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Abstract

Let k>2 be an integer and let A be the Liouville function. Given k non-negative distinct
integers hy, . . ., hg, the Chowla conjecture claims that anx AMn+hy) - A4+ hy) = o(x).
An unconditional answer to this conjecture is yet to be found, and in this paper, we take
a conditional approach. More precisely, we establish a non-trivial bound for the sums
Zn@ A(n 4+ hy) - - - M(n + hi) under the existence of a Landau—Siegel zero for x in an inter-
val that depends on the modulus of the character whose Dirichlet series corresponds to the
Landau-Siegel zero. Our work constitutes an improvement over the previous related results
of German and Katai, Chinis and Tao and Terdviinen.

2020 Mathematics Subject Classification: 11N37 (Primary); 11N36 (Secondary)

1. Introduction

The Liouville function A is the completely multiplicative function that is defined as A(n) =
(— D% for all n € N, where Q(n) = Zp”‘ n - The prime number theorem implies that
Z A(n)=o(x), asx— oo,

n<x

which means that the sign of A(n) has to change frequently as n grows. Chowla expected
a more general version of this asymptotic to hold, and in 1965 [2], he stated a conjecture
which can be extended to the case of the Liouville function in the following way.

CONIJECTURE 1-1. For distinct fixed integers hy, ha, . . . , hx 20, we have that

Zk(n—l—hl)k(n—l—hz)- A+ hy)=o0(x), asx— oo.

n<x

Chowla’s conjecture remains open till this day. So far, there has only been partial progress
on it. Let us now take a look at the the main results that this progress evolved through. In
1985, Harman, Pintz and Wolke [4] studied the binary case with #; =0 and sy =1 and
proved that

1 log x 1 !
140 (T) <= YA+ <1 -0, (W)

n<x
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168 M. JASKARI AND S. SACHPAZIS

for ¢ > 0. About 30 years later, in 2016, Matoméki and Radziwilt [11, Corollary 2] improved
this by showing that for any integer £>>1, there exists (&) > 0 such that

S 2| <1 - s,

n<x

for all sufficiently large x. An averaged version of the conjecture was established by
Matomiki, Radziwitt and Tao [12] in 2015. The three of them proved [12, (1-3)] that for
every integer k>2 and H € [10, x], we have

Do Do Mt M+ ) <<k(

loglog H 1
£08 >Hkx.
1<hoyn e <H |n<a

log H (log x)1/3000
Finally, a weaker version of Chowla’s conjecture, the so-called logarithmically averaged
Chowla conjecture which claims that

Zk(n+h1)~--k(n+hk)_

=o(logx), asx— oo,

n<x n
has been accomplished in stages for odd k& and k=2 in the works of Tao [16], Tao and
Terdviinen [17, 18], Helfgott and Radziwitt [6], and Pilatte [13].

Despite the aforementioned partial advances towards Chowla’s conjecture, the full con-
jecture still seems to be out of reach. So, one may wish to approach it conditionally, and in
this paper, we are doing this by assuming the existence of Landau—Siegel zeroes.

A Landau—Siegel zero, often just called a Siegel zero, is a real number B associated to a
real primitive Dirichlet character x modulo ¢ such that L(8, x) =0 and

1
nlogg

p=1-

for some n > 0. The number 7 is called the guality of the Landau-Siegel zero 8 and from
Siegel’s theorem we have the ineffective bound

n<eq’, (1-1)

for any ¢ > 0. It is widely believed that Siegel zeroes do not exist, as their existence
would come in contrast to the Generalised Riemann Hypothesis. However, the unlikely
presence of Siegel zeroes has proven to have some interesting consequences. For exam-
ple, in 1983, Heath-Brown [S] proved that if there exist infinitely many Siegel zeroes
Bj=1—1/(n;log g;) such that n; — +o0, then the Twin Prime Conjecture must be true.

The first result of the literature on Chowla’s conjecture under Landau-Siegel zeroes
comes from a work of Germdn and Katai from 2010. More precisely, in [3, Theorem 2],
they proved that there exists an absolute constant ¢ > 0 such that if y is a primitive quadratic
character modulo ¢ for which L(:, x) has a Landau-Siegel zero 8 =1 —1/(n log ¢) with
n > exp (exp (30)), then

c

1
— |22 M+ D S———Fo(1),
X loglogn

n<x
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for all x € [¢'0, g'1°2 logn)/3]. Under the same assumptions, Chinis [1, Theorem 1-2] in 2021
extended the work of German and Katai to k>2 distinct shifts and showed that

1
(loglog n)'/2(log n)1/12°

1
=D M) M ) Sk,

n<x

for all x [qlo, q( loglogm)/3] A year later, in 2022, Tao and Terdviinen [19, Corollary 1-8
(i1)] improved the bound of Chinis as well as the g-range of x that his bound holds for. In
particular, under the existence of a Siegel zero 8 =1 — 1/(n log g) with n>10, they showed
that for a fixed ¢ € (0, 1), one has

1

1
=S A An+h S —
< (n+h) (n+ hi) Le fohy,...hy (log 1)1/10

n<x

for all x in [¢'/%7¢, q”l/z]. Until the publication of the present paper, the result of Tao and

Terdviinen has provided the best bound on the sums an cA@A+hy) - A(n+ k) with the
best g-range for x.

In this work, we improve their result in both directions. As we can see in Corollary 1-3
below, the following theorem, which is our main result, leads to stronger bounds on the
k-point correlations anx A+ hy) - - - A(n+ k) over a slightly wider g-range.

