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Abstract  Asymptotic expansions for an incomplete Bessel function of large argument are derived when
the parametric point (a) is well away from any saddle point, (b) coincides with a saddle point and (c) is
in the neighbourhood of a saddle point.
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1. Introduction

In an earlier paper [1] definitions were given of various incomplete Bessel functions and
some of their properties were derived. A typical definition is

K, (z,w) = K,(2) — J(z,v,w), (1.1)

where K, (z) is the modified Bessel function and
J(z,v,w) = / e 7 sht cosh it dt. (1.2)
0

Among the properties established was the asymptotic behaviour as |z| — oo when w is
real. The purpose of the following is to extend the analysis to complex values of w. This
involves consideration of the integral representation

oco-+tio
K, (z,w) = / e 7sht cosh pt dt (1.3)

w

for [phz +o| < 7/2.
It will be convenient to suppose that the phase of the symbol Z satisfies |ph Z| < 7/2,
while z may have any phase unless it is specifically limited.
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2. Preliminary results

The integral in (1.3) has saddle points where sinh ¢ = 0, i.e. for ¢ = nxi with n an integer.
The asymptotic behaviour changes as w approaches one of the saddle points. To avoid
such a complication in this section it will be assumed that w is kept away from the saddle
points. The first restriction that will be imposed on w is that ag > 0 when w = ag +i0p.
Three types of integral are relevant to (1.3) and they will be discussed separately.

2.1. Case 1
The first integral that will be discussed is

(oo}

Li(Z) = / e Zcosht—vt gy (2.1)
w

subject to ag > 0. If the path of integration from w can be chosen so that Z(cosht —

coshw) = 0 and R(cosht — coshw) increases, the main contribution as |Z| — oo will

come from the neighbourhood of w. The equation of the desired path when ¢t = a+1i8 is

sinh asin B = sinh o sin §.

When 0 < By < 7, the desired path is a horizontal U-bend (C) with endpoints at
infinity where = 0 and $ = w. The desired direction of integration goes towards the
endpoint with 8 = 0. For —m < 8 < 0 the desired path is also a horizontal U-bend and
the desired direction goes from the endpoint at 3 = —x to that at § = 0. Hence, when
|Bo| < 7, the path of integration can be deformed as desired and

Ll(Z) — e—Zcoshw/
0

after the substitution cosht¢ = coshw + wu.
For small u the expansion

00 e—Zu—ut

—d
sinh ¢ Y

is available. Here

ap(v,w) = 1/sinhw, a1 (v,w) = —(v 4 cothw)/sinh® w, (2.2)
as(v,w) = (¥ 4 3v cothw + 2 4 3/ sinh® w) /2 sinh® w.
The expansion leads to
Ll(z) ~ f(V7Z)a

where
as(v, w)

—Z coshw—vw
fw,Z)=e Z =T (2.4)

When (2n— 1)7 < By < (2n+ 1)7 the paths just described are replicated but go off to
infinity near 8 = 2nw. Therefore, deformation of the path in L; to the desired direction
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cannot be carried out. Instead

oco+2nmi
/ efZ cosht—vt dt ~ ]t'(y7 Z) (25)
Now, for integer m,
oco+2mmi .
/ e Zeoshi=vt gy = opiel=2mvriy (7), (2.6)
co+2(m—1)mi

where I,(Z) is the usual modified Bessel function. Consequently,

oco+2nmi 1
/ e~ Zeoshivt 4y gniqmnvmi ST (2.7)
. sinvm
From (2.5) and (2.7),
;sinnym
Li(Z) ~ f(v, Z) — 2mie ™™ 21, (Z 2.
1(Z) ~ f(v.2) = 2mie™ ™ =, (2) (28)

when (2n — 1)m < By < (2n + 1)7.
The general asymptotic formula (see [2])

e? Ag(v Le VT2 A (v
IV(Z) ~ (27_‘_2)1/2 ;(—)S ZE ) — 1(27‘-2)1/2 ; Zg )7 (29)

valid for |phz| < 37/2 with Ag(v) =1 and

(4% —1%) (4% - 3%) - {4v? — (25 — 1)?}

As(v) = 5183 ’

(2.10)

can be employed in (2.8) but it is more economical to retain the form (2.8) as long as
possible.

