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ON THE NUMBER OF CONJUGATES OF 
N-ARY OUASIGROUPS 

MARY McLEISH 

1. Introduction. Higher dimensional quasigroups (a set Q with a cancel-
lative, n-ary operation ( ), ([2]) have been studied by T. Evans ([3], [4]), 
A. Cruse [1], C. C. Lindner ([10], [11]) and also by many others under the guise 
of magic cubes, Graeco-latin cubes, etc. Conjugates or parastrophes have been 
discussed by S. K. Stein [18], A. Sade [17] and more recently by C. C. Lindner 
and D. Steedley in [14], where it is shown that ordinary quasigroups exist of 
every order ^ 4 with a prescribed number of distinct conjugates. It is sug­
gested that the problem be extended to w-ary quasigroups. 

This paper is primarily concerned with ternary quasigroups (§ 3) and the 
problem is completely solved for 1, 3, 4, 6, 12 and 24 distinct conjugates as 
summarized in Theorem 3.6.1. The missing cases of 2 and 8 distinct conjugates 
are discussed in [15]. A partial explanation for the separation of these two 
cases is given in Conclusion 2.10. Although the methods used in this paper 
provide simple alternate constructions to those given in [14] for 3 and 6 
distinct conjugates (see the remarks following Theorems 2.8 and 3.1.6), they 
do not apply to the case of 2 conjugacy classes for ordinary quasigroups or 2 
and 8 conjugacy classes in the ternary case. For ordinary quasigroups, C. C. 
Lindner has successfully used a special variation of the singular direct product 
of quasigroups [16]. Unfortunately, it has been found by the author and 
further substantiated by B. Ganter [5] that this product does not extend 
naturally to three dimensions. In [15], several infinite classes of orders of 
3-quasigroups with 2 or 8 distinct conjugates have been found, however, using 
block designs. 

In § 2, some results for general n-ary quasigroups are given. The examples 
chosen are those which also apply to the case n = 3, although a couple of 
additional examples are given to indicate further possibilities. The main 
results are given in Conclusion 2.10. 

As additional results that arose as a result of the conjugacy problem, the 
generalized idempotent law and generalized idempotent, commutative, non-
Steiner 3-quasigroups are discussed in Lemma 3.2.3 and Theorem 3.4.4 
respectively. It should be noted that, in fact, the whole problem of conjugates 
is equivalent to finding the spectrum of certain sets of n-quasigroup identities. 
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2. TV-ary quasigroups. 

Definition 2.1. Let (Q, ( )) be an n-ary quasigroup where {au a2, . . . , an) = 
an+i (or d), au d £ Q,i = 1, 2, . . . , w + 1. Let 7r be any member of 5 n + i . Then 
the conjugate n-ary quasigroup (Q, ( )7r) is defined by (#i, a2, . . . , a«) = an+i 
if and only if ( U ^ D , aT(2), . . . , flT(B))T = ar(n+1). 

|C(Ç, ( ) ) | is called the conjugacy class number of (Q, ( )). 

T H E O R E M 2.2. \C(Q, ( ) ) | & & (n + 1)! 

Proof. Let 5 = {7r(< )) = ( )T\T G 5w+i} where ( ) is a fixed member of 
the set E of all n-ary quasigroup operat ions on Q. T h e n |5 | = \C(Q, ( ) ) | and 
S forms a set of t ransi t ivi ty of E. T h e permuta t ions of Sn+i which fix ( ) form 
a subgroup of Sn+i of index \S\ in Sn+i. (cf. [6] ). 

T H E O R E M 2.3. There exists an n-ary quasigroup with exactly one conjugacy 
class for all orders m ^ 1. 

Proof. Le t Q = {0, . . . , m — 1} and define an w-ary operat ion ( ) on Q by 
(ai, . . . , an) = — (ai + a2 + . . . + an) = d = aw+i (mod w) where au 

i=l,...,n+l(zQ and d £ Q. Then (Q, ( )) is an n-ary quasigroup. Clearly 
( )w = ( ), if TT(W + 1) = n + 1, where 7r G Sra+i. However if we consider 
some permuta t ion 7r where ir(n + 1) ^ w + 1 and 7r acts on {1, . . . , n + 1 j , 
then (a^(i), . . . , a ^ - i ) , a7, a ^ + i ) , . . . , aT(w)) = — (û^a) + ^(2) + . . . + U^O-D — 
(«i + «2 + • . . + an) + a»u+i) + • • • + 7r(a„)) = a^(j). 

L E M M A 2.4. 7f #(TZ) is the Eider function, then 4>(n) ^ \/rn, except when 
n = 2 or 6. 

Proo/ . This follows from 0(w) = Hp«/n pa~l(p - 1). [7]. 

T H E O R E M 2.5. If m > 4(w — l ) 2 /Aew /Aere a w / 5 aw w-ary quasigroup of 
order m with (n + 1)! conjugacy classes. 

Proof. Let (Ç, ( , , )) be an n-ary quasigroup of order m with Q = {0 ,1 , . . . , 
m — 1} ; where (&i, a2, . . . , an) = d = ax + a2p2 + . . . + anpn (mod m) ; 
where all the ^ are relatively pr ime to m; and where pt -\- pj =£ § (mod ra), 
(i^j), Pi^Pj, and £* 5* w - 1, V i. Then (Q, ( )) has (w + 1)! 
conjugacy classes. 

T o show this consider the following cases: 
(1) Clearly any single transposit ion ir among the integers 1 to n will result, 

in some instance, in (aly . . . , an) ^ (#x(i), . . . , ar(n)). 
(2) Consider any permuta t ion of {1, 2, . . . , n + 1}, which leaves n + 1 

fixed. Then suppose T = (ii, ji) (i2, 72) • . . (in-u jn-i), when wri t ten as a 
product of transposit ions. Suppose t h a t i\ 9e ji. Let aix 9^ an 9^ 0 and the 
remaining aik, ajk all be 0. Then we have a contradict ion from case 1 again. 

(3) Suppose 7r(w + 1) = 5, s j * 1 and 7r(s) = n + 1, where every other 
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element is left unchanged by w. Then we have (ai, . . . , an) = d and suppose 

n I n \ 

(ah . . . , a s _ i , r f , a 5 + i , . . . , an) = ax + Z P&t + Psiai + Z a<£i) = #s. 
2^S \ 2 / 

If at = 0,\/ i,i j* s, then £ / a s = a5 implies ps
2 = 1 (mod m). But then 

« i ( l + Ps) + ZU at(l + ps) = 0 (mod w ) . 

