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Abstract. Unstable pressure and u-equilibrium states are introduced and investigated for
a partially hyperbolic diffeomorphism f. We define the unstable pressure P*(f, ¢) of f
at a continuous function ¢ via the dynamics of f on local unstable leaves. A variational
principle for unstable pressure P“(f, ¢), which states that P*(f, ¢) is the supremum of
the sum of the unstable entropy and the integral of ¢ taken over all invariant measures, is
obtained. U-equilibrium states at which the supremum in the variational principle attains
and their relation to Gibbs u-states are studied. Differentiability properties of unstable
pressure, such as tangent functionals, Gateaux differentiability and Fréchet differentiability
and their relations to u-equilibrium states, are also considered.
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1. Introduction

Entropy and pressure are important invariants in the study of dynamical systems and
ergodic theory. Entropies, including topological entropy and measure-theoretic entropy,
are measurements of complexity of the orbit structure of the system from different points
of view. As a generalization of entropy, the concept of pressure was introduced by Ruelle
[18] and studied in the general case in Walters [20]. In fact, the theory of pressure and
its related topics, such as Gibbs measures and equilibrium states, are the main constituent
components of mathematical statistical mechanics.

o
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The main purpose of this paper is to introduce unstable topological pressure P*(f, ¢)
for a C!-partially hyperbolic diffeomorphism f : M — M and any continuous function
@ on M, obtain a variational principle for this pressure and investigate the corresponding
so-called u-equilibria and differentiability properties.

Let f be a C'*¢-diffeomorphism on a closed Riemannian manifold M, where
€ > 0. The well-known entropy formula in [11] shows that if u is an SRB (after
Sinai—Ruelle-Bowen) measure, then the corresponding metric entropy h,(f) is the
integration of the summation of the positive Lyapunov exponents. It tells us that positive
exponents have a contribution to the metric entropy. In particular, when f is uniformly
hyperbolic, both of the metric entropy and the topological entropy are caused by the
dynamics on the unstable foliations. However, when f is (uniformly) partially hyperbolic,
things become delicate. The presence of the center direction makes the dynamics much
more complicated.

In recent years, the entropy theory for partially hyperbolic diffeomorphisms has been
increasingly investigated. We can see the progress in this research topic in [9, 10, 23, 24],
etc. In particular, for any C'-partially hyperbolic diffeomorphism f, Hu, Hua and
Wu [9] introduced the definitions of unstable metric entropy /), (f) for any invariant

measure y and unstable topological entropy h[MOp( f). Precisely, hj; (f) is defined by using

H, (\/;’:_01 f " a|n), where « is a finite measurable partition and 7 is a measurable partition
subordinate to unstable manifolds that can be obtained by refining a finite partition into
pieces of unstable leaves; hio,(f) is defined by the topological entropy of f on local
unstable manifolds. Similar to that in the classical entropy theory, the corresponding
versions of the Shannon-McMillan-Breiman theorem and the local entropy formula for
h},(f), and the variational principle relating Ay, (f) and hio,(f) are given. The main
feature of these unstable entropies is to rule out the complexity caused by the center
directions and focus on that caused by the unstable directions. In fact, ) (f) is equal
to hy(f, &) := H,(§|f&) (where & is an increasing partition subordinate to the unstable
leaves), which was introduced by Ledrappier and Young [11]. Comparing the above two
types of definition for the unstable metric entropy, we can see that the former one is more
natural and easy to understand than the latter one.

Similar to the way by which the unstable entropy is defined in [9], the unstable
pressure P“(f, ¢) is defined via the information of the potential ¢ as iterating f on local
unstable leaves (see Definition 2.2). It is well known that the variational principle for the
classical pressure was first given by Ruelle [18] for the system with the expansiveness and
specification assumptions and then was obtained by Walters [21] for the general case. It
shows that

P(f, ) =sup {hu(f) +/M pdu:pe Mf(M)},

where M y(M) is the set of all f-invariant probability measures on M. We will combine
the elegant method in Walters [21] and the technique in Hu, Hua and Wu [9] to obtain the
variational principle for unstable pressure (Theorem A), i.e. the equality as the above in
which P(f, ¢) and h,,(f) are replaced by P*(f, ¢) and h, (f), respectively. In particular,
if ¢ = 0, then we get the variational principle for unstable entropy [9, Theorem D].
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The measure at which the supremum attains in the variational principle for unstable
pressure P“(f, @) is called a u-equilibrium state for f at ¢ (see Definition 2.3). Some
fundamental properties for the set of u-equilibrium states are considered (Theorem B).
Among these properties, we show that there always exists a u-equilibrium state for
a Cl-partially hyperbolic diffeomorphism, in contrast to the case for the classical
equilibrium state (cf. [4, 12], etc). This is essentially due to the upper semicontinuity of the
unstable entropy map p +— hj, (f). For the particular potential ¢* = — log | det Df|g«|,
we relate the u-equilibrium states at ¢ to the Gibbs u-states of f (Theorem C). In [21, 22],
some properties about the classical pressure and equilibrium states were investigated. We
can consider the corresponding properties for unstable pressure and u-equilibrium states.
‘We show that unstable pressure determines invariant measures (Theorem D) and there is a
close relation between u-equilibrium states and tangent functionals (Theorem E). To study
the uniqueness of the u-equilibrium state, we define two types, Gateaux type and Frechét
type, of differentiability of unstable pressure of f at ¢ and obtain several properties of
them (Theorems F and G).

The paper is organized as follows. In §2, we give the definitions of unstable pressure
and u-equilibrium state, and formulate the main results. We provide some properties of
unstable pressure in §3. Section 4 is for the proof of the variational principle of unstable
pressure. In §5 and §6, we consider the properties of u-equilibrium states and study how
the unstable pressure determines invariant measures. In §7, differentiability properties of
unstable pressure are investigated.

2. Definitions and statements of results

Let M be an n-dimensional smooth, connected and compact Riemannian manifold without
boundary and f : M — M a C!-diffeomorphism. f is said to be partially hyperbolic (cf.
for example [16]; see also [7]) if there exists a non-trivial D f-invariant splitting TM =
E® @ E€ @ E" of the tangent bundle into stable, center and unstable distributions, such
that all unit vectors v” € E¢, 0 =c, s, u, withx € M satisfy

Dy fU°l < IDx oIl < [ D f0"l
and
IDx flesll <1 and ||Dxf71|E}\f|| <1

for some suitable Riemannian metric on M. The stable distribution E® and unstable
distribution E* are integrable to the stable and unstable foliations W* and W* respectively
such that TW* = E® and TW" = E" (cf. [8]).

