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Abstract

We investigate the mechanics of a nano logic gate, comprising a metallofullerene
which is located inside a square-shaped single-walled carbon nanotorus involving non-
metallic, single-walled carbon nanotubes with perfect nanotoroidal corners. These are
highly novel and speculative nanodevices whose construction, no doubt, involves many
technical challenges. The energy for the system is obtained from the 6–12 Lennard-
Jones potential with the continuous approximation. Our approach shows that there is
not much difference between the energy when the metallofullerene is located in the
tubes compared to when it is at the corners, and therefore the metallofullerene may
be controlled by a small voltage. By applying two voltage inputs to produce external
electric fields, one for the left–right motion and the other for the top–bottom motion,
the metallofullerene can be moved to one of the four corners. Assuming that at the four
corners there are charge detectors, the proposed device can be designed as a logic gate
with different signals corresponding to particular gates.

2010 Mathematics subject classification: primary 97P60; secondary 82D80.

Keywords and phrases: carbon nanotubes, metallofullerenes, Lennard-Jones potential,
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1. Introduction

In the past 35 years, the central processing unit (CPU) industry has followed Moore’s
prediction [35] that the complexity of integrated-circuit chips will double every two
years simply by shrinking the size of transistors so that the processing speed increases,
because the electric signals travel a shorter distance. Accordingly, the size of modern
computers [35] is decreasing, resulting in improved speed and capacity and a reduction
in energy and heat generation. However, physicists and engineers have already
predicted that this trend will soon reach a barrier at 22 nm, since transistors will
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30 R. K. F. Lee and J. M. Hill [2]

Table 1. Basic logic gate.

Input Output
I1 I2 AND OR NAND NOR

TRUE TRUE TRUE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE TRUE FALSE
FALSE TRUE FALSE TRUE TRUE FALSE
FALSE FALSE FALSE FALSE TRUE TRUE

become so small that the current fabrication technology and the basic physical laws
pose severe limitations to further miniaturization [1, 15]. For example, the CPU
industry is using 32 nm lithography techniques for the present smallest commercial
transistors and it would be extremely difficult to fabricate transistors less than 22 nm
using present techniques [3, 36]. Also, the heat released becomes a significant
issue and the processing unit may be unstable, in which case the speed may not be
improved. To overcome such difficulties, the CPU industry already manufactures
several processors into a single unit, for example 2, 4, 6 or multicore chips [27].
To raise computational speed, parallel computing has been adopted, such as cloud
computing or multithreads. Nanotechnology has brought about many revolutionary
advanced materials, as many materials at the nanoscale display exceptional physical
characteristics, for example mechanical and electronic properties, which [23], can
be quite different from those at the macroscale. However, no progress will be
made in this vital technology area until the realization of some specific devices
is attempted. Accordingly, nanotechnological components may be one possible
solution for future computer design. Since the first carbon nanomaterials were
discovered, carbon nanotubes and fullerenes have been examined experimentally [28],
theoretically [4, 25, 26, 31–33, 37] or computationally (molecular dynamics studies)
[17, 24–26, 28, 33, 37] for possible use as memory devices.

A logic gate is a logical device that gives a result based on the input information.
Table 1 shows the output result of the four basic logic gates: AND, OR, NAND and
NOR. In the language of mathematical logic, an AND gate is that “the output is true if
and only if both inputs are true”. In other words, the output for the AND gate will give
the state TRUE information, when both inputs receive a state TRUE data, otherwise it
will provide the state FALSE information. The other gates described in the language
of mathematical logic are the following statements: “the output is true if and only if
either input 1 or input 2 is true” for an OR gate; “the output is true if and only if the two
inputs are not both true” for a NAND gate and “the output is true if and only if both
inputs are false” for a NOR gate.