If a,i = 0 V i ^ 2, then 1 + ps mus t be 0 (mod m), which is false. 
(4) Suppose ir(n + 1) = 1 and 7r(l) = n + 1, and every other element is 

left fixed by w. Suppose (ai, . . . , an) = d, (d, a2, . . . , an) = ai . Then 
(«l + Z 2 PiCLi) + Y2 piCit = ax and 2 X2 dipt = 0 (mod m) . Let t ing 
a2 = 1 and all other at = 0, one obtains 2£2 = 0 (mod m) , a contradiction. 

(5) Suppose n + 1 and 1 are interchanged under 7r and the remaining 
at are permuted by a t least one transposition. Then (ai, . . . , an) = d and 
(d, ^(2), . . . , aT(n)) = ax. T h u s ai + E " ^ - ^ + Z 2 J M T ( O = a,\ (mod w ) , 

where a t least one a* a) 7^ a{. Suppose in fact ir(i) 9^ i for some fixed i. Then 
there exists a j such t ha t 71-(j) = i. Let a* = 0 for all k 9^ 1 or i. We have 
(£* + Pi) = 0 (mod m), a contradiction. 

(6) Suppose n + 1 and 2 (or any i, i ^ 1) are interchanged under ir and the 
remaining elements are permuted by a t least one transposition. Then {a,\, . . . , 
an) = d and, say, (a^i) , d, . . . , aT(n)) = a2. T h u s aT(i) + £ 2 (a i + Y^^tPt) + 
Z 3 CLT^i)pi = a2 (mod m) . From this, we may conclude t ha t p2

2 = 1 (mod m) , 
and a i ( ^ 2 + Ps) + ^ ( i ) ( l + p2p*a)) + Z s ci7r(i)(p2p7r(i) + £*) = 0 (mod w ) , 
where 7r(s) = 1 for some s 9^ 1. Choose af = 0, V #* except ai and a2\ let 
ai = 1. Then £>2 + ps = 0 (mod m) , a contradiction. If, however, 7r(l) = 1, 
« i ( l + P2) + E s avii)(p2pru) + Pi) ^ 0 (mod m) . If all a, = 0, i ^ 3, then 
1 + ^2 = 0, a contradiction. 

(7) Suppose aT(D = <i, bu t 7r(?z + 1) 7̂  1. Say (ai, . . . , an) = d, bu t 
(d, aT(2), . • . , «*(„>) = aT(w+D» where aT(w+i) 9e ai . Then ai + Y/2 ciipi + 
Z 2 <Mo£* = aHn+i). If ai = 1 and all the other at = 0, then a i ( l + ^ ( ; ) ) 

= 0 (mod m) , where ir(j) = 1, and this is impossible. 
(8) Finally, suppose ir(i) = n + 1 for some i ^ \ (without loss of generality, 

we may take i = 2) and ir(n + 1) 9^ 2. Then we make the following three 
considerations: 

Suppose 7r(n + 1) = 1. Then («i . . . an) = d and (^(1), d, . . . , aV(n)) = a\ 
or a^d) + ^2«i + P2 Z 2 fl^i + Z s «7T(z)̂ z = «1 (mod m). But this implies 
>̂2 = 1, a contradiction. 

Suppose 7r(l) = 1. Then 

ai + («1 + H\a<iPi)p2 + Z s «TT(Z)^Z) = aT(re+i)(mod w ) , 

which implies 1 + ^ 2 = 0 (mod w ) , a contradiction. 
Suppose ir(j) = 1, j V 1. Then 
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GTTU) + pïiai + Y,a>iPi\ + Pfl>i + H, a*d)Pi = «TTU+D-

But this leads to p2 + pj = 0 (mod m) , a contradict ion. 
(9) T o complete the proof of the theorem, we need only show t h a t one can 

choose n — 1 numbers pi} which are relatively prime to m and not pairwise 
summable to m or equal t o w — 1. Now if each pt is less t han m/2 and is rela­
tively prime to m, this will be the case. T h u s if we can make (/>(ra)/2 > n — 1, 
n — 1 such numbers can be found. By L e m m a 2.4, this will be the case if 
\/m/2 > n — 1, which is t rue il m > 4(w — l ) 2 . 

T H E O R E M 2.6. JT^re existe an integer m$(n) such that for every order m ^ 

nij(n) there exists an n-ary quasigroup of order m with (n + l ) ! / j ! conjugacy 

classes, j = 1, . . . , w. 

Proof. (1) We have jus t seen the case7 = 1. Consider every case other than 

j = 1 or n. Define (Q, ( )) , where Q = {0, 1, . . . , m — 1} by (ai,*. . . , a„) = 

fli + #2 + • • • + a j-, -\- pj+iaj+i + . . . + pnan where addit ion is taken (mod m). 

Here pj+i, . . . , pn are integers relatively prime to m, are not pairwise summable 

to m, and are all different from m — 1 or 1. Then every permuta t ion -K on 

{1, . . . , n + 1}, which fixes the elements 1, . . . , j , 7 < w, will leave the 

product (<2TT(I), • • • , ar(n)) unchanged and thus not introduce a new conjugacy 

class. We mus t show t h a t any other type of pe rmuta t ion 7 r o n { l , . . . , n + l } 

results in (ar{l), . . . ,aV(n)) ^ aT(n+1). 

Consider the case where TT fixes n + 1 and aT^ = ax for some i > j and 
/ ^ j . Then we have £ 1 a*^ + YTj+iPi^iD = YTj+iPiai + Z i ^ - . Let a , = 1 
and the rest of the a* be = 0. Then pt = 1. Suppose 71-(i) = 7r(/), where 
i, I > 7. Let a l = 1 and the remaining a / s all be zero. Then ptai = £ â z implies 
pi = pi, & contradiction. 

If aV(i) = d and #*•(«+D = at for any i ^ j , and ir fixes all the other i, we 
have: 

«i + a2 + . . . + flf-i + ( Z i «z + Z i + i jM*) + fli+i + . . . + a^ 

If all ak = 0 except a i + i = 1, we have 2pj+2 = 0 (mod m) a contradic t ion. 