Notice that, at boundaries where the coefficient of I,,(Z) in (2.8) alters, coshw =
—cosh g, so I,(Z) is exponentially smaller than f(v, Z). In other words, the changes in
(2.8) should take place relatively smoothly. On the other hand, I,,(Z) is likely to dominate
near g = 2nm (n # 0).

2.2. Case 2
The integral to be considered here is

oco+mi
Ly(2Z) = / eZ cosht=vt q¢. (2.11)

w

In this case the preferred paths of integration are the same as in Case 1 but traversed in
the opposite direction. Accordingly, if 2nw < Gy < (2n + 2)m,

oo+ (2L Z cosht—uvt _
e dt ~ f(v,—2). (2.12)

w
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From (2.6),
oo+ (2m—+1)ri )
/ eZ coshi=vt 4t — omie 2™, (Z), (2.13)
oo+ (2m—1)mi
and so )
Lo(Z) ~ f(v,—Z) — 2mie~(+vmiZ2 T 2.14
o2) ~ f(v,~2) ~ e T (2) (214)
when 2nm < By < (2n + 2)7.
A deduction from (2.11) and (2.14) is
comm Z cosht—uvt s —numi sin(n + 1)1/7T
e dt ~ f(v,—Z) — 2mie ——1,(2) (2.15)
w sinvm

when 2n7m < By < (2n + 2)7.

2.3. Case 3

Another integral for which the asymptotic behaviour is required is

oo+%7ri

Ly(Z) = / et coshi=vt gy (2.16)
w

The equation of the desired path of integration is cosh o cos 8 = cosh o cos By now and,

as a result, the pattern of paths is more complicated than in the preceding cases.

If |cosh ayg cos Bg| > 1 the path is a horizontal U-bend. Typically, it will start at oo +
(2n — L)mior co 4 (2n + 2)mi and end at co + (2n + 2)7i when traversed in the desired
direction.

If |cosh ag cos By| < 1 the path can cross the imaginary axis. There are two typical
paths when the desired direction is taken into account. One starts at —co + (2n + 3)7i
and goes to co + (2n + %)ﬂ'i. The other is traversed in the opposite direction going from
00 + (2n — 1)mi to —oo + (2n — $)7i. Thus the paths on which |cosh ag cos fo| < 1 and
(2n — 1)m < By < 2n7 are quite different from the other curves because they end up on
opposite sides of the imaginary axis. These exceptional values of w will require a separate
treatment.

When the exceptional paths are ignored and (2n — $)m < o < (2n + ),

cot+(2n+3)m
/ elZ cosht—vt dt ~ f(V7 —IZ) (217)
w
Since
cot+(2m+3)mi 3y i
/ elZ cosht—uvt dt = 27Tie*(2m+§)’/7”(]”(2)7 (218)
oo+ (2m+ %) mi

with J,(Z) the customary Bessel function, it follows that

—('rL-’r%)Vﬂ'i sinnvm

L3(Z) ~ f(v,—1Z) — 2mie J(Z) (2.19)

sin vm

for (2n — %)ﬂ' < Bo < (2n+ %)W and w not on an exceptional path.
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For the exceptional paths on which (2n — 1)7 < By < 2n,

- 2n—L)7i
Potn=s) iZ cosht—vt s
e dt ~ f(v,—i1Z).

w
Also,
co+(2n+3)mi ) 1 .
/ i cohi=vt gy _ rio-(2=dwmi 1) (7). (2.20)
—oco+(2n— )i

Hl(,l)(Z) being the standard Hankel function, so that

oo+(2n+%)7‘ri . 1 .
/ elZ cosh t—vt dt ~ f(V, —IZ) + Wie_(Qn_f)UmHl(,l)(Z).

