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EQUICONTINUITY OF A GRAPH MAP

TAIXIANG SUN, YONGPING ZHANG AND XIAOYAN ZHANG

Let G be a graph, and / : G —v G be a continuous map with periodic points. In this
paper we show that the following five statements are equivalent.

(1) / is equicontinuous.

(2) There exists some positive integer JV such that fN is uniformly con-
vergent.

(3) / is iS-equicontinuous for some positive integer sequence
5 = {ni < n2 < • • • } .

(4) n(x, f) = w(i, / ) for every x e G.

(5) a : limf.X', / } —>• Um{A', / } is a periodic map.

1. INTRODUCTION

Let N (respectively Z+ ) denote the set of positive integers (respectively nonnegative
integers ). Write Nn = { l ,2 . . . , n} and Zn = {0,1,...,n} for any n € N. For any
compact metric space (X, d), let C°{X) be the set of all continuous maps from X to X.
Suppose / e C°(X), x e X and r > 0, write B(x,r) = B{x,r,d) = {y e X : d(y,x)

< r}, O(x,f) = {/»(*) : n 6 Z+}, u(x,f) = f\ O(/-(a;),/) and n(s,/) = {y : there
n=0

exist sequences {xi} in X and {n^} in N such that x< —^ i , n̂  —>• oo and /ni(xj) —> y}.
O(x, / ) and u>(x, f) are called the orbit and the w-limit set of x under / , respectively.
For n € N, a point i s X i s called a periodic point of / with period n ( or an n-periodic
point of / ) if fn(x) = x and fk(x) ^ x for each k 6 [0, n) D N. x is called a fixed point
of / if f{x) = x. If x € w(x, / ) , then x is called a recurrent point of / . Denote by
F(f), Pn(f) and R{f) the set of all fixed points, n-periodic points and recurrent points
of / , respectively. Write P{f) = (J Pn(f)- We use inM, dA, ~A and #A to denote the

7 1 = 1

interior, boundary, the closure and the cardinality of a subset A of X, respectively. We
also need the following definitions.

DEFINITION 1: Let 5 = {ni < n2 < • • •} be a subsequence of N. / e C°(X)
is said to be 5-equicontinuous if for any e > 0, there exists 5 = 6(e) such that
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d(fnk{x),fl'{y)) < e whenever x,y € X with d(x,y) < 5 and k € N. If 5 = N,
then / is said to be equicontinuous.

DEFINITION 2: Let / e C°(X) and x £ X. If there exists y e X such that

lim fn{x) — y, then / is said to be convergent at x. If there exists N e N such that
n—KX>

X — F(fN), then / is said to be a periodic map.

Let {A"i}~! be a sequence of spaces, and {ft}^li a sequence of maps ft : Xi+i —> Xit

then the inverse limit of {Xt, / i } ~ x , denoted by ]gm{Xi, ft}, is the subspace of the Carte-
sian product space n " i Xt given by hjn{Xi, ft} = {(xi, x2,.. •) : ft(xi+i) — xt for all
i € N } . When all the spaces Xt are the same space X and all the maps ft are same map
/ , we denote the inverse limit by hm{X,f} (see [10]).

Define a : ]jm{X, / } —> ]pn{X, / } by

a : ( ( z O l Z i , . - - ) ) = ( i i , x 2 , . . . ) ,

which is called the one-sided shift map.

It is interesting to find some properties equivalent to equicontinuity ([1]). In [3],
Blanchard, Host and Maass discussed topological complexity, and showed that a contin-
uous surjection / of a compact metric space X is equicontinuous if and only if any finite
open cover of X under / has bounded complexity.

On 1-dimentional spaces, one has some still finer results [4, 5, 6, 7, 13]. Sun
in [11, 12] obtained necessary and sufficient conditions for equicontinuity of tree maps
and cr-maps. In [8], Gu obtained necessary and sufficient conditions for equicontinuity
of figure-eight map with a periodic point. Recently, Mai in [9] obtained the following
theorem.

THEOREM A. Let G be a graph and / e C°(G) with P(f) ^ 0. Then f is
oo

equicontinuous if and only if there exists N € N such that f] fn(G) = F(fN).