In this study, we propose a nanoscale logic gate comprising a metallofullerene
situated inside a square-shaped single-walled carbon nanotorus comprising four non-
metallic single-walled carbon nanotubes, with corners that are perfectly nanotoroidal
as indicated in Figure 1. Both carbon fullerenes, carbon nanotubes and carbon nanotori
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V

V

Figure 1. Proposed nano logic device.

are particular types of a carbon isomer. A C60 fullerene is a spherical carbon cage with
a structure resembling that of a soccer ball with an empty centre [11], but which can
contain an additional atom, such as F−, Ne, Na+, Mg2+ or Al3+, [6]. These are called
endohedral fullerines or endohedral metallofullerenes or simply metallofullerenes with
an additional metal atom [2, 29], and we adopt the notation M@Cn where the symbol
M is used to denote the additional metal atom inside the fullerene, and n indicates
the total number of carbon atoms in the cage. The size of the endohedral fullerene
is based on the number of carbon atoms n which ranges from 60 to 100. Iijima [18]
discovered carbon nanotubes at NEC Corporation (Nippon Denki Kabushiki Gaisha)
in 1991 which were conceptualized by a two-dimensional sheet rolled into a right
circular seamless cylinder [12, 13, 22]. Nanotori are similar to doughnuts at the
nanoscale and can be constructed from joined nanotubes [19–21, 34]. The square
nanotorus considered here is assumed to comprise conventional nanotubes connected
to four curved nanotubes of the same radius for the corners [7, 20]. Hilder and Hill
[16] have investigated an atom or fullerene orbiting inside a closed carbon nanotorus,
which is assumed to be perfectly toroidal.

Using applied mathematical modelling, we formulate the design rules to construct
the proposed nano logical device consisting of a square-shaped nanotorus constructed
from four carbon nanotubes joined together by corners which are a quarter of a perfect
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torus, with a metallofullerine located inside it, as indicated in Figure 1. We assume that
the carbon nanotubes are non-metallic to avoid any electrostatic interaction that may
significantly complicate the analysis. In the next section, we introduce the method for
the calculation of the potential function giving rise to the forces for this system. The
potential energy of the 6–12 Lennard-Jones potential function is then introduced using
the continuous approximation, which assumes an average constant atomic surface
density. There is not much difference between the internal potential energy interactions
of the metallofullerene at the corners of the nanotorus compared with in the tubes, and
therefore we find it suitable for use as a logic gate. In Section 3, some numerical
results are presented and discussed in relation to the design of logic gates. The paper
concludes with some remarks in Section 4.

2. Methods

The proposed nano logic gate is shown in Figure 1, comprising a metallofullerene
and a square-shaped carbon nanotorus involving a total of eight joined non-metallic
carbon nanotubes (four straight and four curved). The total interaction energy E is
the sum of the interaction energies for each non-bonded atomic pair Φ( ρi j), that is,
E =

∑
i
∑

j Φ( ρi j), where ρi j is the distance between the non-bonded atoms i and j.
However, since the proposed logic gate involves a large number of atoms, the total
interaction energy is found from the continuous approximation which assumes that
the total potential energy can be approximated by the double surface integral,

E = η1η2

∫
S2

∫
S1

Φ( ρ) dS1 dS2,

where η1 and η2 denote the mean atomic surface densities of each molecule, and ρ
denotes the distance between the two typical surface elements dS 1 and dS 2.

In this paper, the classical 6–12 Lennard-Jones potential is used to find the van
der Waals interaction energy for the two non-bonded molecular structures. The 6–12
Lennard-Jones potential for two atoms at a distance ρ apart is given by

Φ( ρ) = −(A/ρ6) + (B/ρ12),

where A and B denote the attractive and the repulsive constants, respectively [14],
which can be rewritten as

Φ( ρ) = 4ε[−(σ/ρ)6 + (σ/ρ)12],

where ρ0 = 21/6σ = (2B/A)1/6 is the equilibrium distance, σ is van der Waals diameter,
and ε = A2/(4B) is the well depth [14]. The van der Waals diameter σab and the well
depth εab for two different materials, say materials a and b, are usually found from
the empirical combining rules εab = (εaεb)1/2 and σab = (σa + σb)/2, where the labels
a, b and ab refer to the interactions between a material, b material and ab materials,
respectively [14]. The van der Waals interaction force FvdW is found by differentiation
of the total internal energy. Thus, FvdW = −∇E, and the numerical values used for
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Table 2. 6–12 Lennard-Jones constants and numerical values of constants.

