
J. Aust. Math. Soc. 89 (2010), 407–418
doi:10.1017/S1446788711001091

COMPACT DIFFERENCES OF COMPOSITION OPERATORS
ON BERGMAN SPACES IN THE BALL

XIANG DONG YANG ˛ and LE HAI KHOI

(Received 27 July 2009; accepted 3 January 2011)

Communicated by A. M. Hassell

Abstract

We obtain necessary and sufficient conditions for the compactness of differences of composition operators
acting on the weighted Bergman spaces in the unit ball. A representation of a composition operator as a
finite sum of composition operators modulo compact operators is also studied.
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1. Introduction

1.1. Notation and definitions. We begin with some basic notation and definitions.
For z, ζ ∈ Cn , we set 〈z, ζ 〉 = z1ζ̄1 + · · · + zn ζ̄n and |z| = (z1 z̄1 + · · · + zn z̄n)

1/2.
Let B denote the unit ball in Cn , and O(B) denote the space of holomorphic

functions on B, with the topology of uniform convergence on compact subsets of B.
Let V denote the normalized Lebesgue measure on B, that is, V (B)= 1. For all
α >−1, define the measure Vα by

dVα(z)= cα(1− |z|2)α dV (z),

where cα is a positive normalizing constant, that is, Vα(B)= 1. When p > 0 and
α >−1, denote by Ap

α(B), or just Ap
α , the weighted Bergman space in B:

Ap
α(B) :=

{
f ∈O(B) :

∫
B
| f (z)|p dVα(z) <∞

}
.
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When p = 2, the space A2
α is a Hilbert space, with inner product given by

〈 f, g〉 =
∫

B
f (z)g(z) dVα(z).

If n = 1, p = 2, and α >−1, then, taking cα = (α + 1)/π , we have the standard
weighted Bergman space A2

α(D) on the unit disk D in the complex plane C.

1.2. Composition operators. Each holomorphic mapping ϕ : B→ B determines a
linear composition operator Cϕ :O(B)→O(B) by

Cϕ( f )(z)= f ◦ ϕ(z) ∀z ∈ B.

Composition operators acting on spaces of analytic functions in the unit disk have
been studied in some detail and many phenomena are well understood. We refer the
reader to the monographs [1, 9] for more information. Much effort has been spent
on understanding the compactness of composition operators on A2

α(D), and on the
compactness of differences of composition operators. In particular, motivated by [10],
the following results were obtained in [6] (see also [7]).

THEOREM 1.1. Suppose that α >−1. Let ϕ, ψ : D→ D be holomorphic mappings,
and write ρ(z) for the pseudohyperbolic distance |ϕ(z)− ψ(z)|/|1− ϕ(z)ψ(z)|
between ϕ(z) and ψ(z). Then the following assertions are equivalent.

(a) Cϕ − Cψ is compact on A2
α(D).

(b) lim|z|→1 ρ(z)((1− |z|2)/(1− |ϕ(z)|2)+ (1− |z|2)/(1− |ψ(z)|2))= 0.

The notation A ≡ B mod K indicates that the difference K between two bounded
operators A and B is compact.

THEOREM 1.2. Suppose that α >−1. Let ϕ, ϕ1, . . . , ϕN : D→ D be holomorphic
mappings. Let F and Fi (where i = 1, . . . , N) be the set of points on the boundary of
the disk D at which ϕ and ϕi have finite angular derivatives. Suppose that Fi ∩ F j = ∅

whenever i 6= j , and F =
⋃N

i=1 Fi . Define ρi (z)= |ϕ(z)− ϕi (z)|/|1− ϕ(z)ϕi (z)|
(where i = 1, . . . , N ). If

lim
z→ζ

ρi (z)

(
1− |z|2

1− |ϕi (z)|2
+

1− |z|2

1− |ϕ(z)|2

)
= 0

for every ζ ∈ Fi when i = 1, . . . , N, then there exists a compact operator K on A2
α(D)

such that
Cϕ ≡ Cϕ1 + · · · + CϕN mod K .

We may ask the question: what is the picture in higher dimensions?
Although composition operators in several variables are usually harder to deal with,

there is some active research going on. We flag the papers [2–4, 12], which contain
key references for recent developments in this direction.
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The goal of this paper is to generalize Theorems 1.1 and 1.2 to the case of the ball
in Cn , and more precisely, to the weighted Bergman spaces Ap

α(B). It should be noted
that the proofs of Theorems 1.1 and 1.2 in [6, 7], based on the results from [1], do not
seem to apply in the situation of a higher dimension. Our method uses Schur’s test;
this seems to be new in the study of compact differences.