If a,rOH_i) = Û; and a ^ ) = d, where i > j , and 7r fixes every other element, 
we obtain a contradict ion similar to t h a t in (3) of Theorem 2.5. 

If aT(n+i) = az-, i ^ j , aT(i) = d, we obtain a contradict ion similar to 
Theorem 2.5(5). 

If a ^ + D = aj and aV(j) = d, where i > j , we obta in a contradict ion 
similar to Theorem 2.5(6). 

Now if a„.(i) = J, where i ^ j , bu t a„-(n+i) ^ aif we obta in : (a^u), . . . , d, 
• • • , fli(n)> = ^(n+i), and so avW + . . . + airU_i) + ( Z î at + Z m £ f a f ) + 
a^u+i) + . . . + ^( j ) + YTj+i Pitted) = «TTU+D- If ^TTU+D = «A, where fe ^ j , let 
all the a / s be zero except one at and possibly ak, where t ^ j , t ^ i. T h e n either 
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at(l + ps) = 0 (mod m) for some 5 or 2a t = 0 (mod m) ; in either case we get 
a contradiction for m > 2. 

If a»(n+i) 5̂  af, i > 7, but aT(<) = a7, then 

2 a*(i) + PAlL^i + Y, Pi^i) + 2 Psoitis) = a* 
l \ l m / s=m 

if ( )1T — ( ). Then if az ^ 0, V I except k, where ak = aff(n+i), we obtain 
either pk

2ak = aA (mod m) or ^a fc = afc (mod m). The latter case is impossible 
and in the former, we cancel pk

2ak and ak from the equation. In the resulting 
equation, let a\ = 1 and the remaining a /s be all zero. Then if 1 = ir(k), where 
k S j , ai + PiCti = 0 or (1 + £f) EE 0 (mod m). If 7r(&) > j , pta\ + 
^^ai = 0 (mod m) implies (pt + pk) = 0 (mod m). Both these are impos­
sible, and so the theorem is proven for j < n. 

(2) If j = n, we define (a3, . . . , an) = ai + a2 + . . . + an. Clearly there 
are n\ members of one class. Consider the two following possibilities: (d, 
^TT(2), • • • , dv(n)) — al 0 r \^> fl7r(2), • • • , CLr(n)/ = 0>ir(n+l) ^ # 1 , S a y ^ ( n + l ) = 

«A;. In the first case 2 i #t + 2 ? #*•(*) = #i and so 2(22 a*) = 0, a contra­
diction. In the second case, 2 ï a* + 2 ? #*(*) = a*, or 

/ n n \ 

L « i + E «TT(Z) 1 
\ *=1 *=2 / 

= 0 

and hence 

= 0, 

a contradiction. Therefore, there are exactly n + 1 classes. 
(3) As in Theorem 2.5, Lemma 2.4 may be used to determine w ^ , de­

pending on the number of relatively prime numbers required. 

THEOREM 2.7. 7 /w ^ 3, //̂ r<? existe an w-ary quasigroup (n > 3) of order m 
with exactly n(n + l ) / 2 conjugacy classes. 

Proof. Define (Q, ( )), where Q = {0, 1, . . . , m — 1}, by (ai, . . . , 
an) = d = — ai + a2 + • • • + ^ and addition is taken (modm), az-, 
i = 1, . . . , n, d G Q- If 7T is any permutation on {1, 2, . . . , n + 1} which 
fixes 1 and n + 1, then (a^i), . . . , a^ ) ) = 0^+1)• Therefore, the conjugate 
3-quasigroup (Ç, ( \) defined by (a^i), . . . , aT(n))T = a,(n+i) if and only if 
(ai, . . . , an) = d = an+i is identical with (Q, ( )). There are (n + 1)! such 
permutations and therefore at least (n — 1) ! members of one conjugacy class. 

Suppose T is a permutation on {1, 2, . . . , n + 1} such that a^i) = d and 
a»(n+i) = «I. Then (rf, a^), • • • , ar(w)) = ax only if -(-a1 + ^ o j + 
Y^, a^d) = at (mod m). Therefore (Q, ( )T) = (Q, ( )). As there are another 
(n — 1)! permutations of this type, there are at least 2(n — 1)! members of 
the conjugacy class identical with Q. 
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However, if (<2i, d, aT(3), . . . , aV(n)) = a2, t h a t is 7r(2) = n + 1,7r(w + 1) = 2, 
7r(l) = 1, then —ai — ai + X^fl* + Y^& a*(i) = a2 ( m o d m ) . This becomes 
— 2ai + 2 ^ 3 «z = 0 (mod m), a contradict ion if m è 3. 

Consider the case where (d, a^(2), . . . , a^^) = «TTU+D = «*, jfe ^ 1. Then 
«i — X 2̂ a» + S 2 #TT(7) = «A: (mod ra) and 2(ai — «*) = 0 (mod m) , again a 

contradiction. 

If (a,r(i), d, aT(3), • • • , av{n)) = Û W + D = cikt k ^ 2, then — aT(i) - «i + 
2 " at + H3 a7r(z) == cijc (mod w ) . If w = 3, there is one case in which this is 
indeed true. Namely, if (a2, d, a\) = a3, — a2 — «1 + a2 + az + #i equals «3. 
However, if w > 3 and m(n) > 3, then — w(ai) — cii + Y^ai + ]L3 ^ 0 ) 
= 0 (mod m), and there remains a t least one variable, with a coefficient ^ 2, 
t h a t will not cancel out on the left hand side. Hence the congruence will not 
always be identically zero. T h u s (Q, ( )) has (n + 1) \/2{n — 1) ! = 
n(n + l ) / 2 conjugacy classes. 

T H E O R E M 2.8. If m ^ 3 and n ^ 3 is odd, there exists an 72-ary quasigroup of 

order m with (n + l)\/2[(n + 1/2) !]2 conjugacy classes. 

(Lett ing n = 2r - 1, this becomes (2 r ) ! /2 (H) 2 = l/2rC,r.) 

Proof. Define (ai, a2, . . . , an) = an+i = (ai — a2 + a3 + . . . + an) (mod m) 
on Ç = {0, 1, . . . , m — 1}. Briefly, pe rmuta t ions of the following types only 
will result in ( )* = ( ). 