In this paper we always assume that f is a C'-partially hyperbolic diffeomorphism of
M and p is an f-invariant probability measure. The notion of unstable metric entropy of
w with respect to f was introduced in [9], using a type of measurable partitions consisting
of local unstable leaves that can be obtained by refining a finite partition into pieces of
unstable leaves. We recall the construction of such measurable partitions and the definition
of unstable metric entropy as follows. To begin with, we recall some standard notation and
classical results on measurable partitions.
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Let (X, A, v) be a standard probability space. For a partition  of X, let o(x) denote
the element of « containing x. If @ and 8 are two partitions such that «(x) C B(x) for
all x € X, we then write @ > 8 or 8 < «. For a measurable transformation f : X — X
and a partition o of X, we denote f "' = {f~'A : A € a}. Clearly, f '« is a partition if
« is. A partition £ is increasing if f7'&€ > E.avp:={ANB:Aca, Bec B}iscalled
the join of « and B. For a partition 8, we denote 87 = Vv_ f~'B. In particular, ,3(’)1*1 =
Viso S 7B

For a partition 7, let B(n) denote the smallest sub-o-algebra of A that contains all
elements of 1. A partition n of X is called measurable if there exists a countable set
{A,}hen C B(n) such that for almost every (a.e.) pair Cy, C, € 1, we can find some A,
which separates them in the sense that C; C A,, C» C X — A,,. The canonical system
of conditional measures of v relative to 1 is a family of probability measures {v :
x € X} with v{(n(x)) =1 such that for every measurable set B C X, x > v{(B) is
B(n)-measurable and

v(B):/ v (B) dv(x).
X

The classical result of Rohlin (cf. [17]) says that if 7 is a measurable partition, then there
exists a system of conditional measures relative to 7. It is unique in the sense that two such
systems coincide in a set of full v-measure. For measurable partitions « and 7, let

H,(afn) = —/ log vi(er(x)) dv(x)
b'¢

denote the conditional entropy of « given n with respect to v.

Now consider a C!-partially hyperbolic diffeomorphism f : M — M. Take gy > 0
small. Let P = Pg, denote the set of finite Borel partitions of M whose elements have
diameters smaller than or equal to &g, that is, diam « := sup{diam A : A € o} < gg. For
each B € P, we can define a finer partition 1 such that n(x) = B(x) N W (x) for each
x € M, where Wyi (x) denotes the local unstable manifold at x whose size is greater than
the diameter &g of B. Since W* is a continuous foliation, 1 is a measurable partition with
respect to any Borel probability measure on M. Let P* denote the set of partitions 5
obtained in this way and subordinate to unstable manifolds. Here a partition n of M is
said to be subordinate to unstable manifolds of f with respect to a measure u if for u-a.e.
x, n(x) C W*(x) and contains an open neighborhood of x in W (x). It is clear that if
o € P is such that u(dor) = 0, where da := Uy d A, then the corresponding n given by
n(x) = a(x) N Wy (x) is a partition subordinate to unstable manifolds of f.

Definition 2.1. The conditional entropy of f with respect to a measurable partition o
given n € P" is defined as

. 1 _
hyu(f, @) = lim sup ~ Hy, (o M.

n—oo

The conditional entropy of f given n € P* is defined as

hu(fln) = sup h,(f, aln)
aeP
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and the unstable metric entropy of f is defined as

() = sup hyu(fln).

nePH

The following theorem is one of the main results in [9].

THEOREM. [9, Theorem A and Corollary A.2] For any « € P and n € P,

1
W) = hy(fIm) = b (o) = Tim ~ Hy (o™ ).

Unstable metric entropy was independently studied by Yang [24], where it is defined as
the entropy introduced by Ledrappier and Young [11]. Suppose that f is C!'T¢(e > 0) and
w is ergodic. Recall a hierarchy of metric entropies ., (f, &) := H,(§;| &) introduced by
Ledrappier and Young in [11], wherei = 1, . . ., & and & is the number of distinct positive
Lyapunov exponents. For each i, &; is an increasing partition subordinate to the ith level of
the unstable leaves W and is a generator. It is proved there that & uw(f, &) = h,(f), the
metric entropy of . If there are u, | < u < u, distinct Lyapunov exponents on an unstable
subbundle, then the uth unstable foliation is exactly the unstable foliation of the partially
hyperbolic system f. It is shown in [9] that the unstable metric entropy 4, (f) is identical
to h, (f, &) given by Ledrappier—Young. We remark that our definition of unstable metric
entropy (and also Yang’s in [24]) only requires f to be C'!, while the definition and results
by Ledrappier—Young require the C'*<-regularity of f.

Another notion introduced in [9] is the unstable topological entropy ht”op( f). As a
generalization, we define the unstable topological pressure associated with a potential
¢ € C(M, R) as follows. Denote by d“ the metric induced by the Riemannian structure
on the unstable manifold and let d“ (x, y) = maxo<j<y—1 d“(f7(x), f/(y)). Let W¥(x, 8)
denote the open ball inside W*(x) with center x and radius § with respect to d“. Let E
be a set of points in W¥(x, §) with pairwise d}-distances at least €. We call E an (n, €)
u-separated subset of W“(x, §). Put

Pu(f’ Y, €, n, X, 8) == sup {Z eXP((Snfﬂ)()’)) :

yeE

E is an (n, €) u-separated subset of W¥(x, 8)},

where (S,0)(y) = Y10 ¢ (v).

Definition 2.2. We define unstable topological pressure of f with respect to the potential
@ on M to be

P“(f, ¢) := lim sup P“(f, @, W¥(x, §)),
§—0 xeM

where

_ 1
P“(f, @, Wi (x, 8)) := lim lim sup — log P“(f, ¢, €, n, x, 8).

e—>0 p—soo N
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In fact, P“(f, ¢, WH(x, §)) is exactly the upper capacity topological pressure of the set
Wt (x, §) defined by Pesin (see [13]). Naturally, one can define the unstable pressure via
Caratheddory structure following [13]. For the unstable entropy case, this has been done
in [15, 19].

Two alternative ways to define unstable topological pressure are by using (n, €)
u—spanning sets and by using open covers. We discuss it in detail in §2. Note that when

= 0, the unstable topological pressure becomes the unstable topological entropy.

Let M (M) and ./\/l‘ (M) denote the sets of all f-invariant and ergodic probability
measures on M, respectlvely Our first main result is the variational principle relating
unstable topological pressure and unstable metric pressure, the sum of unstable metric
entropy and integral of the potential.

THEOREM A. Let f : M — M be a C'-partially hyperbolic diffeomorphism. Then, for
any ¢ € C(M, R),

P“(f,¢) = sup hﬁ(f)+/M<de:uer(M) :

Moreover,

PY(f, ) =sup {h, (f) +/ pdu:pe MM
As an immediate corollary, we recover the variational principle for unstable entropies
obtained in [9].

COROLLARY A.l. Let f : M — M be a C'-partially hyperbolic diffeomorphism. Then

hiop(f) = sup{h), (f) : p € M (M)}

Moreover,

hiop(f) = sup{hy(f) : v € MG (M)}

Let P(f, ¢) be the classical topological pressure of f associated to the potential ¢
(cf. [21, Ch. 9]). By the definition of P“(f, ¢) and Theorem A, we have the following
facts.

COROLLARY A.2. We have P*(f, ¢) < P(f, ¢).
If f is C'*€, the equality holds if there is no positive Lyapunov exponent in the center
direction at v-a.e. with respect to any ergodic measure V.

The variational principle (Theorem A) gives a natural way of selecting members of
M (M). The following concept of u-equilibrium state generalizes measure of maximal
unstable entropy.

Definition 2.3. Letp € C(M, R). A member u of M (M) is called a u-equilibrium state

Jor if PU(f, @) =hi(f)+ [ ¢ dp.
Let My (M, f) denote the set of all u-equilibrium states for ¢.
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A measure of maximal unstable entropy is a u-equilibrium state for the potential 0.
A significant result in [9] is that the unstable metric entropy function is upper semicon-
tinuous (cf. [9, Proposition 2.15], which is restated in Lemma 4.4 below). Therefore,
a u-equilibrium state should always exist for partially hyperbolic diffeomorphisms.
Furthermore, M(’; (M, f) has the following non-trivial properties.

THEOREM B.

€8 M(’;(M, f) is convex.