By a graph we mean a compact connected one-dimensional polyhedron. In this
paper we shall find some new equivalent conditions of equicontinuous graph maps. Our
main result is the following theorem:

THEOREM 2 . Let G be a graph and f e C°(G) with P(f) / 0. Then the

following five statements are equivalent.

(1) / is equicontinuous.

(2) There exists i \ f ? N such that fN is uniformly convergent.

(3) / is S-equicontinuous for some subsequence S = {nx < n2 < • • • } of N.

(4) Q(x, f) = (j(x, f) for every xeG.

(5) <T : Urn-fA", / } —¥ hm{X, / } is a periodic map.
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2. E Q U I C O N T I N U I T Y AND UNIFORM C O N V E R G E N C E IN C°(X)

In this section we shall discuss the relation between equicontinuity and uniform
convergence of continuous self-maps of a compact metric space.

THEOREM 1 . Let X is a compact metric space and f G C°(X). Then the

following three statements are equivalent:

(1) f is uniformly convergent;
oo

(2) p) fn(X) = F{f) and f is equicontinuous;
n=l

(3) H /" (*) = F{f) and fl(*. / ) = w(ar, / ) for every xeX.
n=l

oo
PROOF: It is easy to see that Q(x, f) U u(x, / ) C fl / " P O for e v e i 7 x € x-

oo

(2)=>(1) Suppose p| fn{X) = F(f) and / is equicontinuous. Let x € X and
n=l

a, b € ui(x,f), then a, 6 € F( / ) . Since / is equicontinuous, for any e > 0, there exists
6 > 0 such that /"(B(u,<5)) C B(fn(u),e/3) for every « € X and every n e N. Take
m € N such that / m ( i ) € B(a,<S), then 6 € CJ ( I , / ) = cj(fm(x),f) C B(a,e). That is,
{a} = CJ(I, / ) , which implies that / is convergent at x.

k

Choose {x\, x2, • • •,xk} C X such that \J B(xi, 6) = X. Then there exists N e N

such that

d{fn{Xi), fm{xi)) < e/3 for every i e NA and any n > m > TV.

For any i 6 X, let i € S(xi; <5) for some i 6 N*, then when n > m > N, we have

This implies / is uniformly convergent.
(2)=K3): See [1].
(l)=*-(2): Let <?(:r) = lim fn(x), then 5(1) is continuous. For any e > 0, there exist

iV e N and (5 > 0 such that

d(fn{x),g(x)) < e/3 for every n> N and every 1 6 X ,

and
g(B(x,S)) C B(g{x),e/3) for every x eX

and
/*(£(!,(5)) c BiPix)^) for every i e N N and every x € X

Thus we have
/n(B(x,(5)) C B(fn(x),e) for any n G N.
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This implies / is equicontinuous.

Let x G p | / " P 0 > i1; follows from [9] that x G R{f). Then x G u>(x,f) = {x},
n=l

oowhich implies f) fn(X) = F(f).
7 1 = 1

(3)=>-(2) It only needs to be shown that / is equicontinuous. For given x G X,
let xn ->• x, kn ->• oo, fh"{xn) -> a and /*n(x) -»• 6, then a € £i(x, f) = u(x,f) and
a, 6 S -F(/)- Hence there exists tn -> oo such that in - fcn > n and ftn~kn(fkn(x))
— ftn(x) —¥ a, which implies a G u>{b, f) = {&}. That is, / is equicontinuous. D

3. PROOF OF THEOREM 2

Let G be a graph. For every x G G, there exist a positive number e > 0 and some
n-star Xn = {z : zn G [0,1], z is a complex number} ([2]) such that for every 0 < 6 ^ e,
there exists a homeomorphism / : B(x, 6) —> Xn, such B(x,6) are said to be a n-star-
neighbourhoods of x. Write V(x) — n. If V(x) ^ 3, we call x a branched point of G. Let
T ([2]) be a subtree of G and a,b £ T, we use [a,6]r( or [b,a)T) to denote the smallest
connected subset of T containing a, b. Write [a, b)r = [a, b\r — {b}, (a, b)T — [a, b)r — {a}.

In what follows we let B{G) = {x\,x<x,... ,xt} be the set of all branched points of
G, and G — B(G) have p connected components. Put u — V{x\) + V(x2) H—I- V{x{) + Ap
and M = u\. Let 5 = {ni < n2 < • • • } be a subsequence of N.

