¢ € ®(GL,), there is only one element in II(¢). See [Ku] for more discussion
in this case.

For G = SO,,41, this conjecture was studied by Jiang and Soudry [JngS2]. For
each local Langlands parameter ¢, they associated an irreducible admissible repre-
sentation ¢ of G, such that ¢ and o have the same twisted local factors.

The second aim of this paper is to construct in Section 5 an irreducible admissible
representation o of Sp,, (F), for any local Langlands parameter ¢ € ®(Sp,,) such
that ¢ and o have the same twisted local factors, as in [JngS2]. We state the result.
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Let IT'(Sp,,) be the set of equivalence classes of irreducible admissible represen-
tations of Sp,, (F), which are the Langlands quotients of induced representations

5(81) X 6(55) x -+ x 8(2p) x o,

where o) is an irreducible generic tempered representation of Sp,,.(F), and
1, %,,. .., % are imbalanced segments, whose exponents are positive and in non-
increasing order, and §(3;) is the essentially square-integrable representation of
GL,,(F) associated with ; fori = 1,2,..., f (n=n*+ >\ ).

Theorem 1.1 There is a surjective map ¢ from 11'(Sp,, ) to the set ®(Sp,,,). Moreover,
the map  preserves the local factors

Lo x7,5) = Lt(o) @71 (7),s) and e(o x 7,5,9) = e(t(o) @ r (), s,1),

forallo € 11'(Sp,,) and all irreducible admissible representations T of GLy(F), with all
k € Z-o. Here r (1) € ®(GLy), corresponding to T by the local Langlands reciprocity
map for GLy as in [HT,H1].

In [JngS2], as an application of their result, Jiang and Soudry proved the SO,,4:-
case of a conjecture of Gross-Prasad and Rallis, that is, a local Langlands parameter
¢ € D(SO,,41) is generic, i.e., there is a generic representation attached to ¢ if and
only if the adjoint L-function of ¢ is holomorphic at s = 1. As an application, we
prove the Sp, -case of this conjecture. This is the third part of this paper (Section 6).
Note that this gives a criterion for determining the genericity of the representation
attached to ¢ in Section 5.

Theorem 1.2 For each local Langlands parameter ¢ € ®(Sp,,), the representation
o attached to ¢ in Theorem [L1lis generic if and only if the local adjoint L-function
L(Adsp o ¢,s) is regular at s = 1.

Recently, Gross and Reeder [GR] proved this conjecture for general connected
reductive groups and for discrete parameters.

As another application of this paper, for each Arthur parameter (A-parameter)
1), and the corresponding local Langlands parameter (L-parameter) ¢, we give an-
other criterion for determining the genericity of the representation attached to ¢, in
Section 5, besides the criterion in Theorem [[.21 Explicit definitions will be given in
Section 7. This is the fourth main part of this paper (Section 7).

Theorem 1.3 For each A-parameter 1 and the corresponding L-parameter ¢y, the
representation attached to ¢y, in Section 5 is generic if and only if ¢y, is tempered.

First, for each o € I1¥)(Sp,, ) with L-parameter ¢, we will compute its Aubert in-
volution & and the corresponding L-parameter ¢z. Then we will prove Theorem [L.3]
And if ¢, is tempered, then there is also an A-parameter 1) such that gb@ = ¢35, and

1 and QZ are symmetric. The SO,,4;-case of these results were proved By Ban [Ban2];
the same method is used here.
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There are two main ingredients for this paper, the descent map given by Jiang and
Soudry [JngS3] (see Theorem and the classification theory of generic represen-
tations of Sp,,, (F) given by Muic [M2].

Finally, we describe the structure of this paper. In Section 2, we give some no-
tation and preliminaries. In Section 3, we discuss Jiang’s conjecture for Sp, (F). In
Section 4, we prove the surjectivity of the rest of functorial lifting, and write down
the corresponding local Langlands parameters for each case of representations. In
Section 5, we discuss the structure of local Langlands parameters and prove Theorem
[LT} In Section 6, we prove Theorem[L2] In Section 7, we prove Theorem[L.3]

2 Notation and Preliminaries

In this paper, we mainly follow the notation in [JngS2, Jng, Z].

Let F be a non-archimedean local field of characteristic zero. We fix a non-trivial
character ¢ of F. Sp, (F) denotes the group of F-rational points of the split group
Sp,,. From now on, let G = Sp,  (F).

Note that here we use St(7, 2m + 1) to denote §[v~""7,v"7] in [JngS2].

In this paper, all representations in the lifting images are required to have trivial
central characters.

3 The Sp(2n)-case of Jiang’s Conjecture

In this section, we discuss the Sp,,-case of a conjecture of Jiang, see [Jng].
The notation in this section follows [Jng]. Given an irreducible admissible repre-
sentation o of G, define the set of generic characters attached to o to be

F(n) = {Wu|o is Yy-generic},

where ¢y’s are characters of U.

Conjecture 3.1 (Jiang) For any irreducible admissible generic representation o and
o’ of G, the following two conditions hold:

(i)  the intersection of F(o) and F(c') is not empty, and

(ii) the twisted local y-factors are equal, i.e. y(s,0 X 7,¢) = v(s,0’ X 7,1) holds
for all irreducible supercuspidal representation T of GL)(F) withl = 1,2,...,n,
where r is F-rank of G.

Theno = o',

Remark 3.2 For SO,,41, in each conjectural local L-packet, there exists at most one
generic member. The main reason for this is the proved local converse theorem for
SOy41(F) in [JngS1], i.e., the SO,,41-case in Jiang’s conjecture (Conjecture[3.0]). But
for Sp,,, Jiang’s conjecture has not been proved, so different generic representations
may share the same twisted y-factors, i.e., twisted y-factors may not be able to dis-
tinguish two generic representations. This is the key point of G that is different from
GL,(F) and SO,,+1(F), which we have to always keep in mind. This is also the reason
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that the local Langlands functorial lifting from irreducible generic representations of
G to irreducible representations of GL,,;(F) may not be injective.

This conjecture is a refinement of the local converse theorem conjecture. For the
rest of this section, using same method as in [JngS1], i.e., using information of poles
of local y-factors, we will show that the equality of local y-factors of generic repre-
sentations twisted by any irreducible supercuspidal representation 7 of GL;(F) with
I=1,2,...,2n, can be reduced to supercuspidal representations.

By the classification of the irreducible generic representations of GL,(F) and G
(see [BZ,Z,M2] and Section 4.5), for any irreducible generic representation o of G,
there exists a standard parabolic subgroup P whose Levi part M is isomorphic to

GLy (F) X -+ X GLy,(F) X Spy, (F), 1= g+ -+ my,
irreducible unitary supercuspidal representations 7; of Gl,,,(F), 1 < i < r, an ir-

reducible supercuspidal generic representation o(® of S P, (F), and real numbers
z1 > z5 > -+ > z, > 0, such that ¢ is a subquotient of the following induced

representation

VAT X oo X VT, X o,
Then we say o has supercuspidal support (P;7,7,...,7;0®) and exponents
(217227 e 7Zr)-

Lemma 3.3 If an irreducible generic representation o of G has supercuspidal support
(P; 71,7y, T3 0) and exponents (z1,2a, . .., 2,), then s = 1 + z; is the rightmost
possible real pole of v(o X p,s, 1)), where p is any irreducible unitary supercuspidal
representation of GLy,(F), with k, € 7. If it really is a pole for p, then p = T; , where
1 <iy <r,withz, = z.

Proof By the multiplicativity of local vy-factors (see [S2]),
’V(U X P, Saw) = H W(Ti X pﬁ"’%‘ﬂﬁ)’}’(ﬁ‘ X PyS — Zi71/})j| P)/(U(O) X P 571/})
i=1

for any irreducible unitary supercuspidal representation p of GL (F), with 1 < k, <
2n.
We have

L(7; X p,1 = (s +z))
L(m X p,s+z)

’Y(Tl X P»5+Ziaw) = 6(7-1 X P»5+Zia¢)

and if p = 7;, then L(7; X p,1 — (s + z;)) has a simple pole at s = 1 — z, and
L(1; X p,s+ z;) has a simple pole at s = —z;. Therefore by [JP-SS, Proposition 8.1]
~v(7; X p,s+z;,1) has a simple pole at s = 1 — z; and a simple zero at s = —z; when
and only when p & 7;.