2 M;‘, (M, f) is non-empty and compact.

(3) The extreme points of My (M, f) are precisely the ergodic members of My(M, f).

@) Ife, ¥ € C(M,R) and there exists ¢ € R such that ¢ — ¥ — c belongs to the closure
of the set{tho f —h:h e C(M,R)}in C(M,R), then My (M, f) = ’fp(M, .

Gibbs u-states form a special class of invariant probability measures on M whose
conditional measures along unstable leaves are absolutely continuous with respect to the
Lebesgue measure on the leaves (cf. [1, 2], [14], see also [1, p. 221]). More precisely, we
have the definition below.

Recall that a partition 7 is subordinate to unstable manifolds of f with respect to a
measure u if for pu-a.e. x, n(x) C W*(x) and contains an open neighborhood of x in
WH(x). Also recall that for a measurable partition n of M, the conditional measures of a
probability measure y relative to a measurable partition 7 are denoted by {y}. Denote
by m¥ the Lebesgue measure on W*(x) induced by the intrinsic Riemannian structure on
WH(x).

Definition 2.4. Let f be a C!*-partially hyperbolic diffeomorphism. u € M F(M) is
called a Gibbs u-state of f if for every measurable partition n subordinate to unstable
manifolds of f, u -a.e. x € M, . is absolutely continuous with respect to m", that is,

il <« m" for p -a.e. x.

For a C! partially hyperbolic diffeomorphism f: M — M, denote ¢“(x) =
— log | det Df|gu(x)|. Using some results in [24], we can relate the u-equilibrium states
associated to ¢* to the Gibbs u-states of f.

THEOREM C. Let f be C'™€ and n € Mg (M). Then  is a Gibbs u-state of f if and only
if u is a u-equilibrium state of ¢“.

COROLLARY C.1. If f is C'*¢, then P*(f, ¢*) = 0.

COROLLARY C.2. There always exists a Gibbs u-state for any C'*€-partially hyperbolic
diffeomorphism.

Corollary C.2 can be easily extended to the partially hyperbolic attractor case, which
recovers the existence result proved in [14].

It is well known that the (classical) topological pressure P(f,-) determines the set
M (M) and the entropy &, (f) for all u € M (M), in the sense of [21]. We recall the
precise meaning as follows. A finite signed measure on M is a countably additive map
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w: B(M) — R, where B(M) is the o-algebra of Borel subsets of M. Then u € M ¢ (M) if
and only if fM odu < P(f, ) forall p € C(M, R). Moreover, h, (f) = inf{P(f, ¢) —
fM ¢ dv:¢ e C(M,R)}holds if and only if the entropy map p +— h,(f) from M ¢ (M)
to RT U {0} is upper semicontinuous at v. Rather surprisingly, the analogue holds for
unstable pressure: the unstable topological pressure P“( f, -), which might be considered
as a partial pressure of the system, also determines the set M ¢ (M) and the entropy A}, (f)
for all u € M y(M). Moreover, we have a cleaner result since the unstable entropy map
p > hy, (f) is always upper semicontinuous.

THEOREM D.
(1) Let p:B(M)— R be a finite signed measure. Then u € Myg(M) if and only if

Jyy edn < PU(f, @), forallg € C(M,R).
(2) Letv e Myg(M). Then

Ry (f) = inf {P”(f, ") —/ pdv:peCM, R)}.
M

As the existence of the u-equilibrium state has been guaranteed by the upper semicon-
tinuity of the unstable entropy map, it is natural to ask when the u-equilibrium state is
unique. This question is very subtle and already attracts a lot of interest in the case of the
classical pressure. In this paper, we study the differentiability properties of the unstable
pressure and their relations to the uniqueness of the u-equilibrium state. Such an approach
is developed in [22] for the classical pressure.

To start with, we define a notion of tangent functional to the convex function P“(f, -) :
C(M,R) — R, which is closely related to the u-equilibrium state. The (classical) tangent
functional can be found in [21, Definition 9.9].

Definition 2.5. Letg € C(M, R). A u-tangent functional to P*(f, -) at ¢ is a finite signed
measure i : B(M) — R such that

PU(f. g+ ) — P(fg) > f Wdu forall ¥ € C(M,R).
M

Let 7,(M, f) denote the set of all u-tangent functionals to P“(f, -) at ¢.

For the classical tangent functionals and equilibrium states, one has My, (M, f) C
ty(M, f). The equality My(M, f) =t,(M, f) holds under the assumption that
h,.(f) is upper semicontinuous at all the members of #,(M, f) (cf. [21]). The assumption
always holds for the u-tangent functionals.

THEOREM E. Let ¢ € C(M, R), then M(‘/‘,(M, = téj(M, ).

By a classical theorem in functional analysis (cf. [6]), the convex function P*(f, -) on
C(M, R) has a unique tangent functional at a dense subset of C (M, R). Combining with
Theorem E, we have the following.

COROLLARY E.1. The set {p € C(M,R) : M%(M, f) has a unique member} is dense in
C(M,R).
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To give sufficient conditions for a continuous function to have a unique u-equilibrium
state, we consider two types of differentiability of unstable pressure.

Definition 2.6. The unstable topological pressure P“(f,-) : C(M,R) — R is said to be
Gateaux differentiable at ¢ if

1
lli_I)l(l) ;(P”(f, @ +1y) — P(f. )
exists for any v € C(M, R).

THEOREM FE. PY(f,-) is Gateaux differentiable at ¢ if and only if there is a unique
unstable tangent functional to P*(f, -) at ¢.

Combining Theorems E and F, we have the following.

COROLLARY FE.1. PY(f, ) is Gateaux differentiable at ¢ if and only if there is a unique
u-equilibrium state of .

Now we consider the Fréchet differentiability of unstable topological pressure.

Definition 2.7. P“(f,-) : C(M,R) — R is said to be Fréchet differentiable at ¢ if there
exists y € C(M, R)* such that

im Pret¥) = PUS o) vyl
1m =

¥—0 vl
Let w, — p denote the convergence in weak™ topology and |, — u| — O the
convergence in norm topology on M ¢(M). The norm topology here is induced by the
metric |1 — pall :=sup{| [ ¢ dur — [ @ dual 1 ¢ € C(M, R), |lgll < 1}. We have the
following equivalent ways to describe Fréchet differentiability of P*(f, -).

0.

THEOREM G. The following statements are equivalent to each other.

(1) PY“(f,-) is Fréchet differentiable at ¢.

(2) There exists a measure [y, € M (M) such that whenever (p,) C M (M) with
hZ’l(f) —l—fM @ du, — P"(f, @), we have ||, — gl — 0asn — oo.

3) tf; (M, f) has a unique member i, and

P“(f, @) > sup {hﬁ(f) +/M @ du : pisergodic and | # M¢}~

@) P"“(f,-) is affine in a neighborhood of .
(®)] tz(M, f) has a unique member v, and sup{|jp — pell : 1 € tz+1//(M, N} — 0as

Y — 0.

6) t(’;(M, f) has a unique member i, and inf{||p — el : pn € t$+¢(M, Y —0as
Y — 0.

@) t’(g (M, f) has a unique member v, and there is a weak™ neighborhood V of |1, such
that

hzw(f) > sup{hZ(f) :u € Visergodic and p # 1Ly}
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It follows that Fréchet differentiability of P“(f,-) implies the uniqueness of the
u-equilibrium state. It is also clear that Fréchet differentiability of P*(f, -) is stronger than
Gateaux differentiability of P*(f, -), either by the definitions or by Theorems F and G.