Consequently, when |cosh ag cos Bp| < 1 and (2n — 1)7 < By < 2n,

Ls(Z) ~ f(v, —iZ) + mie= =@ (D (7) — opie= (2w 2T 7 7y 9 97)
sin v
It may be inferred from (2.19) and (2.21) that, when (2n — 2)m < fy < (2n+ $)7 in

the normal case,

co—$mi i . sl
/ e—lZ cosh t—ut dt ~ f(V; IZ) _ 27Tie—(n—%)V7TIMJU(Z) (222)

w sin v

and, when |cosh g cos Bg| < 1 with (2n — 2)7 < By < (2n — 1),

00—%71'1 )
/ ele cosht—vt dt

w

~ f(1,1Z) + mie =D (D 7y _ opje=(n=pwm ST gy g 9g)
S v

3. Formulae for K, (z,w)

An asymptotic expression for K, (Z,w) can be obtained from (1.3) by means of (2.8).
The linear combination f(v,Z) + f(—v, Z) occurs; it may be rewritten by defining

bs(v,w) = %{eiuwas(ya w) + e as(—v,w)}.

Then

cosh vw by (v, w) = v sinh vw — cosh vw cothw’ (3.1)

bo(v,w) =
o ) sinh? w

v? cosh vw — 3vsinh vw cothw + (2 + 3/ sinh? w) cosh vw

2 sinh® w

sinhw ’

ba(v,w) = (3.2)

from (2.2) and (2.3).
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One concludes that, when |phz| < 7/2 and (2n — 1)7 < By < (2n + 1),

sinnvm : .
Ku 5 ~ s Yy — mi— _nVﬂ—IIV nvmliy y 3.3
(z,w) ~ g(z,v,w) = mi———{e (2) te (2)} (3.3)
where " )
—ZzZ cosh w V’w
glz,v,w) =e h Z sl sl (3.4)
s=0

An alternative version of (3.3) is supplied by the substitution
I_,(2)=1,(2)+ (2/7)sinvnK,(2). (3.5)

It is )
.sin 2nvm

K, (z,w) ~ g(z,v,w) + (1 — 2™ K, (2) — 7i I,(2). (3.6)

sin v
Note that (2.9) can be inserted into (3.6) and also

K, (2) ~ eZ( T >1/2 3 As(v) (3.7)

95 s
z = Z

for |phz| < 37/2.
The range of phz can be extended by taking advantage of (2.14) and (1.3). Put Z =
ze™ so that —37/2 < phz < —7/2. By means of the general relations

I,(ze™™) = ™™, (2), (3.8)

,smmmrL/(Z% (39)

K, (2e™™) = e ™ MK, (2) — i
it is found that (2.14) leads to (3.6). Thus (3.6) holds for —37/2 < phz < —7/2 and
2nm < By < (2n + 2)7.
Similarly, it can be deduced from (2.15) with Z = ze~™ that (3.6) is valid for 7/2 <
phz < 37/2 and (2n — 2)7 < By < 2nm.
Another way of obtaining the result of the preceding paragraph is to start with the
formula for —37/2 < phz < —7/2 and invoke the general relation

sinvm

K, (2¢*™ w) = K, (2,w) + (™ — 1)K, (2) — 2micosvrl,(z). (3.10)

The expansion (3.6) is also valid for —7 < phz < 0 and (2n — $)7 < By < (2n+ )7
by (2.19) as well as for 0 < phz < m and (2n— 3)7 < By < (2n+ §)7 by (2.22) provided
that w is not exceptional.