Similarly, v(7; X p,s — zi, 1) has a simple pole at s = 1 + z;, and a simple zero at
s = z; when and only when p = 7.
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By [CKP-SS, Theorem 7.3], 7(c? x p, s, 1)) has a possible zero at s = 0, does not
have zero at s > 0, has a possible simple pole at s = 1, and if the pole occurs, p = p,
and L(p, Sym?, s) has a pole at s = 0.

Hence, s = 1 + z; is the rightmost possible real pole of v(o X p,s, 1), and if it
is indeed a pole, it cannot be cancelled by any possible zeros of other factors and
p = 7i,, where 1 < iy < r, with z;, = z;. This proves the lemma. [ |

Corollary 3.4 If o and o’ both are irreducible generic representations of G, with
supercuspidal support (P71, 72, ..., 750") and (P's 7/, 75, ..., 7/;;0"?), exponents
(z1,22,...,2,) and exponents (z{,z,, . .., z].), respectively, and

7(0- X pasa'lp) = ’7(0/ X p, va)

for any irreducible supercuspidal representation p of GLy, (F), with 1 < k, < 2n. Then
z) = z].
Theorem 3.5 If o and o' both are irreducible generic representations of G, with

supercuspidal support (P11, 72, ..., 7300) and (P's 7,75, ..., 750" ?), exponents
(21,22, .. .,2;) and exponents (z{,z,, . . ., z],), respectively, and

(o X p,s, ) = (o X p,s,1))

for any irreducible supercuspidal representation p of GLy, (F), with 1 < k, < 2n. Then

after a possible rearrangement of (1{,z{, ... ,; 7/, z.,), without affecting the decreasing

orderof z{, 23, . .., z.,,

(i) r=r,andm;=m, for0<i<r,

(i) zi=2z,andr; =7/, for0<i<r,

(iii) Y(e©@ x p,s,9) = (e x p, s, 1) for any irreducible supercuspidal represen-
tation p of GLy (F), with 1 < k, < 2n.

Note that the proof is same as that of [JngS1, Theorem 5.1], we omit it here.

4 Surjectivity of local Langlands Functorial Lifting

In this section, first we will summarize the results on the local Langlands functo-
rial lifting from I1¢¢)(S P,,) to 1148 (GL,,1), then using the same descent method as
in [JngS2], we will prove that the rest of local Langlands functorial lifting given by
Cogdell, Kim, Piatetski-Shapiro, Shahidi [CKP-SS] is also surjective. In each case,
we will write down the corresponding local Langlands parameters. Note that some
proofs will be omited, due to the similarity between the cases of Sp,, here and SO,
in [JngS2].

4.1 Supercuspidal Generic Representations

Let I14¢)(Sp,,) be the set of all equivalence classes of irreducible supercuspidal
generic representations of G. Let 1168 (GL,,1) be the set of all equivalence classes
of irreducible tempered representations of GL,,+; (F) of the form

TI X Ty X oo X Tp = Indng”“(F)(Tl QTR QT),
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where Q is a standard parabolic subgroup of GL,,+(F) of type (ny, ..., n,) with 2n+
1 = Z:Zl n;, and for each 1 < i < r, 7; is an irreducible supercuspidal self-dual
representation of GL,, (F) such that L(7;, Sym?, s) has a pole at s = 0 and for i # j,
Ti ?ﬁ Tj.

Cogdell, Kim, Piatetski-Shapiro, and Shahidi [CKP-SS] gave the following local
Langlands functorial lifting.

Theorem 4.1 (Cogdell-Kim—Piatetski-Shapiro—Shahidi) There is a map I from
18 (S p,,) to 168 (GLy,.1). Moreover, the map I preserves local L and € factors with
GL-twists, namely,

Lo x m,s) = L(l(0) x w,s) €(o X mw,s,¢) =e(l(o) X m,s,1)

forany o € 19 (Sp,, ) and any irreducible generic representation T of GL(F) (k is any
positive integer).

Jiang and Soudry [JngS3] constructed the descent map from supercuspidal rep-
resentations of GL,,; to irreducible supercuspidal representations of Sp, ,, implying
the following theorem, which is one of the main ingredients of this paper, as we men-
tioned in the introduction.

Theorem 4.2 (Jiang-Soudry) The map lin Theorem[d1]is surjective.

Next, let us figure out the corresponding parameters of irreducible supercuspidal
generic representations of G.
The following is a result of Henniart [H2].

Theorem 4.3 (Henniart) The local Langlands reciprocity map for GL,,(F) has the fol-
lowing property: the gamma factor (¢, Sym?, s, ) (v(¢p, A?,s, 1), respectively) has
the same poles as the local gamma factor vy(r(¢), Symz, s,0) (Y(r(¢), A, s,1), respec-
tively) for any irreducible ¢ (i.e., r(¢p) supercuspidal), where r is the local Langlands
reciprocity map for GL,.

As in [JngS1], using Henniart’s result, we have the following proposition.

Proposition 4.4 (i) Assume T is an irreducible supercuspidal self-dual representation
of GL,,(F), having the local Langlands parameter ¢ that is an irreducible admissible m-
dimensional complex representation of W, and the local symmetric square L-function
L(r,Sym?,s) has a pole at s = 0. Then ¢ is orthogonal, i.e.,

¢(Wg) C SO,4(C).

(ii) Let ¢ = ¢ D¢, be an admissible, completely irreducible, complex representation
of Wr with the following property: Homy, (¢1 ® ¢,,1) = 0. Then ¢ is orthogonal of
and only if ¢1 and ¢, are both orthogonal.

Proof For part (i), by definition

L(r,Sym? 1 —s)

7,Sym?, s, 1) = e(T, Sym?, s, ) -
y(7, Sy Y) = e(7, Sy ¥) L7, Sym?.5)
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Since by assumption, the local symmetric square L-function L(7, Sym?, s) has a pole
ats = 0, so the gamma factor v(7, Sym?, s, ) has a pole at s = 1. Hence by The-
orem[4.3] the gamma factor ’y(qz, Sym?, s, 1) also has a pole at s = 1. Since we also
have

L(¢a Ssza 1 - 5)

&, Sym” = e(¢, Sym? 2
7(¢,Sym”, s, 1) = e(¢, Sym”, s, 1)) LG, Sym.5)

so the L-function L(¢, Sym?, s) has a pole at s = 0. Therefore, by definition of local
Artin L-functions, we can see that $(Wr) C SO,,(C), i.e., the parameter is orthogo-
nal; see [JngS1, p. 796] and [Ban2, p. 7].

For part (ii), it is easy to figure out that if both ¢; and ¢, are orthogonal, then
s0 is ¢. Conversely, first we know that ¢ is orthogonal if and only if Sym?(¢) has
We-invariant functionals. Since

Sym?(¢) = Sym?*(¢1) @ Sym*(¢,) © [b1 @ ],

and by assumption Homyy, (¢; ® ¢,,1) = 0, so the Wg-invariant functionals will
be nonzero on at least one of Sym*(¢,), Sym*(¢,). Without loss of generality, we
assume that there exists a nonzero Wgr-invariant functional that does not vanish on
Sym?*(¢;). Hence ¢, is orthogonal. Since ¢ is non-degenerate and ¢, is the comple-
ment of ¢, we conclude that ¢, is also orthogonal. This completes the proof. ]

Let ®¢)(Sp,, ) be the subset of ®(Sp,,) consisting of all parameters of type ¢ =
P, ¢i with the following properties:

(i) ¢ Fojpifi # js
(ii) foreachi, ¢; is an irreducible element in ®(Sp,, ) (or ®(50,,,)) for some non-
negative integer #;, i.e., ¢; is orthogonal.

Following from Theorem[4.3land Proposition[4.4] we have the following result for
irreducible, generic, supercuspidal representations of G.

Theorem 4.5 There is a surjective map ¢ from I1*®)(Sp, ) to the set ) (Sp, ). The
map v preserves the local factors as follows:
Lo x 7,5) = L(t(o) @ (1), 5),
(o x TS, @/1) =e((o) @ ril(’r)a s, 1)
for any o € T19(Sp,,) and any irreducible generic representations T of GLy.(F), with

allk, € Z~q. Here r=\(7) is the irreducible admissible representation of of Wr x SL,(C)
of dimension k., corresponding to T by the local Langlands reciprocity map for GLy_.