1.3. Main results. First we need some basic facts.
As is well known (see, for instance, [8, pp. 25–27]), given a point a ∈ B, we may

associate to it the following automorphism:

8a(z)=
a − Paz − sa Qaz

1− 〈z, a〉
∀z ∈ B, (1.1)

where sa = (1− |a|2)1/2 and Pa is the orthogonal projection of Cn onto the subspace
Ca generated by a, that is,

Paz =

0 if a = 0,
〈z, a〉

〈a, a〉
a if a 6= 0,

and Qa = I − Pa , the projection onto the orthogonal complement of Ca. The
automorphism 8a(z) has the following important property:

1− |8a(z)|
2
=
(1− |a|2)(1− |z|2)

|1− 〈z, a〉|2
∀z ∈ B. (1.2)

For two holomorphic mappings ϕ, ψ : B→ B, define ρϕ,ψ by

ρϕ,ψ (z)= |8ϕ(z)(ψ(z))|. (1.3)

Then (1.2) becomes

1− |ρϕ,ψ (z)|2 =
(1− |ϕ(z)|2)(1− |ψ(z)|2)

|1− 〈ϕ(z), ψ(z)〉|2
∀z ∈ B. (1.4)

Evidently ρϕ,ψ = ρψ,ϕ . We are now ready to formulate the main results of this paper.

THEOREM 1.3. Suppose that p > 0, q > 0 and α > β >−1. Let ϕ, ψ be
holomorphic self-mappings on B. Suppose that Cϕ and Cψ are bounded on Aq

β . The

difference of composition operators Cϕ − Cψ is compact on Ap
α if and only if

lim
|z|→1

ρϕ,ψ (z)

(
1− |z|2

1− |ϕ(z)|2
+

1− |z|2

1− |ψ(z)|2

)
= 0. (1.5)

THEOREM 1.4. Suppose that p > 0, q > 0 and α > β >−1. Let ϕ0, ϕ1, . . . , ϕN be
holomorphic self-mappings on B. Suppose that Cϕ0, Cϕ1, . . . , CϕN are bounded on
Aq
β . If

lim
|z|→1

ρϕi ,ϕ j (z)

(
1− |z|2

1− |ϕi (z)|2
+

1− |z|2

1− |ϕ j (z)|2

)
= 0, (1.6)
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when 0≤ i, j ≤ n, then there exists a compact operator K on Ap
α such that

Cϕ ≡ Cϕ1 + · · · + CϕN mod K . (1.7)

REMARK 1.5. It is well-known that, when n = 1, composition operators are always
bounded on Ap

α . In this case, the assumption on boundedness in Theorems 1.3 and 1.4
is automatically satisfied.

2. Proofs of the theorems

As Schur’s test plays a crucial role in our proof, we present it here for the reader’s
convenience. This version of Schur’s test is concerned with the boundedness of
integral operators on L2 spaces. It may be found, for example, in [5]; see also [13,
pp. 52–54].

LEMMA 2.1. Let (X, µ) and (Y, ν) be measure spaces, and let T be the integral
operator with nonnegative kernel K : X × Y → [0,∞), defined by

(T f )(x)=
∫

Y
K (x, y) f (y) dν(y) (2.1)

(for almost all x in X). Suppose that there exist positive measurable functions h on X
and g on Y and numbers A and B such that∫

X
K (x, y)h(x) dµ(x)≤ Ag(y)

for almost all y in Y , and ∫
Y

K (x, y)g(y) dν(y)≤ Bh(x)

for almost all x in X. Then T is bounded from L2(X, µ) to L2(Y, ν), and its operator
norm ‖T ‖ is at most

√
AB.

The proof of this test is quite simple; it uses uses only the Cauchy–Schwarz
inequality and Fubini’s theorem.

2.1. Proof of Theorem 1.3. We know (see, for instance, [14] or [1, p. 164]) that
the boundedness and compactness of composition operators on Ap

α does not depend
on p. More precisely, if p > 0, q > 0 and α >−1, then the operator Cϕ is bounded
or compact on Ap

α if and only if Cϕ is bounded or compact on Aq
α . Therefore, we just

need to prove the theorem when p = 2.
Let Cϕ and Cψ be bounded on Aq

β for some q > 0 and β ∈ (−1, α). In this case,
σ = α − β > 0. As we will see below, the weighted Bergman space Aσβ plays an
important role in our discussion.