THEOREM 1-2. Let g2 be a positive integer and let x be a primitive quadratic charac-
ter modulo q such that L(-, x) has a real zero =1 — 1/(nlog q) with n=10. We also fix
an integer k=2, distinct non-negative integers hy, ..., h, and € € (0,1/2). There exists a
constant ¢ = c(g, k) > 0 such that for x =q" with V € [1/2 + €, n], we have

xV
D a4 hy) M+ b)) < — +xexp (— cy/Viogn).
n<x "
COROLLARY 1-3. Let g, n, k and ¢ be as in the statement of Theorem 1-2. Let also ¢ be the

constant from the bound of Theorem 1-2 and consider distinct fixed integers hy, . . ., hy>0.

(1) There exists a constant ¢’ = c(g, k) > 0 such that

Z rMn+hy) - AMn+ ) L xexp (— c'y/logn),

n<x

for every x € [q!/*¢, q"72 logn].
(i) Forevery § € (0, 1), we have that

X
Y Mt k) M+ ) <Ks et

n<x

forall x € (g¢ " logn "],

The implicit constants in Theorem 1-2 and 1-3 depend on ¢, k and the shifts Ay, ..., Ay,
but we did not include them in the < notation because the parameters ¢, k, hy, . . ., hy are all
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fixed in their statements. The same applies to the bounds in the proof of Theorem 1-2. The
reason for this choice is to alleviate the notation for the reader.

We prove Theorem 1-2 in Section 5. A major input in its proof is Lemma 3-3 which is
a technical version of the fundamental lemma of sieve theory. Tao and Terédviinen did not
use the beta-sieve which basically gives rise to Lemma 3-3. They used a Selberg sieve and
this technically complicated the matters in their paper [19]. This constitutes the main reason
that we could improve their bound. However, it could be possible to somehow alter their
arguments and obtain bounds comparable to ours with a Selberg sieve.

The use of Lemma 3-3 as a main component in the improvement of the previous results
was inspired by the work of Matomiki and Merikoski in [10], where they assumed the
existence of Siegel zeroes and refined a result of Tao and Terdvédinen [19] on the binary
“Hardy-Littlewood” type correlations ) _, <x AMA(n+ h). As in our paper, Matoméki and
Merikoski, who were the ones who proved [10, Lemma 3-3], strengthened the result of Tao
and Terdviinen by applying Lemma 3-3 instead of a Selberg sieve that the latter used for the
more general “Hardy—Littlewood—Chowla” type correlations

D Am+hr) - A+ horn+ R - A+ B

n<x
Notation
Let r be a positive integer. For a1, ..., a, € N, we use the notation (ay, . . ., a,) for their
greatest common divisor, and the notation [ay, . . ., a,] for their least common multiple.

Throughout the text, we denote the largest and smallest prime factor of an integer n > 1 by
P*(n) and P~ (n), respectively. For n =1, we conventionally have P*(1)=0 and P~ (1) =
+00.

The capital Greek letters @ and W also appear in the paper and they correspond to the
classical counting functions of the rough and smooth integers, respectively. More precisely,
for x>y>2, we have ®(x, y) =#{n<x: P~ (n) > y} and W(x, y) = #n<x: PT(n)<y}.

Given two arithmetic functions f and g, their Dirichlet convolution, denoted by f * g, is
the arithmetic function which is defined as (f * g)(n) = _ ,_, f(a)g(b) for all n € N.

For meN, the symbol 7, denotes the m-fold divisor function given as t,(n)=
> d;..d,=n | foralln € N. Finally, the lowercase Greek letters 14, T and ¢ denote the Mdbius,
the divisor and the Euler functions, respectively.

2. The Core Ideas

The purpose of this section is to explain why the existence of Siegel zeroes is a useful
hypothesis when approaching Chowla’s conjecture. Our explanation below also highlights
the main steps in the proof of Theorem 1-2.

If L(-, x) has a zero close to 1 for some Dirichlet character y of modulus ¢, then L(1, x)
will be small by continuity. Consequently, assuming that Landau—Siegel zeroes exist, we
find a primitive quadratic character x such that L(8, x) =0 for some real number g close
to 1. Then L(1, x)~! should be large. But,

L0 =] (1 - X—(p)),

p p
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so the Euler product of the right-hand side has to be large, too. In conjunction with
Mertens’ theorems, this suggests that x (p) = —1 = A(p) for many large primes. This intuitive
conclusion is the basis of arguments that utilise the presence of Landau—Siegel zeroes.

Now, let z > 1 be some parameter. Following the work of Germén and Kétai [3], we define
the completely multiplicative function A, which is fully determined by its prime values

Ap) if p<z,
A(p) = 2.2
) x(p) ifp>z. 22

According to the above discussion, in the presence of Siegel zeroes, the function A, seems
to be a good approximation to the Liouville function X for large z. Therefore, for a suitably
chosen z, e.g. some small power of x, we expect

D oA h) - A AR R Y hnt ) - h(n+ ). (2:3)

n<x n<x

In fact, such an approximation is provided by Lemma 4-1 which constitutes the first step in
the proof of Theorem 1-2.

Once the transition from the sums of A to the sums of A, has been achieved with the
introduction of an acceptable error, the study of the sums anx A4 ht)... A (n4 hy)is
tractable. Let us elaborate on why is that. Without loss of generality, we assume that A is
the smallest shift. Then the right-hand side of (2-3) can be written as

Yoo o Man-rMa) Y x(m)- x(m). 2+4)
Al see Qe <X, ny <(x+hy)/ay,
Pt(ay-a)<z P~ (ny-ng)>z,

ayny=a;ni+hy—h;
for all ie{l,...,k}

The reason that makes the sums anx Az(n+hy) ... A (n+ hy) easier to deal with lies on
the innermost sum of (2-4), where we now have a primitive quadratic character x instead of
the Liouville function A. This character x possesses two crucial features that the Liouville
function does not. The first one is its periodicity and the second one is the Weil bound that
it satisfies (see Lemma 3-5 below).