4.2 Discrete Series Generic Representations

First, we recall the description of the structure of square-integrable generic represen-
tations of G given in [Td, M2].
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Let P’ be a finite set of irreducible, supercuspidal, self-dual (unitary) representa-
tions 7 of GLi_(F). Assume that for each 7 € P/, there is a sequence of segments

Di(r) = [y %Mz D7) i=1,2,... e,
satisfying
(4.1) 2a;(t) € Z and 2bi(T) € 7>y,
and
(4.2) a1 (1) < bi(1) < ay(7) < by(1) < -+ < a, (1) < b, (T).

Let 09 be an irreducible supercuspidal generic representation of Sp,,,(F). Assume

the following hold:

(DS1) (C1) if L(c® x 7,5) has a pole at s = 0, then —1 < a;(7) € Z ~ {0}, for
1<i<es;

(DS2) (C0) if L(1, Sym?, 5) has a pole at s = 0, but L(c® x 7,5) is holomorphic at
s=0,thena;(7) € Z>¢,for1 <i < ey

(DS3) (C%) if L(7, A2,s) has a pole at s = 0, then a;(7) € —% +7Z>¢, for 1 <i <e,.

Then the unique generic constituent of
(43) (xrep X2, 3(Di(7))) 3 0

is square-integrable ([Td]). Assume that the element in (43) is in G. Then every
square-integrable generic representation of G is obtained in this way for a unique set
consisting of a finite set P/, segments {D;(7)[1 < i < e,,7 € P’} and a unique
generic supercuspidal representation o(® [M2, Proposition 2.1], satisfying condi-
tions (4.1)), (£2)), and (DS1)—(DS3).

Note that we say (7,0'?) satisfies (Ccv), where o € {0, 1,1}, if vET 1 0(® re-
duces, and v=°71 % ¢© is irreducible for all |B] # . And from [M1, Lemma 1.3], we
know that our (7, 0(®)) must satisfy one of (Ccv).

Remark 4.6 IfL(c'” x 7,5) hasa poleat s = 0 (case C1), then L(, Symz, s)hasa
pole at s = 0. We can see this from Theorem[4.5]and [M1, Proposition 3.1]. So, we
can see that (DS1) and (DS2) cover all possible cases, where L(7, Sym?, 5) has a pole
ats = 0.

Let IT)(Sp, ) be the set of all equivalence classes of irreducible discrete series
generic representations of G. Let I1%)(GL,,,;1) be the set of all equivalence classes of
irreducible tempered representations of GL;,+; (F) of the form

(4.4) St(7y,2my + 1) X St(13,2my + 1) X - -+ X St(17,2m, + 1),

where the balanced segments [v~™i7;,v™i7;] are pairwise distinct self-dual (i.e.,
7i = 7;) and satisfy the following properties. For each i,

(i) ifL(1;, A%, s) hasapoleats = 0, then m; € % + >0, or
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(ii) if L(7;, Sym?,s) has a pole at s = 0, then m; € 1.

Remark 4.7 An irreducible admissible representation p of GLy,.1(F) lies in
1) (GLy,,1) if and only if p is tempered and satisfies the following properties.
For any irreducible unitary supercuspidal representation 7 of GLi(F) with k =
1,2,....2n+1,

(1) if7 27, then L(p X 7,s) has no poles on the real line;
(ii) if7 2 7and L(p X 7,s) is not holomorphic, then

(a) if L(T, A%, s) has a pole at s = 0, then L(p x 7,s) has only simple poles,
whose real parts lie inside —3 + Z<y,

(b) if L(7, Sym?,s) has a pole at s = 0, then L(p x 7, s) has only simple poles,
whose real parts lie inside Z<.

Then we have the following theorem.

Theorem 4.8 There is a surjective map 1 (which extends the one in Theorem[d.2]) from
1) (s D,,) to 1) (GLyy41). Moreover, 1 preserves local factors

L(o x m,s) = L(l(0) x m,5), €(o xm,s,9) = e(l(o) x m,5,9),

forany o € 1'% (Sp,, ) and any irreducible generic representation 7 of GLy(F) with all
k € 7.

Proof Let p € II'¥%)(GL,,;). As in the proof in [JngS2], the idea is to use the poles
on the real line of the local L-functions L(p x 7, s), for all 7 in the set II*)(GLy) of
equivalence classes of irreducible self-dual supercuspidal of GL(F) (with k being any
positive integers), to determine the structure of the tempered representation p.

Let

P(p):={r € H(“)(GLk)\L(p x 7,s) hasapolein R, k € Z-}.
Then P(p) is finite. For 7 € P(p), we list the real poles of L(p x 7,s) as follows:
—mg (T) < -+ < —mp(7) < —my (1) < 0.

Putd, = 0if L(p x 7, s) is holomorphic for 7 irreducible supercuspidal (self-dual or
not). Let us consider the following subset of P(p):

A(p) = {1 € P(p)|L(r;,Sym?, 5) has a pole at s = 0, and d, is odd},
B(p) = {7 € P(p)|L(7;,Sym?, 5) has a pole at s = 0, and d, is even},
C(p) = {7 € P(p)|L(7;, A\*,s) has a pole at s = 0}.

By Remark[4.7, we have P(p) = A(p) U B(p) U C(p). And if 7 € A(p) U B(p), then
{mi(T)}f;l C Z>o; if T € C(p), then {mi(T)}fl;l - % +Z>o.

Since for 7 € A(p), d. is odd, for 7 € B(p), d; is even, and for 7 € C(p), we have
{mi(T)}f;l C % +7Z>0, the representation X ca(,)7 is a representation of GLyi1, k is
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an integer, 2k + 1 = ETGA(p

by Theorem 4.2, there exists an irreducible supercuspidal generic representation o*
(not necessarily unique up to equivalence) of Sp,,(F) such that

) k,. Since for 7 € A(p), L(7;, Sym?, 5) has a pole at s=0,

(4.5) 10) = X et
on GLyi, 1 (F). Let
Ao(p)7 ={1 € Alp) | d- = L and m; (1) = 0},
Ai(p) ={r € A(p) | d. > 3 and m; (1) = 0},
Ay(p) = {1 € Alp) | mi(7) > 1}.

Then they form a partition of A(p). For 7 € A;(p), let

d; —1
(4.6) Ay(7) = [y D yminMr] =12, TR
for 7 € Ay(p), let
(4.7) Ao(7) = 8[vr, v 7], Ay(r) = Sy g ymin Dz
, d; — 1
1=1,2,..., .
2
For T € B(p), let
(4.8) Ai(r) = o[y i D ymiOr] i=1,2,... %,
Similarly, for 7 € C(p), if d; is odd, let
(4.9) Ao(7) = 8lvz7, v D7) Ay(r) = gy~ Dp yrmin ],
, d; — 1
1=1,2,..., .
2
And for 7 € C(p), if d; is even, let
(4.10) Ai(r) = gy M ymir] =12, %,

Then, define

{1,2,...,d7;1}, in case (4.6));
I = {0,1,2,...7?}, in cases (£.7) and ([@9));
{1,2,...,‘12—7}, in cases (4.8) and (4.10)).

And let o, be the unique irreducible generic subrepresentation of

(Xreporanp Xjes. Aj(7)) 30

Actually, o, is a representation of G. It is now easy to see that the sequence of seg-
ments in (£6)—(@I0), together with o satisfy (1)), [2), (DS1)—(DS3), hence o,
is square-integrable.

As in [JngS2], we can see that the local factors are preserved. [ |
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Next we generalize Theorem 3] to IT“¢)(Sp, ).

Let ®“(Sp,, ) be the subset of ®(Sp,,) consisting of all the local Langlands pa-
rameters of type ¢ = D, ¢; ® Sym,+1, where ¢;’s are irreducible self-dual representa-
tion of Wy of dimension kg, and S,,,4+1’s are irreducible representations of SL,(C) of
dimension 2m; + 1, satisfying the following conditions:

(i)  the tensor products ¢; ® Sy,,+1 are irreducible and orthogonal;

(i) @i @ Sam;+1 and @j @ Syp;+1 are not equivalent if i # j

(iii) the image ¢(Wp x SL,(C)) is not contained in any proper Levi subgroup of
§50241(C).

The local Langlands parameters in &9 (Sp,, ) are called discrete.

Theorem 4.9 There is a surjective map  (which extends the one in Theorem[d3]) from
119 (Sp,, ) to the set @V (Sp,, ). The map ¢ preserves the local factors:

Lo x 7,5) = L(t(o) ® r~'(7),9),
(o x 7,5,19) = e((o) @ r(7),5,9)
forallo € H(dg)(SpM) and all irreducible generic representations T of GLy_(F), with all

k. € Zo. Here r~'(7) is the irreducible admissible representation of Wr x SL,(C) of
dimension k;, corresponding to T by the local Langlands reciprocity map for GLy._.