In the exceptional case (R(coshw) < 1), (2.21) is relevant when —7 < phz < 0. Then

.sin 2nvm
j— o

K, (z,w) ~ g(z,v,w) + (1 + e ™K, (2) — 7 I,(2) (3.11)

sin vm

for (2n — 1) < By < 2n7. Furthermore, when 0 < phz < 7, (2.23) gives (3.11) subject
to 2nm < By < (2n+ 1)7.
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The formulae (3.6) and (3.11) cover the range —37/2 < phz < 37/2. Other ranges of
the phase can be handled by calling on (3.10).

The expansions are governed by the restriction R(w) > 0. However, it is straightfor-
ward to check that J(z,v, —w) = —J(z,v,w) and so

K, (z,—w) =2K,(z) — K,(z,w). (3.12)

Thus the asymptotic behaviour for R(w) < 0 can be written down from the foregoing
and (3.12).

When R(w) = 0, the formulae can be expected to be applicable so long as w is

sufficiently distant from any saddle point. The behaviour at a saddle point is considered
in the next section.

4. Saddle points

The integral representation of K, (z,w) has saddle point at ¢ = nwi. So far these have

been excluded from the asymptotic expansions. This section is concerned with their

contributions, which, as will be seen, are somewhat different from those already derived.
A change in the variable of integration gives

co+2nmi )
/ e~ Zeoshit coshpt dt = K, (Z) cos 2nvm 4 isin 2nvm / e~ Zcoshtginh ptdt.
) 0

" (4.1)

The asymptotic performance of the integral on the right-hand side is obtained by

putting cosht = 1 + 1u? or u = 2sinh(¢/2) and expanding the factor of the exponential

in powers of u. This requires the expansion of sinh v¢/cosh(¢/2) but it is more useful to
consider €”*/cosh(t/2). Let

Flu) = cosh(t/2) B mzz:ocmum
for small u. Then
cosh®(t/2)F" (u) + 3 sinh(t/2)F'(u) = (V? — 1) F(u)

(u? +4)F" (u) + 3uF'(u) = (4v* — 1)F(u).

Take a derivative m times by Leibnitz’s theorem and then set u = 0. There results
FOm+2)(0) = {402 — (m + 1)2}F0) (0) /4.
Since F(0) =1 it follows that, for m > 0,

FC™(0) = (402 —12) (4% — 32) - {d? — (2m — 1)2} /4™
=ml2mA,,(v)
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with A,,(v) defined as in (2.10). Hence
Com = T2 A (v)/(m — Ly12m. (4.2)
On the other hand, F’(0) = v so that
FCmHD(0) = (1 =12 (12 - 22)--- (V2 — m?).

Therefore,
Cam+1 = VB (v)/m!2™, (4.3)
where By(v) =1 and, for m > 0,
B (v) = 7212 —12)(1% = 22) - .- (V2 — m?)/(m + Dygm+t, (4.4)
The coefficients A,,(v) and By, (v) are even functions of v. It may therefore be deduced
that Lt
cosh v
4.5
cosh(t/2) Z Comeu”™ (45)
with cay, as in (4.2) and
sinh vt
7 4.6
cosh(t/2) Z Comre™ (46)
with co;41 given by (4.3).
By virtue of (4.6),
e}
e~ Zeoshtginh vt dt ~ h(v, Z), (4.7)
0
where B (1)
v
h =—e 7 ie 4.8
W=t 3 P (4.9
Hence, via (2.7), (3.5) and (4.1),
3] 2
K, (Z,2n7i) ~ (1 —isin2nvm) K, (Z) — ﬂiML,(Z) +ih(v, Z)sin2nvw.  (4.9)
sinvm

As regards the remaining saddle points, commence with

co+2nmi
/ e~ Zcosht cosh it dt
(2n+1)wi

= / e? st cosh vt cos(2n + 1)vm 4 isinh vt sin(2n + 1)vr} dt.
0

Now,
co—Ti 1 co—mi
/ eZ cosht coshvtdt = = / eZ cosht—vt dt
0 2 —oo+i
1 oco+mi 1 oco+mi
_ = / eZ cosht—uvt dt — = / eZcoshtfut dt
2 —oo+i 2 co—mri

