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Abstract

We prove that, for any finite set of minimal r-graph patterns, there is a finite family F of forbidden r-graphs such
that the extremal Turdn constructions for F are precisely the maximum r-graphs obtainable from mixing the given
patterns in any way via blowups and recursion. This extends the result by the second author [30], where the above
statement was established for a single pattern.

We present two applications of this result. First, we construct a finite family F of 3-graphs such that there
are exponentially many maximum F-free 3-graphs of each large order n and, moreover, the corresponding Turdn
problem is not finitely stable. Second, we show that there exists a finite family F of 3-graphs whose feasible region
function attains its maximum on a Cantor-type set of positive Hausdorft dimension.
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1. Introduction
1.1. Turdn problem

For an integer r > 2, an r-uniform hypergraph (henceforth an r-graph) H is a collection of r-subsets
of some finite set V. Given a family F of r-graphs, we say that H is F-free if it does not contain any
member of F as a subgraph. The Turan number ex(n, F) of F is the maximum number of edges in an
F-free r-graph on n vertices. The Turan density 7 (F) of F is defined as 1(F) = lim,—e0 ex(n, F)/(");
the existence of the limit was established in [18]. The study of ex(n, F) is one of the central topics in
extremal graph and hypergraph theory.

Much is known about ex (n, F) for graphs — that is, when r = 2. For example, Turdn [36] determined
ex(n, Kf,) for all n > ¢ > 2 (where, more generally, K; denotes the complete r-graph on ¢ vertices).
Also, the Erd§s—Stone—Simonovits theorem [8, 9] determines the Turdn density for every family F of
graphs; namely, it holds that 7(F) = min{1 — 1/y(F) : F € F}, where y(F) denotes the chromatic
number of the graph F.

For r > 3, determining 7 (F) for a given family F of r-graphs seems to be extremely difficult in
general. For example, the problem of determining (K7 ) raised already in the 1941 paper by Turén [36]
is still open for all £ > r > 3; thus, the $500 prize of Erdés (see, for example, [7, Section II1.1]) for
determining 7 (K7}) for at least one pair (£, r) with £ > r > 3 remains unclaimed.

The ‘inverse’ problem of understanding the sets

Hl(hr]) = {n(F): Fis a finite family of r-graphs}, and
Hg ) = {n(F): Fis a (possibly infinite) family of r-graphs}

of possible r-graph Turdn densities is also very difficult for » > 3. (For r = 2, we have by the Erdfs—
Stone—Simonovits theorem [8, 9] that H;?) = Hf(ii) ={1}U{l = 1/k: integer k > 1}.)

One of the earliest results on this direction is the theorem of ErdSs [5] from the 1960s that Hg ) n
(0,7!/r") = 0 for every integer » > 3. However, our understanding of the locations and the lengths of
other maximal intervals avoiding r-graph Turdn densities and the right accumulation points of Hg ) (the
so-called jump problem) is very limited; for some results in this direction, see, for example, [1, 12, 13,
31, 37].

It is known that the set H(E: ) is the topological closure of Hf(i;) (see [30, Proposition 1]), and thus,

the former set is determined by the latter. In order to show that the set Hé;) C [0, 1] has rich structure
for each r > 3, the second author proved in [30, Theorem 3] that, for every minimal r-graph pattern P,
there is a finite family F of r-graphs such that the maximum JF-free graphs are precisely the maximum
r-graphs that can be obtained by taking blowups of P and using recursion. (See Section 1.2 for all formal
definitions.) In particular, the maximum asymptotic edge density obtainable this way from the pattern
P is an element of Hf(i;).

Another factor that makes the hypergraph Turdn problem difficult is that some families may have
many rather different (almost) extremal configurations. A series of recent papers [15, 26, 27] (discussed
in more detail in Sections 1.3 and 1.4) concentrated on exhibiting examples for which the richness of
extremal configurations can be proved.

Our paper contributes further to this line of research. The new results proved here are, informally
speaking, as follows. Our main result, on which all new constructions are based, is Theorem 1.2. It
extends [30, Theorem 3] to the case when there is a finite set {P; : i € I} of minimal patterns (instead
of just one), and we can mix them in any way when using recursion. By applying Theorem 1.2, we
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present two examples of a 3-graph family F with a rich set of (almost) extremal configurations. The
first one (given by Theorem 1.3) has the property that the set of maximum JF-free 3-graphs on [n]
has exponentially many in n non-isomorphic hypergraphs and, moreover, the Turdn problem for F is
not finitely stable; that is, roughly speaking, there are no bounded number of constructions such that
every almost maximum JF-free 3-graph is close to one of them. The second finite family F of 3-graphs
(given by Corollary 1.6) satisfies the property that the limit set of possible densities of the shadows of
asymptotically maximum JF-free 3-graphs is a Cantor-like set of positive Hausdorff dimension.

Let us now present the formal statements of the new results (together with some further definitions
and background).

1.2. Patterns

In order to state our main result (Theorem 1.2), we need to give a number of definitions.
Let an r-multiset mean an unordered collection of r elements with repetitions allowed. Let E be a

collection of r-multisets on [m] = {1,...,m},letVy,...,V,, bedisjoint setsand set V := Vi U---UV,,.
The profile of an r-set X C V (with respectto Vi, ..., V,,) is the r-multiset on [m] that contains i € [m]
with multiplicity |X N V;|. For an r-multiset Y C [m], let Y((V1, ..., V,,)) consist of all r-subsets of V

whose profile is Y. We call this r-graph the blowup of Y (with respect to Vi, ..., V,,), and the r-graph

E(Vis-. Vo) = [ Y (V1 Vi)

YeE

is called the blowup of E (with respect to Vi, ..., Vy,).

An (r-graph) pattern is a triple P = (m, E, R) where m is a positive integer, E is a collection of
r-multisets on [m], and R is a subset of [m] (we allow R to be the empty set). As a convention, we
require that R does not contain i if E contains the multiset consisting of r copies of i. Suppose that [ is
a nonempty index set and

Py ={P;:ie€l}, whereP;=(m;,E;,R;) foriel, (1.1)

is a collection of r-graph patterns indexed by /.

Definition 1.1 (P;-Mixed Constructions). For P; as in (1.1), a Py-mixing construction on a set V is
any r-graph with vertex set V which has no edges or can be recursively constructed as follows. Pick some
i € I and take any partition V = V; U--- UV, such that V; # V for each j € R;. Let G be obtained from
the blowup E;((V1, ..., Vy,)) by adding, for each j € R;, an arbitrary P;-mixing construction on V;.

Informally speaking, we can start with a blowup E;((Vy, .. ., Vi,,)) for some i € I, then put a blowup
of some E;» inside each recursive part (that is, V; with j € R;), then put blowups into the new recursive
parts, and so on. Note that there is no restriction on the choice of the index at any step. For example, on
the second level of the recursion, different recursive parts V;, j € R; may choose different indices. See
Section 2.4 for two examples illustrating this construction.

The family of all P;-mixing constructions will be denoted by ZP;. We say G is a Pr-mixing
subconstruction if it is a subgraph of some P;-mixing construction on V(G).