Necessity. Suppose that (1.5) holds. We must show that Cϕ − Cψ is compact
on A2

α .

https://doi.org/10.1017/S1446788711001091 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788711001091


[5] Compact differences of composition operators 411

By [14], the operator
C∗ϕCϕ : A2

α→ A2
α,

where C∗ϕ is the adjoint to Cϕ , admits the integral representation

C∗ϕCϕ f (z)=
∫

B

f (w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α dVα(w) ∀ f ∈ A2
α ∀z ∈ B. (2.2)

For all γ ∈ (0, 1), define the set Sγ by

Sγ = {z ∈ B : γ < [ρϕ,ψ (z)]σ < 1}, (2.3)

and let χγ be its characteristic function, where ρϕ,ψ is defined by (1.3). Consider the
integral operator T on L2(B, Vα) given by

(Tγ f )(z)=
∫

B
Kγ (z, w) f (w) dVα(w) ∀ f ∈ L2(B) ∀z ∈ B, (2.4)

where the nonnegative integral kernel Kγ is given by

Kγ (z, w)=
[ρϕ,ψ (z)]σ [ρϕ,ψ (w)]σχγ (z)χγ (w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+α

+
[ρϕ,ψ (z)]σ [ρϕ,ψ (w)]σχγ (z)χγ (w)

|1− 〈ψ(z), ψ(w)〉|n+1+α

= Kϕ,γ (z, w)+ Kψ,γ (z, w),

say, for all w, z ∈ B.
Define h(z)= (1− |z|2)−σ for all z ∈ B. Taking into account the definition of the

normalizing constants cα and cβ , we see that∫
B

Kϕ,γ (z, w)h(w) dVα(w) =
cα
cβ

∫
B

[ρϕ,ψ (z)]σ [ρϕ,ψ (w)]σχγ (z)χγ (w)

|1− 〈ϕ(z), ϕ(w)〉|n+1+α dVβ(w)

≤
cα
cβ

∫
B

[ρϕ,ψ (z)]σχγ (z)

|1− 〈ϕ(z), ϕ(w)〉|n+1+α dVβ(w)

=
cα
cβ
[ρϕ,ψ (z)]

σχγ (z)

×

∫
B

1

|1− 〈ϕ(z), ϕ(w)〉|n+1+α dVβ(w).

By the boundedness of Cϕ on Aq
β , there exists a constant c1 > 0, independent of γ and

z, such that∫
B

1

|1− 〈ϕ(z), ϕ(w)〉|n+1+α dVβ(w)≤ c1

∫
B

1

|1− 〈ϕ(z), w〉|n+1+α dVβ(w),
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and hence∫
B

Kϕ,γ (z, w)h(w) dVα(w)≤ c2[ρϕ,ψ (z)]
σχγ (z)

∫
B

1

|1− 〈ϕ(z), w〉|n+1+α dVβ(w),

where c2 = c1cα/cβ .
Define

Mρ,γ = sup
z∈Sγ

ρϕ,ψ (z)
1− |z|2

1− |ϕ(z)|2
+ sup

z∈Sγ
ρϕ,ψ (z)

1− |z|2

1− |ψ(z)|2

= Mϕ{ρ, γ } + Mψ {ρ, γ },

say. Since β >−1 and σ > 0, by [8, Ch. 2, Section 2], there exists a positive constant
c3, independent of γ and z, such that∫

B

1

|1− 〈ϕ(z), w〉|n+1+α dVβ(w) =
∫

B

1

|1− 〈ϕ(z), w〉|n+1+β+σ dVβ(w)

≤
c3

(1− |ϕ(z)|2)σ
∀z ∈ B.

Thus we obtain∫
B

Kϕ,γ (z, w)h(w) dVα(w)≤
c2c3[ρϕ,ψ (z)]σχγ (z)

(1− |ϕ(z)|2)σ

= c4χγ (z)

(
ρϕ,ψ (z)

1− |z|2

1− |ϕ(z)|2

)σ
h(z)

≤ c4[Mϕ{ρ, γ }]
σ h(z)

for all z ∈ B, where c4 = c2c3.
By the symmetry of Kϕ,γ ,∫

B
Kϕ,γ (z, w)h(z) dVα(z)≤ c4[Mϕ{ρ, γ }]

σ h(w) ∀w ∈ B.