Let us now explain how the Weil bound is useful for the estimation of the expression in
(2-4). First, we can approximate the indicator function 1p-(.., by 1 * w for some suitable
sieve weight. This removes the condition P~ (n; - - - ng) > z from the innermost sum of (2-4)
at the cost of inserting the terms (1 % w)(ny - - - ng). After opening these convolutions, we
can change the order of summation so that the innermost sums are character sums over
polynomial values. So, provided that the contribution of the errors in the approximation
1p-(y>;~ 1 *w can be handled, the estimation of (2-4) ends up being a simple application
of the Weil bound to the new innermost character sums. The arguments of this explanation
are rigorously executed in Section 5.

To summarise, the existence of Siegel zeroes is helpful because it puts our focus on
the sums Zn@ Az(n+hy) ... (n+ hg), which one can estimate by combining a sifting
argument with the Weil bounds of x.
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3. Auxiliary results

In this section, we state and prove some preparatory results that are needed later for the
proof of Theorem 1-2. We start with a lemma which will be used to bound the difference
between the sums of the Liouville function A and those of the functions A,.

LEMMA 3-1. Let x be a primitive quadratic character modulo q=2. Assume that L(-, x)
has a real zero B such that B =1 —1/(nlog q) for some n=10. Let z=q" for some v > Q.
Then for any x > z, we have

1 1\ /logx\?
Z 1+X(p)<< <W+E>(@> forv e (0,2),

1
P ogY forv=2.
nloggq

Z<p<x

Proof. The first branch of the estimate follows from [10, Lemma 2-2]. Indeed, since (1 * )
(n)=0 for all n e N, for v € (0, 2), [10, Lemma 2-2] yields the following (note that in [10],
the authors adopted the notation A =1 % x, whereas they denote the Liouville function by

ALiouville):
1+ 1% x)(n 1 viogx 1\ /logx\?
2 X e (et ) ()
z<p<x z<n<x
P (n)>z

<<( 1 +v+1)<logx>3<<( 1 +1)<logx)3
v2nv/2 n z/\logz V2nv/2 z/ \logz ’
The second branch comes from [19, Proposition 3-5].

The next lemma, which is found as exercise 6(b) in [20, end of Section III-5], allows us
to restrict our attention to the summands of an cAz(n+hy) - A (n+ hy) for which the

z-smooth parts npgz,p“||n+hi p* of n+ h; are relatively small foralli € {1, ..., k}.

LEMMA 3-2. Consider the real numbers u>1 and x,z > 1. If x>7", then

#n<x: l_[ P> L xe 2,

Pz p¥|n
Proof. We observe that
#{n<x: l_[ p* > = Z 1. (3-5)
P<z.p%n ab<x,7"<a

PHa)<z<P~(b)

When b = 1, the remaining sum over a is bounded by W (x, z). When b > 1, the condition
P~ (b) > zimplies that b > z, and so a<x/b < x/z, in this case. For each such a in (3-5), there
are at most ®(x/a, z) integers b. Consequently, the relation (3-5) gives

X
#n<x: ¢ > Mg (_ )
m<x: [T p>di<veo+ 30 @0z
Pz p¥n <a<x/z

PH(a)<z
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For 1>z, we have the bound W(z, ) < xe™ 108%/(21022) [20, Theorem 1 in Section III-5-1].
Since x/a > z, we also have the standard estimate ®(x/a, z) < x/(alog z), which readily
follows e.g. from [9, Theorem 14-2] with f = 1 p- (). .. Therefore,

1
#in<x: [ p*>2) <xe 2+ % oo (3-6)
p<z p¥|n gz M<a<x a
PH(@)<z

Using partial summation and the aforementioned bound on W(¢, z) for 1>z, it follows that
the sum of the right-hand side of (3-6) is < logz- e */2. This concludes the proof of the
lemma.

The version of the fundamental lemma of sieve theory that follows provides an approxi-
mation of the indicator function 1p-.)., in terms of appropriate sieve weights. It is useful
when we deal with sums of the form } p—,)_ . &, where o, alternate signs.

LEMMA 3-3. There exists a constant $2>2 such that the following holds for any u=p.

Let 7221, and define

2 1= B=V/BY

for r € N. There exists an arithmetic function w such that:

1) wn)|<L1 forall neN,
(i1) supp(w) C{deN:d| ]_[pgzp and d<z"'}; and

(i) Tp-goz= (1w +0(x00> Y Up-e2™) forall nen.
r>up

Proof. See [10, proof of Lemma 3-2(i)] with A = 1, 8 = By and a u which here plays the role
of the product u6 for some fixed 6 € (0, 1/3).

In the proof of Theorem 1-2, we also make use of the following extention of Shiu’s
theorem [15, Theorem 1] which is due to Henriot [7, 8].