Let Ap, (n) be the maximum number of edges that an 7-graph in XP; with n vertices can have:

Ap,(n) = max{ |G| : G is a Py-mixing construction on [n] } (1.2)

Using a simple averaging argument (see Lemma 3.3), one can show that the ratio Ap, (n)/ ('rl) is non-
increasing and therefore tends to a limit which we denote by A p, and call it the Lagrangian of P;:

API (n)
i

Ap, = (1.3)
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If P; = {P} consists of a single pattern P, then we always have to use this pattern P and the definition
of a Py-mixing construction coincides with the definition of a P-construction from [30]. For brevity,
we abbreviate Ap = A¢py, Ap = Ap), etc.

For example, if r = 2 and P = (2,{{1,2}},0), then P-constructions (that is, {P}-mixing con-
structions) are exactly complete bipartite graphs, P-subconstructions are exactly graphs with chromatic
number at most 2, Ap(n) = [n*/4] for every integer n > 0, and 1p = 1/2.

For a pattern P = (m,E,R) and j € [m], let P — j be the pattern obtained from P by removing
index j; that is, we remove j from [m] and delete all multisets containing j from E (and relabel the
remaining indices to form the set [m — 1]). In other words, (P — j)-constructions are precisely those P-
constructions where we always let the j-th part be empty. We call P minimal if Ap_; is strictly smaller
than Ap for every j € [m]. For example, the 2-graph pattern P := (3, { {1,2}, {1, 3} }, 0) is not minimal
as /lp = /lp_3 = 1/2

Let F be the family consisting of those r-graphs that are not P;-mixing subconstructions; that is,

Feoo = {r-graph F : every P;-mixing construction G is F-free}, 1.4

and for every M € N, let Fs be the collection of members in F., with at most M vertices; that is, for
v(F) = |V(F)|, we have

Fu ={F € Fs : v(F) < M}. (1.5)

Our main result is as follows.

Theorem 1.2. Let r > 3 and let P; = {P; : i € I} be an arbitrary collection of minimal r-graph
patterns, where the index set I is finite. Then there exists M € N such that the following statements hold.

(a) For every positive integer n, we have ex(n, Fypr) = max{|G|: v(G) = nand G € LP;}. Moreover,
every maximum n-vertex Fyy-free r-graph is a member in ZPj.

(b) Forevery g > 0, there exist 6 > 0 and Ny such that for every Fyr-free r-graph G onn > Ny vertices
with |G| = (1 = §)ex(n, Fpr), there exists an r-graph H € 2Py on V(G) such that |GAH| < en’.

Note that Part (a) of Theorem 1.2 gives that the family of maximum F,-free r-graphs is exactly the
family of maximum P;-mixing constructions.

In the case of a single pattern (when |/| = 1), Theorem 1.2 gives [30, Theorem 3]. As we will see
in Lemma 3.4, it holds that 1p, = max{Ap, : i € I}, and thus, we do not increase the set of obtainable
Turdn densities by mixing patterns. The main purpose of Theorem 1.2 is to show that some finite
Turédn problems have rich sets of (almost) extremal graphs. In this paper, we present two applications of
Theorem 1.2 of this kind as follows.

1.3. Finite families with exponentially many extremal Turdn r-graphs

Let us call a family F of r-graphs t-stable if for every n € N, there are r-graphs G (n), ..., G,(n) on
[n] such that for every &€ > 0, there are > 0 and ng so that if G is an F-free r-graph with n > ng
vertices and least (1 —§)ex(n, F) edges, then G is within edit distance en” to some G;(n). The stability
number & (F) of F is the smallest # € N such that F is 7-stable; we set £(F) = oo if no such ¢ exists.
We call F stable if £(F) =1 (that is, if F is 1-stable). According to our definition, every family F of
r-graphs with 7(F) = 0 is stable: take G (n) to be the edgeless r-graph on [n].

The first stability theorem, which says that K? is stable for all integers £ > 3, was established
independently by Erdés [6] and Simonovits [35]. In fact, the classical Erd§s—Stone—Simonovits theorem
[9, 8] and Erd&s—Simonovits stability theorem [6, 35] imply that every family of graphs is stable.

For hypergraphs, there are some conjectures on the Turdn density of various concrete families which,
if true, imply that these families are not stable. One of the most famous examples in this regard is the
tetrahedron K i whose conjectured Turdn density is 5/9. If this conjecture is true, then the constructions
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by Brown [3] (see also [10, 14, 22]) show that & (Ki) = co. A similar statement applies to some other
complete 3-graphs K>; we refer the reader to [ 19, 34] for details. Another natural example of conjectured
infinite stability number is the Erd6s—Sés Conjecture on triple systems with bipartite links; we refer the
reader to [11] for details.

Despite these old conjectures, no finite family with more than one asymptotic Turdn extremal
construction was known until recently. In [26], Mubayi and the first author constructed the first finite
non-stable family F of 3-graphs; in fact, their family satisfies £(F) = 2. Further, in [27], Mubayi,
Reiher, and the first author found, for every integer ¢ > 3, a finite family F; of 3-graphs with £(F;) =t.
In [15], Hou, Li, Mubayi, Zhang, and the first author constructed a finite family J of 3-graphs such that
§(F) = co.

Note that it is possible that £(F) = 1, but there are many maximum F-free r-graphs of order n.
For example, if k > 5 is odd and we forbid the star Kf « (Where, more generally, K]%] ____ ke denotes
the complete (-partite graph with part sizes ki, ..., k¢), then the extremal graphs on n > r vertices
are precisely (k — 1)-regular graphs, and, as it is easy to see, there are exponentially many in n such
non-isomorphic graphs. For r-graphs with » > 3, a similar conclusion for an infinite sequence of n can
be achieved by forbidding, for example, two r-edges intersecting in r — 1 vertices: if a sufficiently
large n satisfies the obvious divisibility conditions, then by the result of Keevash [20], there are
exp(Q(n" ! log n)) extremal r-graphs on [1] — namely, designs where each (r — 1)-set is covered exactly
once. While the above Turdn problems are degenerate (i.e., have the Turdn density 0), a nondegenerate
example for graphs can be obtained by invoking a result of Simonovits [35], a special case of which is
that every maximum graph of order n — oo without K 12 ;.. can be obtained from a complete bipartite
graph K, ,—, witha = (1/2+0(1))n by adding a maximum K 12 ,-free graph into each part. Very recently,
Balogh, Clemen and Luo [2] found a single 3-graph F with 7(F) > 0 and with exp(Q(n”logn)) non-
isomorphic extremal constructions on n vertices for an infinite sequence of n. Note that all families in
this paragraph are 1-stable.

In the other direction, the relation £(F) = co does not generally imply that there are many maximum
F-free r-graphs, since one of asymptotically optimal constructions may produce strictly better bounds
(in lower order terms) on ex(n, F) than any other. So it is of interest to produce F with many extremal
graphs and with £(F) = oco. The above-mentioned paper [15] made a substantial progress towards this
problem, by giving a finite familly F of 3-graphs such that, in addition to &(F) = oo, there are Q(n)
non-isomorphic maximum JF-free for infinitely many n (e.g., for all large n divisible by 3).

As an application of Theorem 1.2, we provide a finite family of 3-graphs with infinite stability number
and exponentially many extremal constructions for all large integers n.