Graphene–graphene [14] ρ0 = 3.83 Å
Graphene–graphene [14] |ε| = 2.39 meV
C60–C60 [14] ρ0 = 3.89 Å
C60–C60 [14] |ε| = 2.86 meV
C60–graphene [14] ρ0 = 3.86 Å
C60–graphene [14] |ε| = 2.62 meV
K+–K+ [5] ρ0 = 4.0010 Å
K+–K+ [5] |ε| = 3.0352 meV
Radius of (10, 10) [30] r = 6.766 Å
Radius of nanotorus R = 20 Å
Half length of nanotube L = 80 Å
Mean surface density of a single layer graphene ηg = 0.3812 Å−2

Radius of C60 b = 3.550 Å
Mean surface density of C60 η f = 0.379 Å−2

Radius of C80 b = 4.200 Å
Mean surface density of C80 η f = 0.370 Å−2

Radius of C100 b = 4.660 Å
Mean surface density of C100 η f = 0.366 Å−2

the 6–12 Lennard-Jones constants for carbon nanostructures and potassium are as
shown in Table 2. Overall, the given numerical values of the Lennard-Jones constants
are in reasonable agreement with experimental results for both the high- and low-
temperature phases [14]. Chen et al. [5] have proposed that potassium K can be
ionized to K+, so that any induced charges on the single-walled carbon nanotube are
uniformly distributed, and the Lennard-Jones potential can be used to calculate the
internal energy of the system with a charged ion.

Cumings and Zettl [10] and Yu et al. [38] report that a multi-walled carbon nanotube
system with an inner carbon nanotube oscillating inside an outer carbon nanotube
exhibits almost zero friction between the inner and the outer tubes which hardly affects
the motion, so that for the first approximation the frictional force may be ignored.
As a result, there is virtually no frictional loss of energy involved in the motion
of the metallofullerene, so that only the van der Waals interaction energy for the
metallofullerene inside the square-shaped carbon nanotorus needs to be considered.
Since the van der Waals’ interactions are of short range, our basic model is as follows:
if the metallofullerene is in the tube, we only calculate the interactions with the tube
and the two adjacent corners; if the metallofullerene is at a corner, we only consider the
interactions with the corner and the two adjacent tubes, as indicated in Figure 2 with
solid black and dashed black lines. Since the square-shaped nanotorus is symmetrical,
we only need to consider one tube and one corner, and the others are obtained by
reflections. The nanotubes and the corners are considered to be perfect cylinders
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(a) (b)

Figure 2. Interaction between metallofullerene and various parts for (a) metallofullerene inside nanotube
and (b) metallofullerene inside corner.

and nanotori, respectively. Using the rectangular Cartesian coordinates (x, y, z) with
origin O as indicated in Figure 3 and assuming that any atom for the top nanotube can
be represented by (x, r cos φ + R, r sin φ), any atom for the top right-hand corner can
be represented by ([R + r cos φ] cos θ, [R + r cos φ] sin θ, r sin φ). For the other tubes
and corners, it can be similarly represented by reflection of Figure 3(a). Also, (X,R, 0)
and (R cos ψ, R sin ψ, 0) are the centres of the metallofullerene inside either the top
nanotube or the top right corner, respectively, as shown in Figure 3, where r is the
radius of the nanotube and the nanotorus; R is the radius of the nanotorus ring; φ is the
angle for the atoms located on the yz-plane for the top nanotube and ψ is the angle of
the metallofullerene as measured from the top tube as shown in the Figure 3.