LEMMA 3-4. Let k be a positive integer and let Q1, . .., QO € Z[X] be k pairwise coprime
irreducible polynomials. Set Q = Q1 - - - Ok, and denote the degree and determinant of Q by
g and D, respectively. Forn e Nandj e (1,. .., k}, we let pj(n) (respectively p(n)) denote the
number of zeroes of Q; (respectively Q) modulo n. Assume that Q has no fixed prime divisor,
and consider real numbers A>1, B>1, § € (0, 1), and ¢ € (0,1/(100g(g 4+ 1/6))). Suppose
that F:NK — R is a non-negative function such that

(i) Fiminy,...,mng) =F(my, ..., mF (g, ..., )
whenever (my - - -my,ny - - -ng) = 1, and
(i) F(ni,...,n)<minfA®C") B(ny - -np)¢}  forall (ny,...,nx) e Nk
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There exists a constant co > 0, depending at most on g, A, B and &, such that

D O FIQim), .. ., 1Qk(m))

n<x
©i Wk p(p)
<«<[Tlr+ Y. Fe....p)[](1-==
pID 0< i< deg 0 p<x P
for all je{l,...,k},
(1500estl)#(0,...,0)
p1(ny) - - - pr(ng)
x Y Fn...om)—————,
nl...nk
npengpSX
(ny--ng,D)=1

for all x=¢0l|0l%, where ||Q|| denotes the sum of the absolute values of the coefficients of
Q. The implicit constant in the bound depends at most on g, A, B and §.

Proof. 1t follows from [7, Theorem 3] upon noticing that we can trivially bound the Euler
product Ap in its statement by the simpler product

H(1+ > F(pﬂl,...,p“k))
pID 0 pj< deg O

for all je{l,....,k},

(115051170, ...,0)

We will not need Lemma 3-4 in its full generality. In fact, we can only think of F as a
product of divisor functions with a coprimality condition, whereas Q1, . .., O are simply
going to be linear polynomials.

Another useful result for the proof of Theorem 1-2 is the following generalisation of the
classical Weil bound for character sums [14, Theorem 2C’].

LEMMA 3-5. Let x be a primitive quadratic character modulo q=2, and consider a poly-
nomial f € Z[X]. Let also M and N>=0 be two integers. If g* is the product of the odd prime
factors p of q for which f is a constant multiple of a square polynomial modulo p, then

Y ) <e chF(% + ﬁ).

M<n<M+N

Proof. See the discussion preceding the statement of Lemma 3-7 in [19, Subsection 3-4]

We close the section with an inequality which was stated without proof in [1, Subsection
4.2].

LEMMA 3-6. Let k be a positive integer. For given my, . ..,mg € N, we have
ml .o mk

[m17""mk]> .
H1<i<j<k (mi, m)

Proof. For k=1 the lemma is trivial and we may assume that k>2. We start by making use
of the following elementary observation; For positive integers a,b and ¢ for which b | ¢, it is
true that (a, b)<(a, ¢). We apply this property and obtain

(my, [my, ..., mp_ D<@mg, my - - - mg_q). 37
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It is also easy to note that (ab, ¢)<(a, c¢)(b, ¢) for a, b, c € N. Hence,

(mg, my -+ - myg—1)<(my, mg) - - - (Mg—1, my). (3-8)
Now, we put (3-7) and (3-8) together and deduce that

myimy, . ..,m_1] _ my[my, ..., ]
> .
(mg, [my, ..., m_1]) nlgigk—l (m;, my)

[mi,....m]=[mg, [my,....mg_1]]=
Based on this inequality, the proof is completed by induction on k.

4. Preparations for the Proof of Theorem 1-2

Throughout this and the following section, we assume that ¢, k and h1, . . ., Ay are fixed.
Hence, any dependence of the implicit constants on any of these integers is ignored.
Moreover, recall that for z > 1, the completely multiplicative function A, is defined by (2-2),
where the Dirichlet character x in (2-2) is now the primitive quadratic character modulo ¢
from the statement of Theorem 1-2.

4-1. Going from A to A;

As was explained in Section 2, our first objective is to make a transition from the sums
anx A(n 4+ hy) - - - M(n+ hy) to the sums Zn@ A(n+ hy) - - - A (n+ hy). To this end, we
prove the following.

LEMMA 4-1 Let k,q>2 be natural numbers, and let hy, . .., h; be distinct non-negative
integers. Let also x be as in the statement of Theorem 1-2 and write z = q" for some v > (.
For x > z, we have that

x( lv/2+ )(logx)3 forve(0,2),

k k
> (Hk(n +hy) — ]‘[xz(nm,-)) <1 riveh log z

n<x j=1 Jj=1
nlogg

forv=2.

Proof. The beginning of the proof is similar to those of [1, Lemma 3-1] and [3, Section 3,
relation (3-3)], but for the sake of completeness we write it down here.

We will need the following inequality that one can prove by induction; If m € N and
Wi, oo s Wi, UL, . . ., Uy are complex numbers of modulus at most 1, then

m
Wi W — a1 1| <Y Jwi — . (4-9)

Using this inequality, we infer that

Z‘]‘[MnJrh)—]_[xz(nJrh)‘ Z|x(n+hj)—xz(n+hj)|

n<x j=1 n<xj 1
= Z D I+ k) = ho(n+ )l
j=1 n<x
=k [hn) = A(m)| + O(1). (4-10)
n<x
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In order to bound an L I1A(n) — A;(n)|, we are exploiting the inequality (4-9) again. We
combine it with the definition of A, and get

D I = amI< YY) — x (%)

n<x n<x p*|in
p>z
<Y P = x eI 1
P n<x
p>z p¥ln
[A(p*) — x(PY)]
cx o B0
prsx
P>z 4-11)
1+
<x Z X(P) +2x Z Z L
7<p<x p P>z a>2
1+ X(p) 1
<x ) XD~
Z<p<Xx p>z p
1+
<x Z X(I’)
Z<p<X

From (4-10) and (4-11), we deduce that

k k
Z(Hk(n+h,)—]_[xz(n+hj)) <x Y I+a) |

n<x j=1 j=1 Z<pLX p

The proof is now completed by an application of Lemma 3-1. In the case v < 2, Lemma
3.1 completes the proof immediately because x/z is smaller than x( log x)?/(z(log z)?) for
x > z. When v>2, the extra term x/z is absorbed by the bound x log x/(n log ¢), because in
this case log x> log g and (1-1) implies that n < ¢<z.