As a corollary of Theorem G(4), we have the following.

COROLLARY G.1. The set of p € C(M, R) such that P*(f, -) is Fréchet differentiable at
@ is openin C(M, R).

3. Unstable topological pressure
In this section, we redefine the unstable topological pressure via spanning sets and open
covers, and discuss its basic properties.

3.1. Definition using spanning sets. Recall that unstable topological pressure is defined
in Definition 2.2 using (n, €) u-separated sets. We can also define unstable topological
pressure by using (n, €) u-spanning sets as follows.

A set F C W"(x) is called an (n, €) u-spanning set of W¥(x,§) if W#(x,38) C
UyeF By (y, €), where B} (y,€) = {z € W"(x) : d}/(y, z) < €} is the (n, €) u-Bowen ball
around y. Put

Q“(f, ¢, € n,x,8) :=inf {Z exp(($9) (x)) :

xeF

F is an (n, €) u-spanning subset of W (x, 8)}.
Then, instead of Definition 2.2, we can also define

_ 1
P“(f, @, WHi(x,8)) := linz) lim sup — log Q“(f, ¢, €, n, x, ).
e—

n—oo N

It is standard to verify that these two definitions for P*( f, ¢, W (x, §)) coincide.
The following lemma is useful.

LEMMA 3.1. P*(f, @) = sup,epy PH(f, 0, Wi(x, §)) for any § > 0.

Proof. It is easy to see that P"(f, ¢) < sup,cy P“(f, ¢, WH(x, §)) for any § > O since
8 sup,cp PU(f, @, W¥(x, §)) is increasing.

Let us prove the other direction for some fixed § > 0. For any p > 0, there exists y € M
such that

sup P!(/. ¢, WG, 8) = PU(f, ¢, WH0,3) + g 3.1

Pick €y > 0 such that

__ 1
PU(f. o, WH(y, ) = lin}) lim sup — log Q" (f, ¢, €, n,y,9)
€—>

n—oo N

1
< lim sup = log Q“(f, @, €0, 1, y, 8) + g. (3.2)

n—oo N
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We can also choose §; > 0 small enough such that §; < é and

PU(f.9) Z sup PU(f g, WHGr 60) - § (3.3)

Then there exist y; € W¥(y,§),1 <i < N, where N only depends on §, 1 and the
Riemannian structure on W*(y, §), such that

N
W (y, 8) c | W (i, 80). (3.4)

i=1
Then we have

sup P(f, ¢, W(x, 8))
xeM

< PU(f, 9, Wi (y, 8)) +§ by (3.1)

1 2
< lim sup —log Q" (f. ¢. 0.1, 7. &) + ?p by (3.2)

n—oo

N
1 2
< lim sup — log (Z O“(f, ¢, €0, 1, Yi, 51)) + ?,o by (3.4)

n—oo N .
i=1

1 2
flimsup—logNQ”(f,w,Eo,n,yj,51)+?pfOYSOIHCI <j<N

n—oo N

_ 1 " 2p
= lim sup — log Q" (f, ¢, €0, n, yj, 61) + 3

n—oo N

o 1 " 20

< lim lim sup — log Q“(f, @, €, n, y;, 81) + —
e—>0 p—so0 N 3

2p

3

— 2
< sup P*(f, @, W4(x, 81)) + —
xXeM 3

P'(f,¢)+p by((3.3).

Since p > 0 1is arbitrary, we have sup, ., P*(f, ¢, W¥(x, 8)) < P*(f, ¢). O

IA

3.2. Definition using open covers. We proceed to define the unstable topological
pressure by using open covers. Let Cys denote the set of Borel covers of M and C}, C Cy
the set of open covers of M. Given U € Cy, denote U]}, := \/:’ f ~1l{. Put

=m

P (f,o,U,n,x,8) = inf { Z sup exp((S,0) () : V € Cyp, V = ug—l}_
Bey YEBNWH(x,8)

If BN W4(x,8) =0, we set SUP ¢ B (x5 exp((S,9)(y)) = 0.
Definition 3.2. We define

P“(f, ) := lim sup P“(f, o, Wi(x, 8)),
5—0 xeM
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where

~ [ 1
P“(f, @, W#(x,8)) := sup limsup — log p“(f, ¢, U, n, x, §).

UeCy, n—o0 n

Remark 3.3. 1Tt is not clear whether the sequence log p*(f, ¢, €, n, x, 8) is subadditive or
not, so we have used lim sup in the definition above. This is one of the main differences
from the case for classical topological pressure.

Observe that for § > 0 small enough, there exists C > 1 such that for any x € M,
d(y,z) <d"(y,z) < Cd(y,z) foranyy,ze W4(x,$§) (3.5)

since M is compact and W* is a continuous foliation. By some similar arguments to those
in the proofs of [21], we can verify that Definitions 2.2 and 3.2 for unstable topological
pressure coincide.

PROPOSITION 3.4. We have ﬁ“(f, 0, Wi(x,8)) = P*(f, ¢, W(x,8)). As a conse-
quence,

PU(f, ) = P"(f, ¢).

3.3. Basic properties of unstable topological pressure. Here we list some properties
of unstable topological pressure. The proof is straightforward by definition and hence is
omitted.

PROPOSITION 3.5. If ¢, ¥ € C(M,R) with norm || - || and c € R, then the following

Statements are true.

(1) PU(f,0) = hgp(f).

2) P'(f.o+c)=P'(f,9)+c

3) ¢ < implies that P“(f,¢@) < P“(f,v¥). In particular, h{‘op(f) +inf ¢ <
PU(f, ) < higp(f) + sup .

@ [P(f. )= PU(fo < llo =¥l

5) PU(f, ) is convex.

©6) PY(f,p+ho f—h)=P'(f,p). Moreover, if p — ¥ belongs to the closure of the
set{hof—h:heCM,R)}in C(M,R), then P*“(f, V) = P*(f, ¢).

(7 PY(f.o+ ) < PU(f, o)+ P“(f, V).

®) PU(f,cp) <cP“(f,@)ifc>1and P"(f,cp) > cP"(f,¢)ifc <1

O [PU(f, o)l < PU(f, leD).

4. The variational principle

4.1. Some properties of unstable metric entropy. In this subsection, we collect some
important properties of unstable metric entropy proved in [9]. In particular, they will
be used in the proof of the variational principle (Theorem A) and in describing the set
MG (M, f) in Theorem B.

LEMMA 4.1. [9, Corollary A.2] h, (f) = hu(f, aln) = limnﬁoo(l/n)Hu(a(')’_IM) for
any o € P and n € P*.
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LEMMA 4.2. [9, Corollary 3.2] For any n € P* subordinate to unstable manifolds and
any € > 0,

, 1
hu(flm) = lim —;log wl(By(x,€), p-ae. x.

LEMMA 4.3. [9, Proposition 2.14] For any o € P and n € P, the map u v H,(a|n)
from M(M) to RT U {0} is concave.
Furthermore, the map p v hy (f) from My (M) to R* U {0} is affine.

Recall that for each partition @ € P, the partition ¢ given by ¢(x) = a(x) N W{(’) . (x)
for any x € M is denoted by . Conversely, for each partition n € P, there is a partition
B € P such that n(x) = B(x) N Wy{ (x) for any x € M. Denote such 8 by n¥.