Theorem 1.3. There is a finite family F of 3-graphs such that, for some C > 0 and for every n € N, the
number of non-isomorphic maximum F-free 3-graphs on n vertices is at least exp(Cn). Additionally,

§(F) = oco.

1.4. Feasible region

Theorem 1.2 has also applications to the so-called feasible region problem of hypergraphs. To state our
results, we need more definitions.
Given an r-graph G, its s-shadow is defined as

V(G)

r—s

0,G = {Ae( ):EIBeGsuchthatAgB}.

We use G to represent ;G and call it the shadow of G. The edge density of G is defined as
p(G) = |G|/ ("'“)), and the shadow density of G is defined as p(9G) = |9G|/("'F).
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For a family F, the feasible region Q(F) of F is the set of points (x,y) € [0, 1]? such that there
exists a sequence of F-free r-graphs (G,),,.; with

lim v(Gp) = co,  lim p(9G,) =x, and  lim p(Gn) =y.
The feasible region unifies and generalizes asymptotic versions of some classical problems such as the
Kruskal-Katona theorem [17, 23] and the Turdn problem. It was introduced in [25] to understand the
extremal properties of F-free hypergraphs beyond just the determination of 7 (F).

The following general results about Q(F) were proved in [25]. The projection of Q(F) to the first
coordinate,

proj Q(F) := {x: there is y € [0, 1] such that (x,y) € Q(F)},

Moreover, there is a left-continuous almost everywhere

is an interval [0, c¢(F)] for some c(F) € [0, 1].
[0, 1] such that

differentiable function g(F): proj Q(F) —
QF) ={(x,y) € [0,c(F)]x[0,1]: 0 <y < g(F)(x)}.

The function g(F) is called the feasible region function of 7. It was showed in [25] that g(F) is not
necessarily continuous, and it was showed in [24] that g (F) can have infinitely many local maxima even
for some simple and natural families F.

For every r-graph family F, define the set M (F) C proj Q(F) as the collection of x such that g(F)
attains its global maximum at x; that is,

M(F) = {x € proj Q(F): g(F)(x) = n(F)}.

For most families F that were studied before, the set M (F) has size one (i.e., the function g(F)
attains its maximum at only one point). In general, the set M (F) is not necessarily a single point, and,
in fact, trying to understand how complicated M (F) can be is one of the motivations for constructions
in [15, 26, 27]. Indeed, the construction in [26] shows that there exists a finite family F of 3-graphs for
which M (F) has size exactly two, the constructions in [27] show that for every positive integer #, there
exists a finite family F of 3-graphs for which M (F) has size exactly ¢, and the constructions in [15]
show that there exists a finite family F of 3-graphs for which M (F) is a nontrivial interval.

We show that M (F) can be even more complicated than the examples above. More specifically,
we show that there exists a finite family F of 3-graphs for which M (F) is a Cantor-type set (i.e., is
topologically homeomorphic to the standard Cantor set {Z;’il 137 Vit €0, 2}}). For this, we need
some further preliminaries.

Suppose that P; = (m;, E;, R;) for i € I is a collection of patterns with the same Lagrangian, say
A for some A € [0, 1]. Recall that F, is defined by (1.4); thus Fe-free graphs are exactly subgraphs
of P;-mixing constructions. It follows that M(F.) can be equivalently described as the set of all
points x € [0, 1] such that there exists a sequence (H,),”, of r-graphs such that H, is a P;-mixing
subconstruction for all » > 1 and

lim v(H,) =0, lim p(H,)=4, and lim p(dH,) = x.
n—oo n—oo n—oo
Using a standard diagonalization argument in analysis, we obtain the following observation.

Observation 1.4. The set M (F) is a closed subset of [0, 1].

Using Theorem 1.2 and some further arguments, we obtain the following result for 3-graphs.
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Theorem 1.5. Suppose that 1 is a finite set, P; = (m;, E;, R;) is a minimal 3-graph pattern for each
i € I, and there exists A € (0, 1) such that Ap, = A for alli € I. Then there exists a finite family F C Fe
such that M(F) = M(F)-

Later, we will give specific patterns P; and P, with the same Lagrangian such that, for P; = {Py, P>},
the set M (F.) is a Cantor-type set with Hausdorff dimension log2/ 10g(4\/7 + 11) ~ (0.225641. Thus,
by Theorem 1.5, we obtain the following corollary.

Corollary 1.6. There exists a finite family F of 3-graphs such that the set M(F) is a Cantor-type set
with Hausdor{f dimension log 2 /log (4\/7 +1 1).

Organisation of the paper. The rest of the paper is organized as follows. In Section 2, we define some
further notation and present two examples. Theorems 1.2, 1.3 and 1.5 are proved in Sections 3, 4 and 5,
respectively. Corollary 1.6 is proved in Section 6. Some concluding remarks are contained in Section 7.

2. Notation

Let us introduce some further notation complementing and expanding that from the Introduction. Some
other (infrequently used) definitions are given shortly before they are needed for the first time in this
paper.

LetN = {1,2,...} be the set of all positive integers. Also, recall that [m] denotes the set {1, ..., m}.

Recall that an r-multiset D is an unordered collection of r elements xi,...,x, with repetitions
allowed. Let us denote this as D = {xy,...,x, }}. The multiplicity D(x) of x in D is the number of
times that x appears. If the underlying set is understood to be [m], then we can represent D as the
ordered m-tuple (D(1),...,D(m)) € {0,...,r}" of multiplicities. Thus, for example, the profile of
X C VjU---UV,, is the multiset on [m] whose multiplicities are (| X NV;],...,|X N V,,|). Also, let x(")
denote the sequence consisting of r copies of x; thus, the multiset consisting of r copies of x is denoted
by {x) }. If we need to emphasise that a multiset is in fact a set (that is, no element has multiplicity
more than 1), we call it a simple set.

For D C [m] and sets Uy, ..., Uy, denote Up = |J,;cp U;. Given a set X let ()r() and (():)) denote
the collections of all r-subsets of X and all r-multisets of X, respectively.

2.1. Hypergraphs

Let G be an r-graph. The complement of G is G ={E CV(G): |E| =r, E ¢ G}.For a vertex
v € V(G), its link is the (r — 1)-hypergraph

Lo(v) ={ECV(G):v¢E, EU{v}€G}.

For U C V(G), its induced subgraph is G[U] := {E € G : E C U}. The vertex sets of G, Lg(v), and
G[U] areby default V(G), V(G)\{v}, and U, respectively. The degree of v € V(G) isdg (v) = |Lg(v)|.
Let A(G) and 6(G) denote respectively the maximum and minimum degrees of the r-graph G.

An embedding of an r-graph F into G is an injection f : V(F) — V(G) such that f(E) € G for
every E € F. Thus, F is a subgraph of G if and only if F' admits an embedding into G. An embedding
is induced if non-edges are mapped to non-edges.