4.3 Elliptic Tempered Generic Representations

First we recall the classification of elliptic tempered generic representations of G from
[Hb] and [M2, Lemma 3.3].

Take any 0@ € 11 (Sp, ,,). Then by Theorem ES| there exists p@ €
1) (GL,,141) such that [(0?) = p@. By ([@&4) and the proof of Theorem &8} we
can write p' as follows:

i
2 = XI_ySt(T3,2m; + 1) = Xogp(p)) x5, St(r,2m;(1) +1).

Let 31, ..., 0. (with possible repetitions) be irreducible, self-dual, supercuspidal
representations of GLy,, (F), ..., GLy, (F), respectively. Take a sequence of pairwise,
inequivalent, square-integrable representations

{St(ﬁi, 2e; + 1)}5:1, 2e; € Zzo
of GLy, e+1)(F)(i=1,2,...,¢), such that
St(B;,2e; + 1) & {St(r;,2m; + 1)[1 < i < r},

and one of the following properties holds:
o St(Bi,2e;+1) € Az(p(z)), which implies that e; = 0;
o L(c'® x B;,5) hasapoleass = 0and ¢; > 1;
e L(f;,Sym?,s) has a pole at s = 0, L(c® x f3;, 5) is holomorphic at s = 0, and
€ € L>0;
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o L(Bi,A* s)hasapoleats =0ande; € 5 + Z>,.

Then the unique generic constituent o of
(4.11) St(Br,2e1 +1) X -+ x St(Be, 2.+ 1) x 0P

is an elliptic tempered representation of Sp,, (F) (n = n"' + >_:_ (2e; + 1)kg,).

This is the way that all elliptic, tempered, generic representations of G are obtained
and the inducing data {St(0;,2¢; + 1)}¢_, and o? are uniquely determined ([M2]).

Recall that '*) is the irreducible supercuspidal generic representation of Sp,, , (F)
such that I(0'”) = X, c4(,0)7 as in @3).

Let I1¢8)(Sp, ) be the set of equivalence classes of irreducible, elliptic, tempered,
generic representations of G. Let 18 (GL,,4,) be the set of equivalence classes of
tempered representations of GL,,+; (F) of the form

(4.12) St(A1,2hy + 1) X St(A, 2k +1) X -+ - X St(Af, 2hf + 1),

where each representation St(\;, 2h;+1) in (£12)) is self-dual and appears either once
or twice, and satisfies the following conditions. For each i,

(i) if L(\;, A%,s) hasapoleats = 0, then i; € % +Z>0;
(i) if L(A;, Symz, s) hasa pole ats = 0, then h; € Z>.

Theorem 4.10 There is a surjective map | (which extends the one in Theorem [£.8))
from H(Etg)(szn) to 1) (GL,,4,) and satisfying:

L(o x m,5) = L((0) X 7,5), €(o xm,5,9) = e(l(o) X m,5,9),

for any o € 119 (Sp, ) and any irreducible generic representation m of GL(F) with
allk € Z~,.

Next let us write down the parameters of representations in I1¢¢)(Sp, ). Let
CHEN P,,) be the subset of ®(Sp,,) consisting of elements of the form

¢ = [éa P ® SZe,-+1:| D Qo0 D [éa ®i @ Saeie1
i=1 i=1

with the property that the image ¢(WpxSL,(C)) is a proper Levi subgroup of Sp,, (C)
if and only if ¢ # 0, where ¢, is the parameter corresponding to the irreducible,
square-integrable, generic representation 0® occurring in o. Then we have the fol-
lowing result.

Theorem 4.11 There is a surjective map 1 (which extends the one in Theorem [£.9))
from T1®8)(Sp, ) to the set ®“¢)(Sp, ). And the map 1 preserves the local factors:

Lo x 7,5) = L(t(o) @ r~ (1), 5),
(o x 7,5,1) = e(ulo) @ r71(1),5,1)

for all o € T1“")(Sp,, ) and all irreducible generic representations T of GLy, (F), with
all k; € 7. Here r~'(7) is the irreducible admissible representation of Wg X SL,(C)
of dimension k-, corresponding to T by the local Langlands reciprocity map for GLy .
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4.4 Tempered Generic Representations

First we recall Muic’s description of tempered generic representations of G. Let
o) ¢ H(“g)(SpM,,), then by Theorem there exists p) € T18)(GLy,rr141)
such that p{® = I(c(®). We keep the notation, describe o) as the unique generic
constituent of ({11)), and express p'®) = I(c(*")) as (@12).

Let n1, 72, ..., na (with possible repetitions) be irreducible, unitary, supercuspi-
dal representations of GLy, (F), GLy,, (F),..., GLk"d (F), respectively. From these 7/,
take a sequence of irreducible square-integrable representations {St(;, 2p; + 1)}%_,
of GLy,, epirny(F) with 2p; € Z>pand i = 1,2, ..., d, satisfying one of the following
properties:

. St(ni,2pi +1) € {St(ﬂj,Zej + 1)|1 < ] < C};

° St(n,-,Zp,- + 1) S {St(Tj,Zm]‘ + l)ll < ] < T};

o N ENis

o L(mi, A% s)hasapoleats = 0and p; € Z>0;

o L(n;, Syrnz, s)hasapoleats=0and p; € % + 7.

Then the induced representation
0 = St(n1,2p1 +1) X St(1y,2p, + 1) X -+ X St(ng, 2pg + 1) x ¢

is an irreducible tempered generic representation of

d
Sp,,(F) <n =n""+> k,(2pi+ 1)) :

i=1

This is the way that all irreducible, tempered, generic representations of G are
obtained, and the inducing data {St(;, 2p;+1)}¢_, and ¢ are uniquely determined
up to replacements St(n;, 2p; + 1) <> St(n;, 2p; + 1) in case n; 2 1;, (M2, Theorem
4.1]).

Let 11" (Sp,, ) be the equivalence classes of irreducible, tempered, generic rep-
resentations of G. Let TI"®(GL,,,,) be the set of equivalence classes of tempered
representations of GL,,+1(F) of the form

(4.13) St(A1, 2y + 1) X St(Ag, 2hy +1) % -+ x St(As, 2hy + 1),

where Aj, A;,... Ay are unitary supercuspidal representations, and 2h; € Zx, such
thatfor1 <i < f:

(1) ifN 2 )Ti,, then St(\;, 2h; + 1) occurs in (£.13) as many times as St()?i, 2h; +1)
does;

(ii) if L(A;, A%, s) has a pole at s = 0, and h; € Z>, then St(\;, 2h; + 1) occurs an
even number of times in (4.13));

(iii) if L(A;, Symz, s)hasapoleats =0,and k; € % +7Z>, then St(\;, 2h; +1) occurs
an even number of times in (£.13)).

https://doi.org/10.4153/CJM-2011-017-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-017-2

Genericity of Representations of p-Adic Spa, and Local Langlands Parameters 1121

Theorem 4.12 There is a surjective map | (which extends the one in Theorem [4.10Q)
from H(’g)(SpM) to TI(GLyys1). And 1 preserves local factors:

L(o x m,s) = L((0) x m,5), €(o xm,s,9) = e(l(o) x m,5,9),

for any o € I8 (Sp,, ) and any irreducible generic representation  of GL(F) with all
k E Z>0.

Next, we write down the parameters for representations in II*¢)(Sp,, ).
By Theorem 12} for each o € 11" (Sp, ),

(o) = St(n,2p1 + 1) X -+ X St(na, 2pa+ 1) x [(c'®)

Sty 2pa + 1) X -+ X St 2p1 + 1).

Then the local Langlands parameter of o is

d —
¢0("’) D @[¢"Ii X SZp,H D (Z)m X SZp,»+1] .

i=1

Let ®)(Sp,,) be the subset of ®(Sp,,) consisting of the local Langlands param-
eters ¢ with the property that ¢(Wp) is bounded in SO,,4;(C). The parameters in
®1)(Sp,,) are called tempered. Then we prove the following result: the local Lang-
lands parameters corresponding to representations in I1¢)(Sp,, ) are exactly the tem-
pered parameters.