4.2. Restricting the z-smooth parts

Once Lemma 4-1 is used and the transition from the sums of A to the sums of A; is
completed, one’s interest turns to the study of anx A(n+hy)- - - A (n+ hy). For tech-
nical reasons, we seek to exclude the terms of anx A (n+hy) - - d(n+ hi) for which
Hpgz, P In+h; p® is relatively large for some i€ {1,...,k}. To this end, in the current
subsection, we assess the contribution stemming from these “undesirable” summands.

Before doing so, we introduce the following notation for convenience; For m € N and
z> 1, we write

[T »
pelimp<z
LEMMA 4.2, Let x>z > 1 and u>1. If x>7", then

Z Az(n+hy) - A (n+ ) = Z A(n+hy) - A (n+ )+ Oxe ™% 4 1).

n<x n<x,(nthi), <+
forallie{l,....k}
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Proof. We readily see that

Y ohmAh)amth)= Y At Aty
n<x n<x,

(n+h), <"
for all ie{l,...,k}

+ Y Mmth) A+ (412)

n<x,
(n+h;);>z"
for some i€{l,...,k}
Note that
k k
Ykt h) o+ <Y 1<y Yo
n<x, i=1 n<x i=1 hi<m<x+h;
(n4-h)>z" (n+hi);>z" my>z"

for some i€{l,...,k}

Therefore, by using Lemma 3-2, we deduce that

Z A4 hp) A (n 4 hy) K xe M 1. 4-13)

n<x,
(n+hi);>z"
for some i€{l,...,k}

The proof now follows by inserting (4-13) into (4-12).

4.3, Rewriting the “main term” in Lemma 4-2

Let x, z and u be as in the statement of Lemma 4-2. We are going to rewrite the sum

Si= Y Moth)hn+ ) (4-14)

n<x,
(nt+hi), <"
for all ie{l,...,k}
in a form that we use in the upcoming section. For the sequel, we assume without loss of
generality that 1 = min; ;¢ h;. We write n + h; = a;n; with Pt(a))<zand P~ (n;) > z, and

SO
S= > Mar--a) Y x(ueem). 4-15)
A 5enny aj <Z”, < x+hy
PH(aya)<z, S Ta
(ai,a;)|(hi—hj) P~ (ny-ng)>z,
for all ije{l,...,k} with ij ajny=aini+hy—h;

for all i{2....,k}
We denote the inner sum in (4-15) by X, that is,

2= Z x(ny - ).

x+hy
m<

P~ (ny-ng)>z,
ayny=a;ni+hy—h;
for all i€{2,...,k}
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Upon writing h?‘ =h;—h; forie{l,...,k}, we see that

k *
5= ¥ x(ﬂ@) (416)

n<x+h1 i=1
AN

ap ’

o k (llrl-%—h>»’<

P (Hi:l T’)>Z
ain=—h¥(mod a;)
for all i€{2,...,k}

Since we have the condition (a;, a;)|(h; — h;) in the outermost sum of (4-15), for every i €
{1,...,k}, one has that

hf (mod a;) <= a hi <m0d di )
an=—h; a; n=—
' l (a1, a;) (a1, a;) (a1, a;)
h*
< n=-a;,——— (moda}), (4-17)
ai, a;)

where a :=a;(ay, a)~t, ayi:=ai(ay, a;)~!, and ay; is its inverse (mod a;). Now, if the sys-
tem of linear congruences (4-17) is not soluble, then ¥ = 0 and there is no contribution from
such systems. Consequently, we may limit the outermost sum of (4-15) to those ay, . . ., ak
for which the system of linear congruences (4-17) is soluble. In this case, by the Chinese
Remainder Theorem, there exists an integer * such that:

(i) 0<r*<la;,....a;l;
(i) n="L[a3,...,afl+r" —[a3,...,a;] for £ € N; and
(iii) ayr* = —h (modq;) forallie{1,...,k}.

Applying these to (4-16), we derive that

= ) x(Qu, (4-18)

x+h17a1r*
l< “1[“;“"“@ +1

P=(Q(0))>z

where

k

la3,....a;] ar* +ht la3, ..., a;]
o) =[] <a1,i o Xt - —ai =

. i i i
i=1 t t

defines a polynomial of Z[X]. Since X denotes the inner sum of (4-15), by inserting (4-18)
into (4-15), we obtain that

5= > Mar-a) Y x(QW), 4-19)
Al yeeny g SZ“, x+hy 7¢¢1r*
PH(a;ar)<z, IS ajlay,...afl +1
(ai,aj)|(hi—hj) P~ (Q(0))>7

for all ije(l,....k} with i

where the prime " indicates that the sum is taken over the integers aj, . . . , ax for which the
system of congruences (4-17) is soluble.
Relation (4-19) provides the form of S that we will exploit.
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5. Proof of Theorem 1-2

In this section, we establish Theorem 1-2. To achieve this, we bound § by starting from
(4-19), and then, once the estimation of S is complete, we combine the definition (4-14) of S

with Lemmas 4-1 and 4-2.
! { V }
Vv = min —, 2.
\ logn

Let z = ¢" with

We now assume that 7 is sufficiently large, otherwise xV /n > x, in which case, Theorem
1.2 would immediately follow from the trivial bound x. Since 7 is assumed to be large
enough, Siegel’s theorem, that is (1-1), implies that ¢ is also sufficiently large and that v >
1/4/(Tog q). Therefore, v> log k/ log g, and so z = ¢" >k.