The edit distance between two r-graphs G and H with the same number of vertices is the smallest
number of edits (i.e., removal and addition of edges) that have to be applied to G to make it isomorphic
to H; in other words, this is the minimum of |G A o (H)| over all bijections o : V(H) — V(G). We say
that G and H are s-close if they are at edit distance at most s.
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2.2. Further definitions and results for a single pattern

In this section, we focus on a single pattern P = (m, E, R). Let the Lagrange polynomial of E be

m__D(i)

Gt =0 ST Z"(l,)!. @.1)

DeE i=1

The special case of (2.1) when E is an r-graph (i.e., E consists of simple sets) gives the well-known
hypergraph Lagrangian (see, for example, [1, 13]) that has been successfully applied to Turdn-type
problems, with the basic idea going back to Motzkin and Straus [28].

Fori € [m], letthe link Lg (i) consist of all (r—1)-multisets A such that if we increase the multiplicity
of i in A by one, then the obtained r-multiset belongs to E.

The following simple fact follows easily from the definitions.

Fact 2.1. The following statements hold for every r-graph pattern P = (m, E, R).

(a) For every partition [n] =V U --- U V,,, we have that

AE(H;—”,...,%) =p(E(V1,...,Vm)) +0(1), as n — oo, 2.2)

(b) Forevery i € [m], we have %’—f(x) =7 Az i) (X).

See also Lemma 2.4 that relates Ag and Ap.
We call a pattern P proper if it is minimal and O < Ap < 1. Trivially, every minimal pattern
P = (m, E, R) satisfies that

Le(i) #0, for every i € [m]. 2.3)

Lemma 2.2 [30, Lemma 16]. Let P = (m, E, R) be a minimal pattern. If distinct j,k € [m] satisfy
Le(j) € Lg(k), then j € R, k ¢ R, and Lg(j) # Lg (k). In particular, no two vertices in [m] have
the same links in E.

We will also need the following result from [30], which characterizes those patterns whose Lagrangian
is 1.

Lemma 2.3 [30, Lemma 12]. An r-graph pattern P = (m, E, R) satisfies Ap = 1 if and only if at least
one of the following holds:

() thereisi € [m] such that {i")} € E, or
(b) there arei € R and j € [m] \ {i} such that {i"V,j} € E.

The standard (m — 1)-dimensional simplex is
Sm={xeR™:x1+ --+xp,=1, Vi€ [m] x; = 0}. 2.4)
Also, let
Sy, ={xeR" :x1+---+xp,=1,Vie[m0<x; <1}

be obtained from the simplex S, by excluding all its vertices (i.e., the standard basis vectors).
For a pattern P = (m, E, R), we say that a vector x € R™ is P-optimal if x € S, and

AE(X) + Ap Zx;:/lp. (2.5)
JER
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Note that when we define P-optimal vectors we restrict ourselves to S;, (i.e., we do not allow any
standard basis vector to be included).

We will need the following result from [30], which extends some classical results (see e.g. [13,
Theorem 2.1]) about the Lagrangian of hypergraphs.

Lemma 2.4 ([30, Lemma 14]). Let P = (m, E, R) be a proper r-graph pattern and let

FO0 =) +Ap )

JER

be the left-hand side of (2.5). Let X be the set of all P-optimal vectors. Then the following statements
hold.

(a) The set X is nonempty.

(b) We have f(x) < Ap forallx € S,,.

(c) The set X does not intersect the boundary of Sy, (i.e., no vector in X has a zero coordinate).

(d) Foreveryx € X and j € [m], we have %—f(x) =r-Ap.

(e) Theset X, as a subset of Sy, is closed. (In }Jarticular, no sequence of P-optimal vectors can converge
to a standard basis vector.)

(f) For every € > 0, there is @ > 0 such that for every 'y € Sy, with max(yy,...,ym) < 1 — & and
f(y) > Ap —a, thereisx € X with ||x — y|l» < &.

() There is a constant 8 > 0 such that for every X € X and every j € [m], we have x; > .

Observe that, in the above lemma, Parts (a) and (b) imply that X is precisely the set of elements in
S}, that maximise Ag(X) + Ap X jer x;. Also, note that (c) is a consequence of (g).
We will also need the following easy inequality.

Lemma 2.5. Suppose that E is a collection of r-multisets on [m] andw, X € S,,. Then for every j € [m],

we have

A A
‘a—E( )—6—E<x) < Pm- llu-xl.

Proof. Fix j, € [m].By Fact2.1(b), we have %’ITE(y) =r-Ap, () (y) foreveryy € Sm.LetE = Lg(j,).
Similarly, for every i € [m] and y € S,,,, we have (i;l—f(y) = (r=1) - AL, ;)(y), and hence,

‘6 AE( )‘ _(y) =r(r=1-Ar.)(y)

2 B e8]

Given u,x € S,,, it follows from the Mean Value Theorem that there exists y = au + (1 — @)x € S,, for
some « € [0, 1] such that

B/IE 6/1E 6 ﬂE az/lE S
5, W-go )‘ ) - (= 30) < max V[t > i = xil
ze[m] ie[m] éwj pr
m
< r22|u,- —xi| < r*m - o = x|
i=1
This proves Lemma 2.5. m}
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2.3. Mixing patterns

Let (1.1) apply; that is, P; = {P; : i € I}, where P; = (m;, E;, R;) is an r-graph pattern for each i € I.

First, to each P;-mixing construction G, we will associate its base value b(G). For this, we need to
designate some special element not in 7, say, @ ¢ 1. If G has no edges, then we set b(G) = 0; otherwise,
let b(G) be the element of I such that the first step when making the P;-mixing construction G was
to take a blowup of E;. It may in principle be possible that some different choices of j lead to another
representation of the same r-graph G as a Pr-mixing construction. We fix one choice for 5(G), using it
consistently. We say that G has base P, () and call b the base function.

Next, to every G € XP;, we will associate a pair (Vg, Tg) which encodes how the P;-mixing
construction G is built. In brief, the tree T of G records the information how the patterns are mixed
while the partition structure V¢ specifies which vertex partitions were used when making each blowup.

Let us formally define Vs and T, also providing some related terminology. We start with Vs having
only one set Vy := V(G) and with T consisting of the single root ((), ). If G has no edges, then this
finishes the definition of (V, T ). So suppose that |G| > 0. By the definition of j := b(G), there exists a
partition V(G) = V{U- - -UV,,, with V; # V fori € R; such thatG\(UkeRj G[Vk]) =Ej(Vi,.. . Vi)
(Again, it may be possible that some different choices of the partition lead to another representation
of G € XPy, so fix one choice and use it consistently.) This initial partition V(G) = Vi U -+ UV, is
called the level-1 partition and Vi, ..., V,, ; are called the level-1 (or bottom) parts. We add the parts
Vi,....Vin; 10 Vg and add ((1), j), ..., ((m;), j) as the children of the root ((),0) of Tg. Note that
we add all m children, even if some of the corresponding parts are empty. Next, for every i € R; with
|G[Vi]| > 0, we apply recursion to G[V;] to define the descendants of ((i), j) as follows. Let P, be the
base of G[V;] (that is, t := b(G[V;])). Add ((i, 1),1),...,(i,m;),t) as the children of ((i), j) in Tg
and add to Vg the sets V; 1, ..., V; m, (called level-2 parts) forming the partition of V; that was used for
the blowup of E;. In other words, the set of level-2 parts of G is the union over i € R; of level-1 parts of
G[V;]. We repeat this process. Namely, a node (i, j) in T, where i = (iy, ..., i), has children if and
only if |G[V;]| > O (then necessarily, i; € R;), in which case the children are ((i, k), ¢) for k € [m,],
where ¢ := b(G[Vj]); then we also add to V the level-(s + 1) parts V; 1, . . ., Vi 5, which we used for the
blowup of E;. Note that we are slightly sloppy with our bracket notation, with i, kK meaning iy, . . ., i, k
(and with 0 sometimes meaning the empty sequence). Thus, level-(s + 1) parts of G can be defined as
the level-s parts of G[V;] foralli € Ry, (). This finishes the definition of (Vg, Tg). For some examples,
see Section 2.4.