LEMMA 4.4. [9, Proposition 2.15]
(a) Let v e M(M). For any o € P and n € P* with n(da) = 0 and w(dn¥) = 0, the
map = Hy (a|n) from M(M) to R* U {0} is upper semicontinuous at i, i.e.

lim sup H,(aln) < HM(O(M)-

V[

(b) The unstable entropy map p — hj, (f) from Mg(M) to R* U {0} is upper semicon-
tinuous at [, i.e.

lim sup A (f) < Ry (f).

Vi

The second part of the above lemma also follows from [24, Theorem D].

4.2. Proof of the variational principle. At first, we prove Proposition 4.6 stated below,
which is one inequality of the variational principle (Theorem A). The following lemma is
well known.

LEMMA 4.5. Suppose that 0 < p1,...,.pm <1, s=p1+---+pnpanday,...,ay €
R. Then

m m
Z pi(a; —log p;) < s(log Z e’ —log s).
i=1 i=1

The above lemma is almost identical to [3], except that we have removed the condition
s <1.

Proof. If s = 0, then the inequality holds trivially. Suppose that s > 0. Let p; = p;/s.
Then /., p; = 1 and we can apply [21, Lemma 9.9] to get

m . . m
Z&<ai—log &>§log( e“").
i=1 § § =1

1

Simplifying it, we have the inequality in the lemma. O
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PROPOSITION 4.6. Let i be any f-invariant probability measure. Then

h, (f) + /M pdu < P*(f, ).

Proof. Let p= [ ME (M) v dt(v) be the unique ergodic decomposition where 7 is a

probability measure on the Borel subsets of M (M) and t(/\/l? (M)) = 1. Since u +—
h}, (f) is affine and upper semicontinuous by Lemmas 4.3 and 4.4, so is hy, (f) + fM odu
and hence

hZ(f)Jrf wdpt:/ <hl£(f)+/ de> dz(v) (4.6)
M M (M) M

by a classical result in convex analysis (cf. [5, Fact A.2.10 on p. 356]). So, we only need to
prove the proposition for ergodic measures.
Suppose that u is ergodic. Let p > 0 be arbitrary. Take n € P* subordinate to unstable

manifolds and then take ¢ > 0. By Lemma 4.2, we have

. 1 N/ pu u

lim ——log ui(B,(y, &) = h,(fIn), w-ae.y.

n—oo n
Hence, for u-a.e. y, there exists N(y) = N(y, €) > 0 such thatif n > N(y), then
WIB (v, ) < e "hIIm=0)

and
1
—(Sh@)(¥) = f pdu—p. 4.7)
n M

Denote E, = E,(¢) ={y € M : N(y) = N(y,¢) < n}. Then u( U2 E,) = 1. So, there
exists n > 0 large enough such that u(E,) > 1 — p. Hence, there exists x € M such that
wWh(E,) = nl(E, Nn(x)) > 1 — p.Fixsuchn and x. If y € n(x), MZ = uy. We have

(B (y, £)) < e "MuFIM=P) forall y € E, Nn(x). (4.8)

Now we take § > O such that W¥(x, §) D n(x). Let F be an (n, £/2) u-spanning set of
Wi (x, 8) N E, satisfying

Wi, 8) NE, C | BY(z.£/2)

zeF

and B}/ (z,e/2) N E,, # @ forany z € F.Let y(z) be an arbitrary pointin B/ (z, /2) N E,,.
We have

1= p < Wl Wi 9 N E < (| Bl 2/2)

zeF

<Y wWI(Bl(z.8/2) < Y wl(Br(¥(2), ). (4.9)

zeF zeF
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Using (4.7), (4.8) and then applying Lemma 4.5 with p; = ul(B*(y(2), €)), a;i =
(Sn)(y(2)), we have

Zuﬁ(B,?(y(z),e»(n(/M«)du—p) +n(h§1(fln)—p)>

zeF
<> HIBLY(R), ) (Si9) (3(2)) — log wl (B (¥(2), £)))
zeF
< ( > ul(B(y(2), s))) ( log Y exp((Sn@)((2)) —log Y ul(BL(y(2), a))).
zeF zeF zeF

Then, combining (4.9), we get

n( /M pdu— p> +n(hy, (fIn) — p)
<log ) exp((S,9)(y(2)) —log Y ul(Bi(y(2), &)

zeF zeF
< log Z exp((Sne) (¥(2))) — log(l — p). (4.10)
zeF

Let 7. :={lp(x) —¢(y)|:d(x,y) <e}. Then, for any z € F, exp((Spp)(y(2))) =
exp((Sy)(z) + nt.). Dividing by n and taking the lim sup on both sides of (4.10), we
have

, 1
/ ¢ du+ hy,(fln) —2p < lim sup - log > " exp(($u9)(2) + e
M n—o00
zeF

Moreover, we can choose a sequence of F' such that

1
lim sup ~— log ) _ exp(($,¢)(2)) < P"(f, ).

n—00
zeF

Since p > 0 is arbitrary and 7, — 0 as ¢ — 0, one has fM pdu+h,(fin) < PU(f, 9).
O

Proof of Theorem A. We first prove that for any p > 0, there exists € M (M) such that
h, () + fM odu > P"(f,p) — p. Combining with Proposition 4.6, we obtain the first
equality in Theorem A.

For some § > 0 small enough, we can find a point x € M such that

Pu(f? (/7, W“(x,8)) Z Pu(f? (ﬂ) - pP.

Take ¢ > 0 small enough. Let E,, be an (n, ¢) u-separated set of W¥(x, §) with cardinality
N“(f, e, n, x, §) such that

log ) exp((Sug)() = log P“(f. p.e.n. x.8) — 1.
yEE,
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Define

2ye, KP((S) )3y
>k, exp((Su9)(2))

vy =

and

1 n—1
Un = " Z; [,
1=

Since the set M (M) of all probability measures on M is a compact space with weak™*
topology, there exists a subsequence {n;} of natural numbers such that limy_, oo tn, = K.
Obviously u € M ¢(M).

We can choose a partition n € P* such that W¥(x, ) C n(x) (by shrinking § if
necessary). That is, W*(x, §) is contained in a single element of 1. Then choose « € P
such that u(da) = 0 and diam(«) < ¢/C, where C > 1 is as in (3.5). Hence, we have

Hy, (g™ ) + /M<Sngo) dvy =Y va({yD (= log va (YD) + (i) (»)

YEE,

= log Z exp((S,@)(y)).

yEE,

Fix a natural number ¢ > 1. For any natural number n > ¢q, j =0,1,...,9 — 1, put
a(j) = [n — j/ql, where [a] denotes the integer part of @ > 0. Then

n—1 a(j)—1

\V ra= \/ et v \/ r,

i=0 r=0 tESj

where §; ={0,1,...,j—=1}U{j+qa(j),...,n—1}
For a partition o € P, denote by o the partition in P* whose elements are given by
a(x) = a(x) N W (x). Note that

r—1
f”’( \/ e v Flav\/ f—’a)) = fav---v gy fritig > fat.
i=0

l‘ESj
We get that
a(j)—1 .
Hu< \/ el v \/ f"a))
r=0 tes;

a(j)—1
-1 i —1
< H(a 1ffm+ ) Hfmu(ag

r=1

r—1
f"’( \ e v Fav\/ f"a)>>
i=0 teS;
a(j)—1
< Hy 1+ Y Hprau(ad ' fat. @.11)

r=1
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Also,

a(j)-1
( \/ PR RV )

tes;

a(j)—1
=ka,~v( \/ Frad T v\ £ a)) (4.12)

tes;
Replacing v by v, and f/v, in (4.12) and (4.11), respectively, we get
log Y exp((Si@)(»)

YEE,

= > vlyh(—log va(iy) + (Sue) (1))

yEE,

= H,, @)+ / (Sa0) dvn
M

a(j)—1
—an( \/ VAR VAV a|n> /(Sn¢) dv,

tes;

a(j)-1

<ZH (f—ta|n)+an< \/ f- rq— jaq 1"7\/\/ f )+/M(Snfp)dvn

tes; tes;
a(j)—1
<> H, <f—’a|n>+Hfjvn( \/ g l\ffmv \/ f‘fa)) / (Snep) dv,
tes; tes;

a(j)—1

< > Hy, (f i)+ Hps (07 10+ Y Hprans, @ ) + / (S4) dvy.