LEMMA 1. Let f G C°(G) and m G N, then

(1) / is equicontinuous if and only if fm is equicontinuous, and
(2) if f is S-equicontinuous, then g = fm is Si- equicontinuous for some sub-

sequence Si of N.

PROOF: (1) See [9].

(2) Let / be S'-equicontinuous. Then by choosing a subsequence we can assume that
there exists r G Zm_i such that rii — Sim + r for any i G N. Since G is compact, for any
e > 0, there exists 5i > 0 such that

d(ft(u),fl(v)) < e whenever d(u,v) < 6i and i G Zm.

Since / is S-equicontinuous, there exists 5 such that

d(fSim+r(u), fSim+r(v)) < 6i whenever d{u, v) < S and i G N.

Hence
d(gSi+1(u),gSi+1{v)) < e whenever d{u,v) < 6 and i G N .

This implies that g is Si = {si + 1, S2 + 1,. • .}-equicontinuous. D
oo

LEMMA 2 . Let f G C°{G), andX = f] fn{G)- If one of following two conditions
n=l

holds,
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(1) f is S-equicontinuous, or

(2) Q(x, f) = u(x, f) for every x G X;

then for any given m G N , X C w ( / m | x ) -

PROOF: Let g = fm. Since X is compact, we have g{X) = X and X is a connected
closed subset of G. For given y0 G X, there exist points t/1,2/2, ••• in X such tha t
9{Vn) = yn-i for every n G N .

(1) If / is S-equicontinuous, then by Lemma 1 there exists a subsequence
Si — {s\ < S2 < • • •} of N such that g is S\- equicontinuous. Therefore for any e > 0,
there exists 6 > 0 such tha t d(gSk(u),gSk(v)) < e whenever d{u, v) < 5 and k e N . Since
X is compact, there exists a subsequence Q < kx < k^ < • • • of N and y € X such that
yJt. —> y. Then d ( ^ ( 2 / S t i ) , 5 S t i ( y ) ) = d(yo,g

s^(y)) < e for some skj e N . Thus

(2) If f2(x, / ) = u)(x, f) for every x G X, then by choosing subsequence we can

assume that there exists a subsequence 0 < k\ < k2 < • • • of N and y G X such that

Vkj —> V since X is compact. Thus y0 G Cl(y, f) = ui(y, / ) = U w(/*(2/).5)- 0

LEMMA 3 . Let f G C°(G) with P{f) # 0 and X = f\ fn(G). If one of following
n=l

two conditions holds,

(1) f is S-equicontinuous; or

(2) Q(x, f) = w(x, / ) for every x G X;

then X = F(frM). Where r is tie smallest period of the periodic points of f.

PROOF: Let g = fT. Obviously F(gM) C X. Now we show X c F(gM).
Assume on the contrary that X - F{gM) ^ 0. Take p G F(g) and let K be the

connected component of F(gM) containing p, then A" is a closed subset of X, g(K) = K
and dK n d{X - A) ^ 0.

CLAIM 1. g(dKnd(X - A)) c dKnd{X - A).

PROOF OF CLAIM 1: Assume on the contrary that there exists a G dKnd(X-K)
such that g(a) £ dK n d(X — A). Then we can choose a neighbourhood U of o such
that U n (X - A") ^ 0 and 5(f7 n (X - A)) C A. Thus U n (X - A) £ w(g\x) since
<?(A) — A, which contradicts Lemma 2. Claim 1 is proven. D

Take a0 G 3A n 3(X — A). Let s be the period of a0 under 5 and Vj be a Aij-star-
neighbourhood of g'(ao)(i G Z3_x). We can assume k0 = min{fcj : i G Zs-i}- Choose
0 < <$i < 52 < • • • < 8ko+2 such tha t

g'(B{ao,6i)) C B(ao,£+i) C Vo (i G Nfco+1).