Clearly, the pair (Vg, Tg) determines G (although this representation has some redundancies). We
often work with just Vg (without explicitly referring to Tg). When G is understood, we may write V
for Vg.

A sequence (ig,...,is) is called legal (with respect to G) if V;, ;. is defined during the above
process. This includes the empty sequence, which is always legal. We view Vs and T as vertical (see,
for example, Figure 3) with the index sequence growing as we go up in level. This motivates calling the
level-1 parts bottom (even though we regard V as level-0). By default, the profile of X C V(G) is taken
with respect to the bottom parts; that is, its multiplicities are (|X N Vi|,...,|X N V,,|). The height of G
is the maximum length of a legal sequence (equivalently, the maximum number of edges in a directed
path in the tree T). Call a part V;, ;. recursive if s = 0 or the (unique) node ((iy,...,i),t) of Tg
satisfies iy € R;. (Note that we do not require that |G[V;,,.. ;. ]| > O in this definition.) Otherwise, we
call V;, . ;. non-recursive. The branch brg (v) of a vertex v € V(G) is the (unique) maximal sequence
i such that v € Vi. If b(G) = 0, then every branch is the empty sequence; otherwise, every branch is
nonempty. Let T'gvel“ be obtained from T by removing all nodes at level higher than ¢.

Note that the values of the base function b are incorporated into the tree T by ‘shifting’ them one
level up: namely, if a part V; is recursive and j = b(G[V;]) is not 0, then j appears as the second
coordinate on all children of the unique node of T with the first coordinate i. This is notationally
convenient: for example, if G’ is obtained from G € £ P; by deleting all edges inside some part V; then
T¢ is a subtree of Tg; that is, it can be obtained from T¢ by iteratively deleting leaves. (In fact, the
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Figure 1. The induced subgraph of Lps (i) on vertex set {4,5,6,7} is a copy of Kz 5 fori € {1,2,3}.

subtree T is full, that is, every non-leaf node of T has the same set of children in T as in Tg.)

We say that T is a feasible tree if there exists a P;-mixing construction G with Tg = T. We say
that a feasible tree T is non-extendable if it has positive height and every leaf v = ((iy, . ..,is),7) of T
satisfies iy ¢ R,. Equivalently, T is non-extendable if it is not a subtree of a strictly larger feasible tree.
Otherwise, we say that T is extendable.

Given a family Py = {P;: i € I} of r-graph patterns, recall that F., consists of those r-graphs F that
do not embed into a P;-mixing construction. For an integer s, let F consist of all members of Fo, with
at most s vertices.

Note that we do not require here (nor in Theorem 1.2) that all patterns P; have the same Lagrangian
(although this will be the case in all concrete applications of Theorem 1.2 that we present in this paper).
As we will see in Lemma 3.4, patterns P; with Ap, < max{dp, : j € I} will not affect the largest
asymptotic density of P;-mixing constructions (however, they may appear in maximum constructions
at the recursion level when we consider parts of bounded size).

2.4. Examples

In this section, we give some examples to illustrate some of the above definitions. The set P; of the first
example will be later used in our proof of Theorem 1.5.

Recall that K g’ is the complete 3-graph on 5 vertices (let us assume that its vertex set is [5]). Let Bs 3
be the 3-graph on 7 vertices (let us assume that its vertex set is [7]) whose edge set is the union of all
triples that have at least two vertices in {1, 2,3} and all triples (with their ordering ignored) from the
following set:

({1} x {4,5) x {6,7}) U ({2} X {4,6) x {5,7}) U ({3} x {4,7) x {5,6}).

In particular, for i € {1,2, 3}, the induced subgraph of Lp, (i) on {4,5,6,7} is a copy of K> > (where
K. n denotes the complete bipartite graph with parts of size m and n), and their union covers each pair
in {4, 5, 6,7} exactly twice. See Figure 1 for an illustration.

The motivation for defining Bs 3 comes from the so-called crossed blowup defined in [15] so, in
fact, Bs 3 is a 3-crossed blowup of KS3

Let Py := (5,K32,{1}) and P, := (7, Bs3,{1}). Suppose that G is a {P;, P,}-mixing construction
with exactly three levels: the base for G is Py, the base for G[V]] is P,, and the base for G[V) 1] is P,
(see Figure 2). It is clear that every feasible tree (see, for example, Figure 3) is extendable since every
pattern P; has nonempty R;.

For the second example, we take P; = (3, {123}, {1}) and P, = (4,K>,0). Let G be a {Py, P>}-
mixing construction with three levels: the base for G is Py, the base for G[V|] is P;, and the base for
G[Vi,1] is Py; see Figure 4. Note that the tree T of G (see Figure 5) of G is non-extendable, since
every leaf in T is non-recursive.
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Figure 2. The partition structure of a {Py, Py}-mixing construction G with exactly three levels: the
base for level-1 is Py, while the bases for the (unique) recursive parts at levels 2 and 3 are, respectively,
P> and P;.

((1,1,1), 1) ((1,1,5),1)
Level-3:

((1,2),2) ((1,7),2)
Level-2:

((1,1),2)

(2.1 ((3).H (4.1 ((5). 1)

Level-1:
((1), 1)

Level-0:

(0, 0)

Figure 3. The tree T of G.

3. Proof of Theorem 1.2

The main idea of the proof of Theorem 1.2(a) is similar to the proof of Theorem 3 in [30]. The starting
point is the easy observation (Lemma 3.2) that by forbidding F,, we restrict ourselves to subgraphs of
Pr-mixing constructions; thus, Part (a) of Theorem 1.2 would trivially hold if infinite forbidden families
were allowed. Our task is to show that, for some large M, the finite subfamily F; of F still has the
above properties. The Strong Removal Lemma of Rodl and Schacht [33] (stated as Lemma 3.17 here)
implies that for every € > 0, there is M such that every Fy,-free r-graph with n > M vertices can be
made F.-free by removing at most 5 ('r’) edges. It follows that every maximum J,-free r-graph G on
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O
O
OO

Via

Vi

Figure 4. The partition structure of a {Py, P>}-mixing construction G with exactly three levels: the
base for level-1 is Py, while the bases for the unique recursive parts at level 2 and 3 are Py and P»,
respectively.

((1,1,1),2)  ((1,1,2),2) ((1,1,3),2) ((1,1,4),2)
Level-3:

((1,2), 1) ((1,3), 1)
Level-2:

(LD, 1)

(2),1) ((3),1)
Level-1:
(), 1

Level-0:
(0,0)

Figure 5. The tree T of G.