(1) Any permuta t ion w of {1, 2, . . . , n + 1} such t h a t 7r(2/) = 2s and 
ir(2t' — 1) = 2s' — 1 for any integers s, t, s', t''. T h a t is, the even numbers are 
permuted among themselves only and similarly for the odd numbers . There 
are clearly [(n + 1/2) !]2 such permuta t ions . 

(2) Any permuta t ion 7T in which 7r(w + 1) = /, where / is odd and -K(2S — 1) 
= 21, TT(2S') = 2V — 1 for any integers s, I, s;, /'. T h a t is, ir takes even 
numbers into odd ones and vice versa. There are another [(n + 1/2) !]2 

permuta t ions of this type. 

We note one last result which provides an a l te rna te construct ion, in the case 
n = 2, for 3 conjugacy classes, to t h a t given in [14], where embedding theorems 
are needed. 

T H E O R E M 2.9. If m ^ 3 and n is even, there exists an n-ary quasigroup of 
order m with (n + 1)1/ ((n + 2 ) / 2 ) I (it/2) ! conjugacy classes. 

(Lett ing n = 2r, this becomes (2r + l ) ! / ( r + 1) !H = rC2r+i.) 

Proof. Define (ai, a2, . . . , an) = an+\ = (aj — a2 + a 3 . . . —a.n) (mod m) on 
Q = {0, l , . . . , m - 1}. 

2.10. C o n c l u s i o n to t h e iz-ary case . We have found t h a t for sufficiently 
large m(n), there exists an n-a.ry quasigroup of order m ^ m(n) having each 
of the following number of conjugacy classes: 

(1) (n + 1 ) ! M q = 1, 2, . . . ,n+ 1, 
(2) n(n + l ) / 2 , 
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(3) ( l /2) rC 2 r where n = 2r - 1, r ^ 2 or 
(4) rC274-i where n = 2r. 
Clearly examples of w-ary quasigroups with other conjugacy class numbers 

can be found by variations of the techniques used here. However, if a permuta­
tion 7T containing a cycle (a b c) must satisfy ( )v = { ) for some (Q, ( )) 
and at the same time one requires ( )a, ( )p and ( )T all to be different from 
( ), where a = (ab), 0 = (be) and y = (a c), these algebraic methods are of 
no use. In the case of n = 3, some results were found using "weakened" Steiner 
quadruple systems [15]. Plowever, the general question "Given integers m, n 
and c, where c divides (n + 1) !, does there exist a w-ary quasigroup of order m 
with c conjugacy classes", has still to be answered. 

3. Ternary Quasigroups. The case of 1 conjugacy class is covered in 
Theorem 2.3 and 2 and 8 conjugacy classes are discussed in [15]. There remains 
then the cases of 3, 4, 6, 12 or 24 conjugacy classes. 

As shown in [14] for ordinary quasigroups, each conjugate quasigroup is 
identical to the original quasigroup if and only if a certain identity is satisfied 
by the original quasigroup. The following list is given for future reference. Here 
(> ,) = (» ,)irt-, Ki G 54, if and only if Lt holds in (Q, (, ,)). 

TABLE I 

Permutation x; Type Corresponding Identity Li 

1. 1243 
( • ) ( • ) ( • • ) 

<(a, b, (a, b, d}} = d 
2. 2134 (••)(•)(•) (a, b, c) = {b, a, c) 
3. 2143 (••)(••) (a, b, (b, a, d)) = d 
4. 1324 (•)(••)(•) (a, b, c) = {a, c, b) 
5. 4231 (•)(•)(••) {{d,b,c)}b,c) = d 
6. 4321 (••)(••) {(d, c, b >, b, c > = d 
7. 3214 

( • • ) ( • ) ( • ) 
(c, b, a) = (a, b, c) 

8. 3412 (••)(••) (a, (c, d, a), c) — d 
9. 1432 

( • ) ( • ) ( • • ) 
(a, (a, d, c), c) = d 

10. 2314 (•)(•••) (c, a, b) = (a, b, c) 
11. 3124 (•••)(•) (b, c, a) = (a, b, c) 
12. 2431 (•)(-•) (a, (d, a, c), c) = d 
13. 4132 (•)(•••) ((b,d,c),b,c)=d 
14. 3241 (•)(•••) {a, b, (d, b, a)) = d 
15. 4213 (•)(•••) (c, b, (d,b,c})=d 
16. 1423 (•)(•••) (a, (a, c, d), c) = d 
17. 1342 (•)(•••) {a, b, (a, d, b)) = d 
18. 4123 (••••) {{b, c,d), b,c)=d 
19. 4312 (••••) {{c,d,b),b,c) = d 
20. 2341 (••••) (a, b, {d, a, b)) = d 
21. 2413 (••••) {a, (c, a, d), c) = d 
22. 3142 (••••) {a, b, (b, d, a)} = d 
23. 3421 (••••) (a, (d, c, a), c) = d 
24. 1234 the identity 

permutation 
{a, b, c) = d 
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We also give all the subgroups of S4, considered as sets of identit ies (cf. 

[6], [9]). 
Order 2. T h e nine subgroups are generated by Li, L2, Lz, Li} L5, Le, L7 , L8 

and L9. 
Order 3. T h e 4 subgroups are generated by Lio, Li2, Lu and Lie. 
Order 4. T h e 6 subgroups are : {L3, L6, L8, L2A}, {Li8, L2Q, L8, L24}, {L i 9 , L23 , 

£3, L24\, \L2i, L22y Le, L2\\, {Li, L2 , Z,3, L24}, {^4, L$, Le, L2\\ and {L7, L8, L$, 
L2\\. 

Order 6. T h e 4 subgroups are: {L2, L4 , £7, L ] 0 , £11, £24}, {L2, L5, L9 , LY2, L i 3 , 
^24}, {£1, £5, Li, L14, L15, L24}, and [Li, L\, L$, Lie, Ln, L24\. 

Order 8. These 3 subgroups are all isomorphic to the dihedral group of 
order 8. {Li, L2 , L3 , L6 , L8 , L19,1,23, ^24} has^4 = 7 r igand^ = ir2 as generators , 
where A* = 1, B2 = 1 and £.4 = A*B. {L3, L4 , L5 , U, L8, L21, L22l L24} 
corresponds to A = ir21, B = 7r4; {L3, £Ô, L8, L9, L18, L20, L24} corresponds to 

A = 7Ti8, B = 7T7. 