Replacing ϕ in (2.2) by ψ , we see similarly that the same conclusion holds for the
kernel Kψ,γ determined by ψ , that is, there is a positive constant c′4 such that∫

B
Kψ,γ (z, w)h(z) dVα(z)≤ c′4[Mψ {ρ, γ }]

σ h(w) ∀w ∈ B.

Applying Schur’s test as in Lemma 2.1 to the operator Tγ defined by (2.4), we see
that Tγ is bounded on L2(B, Vα), and its operator norm on this space satisfies

‖T ‖ ≤ c5[Mρ,γ ]
σ (2.5)

where the constant c5 is at most max{c4, c′4}.
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Now fix γ ∈ [1/2, 1) and a bounded sequence ( fk) in A2
α that converges to 0

uniformly on every compact subset of B. We will show that

‖(Cϕ − Cψ ) fk‖
2
→ 0. (2.6)

By the integral representation (2.2),

(Cϕ − Cψ )
∗(Cϕ − Cψ ) fk = Rk + Gk (2.7)

say, where

Rk(z)=
∫

B\Sγ

(
fk(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α −
fk(w)

(1− 〈ψ(z), ϕ(w)〉)n+1+α

−
fk(w)

(1− 〈ϕ(z), ψ(w)〉)n+1+α +
fk(w)

(1− 〈ψ(z), ψ(w)〉)n+1+α

)
dVα(w)

and

Gk(z)=
∫

Sγ

(
fk(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α −
fk(w)

(1− 〈ψ(z), ϕ(w)〉)n+1+α

−
fk(w)

(1− 〈ϕ(z), ψ(w)〉)n+1+α +
fk(w)

(1− 〈ψ(z), ψ(w)〉)n+1+α

)
dVα(w);

the set Sγ is given by (2.3). On one hand, since the sequence ( fk(w)) converges to 0,
uniformly for w in B \ Sγ ,

lim
k→∞

∫
B
|Rk(z)|

2 dVα(z)= 0. (2.8)

On the other hand, we may write Gk(z) as∫
B

(
χγ (w) fk(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α −
χγ (w) fk(w)

(1− 〈ψ(z), ϕ(w)〉)n+1+α

−
χγ (w) fk(w)

(1− 〈ϕ(z), ψ(w)〉)n+1+α +
χγ (w) fk(w)

(1− 〈ψ(z), ψ(w)〉)n+1+α

)
dVα(w).

By the weak convergence of ( fk) to 0 in L2(B, Vα),

lim
k→∞

Gk(z)= 0 ∀z ∈ B. (2.9)

Furthermore, we may also write Gk(z) as∫
B

(
χγ (w) fk(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α −
χγ (w) fk(w)

(1− 〈ψ(z), ϕ(w)〉)n+1+α

−
χγ (w) fk(w)

(1− 〈ϕ(z), ψ(w)〉)n+1+α +
χγ (w) fk(w)

(1− 〈ψ(z), ψ(w)〉)n+1+α

)
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× (1− [ρϕ,ψ (w)]σ ) dVα(w)+
∫

B

(
χγ (w) fk(w)

(1− 〈ϕ(z), ϕ(w)〉)n+1+α

−
χγ (w) fk(w)

(1− 〈ψ(z), ϕ(w)〉)n+1+α −
χγ (w) fk(w)

(1− 〈ϕ(z), ψ(w)〉)n+1+α

+
χγ (w) fk(w)

(1− 〈ψ(z), ψ(w)〉)n+1+α

)
[ρϕ,ψ (w)]

σ dVα(w),

from which, as γ ≥ 1/2, it follows that

|Gk(z)| ≤ 4
∫

B

(
χγ (w)[ρϕ,ψ (w)]

σ
| fk(w)|

|1− 〈ϕ(z), ϕ(w)〉|n+1+α +
χγ (w)[ρϕ,ψ (w)]

σ
| fk(w)|

|1− 〈ψ(z), ψ(w)〉|n+1+α

)
dVα(w).

(2.10)
Moreover,∫

B
|Gk(z)|

2 dVα(z)≤
∫

B\S
γ 1/2

|Gk(z)|
2 dVα(z)+

∫
S
γ 1/2

|Gk(z)|
2 dVα(z),

and therefore∫
B
|Gk(z)|

2 dVα(z)≤
∫

B\S
γ 1/2

|Gk(z)|
2 dVα(z)+ c5

∫
B
|Tγ (| fk |)|

2 dVα(z), (2.11)

for some positive constant c5, by the same arguments as for (2.10) applied to the
measure Vα .