[n] is co('rl)-close in the edit distance to a P;-mixing construction (see Lemma 3.18), where c¢g > 0
can be made arbitrarily small by choosing M large. Then our key Lemma 3.16 (which heavily relies
on another important result, the existence of a ‘rigid’ F € P as proved in Lemma 3.13) shows via
stability-type arguments that some small constant ¢y > 0 (independent of ») suffices to ensure that there
is a partition V(G) = Vi U --- UV, for some i € I such that G \ (U;eg, G[V;]) = E(V1, ..., Vi, );
that is, G follows exactly the bottom level of some P;-construction (but nothing is stipulated about what
happens inside the recursive parts V;). The maximality of G implies that each G[V,] with j € R; is
maximum F),-free (see Lemma 3.6), allowing us to apply induction.

Part (b) of Theorem 1.2 (which has no direct analogue in [30]) is needed in those applications where
we have to analyse almost extremal constructions. It does not directly follow from Lemma 3.17 (i.e.,
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from the Removal Lemma), since the same constant M in Theorem 1.2(b) has to work for every & > 0.
Similarly to Part (a), the key idea here that, once we forced our Fs-free graph G on [n] to be co('r’)-
close to a Py-mixing construction for some sufficiently small ¢y > 0 (but independent of ¢), then we
can further bootstrap this to the required e('r‘)—closeness by stability-type arguments.

Many lemmas that are needed for our proof are borrowed from [30], verbatim or with some minor
modifications. However, new challenges arise to accommodate our situation |/| > 2 and some new ideas
are required here.

3.1. Some additional assumptions and definitions related to P;

Recall that [/ is finite, P; = {P;: i € I} with each pattern P; = (m;, E;, R;) for i € I being minimal. Let
us define

A =max{dp,:iel} and I'={iel:Ap, =A}. 3.1

We can assume that 4 > 0: if 4 = 0, then every P;-mixing construction is edgeless, and we can
satisfy Theorem 1.2 by letting M = r, with Fs = {K] } consisting of a single edge.

Furthermore, we can assume that Ap, > O for every i € I by removing all patterns with zero
Lagrangian. (This does not change the family of all XP;-mixing constructions, since E; = 0 for every
i € I with Ap, = 0 and we always have the option to put the empty r-graph into a part.)

Note thatif A = 1 (i.e., Ap, = 1 for some ¢ € I), then every complete r-graph is a P,-construction by
Lemma 2.3. Indeed, for example, if the second statement of Lemma 2.3 holds — that is, {1, j }} € E;
for some i € R; — then this is attained by making all partitions to consist of only two nonempty parts,
the j-th part consisting of a single vertex and the i-th (recursive) part being the rest. So, if 4 = 1, then
Ap,(n) = (': ), and we can satisfy Theorem 1.2 by letting M = 0 with F; = 0 being the empty forbidden
family. Therefore, let us assume that every P;, in addition to being minimal, is also proper (that is, that
0 < Ap, < 1foreachi € [).

We can additionally assume that, for all distinct i, j € [m], the patterns P; and P; are non-isomorphic
(that is, there is no bijection f : [m;] — [m;] with f(R;) = R; and f(E;) = E}), by just keeping one
representative from each isomorphism class.

Also, let us state here some definitions that apply in Section 3 (that is, for the rest of the proof of
Theorem 1.2). Since the set [ is finite, we can fix a constant 8 > 0 that satisfies Part (g) of Lemma 2.4
for each pattern P; with i € 1. Also, for i € I, let us define

£i(X) = Ag, (x) + Ap, Z N, X €S, (3.2)
JER;

andlet X; C S, be the set of P;-optimal vectors. Similar to Fact 2.1(a), for every Py-mixing construction
G on [n] with base P; and bottom partition [n] =V, U .- U V,,., we have

2= fi(Vil/n ... Vil [n) = p(G) + 0(1). (33)

3.2. Basic properties of P;-mixing constructions

In this section, we present some simple properties of Py-mixing constructions.
The following two lemmas follow easily from the definitions. We refer the reader to [30, Lemmas 6
and 7], where the proofs for Lemmas 3.1 and 3.2 are provided for P-constructions.

Lemma 3.1. Take any G € ZP;. Then

(a) every induced subgraph of G is contained in 2Py, and
(b) every blowup of G is a Py-mixing subconstruction (that is, a subgraph in some element of 2Py ).
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Lemma 3.2. The following statements are equivalent for an arbitrary r-graph G on at most n vertices:
(a) Gis Fy-free;

(b) Gis Foo-free;

(c) G is a Py-mixing subconstruction.

It follows from Lemma 3.2 that ex(n, F,,) = ex(n, Fo) = Ap, (n).
Lemma 3.3. Forallt > s > r, it holds that Ap, (s)/( ) > Ap, (t)/( )

N t

r r
Proof. Take a maximum Pj-mixing construction G on [¢]. By Lemma 3.1(a), each s-set spans at most
Ap, (s) edges. However, the average number of the edges spanned by a uniformly random s-subset of

[t]is Ap, (1)(:77)/ (%), giving the required. o

The following result states that the maximum asymptotic edge density of a P;-mixing construction
is the same as the largest one attained by a single pattern P;.

Lemma 3.4. We have lim,, ..o Ap, (n)/(") = A.

Proof. By fixing some i in I’ # 0, we trivially have that Ap, (n) > Ap,(n) for each n. This implies that
. n . n
lim Ap, (n)/( ) > lim Apf<n>/( ) =1
n—oo r n—oo r

Let us show the converse inequality. Let X Py consist of all P;-mixing constructions whose partition
structure has height at most 4. For example, X; Py consists of all possible blowups of E;, for i € I,
without putting any edges into their recursive parts.

Let us show by induction on & > 1 that 1;, < A, where we let

. max{|G|: v(G) =nand G € £, Py}
Ap = lim .

o )

(The limit exists since the ratios are non-increasing in n by the same argument as in Lemma 3.3.)

If h = 1, then every r-graph in X, Py is a P;-construction for some i € I and has asymptotic density
at most max{Ap,: i € I} = A, as desired. Let & > 2. Take any maximum G, € ;P of order n — oo.
By passing to a subsequence assume that there is i € I such that each G, has base pattern P;. Let
V(Gp) =Vp1 U--- UV, p, be the base partition of G,,. Let x,, j = |V, j|/n for j € [m;]. By passing
to a subsequence again, assume that x,, ; tends to some limit x; for each j € [m;]. Then it follows from
the definition of 25, Py, continuity of Ag,, and induction that

p(Gn) S /lEi (xn,l» .. ,xn,mi) +/1h—1 Z x;,]’ + 0(1)
JER;

< Ag, (X1, .., X)) + A Z x; +o(1).
jER[

Furthermore, by Part (b) of Lemma 2.4 and by Ap, < A4, we have

1—Zx;)s/1(1—zx;).

JjER; JER;

/lEi(xl, . ,xm[) < /lpl.