Order 12. There is only the a l ternat ing group ^44: {£3, Le, £s , £10, Ln, Lu, 
Lu, L14, L15, Lu, Ln, L 2 4 }. W e also note t h a t im and TTIO generate SA. In fact, 
any pair where the first is an even permuta t ion of order 3 and the second is odd 
of order 4 will be generators. 

3.1 . 24 C o n j u g a c y c lasses . From Theorem 2.5, if m > 16, there exists a 
ternary quasigroup of order m with 24 conjugacy classes. W e will now consider 
the lower orders. 

LEMMA 3.1.1. If (i) m ^ 7, m odd, or if 

(ii) m ^ 14, m even, 
then there exists a ternary quasigroup of order m with 24 conjugacy classes. 

Proof. By Theorem 2.5, we need only show there exist integers 
q, r £ {0, 1, 2, . . . , m — 1} such t h a t q 9^ r, q, r are relatively pr ime to m, 
q -\- r ^ 0 (mod m) and q, r 9^ m — 1 or 1. If m is odd, m ^ 7, then 
q = 2, r = [w/2] may be chosen. If m = 2st ^ 14 where s ^ 1, t is odd, 
then we may take q = t + 2 and r = / + 4. 

I t is not difficult to see the following. 

L E M M A 3.1.2. There do not exist any 3-quasigroups with 24 conjugacy classes 
of orders 1, 2 or 3. 

Consider the following definition, which also provides a representat ion of a 
te rnary quasigroup as a latin cube. 

Definition 3.1.3. Define the front vertical faces of a t e rnary quasigroup 
((?> (> >)) to be the Cayley tables of the quasigroups (Q, oFi) derived from 
(QJ (> >)) by sett ing a oFl b = c if and only if (a, b, i) = c \/ a, b, c, G Q, where 
Q = {1, 2, . . . , n\. Similarly the side vertical faces are the Cayley tables of the 
quasigroups (Q, osi) where a osi b = c if and only if (a, i, b) = c. Finally, the 
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horizontal faces are the Cayley tables of {(Q, oHi)} where a oHib = c if and only 
if (i, a, b) = c. 

LEMMA 3.1.4. There exists a 3-quasigroup of order 4 with 24 conjugacy classes. 

Proof. Consider the 3-quasigroup defined by the following front vertical 
faces. 

1 2 3 4 

1 1 2 3 4 

2 3 4 1 2 

3 4 3 2 1 

4 2 1 4 3 

F A C E 1 F A C E 2 

F A C E 3 

1 

2 

3 

4 

4 

3 

1 

F A C E 4 

Law 2 is clearly not satisfied. Li is contradicted by (2, 2, 3) = 1, and 
(2, 2, 1) = 4. If Li is not satisfied with the first two positions equal (2), then 
L 3 is not satisfied. L6 is contradicted by (3, 2, 1) = 3, (1, 2, 3) = 4. This also 
means L 4 does not hold. L9 is contradicted by (1, 3, 2) = 1, (1, 1, 2) = 4. L8 

is contradicted by (2, 3, 1) = 1, (1, 1, 2) = 4, while for L7, consider (3, 2, 1) = 
3, (1 , 2, 3) = 4. Now Lio does not hold because (1, 2, 3) = 4, (2, 3, 1) = 1 and 
therefore L u does not hold either. For L12 to Lllf we need only consider 
Li2> L1 4 and L1 6 .L1 2 is violated by (2 ,1 ,3 ) = 2 , (1 ,2 ,3 ) = 4; L14 by (3, 2 ,1) = 3, 
(1, 2, 3) = 4; and L16 by (2, 1, 3) = 2, (2, 2, 1) = 4. 

In fact Lis to L2 3 cannot hold as 7Ti8 generates a subgroup of order 4 con­
taining 7T8, 7T3 is in the subgroup J7r3, 7ri9, 7r23, TT24} and 7r6 G {TTQ, IT21, 7r22, 7r24j. 
Therefore \C(Q, (, , » | = 24. 

T h e example for w = 5 was found to generalize to produce an al ternate 
method for constructing 3-quasigroups of higher orders with 24 conjugacy 
classes. 

LEMMA 3.1.5. There exists a ternary quasigroup of order m with 24 conjugacy 
classes for all m ^ 5. 
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Proof. Consider the following construction. Let (Q} oFl) be denned by 
a oFi b = (a + b — 1) (mod m) V « , K ft <2 = | 1 , 2 , . . . , w), m ^ 5. 
Interchange the first 2 rows of the Cayley table of (Q, oFl). Construct the 
remaining front vertical faces 2, . . . , m by adding 1 (mod m) successively to 
each of the corresponding elements of face 1. Clearly the resulting cube will 
be latin. 

Now interchange the first and second front vertical faces. Also interchange 
the second and third side vertical faces (the first and second cannot be chosen 
as commutativity is then restored to the original faces). Call the corresponding 
3-quasigroup (Q, (, ,). 

These manipulations result in the following entries in the first, second and 
third front vertical faces: 

2 4 3 
1 3 2 
3 5 4 
4 

FACE 1 FACE 2 FACE 3 

The zeroed entries have values greater than 5 if m > 6, 1 or 2 if m = 5, and 1 
and 6 if m = 6. 

Now face 1 is non-commutative, so (Q, (, ,)) does not satisfy L2. Further, Lx 

is violated by (2, 2, 1) = 3, and (2, 2, 3) = 5. This also violates L3. L4 is 
violated by (2, 3, 1) - 2, (2, 1, 3) = 3. L5 doesn't hold because (2, 1, 3) = 3, 
while (3, 1,3) = 5. L6 is contradicted by the example for L4. L7 does not hold 
because (2, 1,3) = 3, but (3, 1,2) = 4. L8 is contradicted by (1, 1, 1) = 2 and 
(1, 2, 1) = 4, which also contradicts L9. It remains only to discuss L i0, L12, 
Lu and L16. The fact that (1, 2, 1) = 4, (2, 1, 1) = 1 contradicts Lw. For 
Li2, (1, 1, 1) = 2 should imply (1, 2, 1) = 1, but (1, 2, 1) = 4. For Lu, 
(1, 1, 1) = 2 implies (1, 1, 2) = 1, while we have (1, 1, 2) = 3. Finally 
(1, 1, 1) = 2 and (1,2, 1) = 4, violating L16. Theorem \C(Q, (, ,))| = 24. 