Theorem 4.13 There is a surjective map 1 (which extends the one in Theorem [L11])
from T1U8)(Sp, ) to the set ) (Sp,,). It preserves the local factors:

L(o x 7,5) = L(t(o) @ r (1), 9),
(o x 7,5,1) = e(ulo) @ r71(1),5,1)

forall o € T18)(Sp, ) and all irreducible generic representations T of GLy,_(F), with all

k. € Zo. Here r~1(7) is the irreducible admissible representation of Wr x SL,(C) of
dimension k;, corresponding to T by the local Langlands reciprocity map for GLy._.

The basic idea of the proof is that, given a ¢ € ®(Sp,, ), compose it with the
embedding SO;,+1(C) < GLy,4+1(C), then it is a 2n + 1-dimensional representation
of Wr x SL,(C). Then, we can decompose ¢, since it preserves a non-degenerate
symmetric bilinear form.

4.5 Generic Representations

First, we continue with Muic’s description of generic representations of G.
We consider self-dual representations of GL,,+1(F) of the form

5(21) X -+ X 8(2p) x pP x 8(Tf) x -+ x 6(%)),
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where p*) is an irreducible self-dual tempered representation of GL,,-,(F) and

(414) E1 = [Vﬁqlglaviqﬁmgl]v
¥, = [T BG, v BTG,

Np= v v U],

where &1, &, ..., &y are irreducible, unitary, and supercuspidal, with possible repeti-
tions, q; € R, w; € Z>¢,and q; # 5.

Assume that p) € T1®)(GLy,+41). Then by Theorem E12] there exists a o) €
11 (Sp,,..) such that [(c) = . Let p? be the lift of the irreducible square-
integrable generic representation o?, which is related to o). Let 0'® be the irre-
ducible, generic, supercuspidal representation occurring in @ whose lift is denoted
by [(c@) = p©. Then, by Theorems 42} A8} and[£12) the representation p®
is completely determined up to isomorphism by the following three families of irre-
ducible square-integral representations of GL,.(F):

(4.15)  {St(rj,2m;+ DYooy, {St(Bj,2e;+ )Yy, {St(n;, 2p; + D},

Definition 4.14 Let {Ej};;l and p®) be given as above. Then the sequence {Ej}]f.zl

is called an Sp,, -generic sequence of segments with respect to p*) if it satisfies the
following conditions:

(i) the segment X; is not linked to either ¥; or i\; for1 <i#j<f;
(i) for1 < i < f, 3 is not linked to any segment, which corresponds to a repre-
sentation in any of the families

{St(Tj,ij + 1)};:17 {St(ﬁ],Ze] + 1)};-:17 {St(’l7]7 2p] + 1)}{11-:17
{St(nj, 2pj + Dlnj # 0y, 1 < j < df;

(iii) one of the following three conditions holds

(@) & % &

(b) %; is linked to an element of A,(p'?),

(©) (&, 0D is (Ca) (v = 0, %, 1),butta & {—q;, —qi+1,...,—q; +w;}, that
is

(3C1) if L(c'® x &,5) hasa pole at s = 0, then
1 ¢ {~qi,—qi+1,...,—q +w};
(3C0) if L(&;, Sym?, s) has a pole at s = 0, but L(c'® x &, s) has no pole at
s=0,then0 & {—qi,—qi+1,...,—qi +wi};
(3C1) if L(&;, A%, 5) has a pole at s = 0, then

:t% g {—q,‘, —qi + 1, e, t Wi}.

https://doi.org/10.4153/CJM-2011-017-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-017-2

Genericity of Representations of p-Adic Spa, and Local Langlands Parameters 1123

Given a Sp,,-generic sequence of segments, put m; = 6(3;),i = 1,2,..., f, then
the representation o of G defined by o := m x m X -+ X 7 X o® is irreducible
and generic. Moreover, all irreducible generic representations of G can be obtained
in this way. And the set {7, 7,..., 7y, o™} is uniquely determined ([M2]). After
rearranging the data, if the exponent of §(X;) is negative, then replace X; by i to get
a positive exponent. We may assume that the exponents of §(%,),6(%,),...,d(X¢)
are positive and in non-increasing order (the Langlands inducing data), i.e.,

w
W >%—qp>--->3 —gp>0.

Let IT®(Sp,, ) be the set of equivalence classes of irreducible generic representa-
tions of G. Let II®)(GL,,,) be the set of equivalence classes of irreducible self-dual
representations of GLy,+1(F), which are Langlands quotients of representations

(4.16) 5(21) X -+ X 8(2p) x p¥ x 6(Tf) X -+ x 6(%),

where {Z j};; , are of the form ([@14); &1, &, . . ., £f areirreducible unitary and super-

cuspidal with possible repetitions, g; € R, w; € Z>¢, g; # %', and p"" is determined
by three families of irreducible square-integrable representations of the form (4.15]
satisfying the following:

i) B-q=2%-q@==%3-q>0

(ii) The only possible linkages among the segments

217225"'72155}7'”75;75;

may occur between ¥; and ENi for some index i.
(iii) The representations 6(%;) x p) and & (fi) x p®) are irreducible forall 1 < i < f.
(iv) Assume &; is self-dual and 2q; € 7Z, such that if L(&;, A, s) has a pole at s = 0,
then g; € % + 7, and if L(&;, Sym?, s) has a pole at s = 0, then g; € Z. Then ¥;
is not linked to fi. Moreover, if L(p'® x &;,s) has a poleats = 0,and g; € 7,
then —q; > 2,0rq; = —1and & € A,(p?).

Theorem 4.15 There is a surjective map 1 (which extends the one in Theorem [£.12))
from T1€ (S D,,) to € (GLy,11). And it preserves the local factors

L(o x m,s) = L(l(0) x m,5), €(o xm,s,9) = e(l(o) x m,5,9),

forany o € 11®€(Sp,, ) and any irreducible generic representation 7 of GL(F) with all
k E Z>0.

Remark 4.16 The irreducibility of ([418)) is equivalent to the genericity of p = (o).

At last, we write down the corresponding parameters.
Let d®(S p,,) be the subset of ®(Sp,,) that consists of elements of the form

f v
o =)@ [T E) @ Swn @ |17 HE) @ St |
i=1
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where the sequence {3; = [v™U;, v= Ui j]}j;l is an Sp,,-generic sequence of
segments with respect to p') = I(¢")), ¢ is the reciprocity map given in Theorem[Z.13]
for irreducible, tempered, generic representations in 18 (Sp, ); r is the reciprocity

map for GL.(F), and | - |° is the character of Wg normalized as in [T] via local class
field theory.

Theorem 4.17 There is a surjective map  (which extends the one in Theorem [4.13])
fromTI®(Sp,, ) to @& (Sp, ). The map v preserves the local factors:

Lo x 7,5) = L(t(o) @ (1), ),
elo x 7,5,1) = e(t(o) @ (1), 5,),

forall o € 1€ (Sp,,) and all irreducible generic representations T of GLy_(F), with all
k. € Z-o. Here r='(7) is the irreducible admissible representation of Wr x SL,(C) of
dimension k; corresponding to T by the local Langlands reciprocity map for GLy .

5 Representations Attached to Parameters

In this section, as in [JngS2], we associate one irreducible representation of G with
each local Langlands parameter ¢ € ®(Sp,,,). The key idea is to analyze the structure
of each local Langlands parameter.

Proposition 5.1 Givena ¢ € ®(Sp,,). Then either p € @1 (Sp,,), or

(5.1) ¢ =0 @,

where ¢\ € <I>(t)(8p2n*) (n* < n) and ¢\ € ®(SOy,_ =), which is of the form
(5.2) " = é |70 6 © Syt @ |- 197 % @ S| »

where f € 70, Wi, W2, ..., Ws € L0, q1,q2,---,q7 € Rsuch that for 1 <i < f,
qi # %, @i is an irreducible bounded representation of Wy, and for 1 <i < f — 1,

T—qi > —qin >0,
| - | is the character of Wi normalized as in [T] via local class field theory.

Proof Given aparameter ¢ € ®(Sp,,),assume V = C*"*! is the corresponding non-
degenerate orthogonal space of dimension 2# + 1, with an orthogonal form (-, -).

Let V; be the direct sum of all irreducible subspaces, which are stable under the
action of Wg x SL,(C) and in which ¢(WFp) is bounded. Let V, be the direct sum of
all irreducible subspaces, which are stable under the action of Wr x SL,(C) and in
which ¢(Wrp) is unbounded. Then V = V| & V,.

As in [JngS2], one can see that both subspaces V; and V, are non-degenerate with
respect to the restriction of the non-degenerate orthogonal form (-, - ).