By putting these together, we conclude that p(G,) < A + o(1), giving the required. This finishes the
proof of the lemma. O

Given a P;-mixing construction G and a vertex v in G, a newly added vertex v’ is called a clone of v
if the link of v’ in the new r-graph is identical to the link of v in G. Note that adding a clone of a vertex
to a Py-mixing construction results a Py-mixing subconstruction.
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Lemma 3.5. For every s € N U {co}, if an r-graph G is F-free, then every blowup of G is F-free.

Proof. By the definition of blowup, it suffices to show that cloning a vertex of G will not create a copy
of any member in F§. So, let G’ be obtained from G by adding a clone x” of some vertex x of G.
Take any U C V(G’) with |U| < s. If at least one of x and x’ is not in U, then G’[U] is isomorphic
to a subgraph of G and cannot be in F; so suppose otherwise. Since G is F-free, we have that
G'[U\{x'}] = G[U \ {x'}] is a P;-mixing subconstruction. By Lemma 3.1(b), G’[U] is a P;-mixing
subconstruction. So it follows that G’ is F,-free. O

Lemma 3.6. Let s € NU {oo} and i € I. Let G be an r-graph on'V =V, U --- UV, obtained by taking
E((V1, ..., Vi) and putting arbitrary F-free r-graphs into parts V; for each j € R;. Then G is F-free.

Proof. Take an arbitrary U C V(G) with |U| < s. Let Uy = Vi N U for all k € [m;]. Notice that
G| Uy] has no edges for k € [m;] \ R;. However, for every k € R; we have that G[Uy] is a P;-mixing
subconstruction, since |Ux| < s and G[Uy] C G[Vi] is Fs-free. By combining the partition structure
of each G [Uy] together with the level-1 decomposition U = U; U - - U Uy,,, we see that G[U] is a
P;-mixing subconstruction. Therefore, G is F;-free. |

The following lemma says that the minimum degree of a maximum Fs-free r-graph is close to its
average degree.

Lemma 3.7. For every € > 0, there is ngy such that for every s € N U {0}, every maximum F-free
r-graph G with n > ng vertices has minimum degree at least (1 — €) (:‘j)

Proof. Fix s € NU {co}. The difference between any two vertex degrees in a maximum F-free r-graph
G on n — oo vertices is at most ('r’:g) , as otherwise by deleting one vertex and cloning the other we can
strictly increase the number of edges, while the r-graph remains F-free by Lemma 3.5, a contradiction.
Thus, each degree is within O (n"~?) of the average degree which in turn is at least (1 + o(1)) (:’j) by
p(G) +o0(1) =n(F;) = n(Fe) = A (the last equality follows from Lemma 3.2). O

3.3. Properties of proper patterns

Recall that all assumptions made in Section 3.1 continue to apply to the fixed family Py; in particular,
we have 0 < A < 1. The following lemma shows that no bottom part of a P;-mixing construction G can
contain almost all vertices if G has large minimum degree.

Lemma 3.8. For every ¢’ > 0, there is ngy such that for every ¢ > ¢’ and every r-graph G € XP; on

n > ng vertices with §(G) > c('r’:i) each bottom part V; of G has at most (1 — c/r)n vertices.

Proof. Given ¢’ > 0, let n — oo and take any ¢ and G as in the lemma. Let the base of G be P;. If
Jj € [m;] \ R;, then it follows from §(G)n/r < |G| < (V) - (Vi) that

r

V' _ r |Vj|
n ()
Simplifying this inequality, we obtain
— 12
Vil < (A-c)"n+r< 1—£—u n+r < (1—£)n,
r 2r2 r
as desired. Here, we used the inequality (1 —x)'/" <1 — > - % forall» > 1 and x € [0, 1].

Now suppose that j € R;. Since V; # V(G), pick any vertex v € Vi with k # j. Since L0k} ¢
E; by Lemma 2.3, every edge through v contains at least one other vertex outside of V;. Thus, ¢ ('r’:}) <

dg(v) < (n—|V;)("23), implying |V;| < (1 = ¢/(r = 1) +o(1))n < (1 = ¢/r)n. O
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Informally speaking, the following lemma (which is a routine generalization of [30, Lemma 15])
implies, among other things, that all part ratios of bounded height in a P;-mixing construction with
large minimum degree approximately follow some optimal vectors. In particular, for each i € I’, the set
X, consists precisely of optimal limiting bottom ratios that lead to asymptotically maximum P;-mixing
constructions with base pattern P;. Recall that § > 0 is the constant that satisfies Part (g) of Lemma 2.4
for every i € I while & is the set of P;-optimal vectors.

Lemma 3.9. For every € > 0 and £ € N, there are constants ay < &9 < - < ap < &¢ < ayg41 in (0,€)
such that the following holds for all sufficiently large n. Let G be an arbitrary Py-mixing construction
on n vertices with the partition structure V such that 6(G) > (1 —ayp) (:‘j) Suppose thati = (iy,...,i)
is a legal sequence of length s with 0 < s < {, and the induced subgraph G[V;] has base P for some
J €L Let vi = (IVial/Vil, . .5 [Vim; |/ IVil), where Vi = Vi1 U -+ U Vi, is the bottom partition of
G[Vi]. Then:

(@) j €l (that is, Ap, = A);
) Vi — x|l < & for some x € X;;
s+1
© [Vixl = (§) nand Vil < (1= ) nforall k € [m}];
) 6(G[Vir]) = (A = agsn) (V1) for all k € R;.

r—1

)s+

Proof. We choose positive constants in this order:
Qpyp] > E0 > qp > -+ > &) > Q,

each being sufficiently small depending on P;, €, 3, and the previous constants. We use induction on
s =0,1,...,¢ with the induction step also working for the base case s = 0, in which i is the empty
sequence. Take any s > 0 and suppose that the lemma holds for all smaller values of s.

Let n be large and let G and i be as in the lemma. Let Uy = Vj for k € [m;] and U := Vj. Thus,

U=UiU- - UUp;,and vi = ([U1[/|U], ..., [Un,;|/|Ul). Note that
Ul-1
§(G[U]) 2 (/l—as)(lr|_1 ) (34)

which holds by Part (d) of the inductive assumption applied to G if s > 0, and by the assumption of the
lemma if s = 0 (when U =V = V(G)). Thus, we have that

GIUI| > 8GIUDIUIr = (4 —ax)('U'). 3.5)

7

Note that |U| can be made arbitrarily large by choosing 7 large. Indeed, this follows from the induction
assumption for s — 1 (namely, Part (c)) applied to G if s > 1, while U = V(G) has n elements if s = 0.

We claim that Ap, = 1. Suppose on the contrary that the base P; of G[U] satisfies j € I\ I’. Using
the asymptotic notation with respect to |U| — oo, we have by Lemma 2.4(b) that

p(GIU]) < g, (vi) +4 D v +o(1)

i€R;
= fi(vi) + (A= 4p;) Z vi;+o(1)
iGRj
<Ap; +(A-2ap;) Z vi; +o(1).
i€R;
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This is strictly smaller than A — «; since, by (3.4) and Lemma 3.8, each v; ; is at most, say, 1 —1/2r,
and thus,

r—1

Zviis(l—%)~ZV{;ls(l—%)-Zvi,i sl—%

lERj lERj

is bounded away from 1. This contradiction shows that j € I’, proving Part (a).