We assume that the entire motion of the metallofullerene is restricted to the two-
dimensional xy-plane, Z = 0. However, even as a two-dimensional problem, the
calculation is complex, and therefore, we reduce it to an one-dimensional problem
by considering the two cases separately, namely, the metallofullerene located in the
nanotube and that in the corner. The 6–12 Lennard-Jones potential vanishes at large
distances, therefore the total interaction energy mainly comprises the interaction of the
metallofullerene with the portion in which it is located and only with the joining parts.
The total internal energy for the metallofullerene inside the nanotube EvdW

T and inside
the corner EvdW

C is calculated from

EvdW
T = Em−c1 + Em−t + Em−c2 + E f−c1 + E f−t + E f−c2

and

EvdW
C = Em−t1 + Em−c + Em−t2 + E f−t1 + E f−c + E f−t2,

where m, f , c1, c2, c, t1, t2 and t indicate the metal, fullerene, left corner, right corner,
inside corner, top nanotube, right nanotube and inside nanotube, respectively, as shown
in Figure 3. The interaction for the corner c1 is found from a reflection of the corner c2
on the location x = −L, where L is the half-length of the nanotube, and the interaction
for the nanotube t1 is found from a reflection of the nanotube t2 in the line x = y.
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(a)

(b)

Figure 3. Interaction between metallofullerene and various parts for (a) metallofullerene inside nanotube
and (b) metallofullerene inside corner.

In other words,

Ei−c1[ ρct(−X − 2L)] = Ei−c2[ ρct(X)]

and

Ei−t1[ ρtc(ψ)] = Ei−t2[ ρtc(π/2 − ψ)],

where the subscript for the energy i can be either m or f for the metal or fullerene,
respectively, and the distances ρct and ρtc denote the distance of the centre of the
metallofullerene inside the corner to the atom of the nanotube and the distance of
the centre of the metallofullerene inside the nanotube to the atom at the corner,
respectively. Each energy has four distances to be considered: the centre of the
metallofullerene inside the nanotube to an atom of the corner ρtc and to an atom of
the nanotube ρt; and the centre of the metallofullerene inside corner to an atom of the
corner ρc and to an atom of the nanotube ρct. These are, respectively,

ρ2
t = r2 + (X − x)2,

ρ2
tc = r2 + X2 − 2(R + r cos φ)[X cos θ + R sin θ − R],

ρ2
c = 4R sin2 β(R + r cos φ) + r2,

ρ2
ct = r2 + x2 − 2xR cosψ + 2R(R + r cos φ)(1 − sinψ).

(2.1)
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The energy Em( ρ) for the metal with one atom and the energy E f ( ρ) for the
fullerene with one atom are as derived by Cox et al. [8, 9];

Em( ρ) = −A/ρ6 + B/ρ12, (2.2)

E f ( ρ) =
η fπb
ρ

[A
2

{ 1
( ρ + b)4 −

1
( ρ − b)4

}
−

B
5

{ 1
( ρ + b)10 −

1
( ρ − b)10

}]
, (2.3)

where η f is the mean surface density of fullerene and the numerical values of the 6–12
Lennard-Jones constants A and B are as in Table 2. The constants A and B for equations
(2.2) and (2.3) have two different values arising from the metal ion with the nanotube
or corner, and the fullerene with the nanotube or corner. Based on the equations
(2.1)–(2.3), the total internal energies for the metallofullerene with the nanotube or
the corner are given by

EvdW
T (X) = rηg

[∫ π/2

0

∫ 2π

0
{Em+ f ( ρtc(−X − 2L)) × (R + r cos φ)} dφ dθ

+ 2π
∫ 0

−2L
Em+ f ( ρt(X)) dx

+

∫ π/2

0

∫ 2π

0
{Em+ f ( ρtc(X))(R + r cos φ)} dφ dθ

]
, (2.4)

EvdW
C (ψ) = rηg

[∫ 0

−2L

∫ 2π

0
Em+ f ( ρct(ψ)) dφ dx +

∫ 0

−2L

∫ 2π

0
Em+ f ( ρct(π/2 − ψ)) dφ dx

+

∫ π/2

0

∫ 2π

0
{Em+ f ( ρc(ψ))(R + r cos φ)} dφ dθ

]
, (2.5)

where ρtc, ρt, ρct and ρc are as in (2.1) and Em+ f = Em + E f and the numerical values
of the constants R, r, b, L and mean surface density of graphene ηg are as shown in
Table 2.