IES./‘ r=1

It is clear that cardS; < 2g. Denote by d the number of elements of . Summing the
inequalities over j from O to ¢ — 1 and dividing by n, by Lemma 4.3 we get

q
~ log > exp((Su) ()

yeEn

<= Z > Hy, (f ) + ~ Z Hpi, @)

J—O tes;

n—1

+- ZH,H (@1 fay + = /M<Sngo)dvn
qg—1

242 j "
<—10gd+ ) Hyi, (™ "AIm + H, @7 fe) +q Mgﬂdun- (4.13)
j=0

https://doi.org/10.1017/etds.2020.105 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.105

Unstable pressure and u-equilibrium states 3353

Let {n;} be a sequence of natural numbers such that:
(1) pp, - pask — oo;
(2) limg_ oo (1/ng) log P*(f, @, &, ng, x, 8) = lim sup,,_, ., (1/n) log P*(f, ¢, &, n, x, ).
Since u(da) = 0 and p is invariant, u(aagfl) = 0 for any ¢ € N. By Lemma 4.4,

lim sup H,,, @7 fa") < Hu(@d ™" fa).

k— 00

Thus, replacing n by n in (4.13) and letting k — oo, we get

1 _
M

n—oo N

Then, by Lemma 4.1,
- 1 _
PY(f. o, Wi(x,8)) < lim —Hy (o l|f0€”)+/ <pdu=h§1(f)+/ pdu.
g—> g M M

Thus, 7, (f) + fM e dpn = PY(f,9) — p. Since p is arbitrary, we get by combining with
Proposition 4.6,

P“(f, ) = sup {hﬁ(f) +fM pdp:pe Mf(M)}-

We prove the second equation in Theorem A.

Let p > O be sufficiently small. Then there exists an invariant measure p such that
h, () + fM odu > P“(f, ) — p/2. By (4.6), there exists an ergodic measure v such
that

Ry (f) + /M @dv > hy(f)+ /M pdu—p/2> P"(f,9)—p.

Since p is arbitrary, we have

P”(f,¢)=sup{hZ(f)Jr/deM:MeM‘}(M)}- O
The proof of Corollary A.1 is straightforward and hence is omitted.

Proof of Corollary A.2. The inequality P*(f, ¢) < P(f, ¢) follows from the definition
directly.

If £ is C'*€ and there is no positive Lyapunov exponent in the center direction, then,
by the Ledrappier—Young formula [11] and [9, Theorem A], h,(f) = h;,(f) for any
ne M?(M ). Then, by Theorem A and the classical variational principle for pressure
(cf. [21, Theorem 9.10)),

PU(f ¢) = sup {hﬁ(f) + /M pdp:pe M?(M)}

= sup {hu(f) + /M pdu:pe M?(M)}

=P(f. ). O
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5. U-equilibrium states

In this section, we shall first give some fundamental properties for the set of u-equilibrium
states, proving Theorem B. Then for the particular potential ¢* = — log | det Df |gu| we
relate the u-equilibrium states at ¢* to the Gibbs u-states of f.

5.1. Properties of My,(M, f).

Proof of Theorem B. 1Tt follows from Lemma 4.3 that u — hZ(f) + fM ¢ du is affine.
Hence, (1) holds.

It follows from Lemma 4.4 that u — hj,(f) + / @ dju is upper semicontinuous.
The set M (M, f) is non-empty because an upper semicontinuous function on a
compact space attains its supremum. If u, € M;(M , f)and p, — pin M (M), then
RE(f) + [y ¢ du = limsup, o bY () + [, ¢ dien = P*(f, ¢). This together with
Theorem A proves that Mg (M, f) is compact. Thus (2) is proved.

If e Mg(M, f) is ergodic, then it is an extreme point of M (M) and hence
of Mg(M, f). Now let e Mg(M, f) be an extreme point of Mg (M, f) and
suppose that w = puy+ (1 — p)uy for some py, uz € My(M) and p € [0, 1].
By Lemma 43, P“(f,@)=hi(f)+ [y ¢ du=ph () + fo; ¢ du) + (1 —
p)(hl“n( H+ f y @ du2). By the variational principle, Theorem A, we must have
U1, U2 € ./\/lg(M, f).Hence, 1 = uy = w since u is an extreme point of M(”/‘,(M, ). It
means that y is an extreme point of M (M) as well. Thus, u is ergodic. This proves (3).

Now we prove (4). By Proposition 3.5(2), (4) and (6), P“(f,¢) = P“(f,¥) + c.
On the other hand, it is easy to see that fM pdu = fM ¥ du + c and hence h), (f) +
Sy @ i = hC) + [y ¥ i+ . Thus, MM, f) = M (M, f).

5.2. Gibbs u-states. There are two leading cases for a potential ¢. First, ¢ is the constant
function 0. In this case, the unstable topological pressure is just the unstable topological
entropy (Proposition 3.5(1)) and Theorem B(2) gives existence of measure of maximal
unstable metric entropy.

Second, ¢* = — log | det Df|g«|. Theorem B(2) gives existence of u-equilibrium states
with respect to *. We start to prove Theorem C, which claims that when f is C'*€ such
u-equilibrium states coincide with Gibbs u-states first studied in [14].

LEMMA 5.1. (cf. [24, Proposition 5.2]) If f is C'T€ and n € M y(M), then
GEY e
M

The equality holds if and only if u is a Gibbs u-state of f.

Remark 5.2. We have replaced h, (f, F") in [24] by hii( f), where F* is the unstable
foliation of f. Indeed, see [9], we have hZ( ) =h,(f, F"). See also the discussion after
Definition 2.1.

We characterize Gibbs u-states of f by u-equilibrium states of f with respect to ¢“.
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Proof of Theorem C. By Theorem A and Lemma 5.1,
P"(f, ¢") = sup {hﬁ(ﬂ +/ " dﬂ} =0
M

By Lemma 5.1 again, pu is a Gibbs u-state of f if and only if w is a u-equilibrium state
of ¢". 0

Corollary C.1 was already obtained in the proof of Theorem C.

Proof of Corollary C.2. Since a u-equilibrium state for any continuous function ¢ always
exists by Theorem B(2), we know from Theorem C that a Gibbs u-state always exists. [

6. Unstable topological pressure determines M g (M)

Proof of Theorem D. We modify the proof [21, Theorem 9.11] for the unstable pressure
case. If u € M (M), then it is easy to see that fM o du < P*(f, ¢) by Theorem A.
Now let i : B(M) — R be a finite signed measure such that fM pdu < PU(f, ¢) for all
¢ € C(M, R). Firstly, we show that u is a measure. Let ¢ > 0. If ¢ > 0 and n > 0 is large
enough, then, by Proposition 3.5(3),

fn((p+€)du —f —n(p+e)du
M M

—PU(f, —n(p +¢€))
> —(h?op(f) + sup(—n(g +¢€)))
= —h{‘op(f) +ninf(p +¢€) > 0.

v

\%

Hence, [,,(¢ +€) du > 0. Since € > 0 is arbitrary, [,, ¢ di > 0 and y is a measure.