From the estimate (2.5) on the norm of Tγ above, we see that there exists a positive
constant c6 such that∫

B
|Tγ (| fk |)(z)|

2 dVα(z)≤ c6[Mρ,γ ]
2σ
∀k ≥ 1,

and, further,

lim
k→∞

∫
B\S

γ 1/2

|Gk(z)|
2 dVα(z)= 0

and (2.11) holds.
Consequently, we have the following estimate on ‖(Cϕ − Cψ )∗(Cϕ − Cψ ) fk‖:

lim sup
k→∞

∫
B
|(Cϕ − Cψ )

∗(Cϕ − Cψ ) fk |
2 dVα(z)≤ c6[Mρ,γ ]

2σ . (2.12)

Letting γ → 1−, we get (2.6) and the compactness of Cϕ − Cψ follows.

Sufficiency. This part is simpler; we follow the method of [6].
By [14], the normalized reproducing kernels of A2

α are given by

Kz(w)=
(1− |z|2)(n+1+α)/2

(1− 〈w, z〉)n+1+α ,

https://doi.org/10.1017/S1446788711001091 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788711001091


[9] Compact differences of composition operators 415

and ∫
B
|C∗ϕKz(w)|

2 dVα(w)=

(
1− |z|2

1− |ϕ(z)|2

)n+1+α

. (2.13)

Assume that (1.5) fails. To prove that Cϕ − Cψ is not compact, it suffices to show
that there exists a sequence (zk)⊂ B, with |zk | → 1, such that ‖(C∗ϕ − C∗ψ )Kzk‖9 0.
Then C∗ϕ − C∗ψ , and hence Cϕ − Cψ is not compact.

From (1.4) and (2.13),

|〈CϕKz, CψKz〉|
2
= (1− |ρϕ,ψ (z)|2)n+1+α

‖CϕKz‖
2
‖CψKz‖

2.

We define ρ1(z) := (1− |ρϕ,ψ (z)|2)(n+1+α)/2 for all z ∈ B. Then

‖(C∗ϕ − C∗ψ )Kz‖
2
= ‖CϕKz‖

2
+ ‖CψKz‖

2
− 2 Re〈CϕKz, CψKz〉

≥ ‖CϕKz‖
2
+ ‖CψKz‖

2
− 2ρ1(z)‖CϕKz‖ ‖CψKz‖

= (‖CϕKz‖ − ‖CψKz‖)
2
+ 2(1− ρ1(z))‖CϕKz‖ ‖CψKz‖.

Since (1.5) does not hold, there exists some sequence (zk)⊂ B such that |zk | → 1 and
at least one of (ak) and (bk) does not tend to 0, where

ak = ρϕ,ψ (zk)
1− |zk |

2

1− |ϕ(zk)|2
= ρϕ,ψ (zk)‖CϕKzk‖

2/(n+1+α)

bk = ρϕ,ψ (zk)
1− |zk |

2

1− |ψ(zk)|2
= ρϕ,ψ (zk)‖CψKzk‖

2/(n+1+α).

By passing to a subsequence if necessary, we may assume that limk→∞ ak = a and
limk→∞ bk = b, and at least one of these limits is nonzero. By symmetry, without loss
of generality, we may suppose that a 6= 0.

If a 6= b, then
lim

k→∞
(‖CϕKzk‖ − ‖CψKzk‖)

2
6= 0.

If a = b 6= 0, we choose a positive δ such that |ρϕ,ψ (zk)|
2 > δ and

(1− ρ1(zk))‖CϕKzk‖‖CψKzk‖

is bounded away from zero for all k. In either case,

lim
k→∞

‖(C∗ϕ − C∗ψ )Kzk‖ 6= 0,

which shows that Cϕ − Cψ is not compact. The proof of the theorem is complete.