Denote by o" the sub-representation of Wy x SL,(C) on V;, and by qﬁ(”) the sub-
representation of Wg x SL,(C) on V. Then there are two cases:
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(i) ¢® e ®V(Sp,,.) and 9" € B(SOy(u—p+))s
(ii) ¢ € ®V(SOy+) and 9™ € B(Spy,_e))-

We want to prove that the case (ii) cannot occur. Otherwise, ¢ is an odd dimen-
sional orthogonal representation, decompose it into irreducible representations

¢(n) — @ | . |—Qf+7i¢i ® Syit1-

=1

Since ¢ is an orthogonal representation, it is stable under the involution 6(g) =
J~1g"~!], where J is the orthogonal form of order 2(n — n*) + 1, that is, a square
matrix of order 2(n — n*) + 1 whose second diagonal are 1 and 0 elsewhere. So,
either 0 send |- | =%+ ¢y ® S,y,41 to itself or to |- |5~ ¢; @ Sy, 41. Since o™ is odd
dimensional, there exists 7 such that

g+ 0 a4V
(l‘ ql+2¢i®sw,‘+l) =] q’+2(f)i®swi+1.

But, since S,,+1 is self-dual,

(1% 6, © Swn) = (1777 6,)" @ Supar.
On the other hand, ) N
(117" %) =" 2 gy

So, —gi+% = qi—*%,and ¢; = ;. Hence —q; + % = 0, which means | - |79+3 ¢ @
Swi+1 = ¢i ® Sy,+1 1s tempered, a contradiction!

Therefore, we can see that ¢ € <I>(t)(Sp2n* ), and ¢ is of the form (5.2). This
completes the proof. [ ]

Let IT'(Sp,,) is the set of equivalence classes of irreducible admissible representa-
tions of G, which are Langlands quotients of induced representations

§(21) X 0(%p) x -+ x 8(2f) 1 a?,

where o) is an irreducible generic tempered representation of Sp,,.(F), and
¥1,%,,. .., 2 are imbalanced segments, whose exponents are positive and in non-
increasing order.

Then we have the following result, which is Theorem[L.1]

Theorem 5.2 There is a surjective map v (which extends the one in Theorem [L.13])
fromII'(Sp,,) to the set &(Sp,, ). And it preserves the local factors

Lo x 7,5) = L(t(o) @ r~ (1), 5),
(o x 7,5,1) = e(ulo) @ r7 (1), 5, ),

forall o € 11'(Sp,,) and all irreducible admissible representations T of GLy, (F), with
allk, € 7~¢. Here r—1(7) is the irreducible admissible representation of Wr x SL,(C)
of dimension k., corresponding to T by the local Langlands reciprocity map for GLy .
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Proof Givena ¢ € ®(Sp,,), by Proposition[5.1} it can be written as ¢ = ¢! & ™.
By Theorem 13| there exists o) € T18)(Sp,, . ) such that

(5.3) L) = ¢,
Using the local Langlands reciprocity map r for GLy(F), define
(5.4) = [v (), v ()], 1 < i< f.

Let o be the Langlands quotient of the induced representation §(3;) X d(3;) X
... 0(2¢) x o), and define 1(0) = ¢. [ ]

6 A Conjecture of Gross—Prasad and Rallis

In this section, we give an application of the above results to a conjecture of Gross—
Prasad [GP] and Rallis [Ku]. For general formulation and discussion of this con-
jecture, see [JngS2]. We will prove the Sp,, -case of this conjecture; the method is
the same as in [JngS2]. Note that for G = Sp,,, ¢ is generic if the representation o
attached to ¢ in Theorem [5.21is generic. By the classification of irreducible generic
representations of G = Sp,, (F) in [M2], we have the following characterization of
the genericity of the local Langlands parameters of Sp,, .

Proposition 6.1 For any local Langlands parameter ¢: Wr x SLy(C) — SOy,41(C),
the representation o attached to ¢ in Theorem 5.2 is generic if and only if ¢ and
(i =1,2,...,f) defined in and satisfy the conditions of Definition [4.14]
(with p') = 1(c®)).

The following theorem is the G-case of the conjecture, which is Theorem[L2]stated
in the introduction. It gives a criterion for determining the genericity of the repre-
sentation attached to each ¢ in Section 5.

Theorem 6.2 For any local Langlands parameter ¢: Wg X SL,(C) — SO5,41(C),
the representation o attached to ¢ in Theorem[5.2]is generic if and only if the associated
adjoint L-function L(Adso,,,, © ¢, s) is regular at s = 1.

Proof Step (1). Assume that o is generic. Write ¢ = ¢¥) @ ¢ as in (5.I) and (5.2).
Put

f Wi .
0= 7 @S-
i=1
Then, o™ =0 @ 0, and we have the following decomposition of L(Adso,,,, © ¢, s)

L(Adso,,, © ¢,5) = L0 ® 0,5)L(0 ® ¢, 5)L(O ® ), 5)
(6.1) - -
- L(Adso,,.,, © ¢, s)L(A* 0 0,5)L(A* 0 0,5).

We will show that each factor in the above product is holomorphic at s = 1.
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By Theorems[4.12land [£.13]and by [HT] and [H1], we have

L0 ®6,s) = L(r(0) x r(B), s),
LA ® ¢W,s) = L(r(0) x p,s),

LO® ¢, s) = L(r(0) x p,s),

where p) = I(6®), ¢ = y(c®), and () = 6(X;) x --- x d(Xy). By Definition
[EI4(i) and (ii), the representations () and 7 = r(f) x p'* are irreducible and
generic; assume that 7 is a representation of GL,, (F). Then from the known GL,-case
of the conjecture, we know that L(m x 7,s) = L(AdGLnl o r~!(m), s) is holomorphic
ats = 1. On the other hand, L(7 x 7, 5) has the following decomposition

(62) L(m x 7,5) = L(r(0) x r(0), s)L(r(0) x p©,s)L(r(0) x pV,s)
CL(Y x P, 5).
Since the last L-factor in (6.2)) does not vanish ats = 1,
L(r(8) x r(8),)L(r(8) x p, )L(r(8) x p,s)

is holomorphic at s = 1. Note that this product occurs in (&.1)).

From Theorem[5.2} we know that p = I(¢®) is an irreducible, tempered, generic
representation of GLy,«4(F). Then from the known GL,-case of the conjecture we
have N

L(p® x p,5) = L(Adar,,., © 6,9)

is regular at s = 1. Since as polynomials in =%, L(Adso,.,, o ¢'*,s)~! divides
L(Ade,,.,, © oW 571, L(Adso,,.,, © #®, 5) is holomorphic at s = 1.

From Proposition [5.0] we know that 6 has positive exponents, so the L-function
L(0®48, s) is holomorphic at s = 1. Since L(f ® 0, s) = L(Sym?* of), s)L(A? 00, 5), and
L(Sym? of, 5) does not vanish at s = 1, L(A? o 6, s) must be holomorphic at s = 1.

At last, we have to show that L(A? o 5, s) is regular ats = 1. Let 0; = ¢; ® Sy,+1»
then we have the decomposition

~ f -~
L(AN*00,s) = [[ LIA* 0 0;,5 — w; + 24;)

i=1

~ ~ w; +w;
[I L(9i®91‘75— ]+qi+6b')-
1<i<i<f 2

For1 <i < j < f, by [JngS2, (0.17)], we have

ANy Wi +w; -~ = Wi+ w;
L(G,-@Hj,s— 2 +qi+qj) :L(Sti®5tj,s— 5 +qi+qj)

= L(8(5) x 6(%)),5),
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where 6(2~3i) = ti—%?i,
By [JngS2, Proposition 7.1], the following statement is true: for i < j, 3J; and X;
are linked if and only if
L(6(%;) x §(Z~j)75)L(5(Zj) x 8(7),s)
has a poleats = 1. N
Since there is no linkage between ¥; and X; (Definition £14(i)), so by the state-
ment above, we have that L(5(2~]i) X 0(X), s) is holomorphic at s = 1; that is,

Wi

L(9i®9]’75—w 2 +qi+qj>

is holomorphic at s = 1.
Next, we want to calculate the L-factor L(A? 0 §;,z) fori = 1,2,...,fand z =
s — w; + 2q;. First, we know that

A2 0 (¢ ® Syir1) = (A2 0 @) @ (Sym? 0S,,11) ® (Sym? 0¢7) @ (A2 © Syi1).