Lemmas 3.1.1-3.1.5 result in: 

THEOREM 3.1.6. Ternary quasigroups with 24 conjugacy classes exist for all 
orders m ^ 4 and do not exist for any m < 4. 

We remark that if x o y on Q = {0, 1,2, . . . , m — 1} is defined to be 
x + Py (mod m), where p ^ 1 or m — 1 and p is relatively prime to m, then 
\C(Q, o)| = 6. If m ^ 5 and odd, take p = (m + l ) / 2 . If m è 8 and even, 
m — 2s/, / odd, take p = / + 2. This provides a simple alternate construction 
to that given in [14] for ordinary quasigroups, where again embedding theorems 
are needed. 
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3.2. Twelve c o n j u g a c y c lasses . 

LEMMA 3.2.1. There exists a ternary quasigroup of order m with 12 conjugacy 

classes whenever 
(i) m ^ 5 , if m odd or 

(ii) m ^ 8, if m even. 

Proof. From Theorem 2.6 we may define (a, b, c) = (a + b + pc) (mod m) 
on Q = {0, 1, 2, . . . , m — 1}, where p £ Q, p ^ m — 1 or 1, and p is 
relatively prime to m. If m ^ 5 and odd, let p = 2. H m ^ 8, m = 2s/, / odd, 
let £ = * + 2. 

Definition 3.2.2. A 3-quasigroup (<2, (, ,)) is said to satisfy the generalized 
idempotent law if (x, x, y) = (x, y, x) = (y, x,x) V x,y d Q. 

LEMMA 3.2.3. There exists a 3-quasigroup of order 6 with 12 conjugacy classes 
which also satisfies the generalized idempotent law. 

Proof. Let Q = {1, 2, 3, 4, 5, 6}. Define (a, b, c) so t h a t (a, b, c) ^ a, b or c, 
where a, b, c are distinct, by the table below. Then the remaining products 
m a y be defined by the generalized idempotent law. One may check t h a t these 
products do indeed define a 3-quasigroup. 

From the definition of (Q, (, ,)) one sees tha t L7 is satisfied. Suppose (Q, (, ,)) 
had only 3 conjugacy classes. Then there would be a subgroup of order 8 of <S4 

such t ha t all the corresponding identities were satisfied. However, in is in the 
subgroup {7ri8, 7T20, 7T8, 7T7, 7T6, 7T3, 7T9, ̂ 24} and no other subgroup of order 8. W e 
have (1, (3, 6, 1), 3) = (1, 2, 3) = 4 ^ 6, contradict ing Ls. Therefore (Q, (, ,)) 
cannot have only 3 conjugacy classes, in is an odd permuta t ion and thus 
cannot belong to the al ternat ing subgroup A±. Bu t then (Q, (, ,)) cannot have 2 
conjugacy classes. 

The only subgroups of order 6 containing 7r7 are {m, 7r2, 7T4, 7T7, 7TI0, 7m, 7^4} 
and {TT5, 7TI, 7r7, 7n4, 71-15, 7^4}. As (, ,) is clearly not commuta t ive in the first 2 
positions, L2 is not satisfied. Also (2, 1, 3) = 6, bu t (2, 1, 6) = 4 9e 3, contra­
dicting L\. Therefore we do not have a subgroup of order 6 of S4 with all the 
corresponding identities satisfied. 

Finally, the only subgroup of order 4 containing 7r7 is {7^4, 7r7, 7r8, 7T9}. Bu t 
this is itself a subgroup of the subgroup of order 8 above. Therefore 
\C,(Q, < , , » | = 12. 

Remark 3.2.4. L. Humbol t in [8] constructs idempotent ({x, x, x) = x) 
3-quasigroups. However, the spectrum of 3-quasigroups satisfying the general­
ized idempotent law is not completely known. Any 3-quasigroup derived from 
a Steiner quadruple system (cf. [12], [13]) will satisfy this law providing orders 
congruent to 2 or 4 (mod 6), and as the ordinary direct product of 3-quasi­
groups will clearly preserve it, there exist generalized idempotent quasigroups 
of orders 6™, 6W(2 + 6») , 6m(4 + 6n) . (cf. also [10], [11]), 

https://doi.org/10.4153/CJM-1979-064-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-064-6


648 MARY MCLEISH 

Definition of triples with 3 distinct elements 

2, 3) = 4 
3, 1) = 5 
1, 2) = 6 
1,3) = 6 
3, 2) = 5 
2, 1) = 4 

2, 4) = 3 
4, 1) = 6 
1,2) = 5 
1, 4) = 5 
4, 2) = 6 
2, 1) = 3 

2, 5) = 6 
5, 1) = 4 
1, 2) = 3 
1,5) = 3 
5, 2) = 4 
2, 1) = 6 

2, 6) = 5 
6, 1) = 3 
1, 2) = 4 
1, 6) = 4 
6, 2) = 3 
2, 1) = 5 

3, 6) = 5 
6, 2) = 1 
2, 3) = 4 
2, 6) = 4 
6, 3) = 1 
3, 2) = 5 

5, 6) = 1 
6, 2) = 3 
2, 5) = 4 
2, 6) = 4 
6, 5) = 3 
5, 2) = 1 

(1 3 4) 
(3 4 1) 
(4 1 3) 
(3 1 4) 
(1 4 , 3) 
(4 3 1) 

<1 , 3 , 5) 
(3 5 1) 
(5 1 3) 
(3 1 5) 
(1 5 3) 
(5 3 1) 

(1 3 6) 
(3 6 1) 
<6 , 1 , 3 ) 
(3 1 6) 
(1 6 3) 
(6 3 1) 

<1 4 5) 
(4, 5 1) 
(5, 1 4) 
(4 1 5) 
(1, 5 4) 
<5, 4, 1) 

(2 4 5) 
(4, 5 2) 
(5 2 4) 
(4 2 5) 
(2 5 4) 
(5 4 2) 

(3, 4, 5) 
(4 5 3) 
(5, 3 4) 
<4, 3 5) 
(3, 5 4) 
(5, 4 3) 