In (4-19), we have that P*(a; - - - ax)<z < P(Q(£)), and so the inner sum X of S is
taken over integers £ for which (Q(€),a; - - - ax) = 1. Moreover, since z>k, we also have
that P~ (Q(€)) > z=k, and this imposes the condition (Q(¢), ]_[p< «P)=1on X. According
to the above, we can add the supplementary condition (Q(£),ay - - - ak Hpgk p)=1 to the
inner sum % of (4-19). Therefore,

z= > X(Q(0)). (5:20)
x+hy—ayr*
zll[nfzF ,,,,, az]
P=(Q0)>z
O~k T Tyer =1

X

We now detect the sifting condition P~(Q(¢)) > z of (5-20) by applying Lemma 3-3
with =25k and u=¢V/(30kv). Since V}% + ¢ and 7 is large, we observe that u =
eV /(30vk)>50k. Hence,

Y= > w(d) > x(Q(0))

d<z" fém
Mpscr aot)
dar-aIl<eP=l " (Q).ara [T, p)=1
+ 0<z” +y 27" > r(Q(Z))z), (5:21)
r}% 0 ——"—
al[u2 ,,,,, akJ

P=(Q))>zr
(O©0)a1-a [,k P)=1

(25k—1)/(25k))"

where z, = Z{ , and w is the arithmetic function from the statement of Lemma

3.3.

5-1. Evaluation of the main term of X in (5-21)

We seek a bound for

2= Y W@ > X(Q0)).

s S
L AMer dio(0)
(dar-ax 1< p)= ©O.a1ax [T p p)=1
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We spot the condition (Q(£), ay - - - ax ]_[p< « P) = 1 using Mobius inversion, so we obtain

v = 3 wdud) Y Y. x(©@w®)

d< d|l1pe:p vimoddd) S G E o
(d.ay--a HPSk n=l Q()=0 (mod dd’) ¢=v (mod dd")
d'lay-ay l_[pgkp
4
= > wdud) Y > XRaanm),  (522)
d<z",d|[],<.p v(mod dd’) mgﬁ
<z [a5,....a7]
(d.ar-a [Ty<p =1 0(1)=0 (mod dd') R

d'lay-ar [,k p

where Ry 4, € Z[X] with Ry g ,(X) := Q(dd'X + v).

We want to apply Lemma 3-5 to bound the innermost character sum in (5-22). In order
to do this with ¢* < (dd’, g), we have to verify that R, is not a constant multiple of a
square polynomial modulo p for primes p{dd’ with p > max;<;<k h; and p|g. We do this
by considering the following complementary cases; p{a; for all i € {1, ..., k} and p|a; for
somei€{l,..., k}.

We first assume that pta; for all i € {1, ..., k}. In this case, if Ry, is a square, then its
roots have even multiplicity, which implies that there exist distinct indices 7,j € {1, ..., k}
such that

-7 ailas, ..., af] ‘ (alr"‘—l—h;k N (v — 1)a1[a§,...,a2]>
a;

aj ai

- ala,...,a" ar*+hf (v—=Daldt,...,a*
_. alg i ( j v Daild Y (modp.
aj aj aj

We multiply both sides of this congruence by dd'(a;[aj, . . ., aZ])zai_laj_1 and infer that

* %
Gl Gl e gy — 0 (mod ).
a;a;
Since pta; for all ie{l,..., k}, we get h;-“zhj’-k (mod p), which is equivalent to h; =
hj (mod p). But, since h;, hj< max| g, <k he <p, we conclude that h; = h;, which is a con-
tradiction for i # j as the shifts A, . . ., i are distinct. Consequently, R, 4, is not a constant
multiple of a square polynomial modulo p in this case.

We now assume that pla; for some i € {1,...,k}. This implies that pta; for all j #1,
otherwise p|(a;, a;) for some j#i, which, combined with the condition (a;, a;)|(h; — h))
of (4-19), would imply the divisibility relation p|(h; — h;) which contradicts the condi-
tion p > max;g;gk h; that we are working under. By the same argument, if i # 1, then
we can deduce that p |af. Combining both our conclusions, we observe that p divides

aijla;, ... ,az]a}“_l =ailaj, ..., az]aj_l for j # i. Note also that

k
* %7 x—1
aiilas, ..., a;la; ’ l_[ aj,
J=1j#i

because [a3,...,a;] divides a3 ---af, which in turn divides aj---ax. So, pt
apla;, ... ,az]a;-“_l,whereasp layjlas, ..., a;]a;‘_l for j # i. We thus see that Ry z ,(X) =
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¢1X 4 comod p for some ¢y, ¢ € N, which shows that R; 4, is not a constant multiple of a
square polynomial modulo p in this case either.