=e VMK, (Z) — il (Z).
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Also, ‘
/ eZcoshtginhpt dt ~ h(v, —Z).
0

Consequently,

K, (Z,(2n 4 1)7i) ~ {1 —ie "™ sin(2n + 1)vr} K, (2)
— misin(2n + Vv cotvnl, (Z) + ih(v, —Z) sin(2n + 1)vw.  (4.10)

5. Transition formulae

An expansion of K, (Z,w) when w is not near a saddle point is supplied by (3.6). In
contrast, (4.9) is available when w coincides with a saddle point. How the expansion
(3.6) transforms into (4.9) as w approaches a saddle point is the topic of this section.

Consider K, (Z,w) as w approaches the saddle point at the origin. Change the variable
of integration to v, where v = 2sinh(¢/2) — 2sinh(w/2). Then

o0
K, (Z,w) :e_Z/ e_Z(”_b)Q/Qfo(v) dw,
0

where b = —2sinh(w/2) and
fo(v) = coshvt/cosh(t/2).

Let
fo(v) = Co 4+ Do(v —b) +v(v —b)go(v)

so that Cy = fo(b) and Cy — bDg = fo(0). Then

- \/2
K, (Z,w) = Coe ? (2Z> erfc{—b(Z/2)"/?}

D o0
+7°e*2<1+%b2>+e*2/ v(v = b)go(v)e 202 Q. (5.1)
0

where
I T g
erfe(z) = 7z | e ¥ dy.

Integration by parts provides

o0 1 o’e)
/ v(v — b)go(v)e #0012 4y = 7 / f1(v)e 20772 4y,
0 0

where d
fi(v) = -{vgo(v)}- (5.2)
Repeat the process carried out with fo by putting

Ji(v) = C1 4 D1(v —b) +v(v —b)g1(v).
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This changes (5.1) by replacing Cy, Dy and go(v) by Co + C1/Z, Do+ D1/Z and g1 (v),
respectively. Further repetition leads to

—Z coshw D
n

1/2
_ us C, e
K,,(Z,w)we Z(QZ) erfc{—b(Z/2)1/2} E ﬁ‘f’T E ﬁ (53)
n=0 n=0

The coefficients C,, and D,, are derived from the function f,(v). As v tends to b, t — 0,
and so, by (4.5),

fow) = 3 cam(v — )™, (5.4)
m=0

Now assume that

fn(v) = Z fnm(v - b)2m7
m=0

which implies that C,, = frno and fom = cam. The analogue of (5.2) is

frt1(v) = %f"(:]’)f_bcfl
= Z (2m + l)fn,m+1(v _ b)2m_ 655
m=0

Hence,

fn+1,m = (2m + ].)fn’erl = (2m + 1)(2m + S)fnfl’m+2

(m+n+3)_
STt fomeen
5)!
It follows that
(-3,
C, = 7 2" cop = An(v) (5.6)
from (4.2).
The coefficient D,, satisfies
m=0

which shows that D,, — 0 as b — 0.
An alternative expansion for f,(v) stems from Case 1 and

cosh vt
= bm 3 m’
sinh ¢ mz::() (v, w)u

where © = cosht — coshw. Thus

fow) = (0 =10) Y bp(v,w)u™.
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Now make the assumption that

falw) = (v—=0) bpmu™ +Z ’U*me’

m=0

the last term being absent for n = 0. From (5.5),

Ch

n+1
fn+1(U) = (U - b) Z (m + 1)bn,m+1um — Z (2m — 1)Bn,m—1 i

(v —by2m

m=0 m=2

Consequently,

briim = M+ Dbymir = (m+1)(m~+2)bp—1.m+2
=(m+n+ Dbnint1(v,w)/ml.

Also, Byy11 =C, and, form=2,...,n+1,

(v—10)*

Buyim = (=)(2m — 1)Bym-1 = (—)*(2m — 1)(2m — 3)By_1.m—2

=(m—H(=2)"""Cry1-m/3!.