3. Results and discussion

The potassium inside the fullerene is ionized to K+ which has a positive charge.
In this system, K+ has only one positive charge and the fullerene and the nanotube
are uniformly distributed and have no net charge, therefore the coulomb potential will
not be considered. As a result, only the van der Waals potential for the K+@C60
metallofullerene will be considered as the total energy.

Due to the complicated nature of the total energy equations (2.4) and (2.5), Figure 4
illustrates the numerical values of the total energies for the K+@C60 metallofullerene
in a (10, 10) square-shaped carbon nanotorus of half-length L = 80 Å and R = 20 Å.
Figure 4(a) is the total interaction energy of a K+@C60 metallofullerene inside a carbon
nanotube with the left and the right corners and the nanotube. Figure 4(b) is the total
interaction energy for a K+@C60 metallofullerene inside the corner with the top and
the right nanotube and the corner. The maximum and the minimum energy positions
are located at the middle of the corner and the middle of the nanotube, respectively.
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Figure 4. Internal energy for K+@C60 in (10, 10) square-shaped carbon nanotorus of half-length L = 80 Å
and R = 20 Å. (a) EvdW

T for the metallofullerene in the nanotube and (b) EvdW
C for the metallofullerene in

the corner.

The energy gap between the maximum energy from Figure 4(b) and the minimum
energy from Figure 4(a) is around 0.01 eV, therefore the energy barrier is not sufficient
to maintain the metallofullerene in the energy minimum location. However, based on
the low energy barrier inside each corner, the metallofullerene may be controlled by
using an external energy source.

This applied external force can be produced from an electrical field Fext = qE,
where q is the total charge of the metallofullerene and E is the magnitude of the
external electrical field. When the ion in the metallofullerene has a double charge, the
necessary external electrical field will be reduced to half of that for a single-charged
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Table 3. Metallofullerene location and signal provided from releaser.

I1 I2 Detector AND OR NAND NOR

+ + O4 + + − −

+ − O2 − + + −

− + O3 − + + −

− − O1 − − + +

ion. This logic gate is assumed to have two electrical field controllers for the two
inputs, I1 and I2 as indicated in Figure 1. We also suppose that at each corner there
is a charge detector to determine the metallofullerene location for the outputs, O1, O2,
O3 and O4 as indicated by the grey boxes in Figure 1. The input will have a positive
or a negative electrical field to represent input states TRUE or FALSE respectively,
corresponding to Table 1. For the input I1, a positive electrical field means that the
electrical field is from left to right and a negative electrical field is in the opposite
direction. For the input I2, the positive electrical field is the direction from the top to
the bottom and a negative electrical field is in the reverse direction. When both inputs
I1 and I2 give a positive signal, the metallofullerene is going to the right bottom corner,
so the detector O4 detects the charge from the metallofullerene. Table 3 shows the
relationship between the input and the signal released from the releaser as a result of
the detector determining the location of the metallofullerene. Figure 5 shows the nano
logic gate design for AND, OR, NAND and NOR gates. For example, for the AND
gate, if both inputs I1 and I2 have a positive signal, the detector O4 indicates that the
metallofullerene is at the right bottom corner, and then the releaser provides a positive
voltage. The releaser will generate a negative voltage for the metallofullerene at all
the other detectors. As a result, it is an AND gate, because the releaser only provides
a positive signal when both inputs give a positive signal. For the OR gate, the releaser
will generate a negative voltage when the detector detects the metallofullerene at O1.
In the event of damage to the gate by the loss of charge from the metallofullerene, it
will no longer function and there will be no output signal, because the charge detector
will be unable to recognize the metallofullerene.