Now that we have concluded that R; 4, is not a constant multiple of a square polynomial
modulo p when p is a prime such that p|g, p{dd’ and p > max ;< hi, Lemma 3.5 yields

X

S X Raanm) < (A )2 )" (

- X
dd'a; [a;,u.,az]

I+e
+q2) . (5:23)

T
m< dd'ala;,...,alq 2

Using Lemma 3-6 and the condition (a;, a;)|(h; — h;) from the outermost sum of (4-19),
we find that

. . B -()
las,...,ap]=a0 - - - ax 1_[ (ai,a))” Zaz - - ag ( max h,’) . (5:24)
1<igk
1<i<j<k

We combine (5-23) and (5-24). Hence, since d and d” are coprime and the arithmetic function
p defined as p(m) := {v (mod m) : Q(v) =0 (mod m)} for all m € N is multiplicative (by the
Chinese Remainder Theorem), (5-22) gives

/ x pld)d, )2 o
E<<q(1_€)/2a1~-ak< > T)( > p(d)u(d)z)

dll_[,,gzp d'lay--ak l_[,,gkp
(d,ay--ar)=1
+q<1+e>/2( ) p@@( ) p(dwz). (525)
A<zt d'lay-ax [T,k P

Using the trivial inequalities t(m), p(m)<m for all m € N, we immediately derive the bound

Y pdVd <7,

A<zt

as well as the estimate

Yo pdWVd < (ara)r(ar - ap<ar - a),
d'lay--ak H,;gkp

Consequently, after recalling that ay, . . . , ax<z" in the expression (4-19) of S, (5-25) implies

, X
YL
qzal...ak

1
ki (d)(j’W)( » p(d/)u(d@z)ﬂ“k?”“ﬁ.

dl[ <P d'lay-ax [T,k P
(d,ay-ar)=1
(5-26)

We previously noted that any two roots of the polynomial R, 4, cannot be congruent
modulo p. By an almost identical approach, for the primes p > max; ;< #; that do not
divide the product a; - - - ax, one can show that the k roots

—1 —1
ailay,....afla; (ar* +ha; " —1
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of Q modulo p are distinct. Thus, p(p) = k for every prime p > max; ;< h; which does not
divide ay - - - ax. Furthermore, if p | aj - - - a, then Q reduces to a constant or first degree
polynomial modulo p. Therefore, for the primes p | a; - - - ag, we have that p(p)<1. We are
going to use these two observations to bound the sums at (5-26). Firstly, we have that

p(d)(d, g)'/? ( p(p)) ( p(p))
Lt e SN 1+ 27 1+ 27
2 a < [1 T 1 T

d[T,<.p max ik hi<p<z plg,ptar—ax
(d.ai--ar)=1 ptqar-ag p>maxy ik hi
k
< 1 (1 + —) [T a+p
max gk hi<p<z plg.ptar-ax
ptgai-ag p>max i<k hi
k . 1/20 k
L Tet1(g)(log 2)" K g/~ (log2)". (5-27)

We also have
Y. eu@?< T a+p@n<e@ - -ap<e@@) - t(a).  (5:28)
d’lalwak]_[pgkp plai--ak

We now insert (5-27) and (5-28) into (5-26) to complete the estimation of X’. This way
we obtain

k
5/ M0 T@) T stz gater2, (5:29)
7 5ar

5-2. Evaluation of the error term of X in (5-21)
Upon denoting the Big-Oh term of (5-21) by

=7 Z 27" Z T(0(0))%, (5-30)
> <——

\al[az‘ ,,,,, ak]

P=(Q(0)>zr
(Q0),a1-+a [,k P)=1

the next step of the proof is to bound X”. We basically achieve this with an application of
Lemma 3-4 to the divisor sum of X",
The inequality 7(ab)<t(a)t(b) which holds for any a, b € N implies that

> QOIS Y FQi@), ..., 0®)), (5-31)
O S
al[a2 ..... ak] “1[“2>“"ak]

P=(Q(0)>2
©QW.a1-a [ [, P)=1

where

k
F(ui,....m) =] [ t@)*Lp-(uy>z, Linsaay -ap=1.  and
i=1

al[aé,...,aZ]X_’_ arr* +hi —ailaj, ..., a;]

0i(X) = for ie{l,..., k}.

aj a;
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We now aim to apply Lemma 3-4 to the right-hand side of (5-31) as this will lead to a
bound for ¥”. In order to use Lemma 3-4, we verify that all of its conditions are met. First
of all, the polynomials Q1, ..., O are irreducible and pairwise coprime because they are
linear and have distinct roots. Now, suppose that Q = Qg - - - O has a fixed prime divisor
p, or that we equivalently have that p(p) =p. If p|a; - - - ai, then the fixed prime divisor p
of Q divides ay, . . ., ax. However, in this case, the condition (Q(¢),ay - - - ay ]_[pgkp) =1in
(5-30) is not satisfied for any £ € N, and " =0. If pfay - - - a, then Q is a polynomial of
degree k. This implies that p = p(p)<k, and so, in this case, O has a fixed prime divisor p<k.
Then the condition (Q(¢),a; - - - ai Hpgk p) =1 in (5-30) is not met for any £ € N and X"
vanishes again. Hence, if Q has a fixed prime divisor, then £” =0 and there is nothing to
bound. Therefore, we may assume that Q has no fixed prime factors. Finally, by combining
730k — x%, which is an immediate consequence of the definition of u, with the inequalities
r*<la3,...,a0]<ay---arand ay, . . ., <", we observe that

1
- 3
ailas, ... a] > IQIIF,

where || Q|| denotes the sum of the absolute values of the coefficients of the polynomial Q.
Now that we finished verifying that Henriot’s bound, namely Lemma 3-4, is applicable,
we apply it to the right-hand side of (5-31) and obtain that