Since v and v both vanish when ¢t = w,
Cyp — bDy, = —bbyg + Z T

whence )
~ (m—)I(=2)™
Dn - Z ch—m = n!bn(y, ’UJ)

via (5.8) and (5.9).
On account of (3.7) and (5.6), (5.3) can be rewritten as

e7Zcoshw D
K, (Z,w) ~ K, (Z)erfe{=b(Z/2)'*} + ——— Y " =

A AL
n=0

721

(5.9)

(5.10)

(5.11)

Asw — 0,0 — 0and D,, — 0. Also, erfc(0) = 1 so that, in the limit, (5.11) agrees with
(4.9). On the other hand, when w is moved sufficiently far from the origin for [bZ'/?| to

be large, the formulae

)P
erfc(z) ~ 1/22{ —I—Z 1/22217 }, Iphz| < 37/4

and
erfc(—z) = 2 — erfe(z)

can be employed. Then, if |Z(w)| < 7 but w is not near =i, (3.7), (5.10), (5.6) and (3.4)

reproduce (3.6) and (3.12).
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The same technique may be applied to the integral in which cosh vt is replaced by
sinh vt. Here, (4.6) is pertinent. It shows that the analogue of C,, is zero. Moreover, the
analogue of D,, does not tend to zero as b — 0; instead, the limit is vB,,(v). Since b, (v, w)
is replaced by d,, (v, w) where

dn(v,w) = %{e”wam(y, w) — e ay,(v,w)},
the result is  cosh ( )
> —Z cosht _: Tacoshw n'dn Vv, w
hvtdt ~ 5.12
y e sinh v 7 2 g (5.12)

for w in the neighbourhood of the origin. As w — 0, nld,(v,w) — vB,(v) (cf. (5.10))
and the right-hand side of (5.12) goes to h(v, Z), consistent with (4.7).
When w is near 2nmwi, change the variable of integration so that

co+2nmi e’}
/ e=Zcosht coshpt dt = / e~ Z st (cosh vt cos 2nvm + isinh vt sin 2nv) dt.

w w—2n7i

Since w — 2nri is in the neighbourhood of the origin, (5.11) and (5.12), with appropriate
changes, can be used to supply a transition formula for the integral on the left-hand side.
The upper limit of integration can be switched to co through (2.7) and an expression for
K, (Z,w) obtained when w is near 2nmi. It can be verified to give agreement with (4.9)
and (3.6) as w moves away from 2ni.

6. An error bound

Most asymptotic series fail to converge and computation is limited to a finite number of
terms. Therefore, it is useful to have some idea of the error arising when an asymptotic
expansion is truncated. Information for the modified Bessel functions is already available,
so only g(z,v,w) needs attention below. Since g(z, v, w) is constructed from f(v, z), it
will suffice to discuss f(v, 2).

The expansion of f(v, z) depends upon the representation of e=**/sinht (see Case 1).
Let

e _ e”w{ Til as(v, w)u® + u"(j)n(u)} (6.1)

sinh ¢ =

with ¢,(0) = an (v, w). If

n—1
fionz) = e > ()}, (6.2
then -
n(Z) = 2 (u) du
en(2) / 7 () du

As u — 0, ¢,(u) is bounded. Also, it is clear that ¢, (u) is bounded exponentially.
Hence there is a u, (v, w) such that

|fn ()] < Jan (v, w)|ern )
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for u > 0. Consequently, if ph Z = 6,
lea(2)] < nllan(v,)|/{]Z] cos§ — pin (v, w)}"+

so long as |Z|cos € > p, (v, w).
More generally, Cases 2 and 3 can be called on and a similar argument applied. Then

len(2)] < nllan (v, w)|/{|2] cos(ph z + 8) — p (v, w)}" (6.3)
for |z| cos(ph z + 0) > pn(v,w), § being such that |phz + §| < 7/2. Typical values for §
are 0, +m/2.
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