= 6 
= 5 
= 2 
= 2 
= 5 
= 6 

= 2 
= 6 
= 4 
= 4 
= 6 
= 2 

= 4 
= 2 
= 5 
= 5 
= 2 
= 4 

= 3 
= 2 
= 6 
= 6 
= 2 
= 3 

= 1 
= 6 
= 3 
= 3 
= 6 
= 1 

= 2 
= 1 
= 6 
= 6 
= 1 
= 2 

(1, 4 ,6) 
(4, 6 1) 
(6, 1 , 4) 
(4, 1 6) 
(1, 6 , 4) 
(6 ,4 1) 

(1, 5 6) 
(5, 6 1) 
(6, 1 5) 
(5, 1 6) 
(1, 6 5) 
(6, 5 1) 

(2 ,3 4) 
(3,4 2) 
(4,2 3) 
(3, 2 4) 
(2, 4 3) 
(4, 3 2) 

(2, 3 5) 
(3, 5 2) 
(5, 2 3) 
(3,2 5) 
(2, 5 3) 
(5, 3 2) 

(2,4 6) 
(4, 6 2) 
(6, 2 4) 
(4, 2 6) 
(2 ,6 4) 
(6,4 2) 

(3, 4 6) 
(4, 6 3) 
(6, 3 4) 
(4 ,3 6) 
(3, 6 4) 
(6,4 3) 

(3, 5, 6) = 2 
(5, 6, 3) = 1 
(6, 3, 5) = 4 

(5, 3, 6) 
(3, 6, 5) 
(6, 5, 3) 

= 4 
= 1 
= 2 

(4,5 
(5, 6, 4) 
(6, 4, 5) 

6) = 
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THEOREM 3.2.5. There exists a ternary quasigroup of order m with exactly 12 
conjugacy classes if and only if m ^ 4. 

Proof. One may show that no 3-quasigroup of order 2 or 3 exists with 12 
conjugacy classes. If m = 4, consider the following example. (Here, the first 
fron vertical face is circled and the third front vertical face is squared.) The 
ternary quasigroup thus represented may be seen to have 12 conjugacy classes. 

4 

[¥] 
2 

© 
B 

3 

© 

2 

B 
4 

© 

3 

|~2~| 

B 
3 

© 

3 

©' 

4 

GO 
2 

© 

2 

B 
4 

© \ 
2 

B 
4 

© 

4 

GO 
2 

© 

3 

GO 
i 

[T| 
3 

© 
3 

©' 

2 

B 
4 

© 
B 

3 

© 

4 

3.3. Six conjugacy classes. Although Theorem 2.7 does not apply, one may 
obtain the following results. 

LEMMA 3.3.1. If m > 3 and odd, there exists a ternary quasigroup of order m 
with 6 conjugacy classes. 

Proof. Let Q = {0, 1, . . . , m - 1}. Define (, ,) on Q by (a, b, c) = (2a + 
2b — c) (mod m) \/ a,b, c £ Q. It can be easily shown that Lu L2 and L3 are 
satisfied. 

Now the only subgroup larger than {-m, 7r2, 7r3, 7r24} and containing it is the 
subgroup of order 8 = {in, 7r2, 7r3, 7r6, 7r8, 7r9, 7r23, 7r24S. However, consider 
L6: «d, c, b), b} c) = (2d + 2c - 6)2 + 2& - c = d. If b = 0, c = 1, d = 1, 
4 = 1 (mod m), which is false. 
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LEMMA 3.3.2. If m > 6, m is even and m ^ 8, 12, or 24, there exists a ternary 
quasigroup of order m with exactly 6 conjugacy classes. 

Proof. Let Q= {0, 1 , . . . , m - 1}. Define (, ,) onQby (a,b,c) = (a(t + 2) + 
b(t + 2) — c (mod m) where m = 2s/, / odd. We need only show that L6 

does not hold. Now ((d, c, b), b, c) = (d(t + 2) + c(t + 2) - b)(t + 2) + 
&(* + 2) - c = c((* + 2)2 - 1) + d(* + 2)2 = d(modm). This implies 
(/ + 2)2 = l(mod w), or /2 + 4/ + 4 - 1 (mod m), which gives t2 + 4/ + 
3 = 0 (mod m). As /|m, / |3. Therefore t = 1 or 3. If t = 1, 9 = 1 (mod m) or 
m = 2, 4 or 8. If / = 3, 25 = l(mod m) and m = 6, 12 or 24. In every 
other case (/ + 2)2 ^ 1 (mod m). 

It may be shown that no 3-quasigroups exist of orders m < 3 with 6 con­
jugacy classes. If m = 3, let Q = Z3 and define (a, b, c) = d if and only if 
a -\- b — c — d = 1. (This example is due to D. G. Hoffman.) If m = 4 or 
6, constructions may be made however. We need the following definition. 

Definition 3.3.2. Two quasigroups (Qi, o) and (Q2, x) are isotopic [2] if 
there exists an ordered triple of one-to-one maps (6, (/>, \p) of Qi onto Ç2 such 
that 6(a) X 0(6) = ^ ( a o ô ) V a, ô G Qi-

LEMMA 3.3.3. There exists a ternary quasigroup of order 4 and of order 6 with 
6 conjugacy classes and do not exist any of orders S 3 with 6 classes. 

Proof. If n = 4, consider the following example, whose front vertical faces 
are: 

1 2 3 4 

2 4 1 3 

3 1 4 2 

4 3 2 1 

4 1 2 3 

1 3 4 2 

2 4 3 1 

3 2 1 4 

FACE 1 FACE 2 

2 3 4 1 

3 1 2 4 

4 2 1 3 

1 4 3 2 

3 4 1 2 

4 2 3 1 

1 3 2 4 

2 1 4 3 

FACE 3 FACE 4 
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If n = 6, the first vertical face is given below 

1 2 3 4 5 6 

2 3 1 6 4 5 

3 1 2 5 6 4 

4 6 5 1 2 3 

5 4 6 2 3 1 

6 5 4 3 1 2 

The remaining faces are chosen all isotopic to Face 1 as follows: Let 6 = </> = 
dentity mapping. For each face let \f/ be defined as below: 

*2(D = 2 UD = 3 MD = 4 
lM2) = 1 M2) = 5 *4(2) = 6 
**(3) = 4 MS) = 1 ^(3) = 2 

lM4) = 5 ^(4) = 6 ^(4) = 1 
M5) = 6 *s(5) = 4 *4(5) = 3 
**(6) = 3 *a(6) = 2 1M6) = 5 

FACE 2 FACE 3 FACE 4 

*(D = = 5 *(D = 6 
*(2) = = 3 *(2) = 4 

*(3) = = 6 *(3) = 5 
*(4) = = 2 *(4) = 3 
*(5) = = 1 *(4) = 2 

*(6) = = 4 *(4) = 1 

FACE 5 FACE 6 

We give now a general theorem, which can be used to provide many alternate 
constructions to those given throughout this paper, and which here provides 
examples for the missing orders 8, 12 and 24. 