The following formula can be found in [FH]:

(7]
SymZ (Symm (CZ) — @ Sym2m74k (C27
k=0

(2]
/\Z(Symm (Cz) _ @ SymZ(m—l)—4k 2.
k=0

And since S,,,.+; is the irreducible representation Sym"* of SL,((C),
~ (5] , ~
A2 0 (61 @ Sut) = | (N0 6) @ Spyy i
k=0
(M)

& [ &b (SYm2 Oégi) & Sz(w,-—l)—4k+1:| .
k=0

Therefore,
- (%] -
(6.3) L(A? 0 6;,z) = [] LIA* 0 ¢;, 2+ w; — 2k)
k=0
(M) -
- TI L(Sym?o¢;,z+w; — 2k — 1).
k=0
That is,

_ (3 -
(6.4) L(A*00;,s—wi +2q;) = [] LIA* 0 ¢, 5+ 2q; — 2k)
q | q
=0
Q=Y

- I L(Sym? 0<Z,-,s+ 2g; — 1 — 2k).
k=0
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We assume that ¢; is self-dual since if ¢; is not self-dual, then all these L-factors in
(€&4) are holomorphic on the real line, and in particular at s = 1.

From Theorem @3} we know that L(Sym? o¢;, z) has a pole at z = 0 if and only if
L(r(¢;), Symz, z) has a pole at z = 0 and L(A? o ¢;, z) has a pole at z = 0 if and only
if L(r(¢;), A, z) has a pole at z = 0.

If L(r(¢;), A%, s + 2q; — 2k) has a pole at s = 1 for some 0 < k < (5], then
1 +2g; — 2k = 0, since r(¢;) is an irreducible self-dual supercuspidal representation

of GL,(F). So that
(6.5) —qi=3—kej+7_.

Since —g; + w; > —q; + 5 > 0, we know from (6.3) that —g; + w; € % + Z>¢. Since
by ©35), —g; < 1, we can see that

% S {—q,’,—qi-l- 1,...,—qi+W1'}.

This contradicts Definition [£.14(iii)(c). On the other hand, Definition [A14liii)(a)
and (b) are not valid, so we can see that L(r(¢;), A\, s + 2q; — 2k) is holomorphic at
s=1,forall0 <k < [%].

If L(r(¢;), Sym27s +2g; — 2k — 1) hasapoleats = 1, for some 0 < k < [W"T_l],
then —q; = —k € Z_. So —q; + w; > 1. Then we can see that 0,1 € {—¢q;, —q; +
1,...,—qg;+w;}. This contradicts Definition 4.14)(iii)(b) and (c). On the other hand,
Definition @ T4\iii)(a) is not valid, so, we can see that L(r(¢;), Sym?, s+ 2¢q; — 2k — 1)
is holomorphicats = 1 forall 0 < k < [W"T*l].

Therefore the adjoint L-function L(Adso,,,, © ¢, s) is holomorphic at s = 1 when
¢ € ®(Sp,,) is a generic parameter. Hence, Step (1) is proved.

Step (2). Assume that the adjoint L-function L(Adso,,,, © ¢, s) is regular at s = 1, we
will prove that ¢ is generic.

Assume that ¢ is not generic, then p') = I(¢”) and X;(i = 1,2,..., f) do not
satisfy the conditions in Definition [£.14] We will consider all the cases one by one.

If Definition [14L1) is not satisfied, then there exist 1 < i # j < f, such that 3};
is linked to 3J; or ilv] Then, from the proof of Step (1), we know that the product
(6.6)

L(8(5) x 8(2)),5) L(8(2)) x 8(Z:), ) L(6(Z) x 8(2),5) L(8(Z7) x 8(2)), 9)

has a pole at s = 1. This means that L(Adso,,,, © ¢,s) has a pole at s = 1, but the
product in (6.6) is a factor in L(Adso,,,, © ¢, ), a contradiction!

If Definition[14(ii) is not satisfied, then the representation r(8) x p* is reducible
and its Langlands quotient 7 is non-generic. Then following from the GL,-case of
the conjecture, we know that the product in has a pole at s = 1. And, since
the last factor is holomorphic at s = 1, the pole at s = 1 must occur in the product
of the first three factors. On the other hand, the product of the first three factors
occurs in L(Adso,,,, © ¢, ), so we can see that L(Adso,,,, © ¢,s) hasapoleats =1,a
contradiction!

If there is an integer 1 < i < f such that Definition 8.1(iii) is not satisfied, then ¢;
is self-dual; ¥3; is not linked to an element of A;(p®), and r(¢;) does not satisfy con-
dition (iii)(c), where p» = I(¢?) and o® is the irreducible discrete series generic
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representation occurring in o). Let o(” be the irreducible, supercuspidal, generic
representation occurring in 0%, Put & = r(¢;), then &; is self-dual.

Assume that (&,0() is (C1), but one of +1 € {—gq;, —q; + 1,...,—q; + w;}.
Then, g; € 7. Since L(§;, Symz, s) has a pole at s = 0, (6.3) will have a pole at s = 1 if
there exists one 0 < k/ < [W"T_l] such that

14+2g; —2k' —1=0,

thatis k' = g;. If g; < 0, then ¢; < —1, and so —g; > 1; this means —g; = 1. Since
L(p® x &, s) has a pole at s = 1, this means Y; is linked to an element of A(p'?).
Then ¥; is linked to an element of Ag(p®) UA,(p?). So, ¥; is linked to a segment of
p'"), which means Definition£14(ii) is not satisfied. But, in this case, we have already
shown that L(Adso,,,, © ¢, s) has a pole at s = 1, a contradiction! So, we have g; > 0.
Since q; < %, we have

s — 1
og%s[wz y%ez

So, the second product of (6.3) has a pole at s = 1, for its factor corresponding to
k' = q; has a pole at s = 1, a contradiction!

If (&,09) is (CO), but 0 € {—gq;,—q; + 1,...,—q; + w;}, then we can see that
gi € 7. So, —q; < 0; thatis, g; > 0. On the other hand, q; < %, so, we have
0<g < [W"z_1 l,gi € Z. Then as in the last case, we can see that the product (6.3)
has a pole at s = 1, a contradiction!

If (&, 0)is (C%),but one ofi% €{—qi,—qi+1,...,—qi+w;}. Theng; € %+7L
and —¢q; < % Thatis g; + % > 0. Since L(&;, A%, s) has a pole at s = 0, (&3 will have
a pole at s = 1 if there exists one 0 < k' < [%] such that 1 + 2g; — 2k’ = 0; that is,
K=q+ % On the other hand, g; < %, so we have

0<gi+;<[¥lg€i+L
So, for the same reason as above, the product (6.3]) has a pole at s = 1, a contradic-

tion!
Therefore, ¢ is generic. This completes the proof. ]

7 Genericity and Arthur Parameters

The local Arthur parameter (A-parameter) for G is of the following form (direct sum
of irreducible representations):

Yt Wi X SLy(C) x SLy(€C) — $O2,41(C)
k
,(/) = @¢i®smi ®Sm7
i=1
satisfying the following conditions:

(i)  ¢i(Wp) is bounded and consists of semi-simple elements;
(ii) the restrictions of ) to the two copies of SL,(CC) are analytic.

https://doi.org/10.4153/CJM-2011-017-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-017-2

Genericity of Representations of p-Adic Spa, and Local Langlands Parameters 1131

By Arthur’s conjecture (see [A]), for each A-parameter ¢, there is a conjectual
A-packet corresponding to v, which is also a finite set of II(G) satisfying certain
conditions.

For each A-parameter v, Arthur associated a local Langlands parameter (L-para-

meter) ¢y, as follows
¢u(W,x):w<vaa (|W|2 0_1>)7
| 0 w2

smesimas( (M VL)) = @ e s,
j n;l

and

Arthur also showed that ¢ — ¢y, is injective.
Let R(G) be the Grothendieck group of the category of all smooth finite length
representations of G, then the Aubert duality operator Dg on R(G) is defined as fol-

lows (see [Aub])
G

Dg = Sgca (=D, o1,
where A is the set of simple roots, My is the standard Levi corresponding to the subset
0, i, and r§y, are normalized induction and Jacquet functors, respectively. For any
o € II(G), let ¢ = £Dg(0) take the sign such that & is a positive element in R(G).
This is called the Aubert involution of o.