Next we show that p is a probability measure. For n € Z, f yndu =< P(f,n)=
h{‘op(f) +n.Ifn > 0, then u(M) < (l/n)h{‘op(f) + 1. Hence, u(M) < 1 by letting n —
o0. If n <0, then u(M) > (l/n)htuop(f) + 1. Letting n — —oo, (M) > 1. It follows
that w(M) = 1.

At last we show that u € Mg(M). Forn € Z, n [,,(po f —¢)du < P*(f,n(po
f—9)= h["op(f) by Proposition 3.5(6) and (1). If n > 0, then fM(cp of —p)du <
(1/n)hig,(f). Hence, [y@o f—¢)du <0 by letting n — oo. If n < 0, then [,(¢ o
f=@)du = (1/n)hig,(f). Hence, [, (¢ o f — ) du > 0 by letting n — —o0. There-
fore, [, 9o fdu= [, pdu.So, u € My(M).

The proof is an adaption of that of [21, Theorem 9.12]. Recall that we already know that
the unstable entropy map w + hj,(f) is upper semicontinuous. The fact that Ay (f) <
inf {P“(f, ®) — fM pdv:peC(M, R)} immediately follows from Theorem A. To
prove the other direction, let b > h%(f). Put

C={(u, 1) e Ms(M) xR:0 =<1t =<h, ()}

By Lemma 4.3, C is a convex subset of C(M, R)* x R, where C(M, R)* is endowed with
the weak™ topology. Then (v, b) ¢ C as j h}, (f) is upper semicontinuous at v. By a
classical result [6, p. 417], there is a continuous linear functional F : C(M, R)* x R - R
such that F(u,t) < F(v, b) for any (i, 1) € C. We can suppose that F has the form
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F(u, 1) = [, ¥ du+td for some ¢ € C(M,R) and d € R. Then [}, ¥ du+td <
[y ¥ dv + bd forany (u, t) € C.Inparticular, [,, ¢ du +1(f)d < [ ¥ dv + bd for
any pu € My (M). Setting 4 = v, we have h}(f)d < bd. Hence, d > 0. We have

14 14
—du+n"(f) </ —dv+b
/M d . md
for any u € M y(M). By the variational principle (Theorem A),
14 14
u — —_—
P (f, d) S/M ~dvtb.
Then
b> P”(f, f) —/ Vv > inf(P(f. ) —/ odv:geCM,R)).
Therefore, K% (f) > inf{P"(f, @) — [, ¢ dv : ¢ € C(M,R)}. O

7. Differentiability properties of the unstable topological pressure

In this section, we consider the differentiability properties of the unstable topological
pressure. We shall first give the relation between the u-tangent functionals and the
u-equilibrium states and then consider the Gateaux differentiability and Fréchet differentia-
bility of the unstable topological pressure. The equivalence of the Gateaux differentiability
of P“(f, -) and the existence of the unique unstable tangent functional P*( f, -) at a given
@ is obtained and several necessary and sufficient conditions for P*(f, -) to be Fréchet
differentiable at a given ¢ are given.

7.1. U-tangent functionals.

Proof of Theorem E. First, we show that 1y (M, f) C MG(M, f). Let u € t,(M, f). By
Proposition 3.5(7), for all € C(M, R),

fM W dp < PUCfL g +9) — PU(fL ) < PUCS, ).

By Theorem D(1), u € M ¢(M).
Then, for all ¥ € C(M, R),

P”(f,¢+1ﬁ)—P”(f,</))Z/ Wdu=/(¢+1ﬂ)du—/ pdu,
M M M

which implies that

P"(f,<ﬂ+1/f)—/M(<p+tﬂ)dMZ P”(f,cp)—/prdu-

Since ¥ € C(M, R) is arbitrary, one has

inf{P“(f,h)—/ hdu:heC(M,R)}iP”(f,w)—/ odu.
M M
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By Theorem D(2), we have hﬁ(f) > PY(f, @) —fM ¢ du. Combining with the
variational principle (Theorem A), we have PY(f,¢) = hZ( )+ fM ¢ du. Thus,
€ My(M, f).

Conversely, if u € ./\/lé(M, f). then PU(f, @) = h, (f) + fM @ d . We have

Pu(f’(p+W)_Pu(f,<p)2hz(f)"’/M(‘p"'W)dﬂ_hZ(f)—/deu

=/ Y du forally € C(M,R),
M

where the variational principle (Theorem A) is used in the first inequality. Therefore, u €
1M, £). 0

Remark 7.1. The proof of Theorem E is based on Theorem D. Our proof of t’; M, ) C
M ¢(M) using Theorem D(1) is much shorter than the one in [21, Theorem 9.14].

7.2. Gateaux differentiability. Since P"(f,-) is convex (Proposition 3.5(5)), for any
o, € C(M,R) the map t — 1/t(P“(f, ¢ +1t) — P*(f, p)) is increasing and hence
the following two limits exist.

Definition 7.2. We define
o1
dTP(f,9)(¥) == lim —(P"(f, ¢ +1y) = P'(f, )
t—>0t+ 1
and
_ .1
d-P(f, o)) == tgrgf ;(P”(f,</>+t¢) — P(f. ¢)).
The following proposition is immediate.

PROPOSITION 7.3. We have

(1) d™P*(f,@)(¥) = —dTP*(f, )(=¥);
2) d=P(f,9)(¥) <dTP"(f, ) ().

Recall that the unstable topological pressure P“(f, -) is said to be Gateaux differen-
tiable at ¢ if

1
th_r)% ;(P“(f,<ﬂ+tlﬂ) — P"(f, )

exists for any ¥ € C(M, R) (see Definition 2.6). By Proposition 7.3, P*(f, -) is Gateaux
differentiable at ¢ if and only if for any ¥ € C(M, R),

dYPU(f. o)) = —dTP"(f, p)(—V).
LEMMA 74. d* P*(f, 9)(¥) = sup{ [y, ¥ du : € 15 (M, f)} forany ¢, ¥ € C(M, R).

Proof. If i € (M, f), then by definition [,, ¥ di < 1/t(P*(f, ¢ + 19) — P(f, 9))
for all # > 0. Taking the limit, one has [, ¥ du < d*P“(f, 9)(¥).
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Conversely, let us denote ¢ = d+ P¥(f, ¢)(¥). Consider a linear functional y on the
linear subspace {try : t € R} given by y(ty) = tc. Due to the convexity of P“(f,-),
y(y) =tc < P'(f,o+ty) — P“(f, @), i.e., y is bounded above by the continuous
convex function & — P“(f, ¢ +h) — P“(f, ¢) on the subspace {ti : t € R}. Then the
Hahn—-Banach theorem asserts that y can be extended to a linear functional on C(M, R)
such that

y(h) = P*(f.@+h) = P"(f.9)

for any h € C(M, R). Then, using the Riesz representation theorem, there exists u €
t;,’(M, f) such that

/Iwwdlt:)/(k/f)=C=d+P“(f»<ﬂ)(W)- O

Proof of Theorem F. If P“(f,-) is Gateaux differentiable at ¢, then, for any ¢ €
C(M,R),

dTPU(f, )W) = —=dTP(f, o) (=)
By Lemma 7.4, we have for any ¢ € C(M, R),

sup{/deu:uetZ(M, f)} :_Sup{/M(_wd“:“Et«Z(M» f)}

:inf{ / Ydu:ue tg(M, f)}.
M

It follows that 7; (M, f) consists of a single element 4.
Conversely, suppose that tg(M , f) consists of a single element p,. Then, by
Lemma 7.4,

dTPU(f, )W) = /M Vdue =— fM(—lﬁ) dpy = —d*P"(f, 9)(—¥).
So, P“(f, -) is Gateaux differentiable at ¢. O

Corollary F.1 follows directly from Theorems E and F.