LEMMA 3.3.4. If q is any factor of m and if there exists a ternary quasigroup 
of order q with a specified number of conjugacy classes, then there exists a ternary 
quasigroup of order m with the same specified number of classes. 

For a proof see [15]. 

THEOREM 3.3.5. There exists a 3-quasigroup of order m with 6 conjugacy 
classes if and only if m ^ 3. 

3.4. Four conjugacy classes. 
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THEOREM 3.4.1. There exists a ternary quasigroup of order m with 4 conjugacy 
classes if and only if m ^ 3. 

Proof. From Theorem 2.6, if j = 3, we have (ai, a2} a3) = («i + a2 + 
a3) (mod m) and so ra3(3) = 3 as no primes are needed. 

Remark 3.4.2. The 3-quasigroups in Theorem 3.4.1 satisfy identities L2, L\, 
L1} Lio and Lu. It is easy, in this case, to provide constructions of 3-quasi­
groups satisfying sets of identities corresponding to the other subgroups of 
order 6. For the subgroup {T2, 7r5,7r9, 7TI2, 7TI3, 7r24}, define {a, b, c) = ( — a — b + 
c) (mod m). Similarly the subgroup {TI, 7r5, in, TTU, 7TI5, 7T24} is obtained by 
defining (a, b, c) = ( — a + b — c) (mod m) and the subgroup {71-1, 7r4, 7r9, 7TI6, 
7Ti7, ̂ 24} be defining (a, b,c) = (a — b — c) (mod m). 

The following discussion provides a non-algebraic alternate construction to 
Theorem 3.4.1. 

Definition 3.4.3. Let (Q, (, ,)) be a 3-quasigroup which satisfies the general­
ized idempotent and commutative laws, but does not satisfy Steiner's law: 
(x, y, {x, y, z)) = z, \/ x, y, z £Q. Such a 3-quasigroup is called a generalized 
idempotent and commutative non-Steiner ternary quasigroup. 

Such 3-quasigroups have 4 conjugacy classes and satisfy the identities 
L2, Li, L7, Lio and Ln. They have also been considered by C .C. Lindner 
(private communication), who observed that they will exist only if the order 
m = 2 or 4 (mod 6). The next theorem shows the sufficiency of this condi­
tion. 

THEOREM 3.4.4. A generalized idempotent and commutative non-Steiner 
ternary quasigroup of order m exists if and only if m = 2 or 4 (mod 6), 
m > 2. 

Proof. (1) Suppose (Q, (, ,)) is a ternary quasigroup derived from a Steiner 
quadruple system of order m. (cf. [12], [13]). (Q, (, ,)) is constructed to satisfy 
the generalized idempotent and commutative laws. On the sets {2, 3, . . . , m), 
{1, 3, 4, . . . , m}, . . . , {1, 2, .. . , m — 1} respectively define a set of quasi-
groups {(Qi, Oi)\ i = 1, . . . , m\ by a otb = c if (a, b, c) = i, when a ^ b. 
The quasigroups are all required to be idempotent. Now perform the following 
interchange between (Ci, Oi) and (Ç2, o2). Whenever a oj) — c, a, b, c 7̂  2, 
a'oib' = c', a', b', c' ^ 1, define a'X\bf = c' on Qi. Otherwise Xi = Oi and 
X2 = o2. 

Now (Qi, X1) and (Q2, X 2) will still be quasigroups and we may form (as in 
[15]) a new ternary quasigroup (Qx (, ,)') from {(Qu Xi) , (Q2, X2), (Q3, o3), 
• • • 1 (Qmi °m)} according to (a, b, c) = d if a odb = c or a Xab = c when a, b 
and c are distinct. Otherwise the generalized idempotent law holds. 

(2) Suppose (a, b, c)f = 2 where aX 2b = c in (Q2} X 2) and none of a, b, c are 
equal to 1. Now {{a, b, c)'', &, c)' = (2, 6, c)r = (2, fe, c). But ((a, b, c), b, c) = 
(1, &, c) = a. Therefore (2, b,c) 9^ a and (Q, (, , / ) is non-Steiner. 
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3.5. Three Conjugacy classes. 

THEOREM 3.5.1. A ternary quasigroup of order m with exactly 3 conjugacy 
classes exists if and only if m ^ 3. 

Proof. On Q = {0, 1, 2, . . . , m — 1}, define (a, b, c) = a — b + c with 
addition (mod m). One may check that all the identities corresponding to the 
elements of the subgroup {7r3, 7T6, 7r7, 7r8, 7r9, 7ris, TT2O, 2̂4} are satisfied and no 
others. Again one may construct examples for the other subgroups of order 8. 
For the subgroup generated by 7r2 and 7ri9, define (a, b, c) = (a + b — 
c) (mod m) and for the subgroup generated by m and 7ri8, take (a, b, c) = 
( — a + b + c) (mod m). 

3.6. Conclusion to ternary case. 

THEOREM 3.6.1. (1) There exist 3-quasigroups of order n with 6, 12, or 24 
conjugacy classes if and only if m ^ 3. 

(2) There exist ^-quasigroups of order m with 3 or 4 conjugacy classes if and 
only if m ^ 3. 

(3) There exists a ternary quasigroup with one conjugacy class for all orders 
^ 1. 

Throughout Section 3, the emphasis has been on the existence of some 
3-quasigroup with a specified number of conjugates. Occasionally additional 
examples are given, but the broader question of finding the spectrum of ternary 
quasigroups satisfying exactly the identities corresponding to each of the 
subgroups of S4 remains unanswered. 
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