In this section, first, given any o € (s D,,) with L-parameter ¢,, we will com-
pute its Aubert involution & and the corresponding L-parameter ¢z. Then we will
show that for each A-parameter 1) and the corresponding L-parameter ¢y, the rep-
resentation attached to ¢, in Section 5 is generic if and only if ¢, is tempered, i.e.,
Theorem[L3] And if ¢, is tempered, then there is also an A-parameter 7:/; such that
¢7 = ¢5,and ¢ and 1//; are symmetric. Ban proved the SO,,,11-case of these results in
[Ban2]; we use the same method.

Denote
Xrepr {2y 8(Di(T)) = x|, 6(5)),
{88, 2¢; + DYy = {0(5) Hogers
{St(nj,2p; + DY, = {6001,
{5(21')}{:1 = {6(Zi)}’zl‘):m+17
XreA(pnT = {5(21')}?:1)“7
where &; = [v=%7;, vbir;].

Letl; = {1,...,](},[2 = {k+l,...,l},l3 = {l+l,...,m},14 = {m+1,...,p},
IL={p+1,...,q},andI] = {i € }|a; > 0}, [, = {i € I1]a; = —l},IS’ =L/{je
Is|tj = 7, forsomei € I'}, I =LLUL UL Ul Iy = {i € 1|0 € [—a;, b;]}.
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For j; € [—a;, b;], ji # 0,lete;, = 1if j; > 0,and let ¢;, = —1if j; < 0. Rewrite
the multiset {(|ji|,€;,)|i € I, ji € [—a;, bil, ji # 0} in a non-increasing order with
respect to the first j;, denote the ultimate set by {(«, €1), . . ., (o, &) }. For s = | jil,
let 7,, = 73, and
Ta,, ifas=1,

Towy ifas=—1.
Let 0’ be the unique generic constituent of X;ej, 7; X o,

Lemma 7.1 We have that G is the Langlands quotient of the following induced repre-
sentation
€

3l Oy —€p A/
v TalX"'XV Tat><10'.

Proof Let
o1 =W X X YT R) X e X (VbPTp X e X YTUT,) X o,

By the classification theory of generic representations of G in Section 3, o is a
subrepresentation of 0. Then by [Ban1, Corollary 4.2], 7 is a quotient of ;.

By the Langlands classification theory of representations of G, we can write & as
the unique Langlands quotient of the induced representation

v Sty X -+ X vﬂZStz X 07,

where the St;’s are irreducible square-integrable and o is irreducible tempered, and
pr=>-2>p6,>0.

Since the Aubert involution commutes with parabolic induction in the Grothen-
dieck group and o = & [Aub], o is the unique irreducible generic constituent of

vISH x o x vTESE, 16,

where §t\1 is the Aubert involution (i.e., the Zelevinsky involution) of St;. Then from
[Rod, Theorems 2 and 3] or [M2, Lemma 1.2], both §E and &, are generic. On the
other hand, for each 1 < i < z, §t; is an irreducible, square-integrable, generic
representation, by [Z, Theorem 9.7], §Z is generic if and only if it is supercuspidal,
i.e., St; is supercuspidal.

Since o, is irreducible tempered, it can be written as a subrepresentation of the
induced representation St;;; X --- x St,, X 03, where St;’s and o3 are all square-
integrable.

By [Jan, Theorem 1.1], o3 can be written as a subrepresentation of

O(Byr1) X - X 8(X,) Oy,

where oy is supercuspidal and X;’s, o4 satisfy the conditions of [Jan, Theorem 1.1].
Then &, is the unique generic constituent of

Stor X .Sty X ((Sp1) X -+ x ((,) X 63,
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where ((3;) = (@, w+ 1 < k < u. Note that 3, = 04. By a similar argument
as above, we can see that Stj, z+ 1 < j < wand 6(3), w+1 < k < uare all
supercuspidal. By the proof of [BZh, Lemma 4.2], we can see that {w+1, ..., u} = &.
Therefore, 7 is a subquotient of

o5 = VISt X -+ X VSt X Styey X -+ X Sty X 04,

where St;, 1 < k < w are supercuspidal unitary, and oy is also supercuspidal. Note

that, by the classification of irreducible generic representations, o4 = o*.

By [C, Corollary 6.3.7],

B, B} ={oa,...,a0}, {St,.... St} ={7,...,7%}, and
{Stj,z+1<j<wh={r"]i € Ly,m = +1}.

So, 7 is the Langlands quotient of

yMra

€
o X X VT X 0%,

where o is a subrepresentation of x;cj,7/" x 0(®). By a similar argument in the proof
of [Ban2, Lemma 5.1], we can see that

T

. 0) _ w . (0)
Xie,T; X0 = X, Stj X o,

and o = o'. This completes the proof. u

Based on the above lemma and results in previous sections, it is easy to give the
L-parameter of 7.

Theorem 7.2 The L-parameter of G is
bj ) i~
= (@ B (IVeiel176)) o (Da),
i€l j=—a; i€ls
where ¢; = r~(t;), r is the local Langlands reciprocity map for GL as in [HT, H1].
The following result is Theorem[L3]

Theorem 7.3 For each A-parameter 1 and the corresponding L-parameter ¢y, the
representations attached to ¢y, in Section 5 are generic if and only if ¢, is tempered.

Proof Assumet) = @._, ¢/ @ Sy, @ Sy, then by definition

nj—1

v 2 .
do=@ D |[[¢/@Sm
=1

n;—1

Ji==5=

- D DI

n; even ji:%

il @ Sy ® |- |7V §] @ Sy

nj—1

& @ (D116 @ |19/ @5n) @6/ S,
n; Odd jiil
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Assume that o is the representation attached to ¢, in Section 5. Since ¢,; is tem-
pered, then o is obviously generic, so it suffices to assume that ¢ is generic and to
shown; =1,1<i<vandl, = @.

Note that

o =PI XSu1 B D i RS2011 DD 0 ® D ¢ ® Sap1 B i @ Sap4a

i€l iEII' iEI; ieL UL

DI

icly

bi

—a _biza
T i @ Sab1 DT T 0 @ Saapar-

If there exists 7 such that n; > 4, first consider it to be even, then the following
linked segments

mi

VRN B S B I [,—Sit2 t +1_/
Y= v, Yo=[v 2T v,

where 7/ = r(¢!), are in the segments corresponding to the index I, but this contra-
dicts Definition[4.14(i). Similarly, there is also a contradiction when n; is odd.

If 1 < n; < 3and (m;,n;) # (1,3), then by the similar argument in the proof
of [Ban2, Theorem 5.4], we can see that ¢! ® S,,, ® S,, is orthogonal. In par-
ticular, ¢/ is self-dual. When n; = 2, the segment corresponding to j; = 1 is
Y = [v=2*7/ ,v7 7/], where 7/ is self-dual. By Definition .14, X has to satisfy
condition (iii)(b) or (c). One can easily see that (iii)(b) is not true for . Since,
@] @ Sy, @Sy, is orthogonal, and n; = 2, ¢/ ® S,y is symplectic. If m; is even, then ¢/
is orthogonal; that is, L(7/, Sym?, s) has a pole at s = 0, but 0, 1 € {=%+1,..., 5}
s0 (3C1) and (3CO0) fail. If m; is odd, then ¢/ is symplectic; that is, L(7/, A%, s) has
a pole at s = 0, but % e {-%+1,...,5} s0 (3C%) also fails, a contradiction!
Similarly, there is also a contradiction when n; = 3.

If (m;,n;) = (1,3), then the segment corresponding to j; = 1is ¥ = [v7/]
and there is also a term ¢/ in ¢ whose the corresponding representation is 7;. Since
¥ = [v7r/] and 7/ are linked, this contradicts either Definition [4.14(i) or (ii). This
completes the proof. ]

Remark 7.4 Note that by the structure of irreducible generic representations of
GL,(F) (see [BZ,Z]), Theorem[Z3lalso holds for the GL,-case.

Next, for any o € 1% (Sp,, ), we will consider the symmetry of A-parameters.

Theorem 7.5 Givenany o € 119(Sp, ) with L-parameter ¢, and an A-parameter
1 such that ¢, = ¢y, then there is also an A-parameter v such that ¢z = ¢@’ and
and 1) are symmetric.

Proof First, it is easy to see that

V=D diRSu 1051 PP di0S0u1 051 PP iS5

iel, i€l iel

& D 9 ® S @S D P @ Sp1 @1

i€eLUl
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Let

V=P DS @11 DD DS ®Ss011® D i ©S @S

i€n il icl!

S D RS QS Do DS @ Spyr1-

iehLUL

Then v and 1; are symmetric. It suffices to show that ¢z = ¢, which can be easily
seen from the definition and Theorem[Z.2] ]
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