2.2. Proof of Theorem 1.4. We will make use of Theorem 1.3.
Fix some γ ∈ [1/2, 1). Consider a bounded sequence ( fk) in A2

α that converges to 0
uniformly on every compact subset of B. Our target is to show that

‖(Cϕ − Cϕ1 − · · · − CϕN ) fk‖
2
→ 0 as k→∞. (2.14)
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Define

Mϕ,γ :=min
i

sup
z∈Sγ<[ρi (z)]σ<1

ρϕ,ϕi (z)
1− |z|2

1− |ϕ(z)|2
,

Mϕ,ρi ,γ := sup
γ<[ρi (z)]σ<1

ρϕ,ϕi (z)
1− |z|2

1− |ϕi (z)|2
,

and

Mϕ,ρi, j ,γ := sup
γ<[ρi, j (z)]σ<1

ρϕi ,ϕ j (z)

(
1− |z|2

1− |ϕi (z)|2
+

1− |z|2

1− |ϕ j (z)|2

)
.

Applying to ‖(Cϕ − Cϕ1 − · · · − CϕN ) fk‖
2 the arguments used to show (2.2)–(2.12),

we see that

‖(Cϕ − Cϕ1 − · · · − CϕN ) fk‖
2

≤ [Mϕ,γ ]
2σ
+ 2

N∑
j=1

[Mϕ,ρi ,γ ]
2σ
+ 2

N∑
i=1

N∑
j=1

[Mϕ,ρi, j ,γ ]
2σ .

Combining the last inequality and (1.6) yields (2.14).
Thus there exists a compact operator K on A2

α such that

Cϕ = Cϕ1 + · · · + CϕN + K ,

which gives (1.7).

REMARK 2.2. As we may observe from the statements of Theorems 1.3 and 1.4,
the necessary and sufficient conditions for the compact differences in the case n = 1
have been generalized to higher dimensions, with the extra assumption that both
composition operators Cϕ, Cψ are bounded on the space Aq

β for some q > 0 and
β ∈ (−1, α).

This requirement is not very strict, and when n = 1, this additional boundedness
is automatically satisfied. It is worth considering (some) conditions under which
composition operators are bounded in higher dimensions. This will be discussed, for
completeness, in the next section.

3. On the boundedness of composition operators

In general, for an arbitrary holomorphic mapping ϕ : B→ B, the composition
operator Cϕ is not bounded on the Hardy space H p(B), nor on the weighted Bergman
space Ap

α(B). A simple counterexample is the following, when n = 2:

ϕ(z1, z2)= (2z1z2, 0).

We refer the reader to [1, Section 6.2] for more information on this.
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A characterization of boundedness on Bergman and Hardy spaces is given by
the so-called Carleson measure condition, which is usually hard to check. Active
research is still going on. Some sufficient conditions for boundedness on Hardy
spaces are presented in [11, 12]. Other sets of necessary and sufficient conditions
for boundedness on weighted Bergman spaces have been given in recent papers [2–4].
In these articles, the reader may find further references for recent developments on
Bergman spaces.

Since bounded composition operators have an important place in our Theorems 1.3
and 1.4, we now present some significant results about this problems taken from the
above-mentioned references.

The first kind of result concerns the domain of definition of a composition operator.
Here the question is when Cϕ acts on Ap

α(B). Define

Dξ =
n∑

k=1

ξk
∂

∂ξk
and ϕξ (z)= 〈ϕ(z)ξ〉 ∀z ∈ B, ξ ∈ ∂B.

In [2], the following criterion has been established, extending the result in [11] on
Hardy spaces to Bergman spaces.

THEOREM 3.1. Let ϕ : B→ B and ϕ ∈ C3(B). For all α ≥−1, Cϕ is a bounded
operator on Ap

α(B) if and only if

Dξϕη(ξ) > |Dτ Dτϕη(ξ)|

for all ξ, η, τ ∈ ∂B with 〈ξ, η〉 = 0 and ϕ(ξ)= η ∈ ∂B.

Next, in [3] it was shown that nonvanishing of the Jacobian implies the boundedness
of the corresponding composition operators.

THEOREM 3.2. If ϕ ∈O(B) ∩ C2(B), then Cϕ is bounded on Ap
α(B) if Jϕ(ξ) 6= 0 for

all ξ ∈ ∂B for which ϕ(ξ) ∈ ∂B.

The converse of Theorem 3.2 is false. Indeed, if ϕ(z)= (z1, 0, . . . , 0) and ψ(z)=
(z2

1 + z2
2, 0, . . . , 0), then the Jacobian for both ϕ and ψ are identically zero, while

Cϕ : Ap
α(B)→ Ap

α(B) but Cψ : Ap
α(B)9 Ap

α(B).

Overall, the boundedness of composition operators in higher dimensions needs
further investigation.
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