7.3. Fréchet differentiability.

LEMMA 7.5. The following two statements are mutually equivalent:

(1) PY“(f, ") has a unique u-tangent functional at ¢;

(1) there exists a unique measure |1, such that every (u,) C M (M) with hﬁn (H+
fM @ dp, — PU(f, @) satisfies L, — Ly asn — 0.

Proof. (1) = (2): If A}, (f) +fM odu, > P*'(f,9) and u, - p for some p €
M (M) as n — oo, by the upper semicontinuity of the unstable entropy map, we have

hy, (f) +/M pdu = P“f, ).
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Namely, u € Mg (M, f) =15(M, f). Hence, by (1) there is only one such measure u,
which is denoted by (. Thus, (1) = (2).

(2) = (1): Let u be a u-tangent functional to P“(f,-) at ¢. Note that such u
exists by Theorems E and B(2). Put w, = p. Then hzn )+ fM odu, — P(f, p).
Thus, p = . It follows that w, is the unique u-tangent functional of P“(f,-) at ¢.

O

Recall that P“(f, -) is called Fréchet differentiable at ¢ if there exists y € C(M, R)*
such that
lim 1PY(foo+¥) = PY(fo o) =y (W] _
v—0 Al
(see Definition 2.7). If P*(f, -) is Fréchet differentiable at ¢, then

lim (Lot t) — PY(f o) —ty (D] _
m =

=0 il

Thus, P“(f, -) is Gateaux differentiable at ¢. Moreover, y (1) = f u ¥ dug, where g, is
the unique u-tangent functional to P“(f, -) at ¢ by Theorem F and Lemma 7.4.

0

0.

Proof of Theorem G. (1) = (2): Suppose that P*( f, -) is Fréchet differentiable at ¢. By
the discussion above, P"(f, -) is Gateaux differentiable at ¢. Hence, y () = [, u Vdug,
where 1, is the unique u-tangent functional to P“(f,-) at @. Let (u,) C M (M)

with R (f) + [y ¢ ditn — PU(f.¢) as n— oo, Put e 1= P*(f,¢) — I\ () -
fM ¢ du,. For any € € (0, %), there exists § > 0 such that whenever ||| < §, we have

0< P“(f,¢+w)—P“(f,<ﬂ)—/deu¢ <elvl.
Then
/wdun—f wdw:P”(wa/ wdun—P“(f,w)—/ ¥ duy
M M M M
=hii,,(f)+/ wdun+en+/ wdun—P"<f,<o>—/ v,
M M M

< PU(f.p+9) — PU(fg) — /M W dpig + &
<€d+e€,.

This is also true for —y and hence we have | [}, ¥ du, — [, ¥ dpy| < €8 + €, when-
ever ||{|| < 4. Thus, if n is large enough, then for any 1& e C(M, R) with ||1ﬂ|| <l,

’/Mlzd“"—/MV}dﬂwFé(/M S&dun—/Maxde‘

1
55(58"'611)
€n
= — < 2e,
€+ 3 < 2e

which means that ||, — uyll — 0.
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(2) = (3): Assume that (2) holds. By Lemma 7.5, uy is the unique member of
1,(M, f). Moreover, ji, is ergodic by Theorem B(3). By Theorem A, there exist ergodic
measures (un) with by, (f) + fM @ du, = P“(f, p). It follows from (2) that ||u, —
tell = 0. On the other hand, distinct ergodic measures are mutually singular and hence
have norm distance two. Thus, there exists N € N such that ,, = u, for any n > N. This
implies that P*(f, ¢) > sup{hZ(f) + fM @ dp s ergodic and p # g ).

(3) = (4): Assume that (3) holds. Put

c= P"(f,¢) — sup {hZ(f) —i—/M @ dp : uis ergodic and pu # u(p}.

Suppose that ||¢ — ¥|| < ¢/2. Then, by Proposition 3.5(4),

sup {hﬁ(f) +/M ¥ du : pis ergodic and p # u(p}
< Pfo)+llo =¥l —c < P(f, )+ 2l — ¥l —c < PU(f. ¥).

It implies that every ¢ € C(M,R) with |¢ — | <c¢/2 has u, as the unique
u-equilibrium state by Theorem A. Thus, P*(f, ¥) = hl’jw(f) + fM ¥ du, for all
in the ball centered at ¢ of radius ¢/2. In other words, P*(f, -) is affine in a neighborhood
of ¢.

(4) = (5): Suppose that P*(f, -) is affine in a neighborhood V of ¢, i.e., there exist a
linear functional y and ¢ € R such that P*(f, ) = c + y(¢) for any ¢ € V. It is easy
to check that P“(f, -) is Fréchet differentiable at any iy € V. Thus, P*(f, -) is Gateaux
differentiable at ¥ and y (/) = f u ¥ dio, where ug is the unique u-tangent functional to
P"(f, ) atevery ¢ € V. (5) follows immediately.

(5) = (6) is clear.

(6) = (1): Assume that (6) holds. Let u € t<Z+1/;(M’ f)= M;HI(M, f) by
Theorem E. Then P“(f, ¢ + ¥) = h;i(f) + fM(xp + @) du. We have

05P”(f,¢+W)—P”(f,¢)—/Mlﬁdli¢

< (hji(f) +fM(w +¢) du) - (hﬁ(f) +/M wdu> - /M ¥ dig
=/ I/fdu—/ Vo dug

M M
<l lin = ol

Hence, 0= P“(f.@+¥) — P'(f.0) = [y ¥ diy < 101 inf{llie — eyl = e € 2,
(M, f)}.So, P“(f, -) is Fréchet differentiable at ¢.
(3) = (7): Assume that (3) holds. By Theorem E, u, € MZ(M, f). Denote ¢ =

PU(f, ¢) — sup{h, (f) + fM @ dp : uis ergodic and o # py}. Define

< c¢/2}.

V:Z{Mer(M):‘/ wdu—/ ¢ dig
M M
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Then V is a weak™ neighborhood of 1. If v € V is ergodic and u # jiy, then
HLCf) < BECF) +f (pdu—/ 0 dity + /2
M M

< P”(f,w)—fM<de<p—C/2
= (f) = /2.

Thus, (7) is proved.
(7) = (3): Assume that (7) holds. Assume that P“(f, ¢) = sup{hﬁ(f) + fM pdu:
w is ergodic and 1t # ). Then there exists a sequence of ergodic measures {u,} with

Un # 1ty ergodic such that AY, (f) + [}, ¢ diun — P*(f, ¢). By Lemma 7.5, ju, — iy
and hence u, € V whenever n is sufficiently large. Thus,

im sup 4%, () + [ @ iy = P(7. 0.

n— 00

This implies that lim sup,,_, o, hl"Ln ()= th (f), contradicting (7). So, (3) holds. O]
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