CLAIM 2. If there exist y e B(a0,8ko+i) and A; G N such that {gis{y) : i G Zk}
C 5(a0,^o +i) and y,gks{y) is contained in same connected component L of B(aQ,5ko+i)
- {a0}, then gka(y) G (ao,y]t-
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P R O O F OF CLAIM 2: Suppose that y0 = y G (ao,g
ks{y))L. Then there exist

points yi,!/2,--. in L such that yn G (ao,2/n_i)i, and gks(yn) = yn-i (n G N). Let
! ( „ ->»£ F(gks), then y0 G Q{v,f) - u(v,f) and d(gkm(yn),g

ksn(v)) = d(yo,v) > 0 for
any n G N, which implies that gk' is not S-equicontinuous for any subsequence S of N.
A contradiction. Claim 2 is proven. U

CLAIM 3. Let y G B(a0, Si), then O{y,gs) C B(ao,<5jto+i).

P R O O F OF CLAIM 3: Assume on the contrary that O(y,g") <£ B(a0,6ko+i). Let
Bi be the connected component of B(a0,<5/co+i) — {a0} containing y and rx = min{i :
gis(y) <£ Bi). It follows from Claim 2 that {y,... ,g{ri~1)s(y)} C B(a0, Si). Let B2 be the
connected component of B(a0,6fco+i) ~ {ao} containing yris(y) and r2 = min{i : g"(y)

£ B2L)Bi}. Again it follows from Claim 2 that {y, . . . ,5(r2~1)s(y)} C B(ao,S2). Continu-
ing on, we inductively define 0 — r0 < rx ^ r2 ^ • • • < rko and the connected components
Bi,B2,...,Bko of B(a0,Sko+i) - {a0} such that

(i) Tj = min{i : g"(y) & (j Bx} for every j G Nfco;
A = l

(ii) Bj be the connected component of B(a0, Sko+i) — {ao} containing gT>-l"(y)
for every j G Nfco;

(iii) {y , . . . , 5(o~1)s(y)} C B(a0,5j) for every j G Nfco.

Hence grk°"{y) G 5(ao,<5t0+i) since ga(B(a0,(J*:0)) C B(a0,<5fco+1), which contradicts the
definition of rko. Hence O(x,gs) C B(ao,Sko+i). Claim 3 is proven. D

CLAIM 4. w(B(ao,<5i) n (X - K),g) c Fig").

P R O O F OF CLAIM 4: Let y G B(ao,<Ji) n (X - K), it follows from Claim 3 that

O(y,gs) C B(ao,<5jto+i).

If <7*s(y) G K for some i G N, then ui(y,gs) C F(gM) and v(gl(y),gs)

= 5'(w(y,53)) C 5'(ir(^Af)) C F{gM), which implies w(y,<7) C F(gM).

If O{y,gs) n if = 0, then it follows from Claim 2 that #(w(y,s*)) = r < fc0 and

w(y,5s) C F(g3r). Thus u}(y,gs) C F(gM) and u(y,g) C F(gM). Claim 4 is proven. D

Let y G 5(00,(5:) D (X — if), it follows from Lemma 2 that there exists x e X

such that y G w(x,5). Choose m G N such that gm(x) G f?(ao,<5i) n (X - K), then

y G w(x, 5) = uj(gm(x),g). By Claim 4 we have y G F(5M). Hence B(ao,<Ji) PI (X - if)

C F(gM), which implies S(ao, <50)n(^ — if) C if, a contradiction. Lemma 3 is proven. D

P R O O F OF THEOREM 2. (1)«- (2) is from Theorem A, Theorem 1 and Lemma 1.

(1)<* (3,4) is from [1, Theorem 2.3], Theorem A and Lemma 3.
00

(1)=>.(5) Suppose / is equicontinuous. It follows from Theorem A that f] /"(G)
n=l

= F(fN) for some N G N. Let x = (xo,xx,...) G ^m{X,/} , then for given i G Z+,

we have xt = fn(xi+n) for all n G N. Thus xt G f| /"(G) = ^(Z^) , which implies

aN(x) = x for all x = (x0,xu...)€ U m { X , / } .
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(5)=^(1) Suppose there exists K e N such that oK(x) = x for all x € Um{Jf, / } .
oo

Let y 6 -^ = f) fn(G)- Since /(X) — X, there exist points j/i = y, y2, • • • in X such that
n=l

/(j/i+1) = 2/j for all i 6 N , thus x = (yi,y2, • • •) € ^m{X, / } , aK{x) = i , which implies
00

y € F(fK). By Theorem A we know that / is equicontinuous since f| /"(G) C F(fK). D
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