The proposed nano logic gate has three important dimensional parameters: the
radius of the nanotube r, the radius of the nanotorus R and the length of the nanotube
L. Following Chan et al. [4], since the metallofullerene is assumed to be located on
the nanotube-axis with no offset, the radius of the nanotube r should be chosen to be
as close as possible to 6.4 Å, 7 Å and 7.4 Å for the metallofullerenes M@C60, M@C80

and M@C100, respectively. The radius of the nanotorus is a set value which is based
on the size and the radius of nanotubes used to construct it [7]. A short length of
nanotube improves the logic gate processing time (that is, the metallofullerene transit
time). However, for short tubes the highly sensitive charge detectors may give a false
signal due to the charged metallofullerene in a sensitive area; therefore the length of the
nanotubes should be large enough for the sensitive areas of the four charge detectors
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Figure 5. Design of nano logic gates.

not to overlap. Here we assume that the outputs are obtained from a device that
is capable of measuring charge. The practical implementation of incorporating the
inputs and reading such outputs will, no doubt, generate some considerable technical
challenges. However, until some specific nanodevices are proposed for technical
examination, very little progress will take place. Indeed, technical capability is
constantly advancing to address such challenges.
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In terms of the power consumption of the proposed nano logical device, we need to
take into account the applied external force and the work done on the metallofullerene
by the net force in moving from one stable state to another. In other words, we need
to consider the work done in moving the metallofullerene from one corner to another
through the input signals control. Depending upon the input and the initial location
of the metallofullerene, there are four possible final locations: twenty five percent
remain at the same corner, fifty percent move to the adjacent corners and twenty five
percent move to the opposite corner, so that the work done takes on three values.
If the metallofullerene remains in the same corner, the work done is zero. If the
metallofullerene moves to an adjacent corner, the work done is given by

W =

∫ state 2

state 1
Fnet dZ

= Fext(Rπ/4 + 2L + Rπ/4) +

∫ π/2

π/4

(
−

dEvdW
C

dψ

)
dψ

+

∫ −2L

0

(
−

dEvdW
T

dX

)
dX +

∫ π/4

π/2

(
−

dEvdW
C

dψ

)
dψ

= Fext(Rπ/2 + 2L),

where Fnet = Fext + FvdW, and Z denotes the path of the metallofullerene moving from
state 1 to state 2. Since the energy is an even function, the van der Waals term in the
integral becomes zero, and for a constant external electrical field, the external force is
also a constant. If the metallofullerene moves to the opposite corner, the work done is
twice the work done W, because the path of the metallofullerene to the opposite corner
is twice that of the metallofullerene moving to an adjacent corner. Consequently, the
minimum and maximum possible values of work done are zero and 2W, respectively,
while on average, the work done is W.

4. Summary

We propose a nano logic gate comprising a metallofullerene located inside a square-
shaped, single-walled carbon nanotorus which is made up of four single-walled carbon
nanotubes with four perfect nanotoroidal corners, all of which are assumed to be non-
metallic to avoid electrostatic interactions. The metallofullerene is shown to have a low
energy barrier, and therefore may be controlled by two small applied external electrical
fields operating in two mutually perpendicular directions. The external electrical fields
can be generated by the two voltage inputs, I1 and I2, which control the left–right
motion and the top–bottom motion, respectively. The location of the metallofullerene
could then be determined by using a charge detector positioned at each corner. The
left–right motion may be controlled by I1 while I2 controls the top–bottom motion. For
the AND gate, the releaser provides a positive voltage for the detector O4 detecting
the metallofullerene at the right bottom corner, when both the inputs I1 and I2 give
positive signals, and the releaser provides a negative voltage for the metallofullerene
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at the other detectors. For the other proposed gates, the releaser provides a specific
voltage for the metallofullerene at the corresponding detector. For example, for the
OR gate, the releaser provides a negative voltage when O1 detects the metallofullerene
and a positive voltage for the metallofullerene at the other corner.
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