MW X (1_,0_(p)>
Z TRO) <« ailas, ..., a;] 1_[

< p<z p

= ay [a;,“.,aZ]
PT(Q)>zr
©@W.a1-ar [T, P)=1

< T1 (1+ > r(pﬂl)Z--w(p“k)Q)

pID stk €40,1}
plai--ag (K105 #(0,...,0)
T(my)? - - - T(my)?
X s 5-32
y, e e

P~ (my---my)>z,
(my--my,ay--ap)=1

where D is the discriminant of Q.
The value of D can be easily evaluated by the roots of Q and a simple calculation shows

that
la3, ... ,a;]k(k_l) )
D= [ i—mp*
e qp)2k=1) v
(ay -~ ap) I<icj<k
Since we are working with a fixed set of non-negative integers #y, . . ., g, we see from this
that

[1 (1+ 2 T(P“‘)Z"'T(p”“k)2><<1. (5:33)

pID M1y i €40,1}
play-ay (K15 ti)#(0,...,0)
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We saw that p(p) =k for the primes p > max; ;< h; which do not divide ay - - - a;.
Therefore, by Bernoulli’s inequality,

N(-2) T () (-2

Pz p max i<k i<p<z p max i<k hi<p<z P
play--a play-ay
1\ i, 1\ ¥
< 1 1——) <(ogy™ [T (1--=
max i<k <Pz p plai...a p
ptar--ai
<(logz)™ knn(l——) =(logz)~ kl_[< (a)> . (5-34)
j=1 plaj J
Furthermore,

5 r(mp)? - - - T(mi)? <( 5 r(m)z)"
my - - my ot m

P~ (my--my)>z, P~ (m)>z,
(my--myg,ay--ar)=1

< J] (1+ +0<p1))k<<exp > 4k

r<p<X Zr<p<X p

o logx H a5k \™ logx\* 535
logz,)  \25k—1 logz)

We insert the bounds (5-24), (5-33), (5-34) and (5-35) into (5-32) and obtain

) x 25k 4k’<logx>4kk < aj )k
Z 7(Q(0)) <<a1.--ak(logz)k (25k—1> log z Jl] o))

- x
= aj [a;,“.,aZ]

PT(Q)>zr
©QO,ar-ar [T P=1

But, we note that 25k — 1 > 24k > 8k/(log 4 — 1), and so

25k \ % 1 4kr
B ) —explakrtog (14— )< 2'e2,
(25k—1> eXp{ rog( +25k—1)} eXp<25k—1)< ¢

Hence,

2re "2y Jog x\ % £ a \*
3 Q) < k( £ ) ]‘[( J ) ,
. ap---ai(log2)* \logz/ - > \¢(a)
egal[a ,,,,, k] j_l
P=(Q0)>zr
QO.ar-ar [T P=1
and then in virtue of (5-30), we obtain

X log x 4 k
Y L+ ( ) ( > e
ay - - ar(log 2)* \logz l_[ v(a)) Z

Jj=1 r=u/2

k
X logx 4 ( > —u/4

L7+ [ o 5-36

ap - - - ar(log 2)¥ (IOgZ) - o \e) (530

j=1
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5-3 Completing the estimation of S in (4-14)
We now combine (5-29) with (5-36), and so (5-21) gives

x(log2)'t(ar) - - - T(a) S(k+1u/2 (1+8)/2
75 +z q
q al PR ak

xe U4 log x\ % k a \*
+ (o) 1)
ar - - - ax(log 2)f \logz e o(a;)

We finally insert this bound into (4-19) and obtain

YK

x(log 2)F Z T(a1) - - - T(ak) k924 (14¢)/2

S
q\/3 o= a---ax
Pt(ay-a)<z
xe "% [log x\ ¥ 1 k a; k
+ - (—g ) > ]_[( J ) . (5-37)
(logz)* \logz a a---ag -+ \ @)

Pt(aj-ap)<z

> onle)d = i)

k=1

But,

P+<a1~-~ak)<z PH@<z
k k k
1 1 k
<H(1+<%> ‘+0<‘2)) < (T(;5)
e p p p NP p
k 1 '
=exp{ Y. 1_7+O > < (log 2). (5-38)

P<z

In a similar fashion one can show that

Ap ek ar---dk

Pt (arap)<z

Upon recalling that z = ¢" for some v > 0 and that z3%* = x°, the last bound, (5-37), and
(5-38) imply that

+xe 3, (5-39)

4k
SK M loge)” log " + xe /4 <log x> gt

PR log z 41/

5-4. The completion of the proof

Since u = ¢V /(30kv), when we put the bound (5-39) together with the definition (4-14) of
S and Lemma 4-2, we infer that

> heln+ ) et ) < rexp (=2 (5-40)
L P B A0 S 1T P 1500 )
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Now, if V>4 log n, then v =2, and so a combination of (5-40) with (1-1) and Lemma 4-1
yields

3 A+ ) A+ <Y+ X rexp (2
! WS T P\ 7300k

n<x
e/Vlog 17)

5-41
150k G4D

xV
< 7 + xexp (—

On the other hand, if V <4 logn, then v=./V/(logn) <2, so by putting the estimate
(5-40) together with Lemma 4-1, it follows that

Y rmthn) A+ ) <

n<x

x n es/Vlogn
—_— X €X B
71/ P 150k

3
+x(k’%n_v ToE 4 gV 12,7) (v,/ 105”)

X
< W + x exp (—cm/Vlog n)

[v
+x(Vlogn)*/* exp (— log g )
log n

where cg € (0, €/(150k)) is some constant.
According to (1-1), we have that xg~ /% <« x/n < xV/n and that logn < logg.
Consequently, the last bound gives

Vv
Z AMun+h) - An+ ) <K % + xexp (—ch/Vlog 77) , (5-42)

n<x

where ¢ < ¢ is a positive constant.
We now finish the proof of Theorem 1-2 by merging the bounds (5-41) and (5-42) from
above.
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