Since a5 < &4, Equation (3.5), Lemma 3.8 and Part (f) of Lemma 2.4 (when applied to P = P; and
y = Vi) give the desired P;-optimal vector X, proving Part (b). Fix one such x = (x1, ..., Xp;).

Forall k € [m;], we have |Ux| > (xx —&5)|U| > (8/2)|U]. This is at least (8/2)**'n by the inductive
assumption on |U| if s > 1 (and is trivial if s = 0). Likewise, |U| < (1 - %)Sn Therefore, it follows
from Lemma 3.8 (with ¢’ := A — ay) and (3.4) that

1 1 s+1
| kl—( 2r)| |_( 2r) n

This proves Part (c).
Finally, take arbitrary k € R; and y € Uy. By the definition of Lagrange polynomials and Fact 2.1(b),
the degree of y in E; (U, ..., Upn;)) is

Since ||vi — X||o < &5 < @441, We have by Part (d) of Lemma 2.4 and Lemma 2.5 that, for example,

O,

—f(x) r/bcz_l =rd— r/bcz_l.
Ok

(Vl) a,5+1

Combining this with the previous equality, we obtain

1 _ Ul -1 _
de; (..., Umj))(y) < ;(r/l—r/lxz 1+afJrl +0(1))( .1 ) < (A—/lxz 1+TS+1

ur-1
r—1
Thus, by (3.4) and the fact ||v; — X|| < &5, We have

dGu(y) = dw1(y) = de; (..U,

J

2a? -
> ((/l—arx) - (A—M,Q-l b et ('U' 1)
r r—1
20, \(lUl-1
— /lxr—l _ .S+1
( k @s r r—1
> (/l(Vi k=) N —a - Hl (|U| B 1)
’ r r—1
r—1 r—2 1 |U| _1
> (/lvi’k —A(r = Dvi*es —as - :+ ( o
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. _ 2a?
Since Vi > @541 > &5 > ay, we have A(r — 1)v] kzas +ag + Torl < as+1v ! Therefore, the above
inequality on dg [y, |(y) continues as

Ul-1 vik|U| -1 Ul -1
dG[Uk](y) 2 (/lVlrkl _a’v+1vlk )(|r|—l ) 2 (/l_a’s+l)( ! r|_|] ) = (/1_0s+1)(| rl_] )

This finishes the proof of Part (d). m]

For every Pr-mixing construction G with base P;, the following lemma gives a bound for the degree
of a vertex in G in terms of the distance between the vector of the part ratios and the set A;.

Lemma 3.10. Let G € P be an r-graph on n vertices with base P; and bottom partition V .= V(G) =
ViU UV, forsomei € I'. Letu = ([Vi|/|V|,..., Vi, |/|V]) and x € X;. Then for every j € [m;]
and for every v € V; we have

(A=At i Ju - x||m+o(1))(” Y+da, (v), i €Rs,

dG(V) < {
(A4 rm; - Ju=xllo +0()) (7)), if j € [mi] \ Ri.

Proof. First, it is easy to see from the definition of XP; that

060 = 40,y ) + i ) = ro0) (12 )+ dot 0.

So it follows from Lemma 2.5 that

de(v) < % 6;’5 (x) +rm; - |Ju— x||oo+0(1))(

-1
) + e (v):
J

1

If j € R;, then it follows from Lemma 2.4(d) that

OAE, (%) = O(AE, + A Zker, X}) (x) - 0(A Xker, x})

_/1_17‘1’
3, 3, 7, x)=r rix

and hence,
r—1 n-1
de(v) < (/l — g = X +0(1)) o).

If j € [m;] \ R, then dgv,](u) = 0 and we have by Lemma 2.4(d) that dAg, (x)/d; = r4, and hence,

dG(v)<(l rd+rm; - ||u—XIIm+0(1))(l::i)=(/1+rmi'||U—X||oo+0(1))(::i)~

This proves Lemma 3.10. O

The next lemma shows that every Py-mixing subconstruction with large minimum degree is almost
regular.

Lemma 3.11. For every € > O, there exist 6 > 0 and ng such that every Py-mixing subconstruction G
onn = ng vertices with §(G) = (1 - 6) (;‘:]1) satisfies A(G) < (1+¢) (:‘j)
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Proof. Fix any € > 0. Choose a large constant £ € N. Let @y < g9 < -+ < ap < &¢ < ay41 in (0, &) be
the constants given by Lemma 3.9, where ¢ and & corresponds to the same constants in both lemmas.
Next, choose sufficiently small constants § > 1/ng. Let us show that they satisfy the lemma. So pick
any G as in the lemma.

By adding edges to the given r-graph G, we see that it is enough to prove the lemma when G € ZP;.
So suppose that G is a Py-mixing construction on n > ng vertices with partition structure V such that
6(G) 2 (1-90) ('r’:}) Letu € Vandleti := (i1,...,is) = bry(u) denote the branch of u, where s is
an integer depending on u. Let b; = b(G[V;,,.. ;1) and ij = (iy,...,i;) for 0 < j < 5. Notice that
ij+1 € Rp, for0 < j < s—1and dG 1(u) = 0. Additionally, note that ip = () is the empty sequence,
iy =i,and Vj, = V(G). Letu; = (|V,J Vil Vi, my, ||/|Vif ]|) for 1 < j < s. Notice from
Lemma 3. 9(a) that b; € I’ forevery 1 < j < (. Addmonally, by Lemma 3.9(b) and our choice of
constants, for each j € [£], the vector u; is within distance &; from some P, _,-optimal vector x;. Also,
letm := r - max{m;: i € I}.

By Lemma 3.10, we obtain

Vil = 1
ot < (1= a2 s =l ("7 do 0

_ Vil = 1
<(/l /1u1”— 1)r 1+Vm81)(| ;O|_] )+dG[Vi1](M)

Vi,| -1
<f(a- /luq ot - 1)ull £ +rm31)(| ;0|_1 )+dG[Vi1](u)
Vil = 1 - IV - Vi, | — 1
/l( ;0_1 —Adu 1”1 o 1 + ((r— l)ull £1 +rm81) ;0_1 +dG[Vi,](”)
-1 _1 -1
<4 Vi —a™ “|Vl° + 2rme| " +dgv; 1(u)
r—1 r—1 r—1 I
|‘/l()|_1 |V11 n-—1
A( -1 -A o1 +2rm81 -1 +dG[V|1J(u)

If s < £, then by repeating the argument above for s times, we obtain

s=1
Vi.| -1 Vi, l—-1 n-1
de (u) SZ(/I( ;1_1 -A 1;1_1 +2rmejq 1 +dG[Vis](”)

Jj=0
s—1
o (Val=1y (-1 n-1
—/l( I A N +E £j11 2rmr_1
J=0
s—1
n—1 n—1 n—1
< E e < )
_/l(r_l)+ &4l 2rm(r_1)_(/l+s)(r_1)

J=0

If s > ¢, then by repeating the argument above for ¢ times and applying Lemma 3.9(c) to V;,, we obtain

o-1
[Vi,| -1 Vi -1 n-1
o < (") a7 )+ o,
{—1
_ |‘/l()|_1 n—1 |‘/lf|_1
_/l( o1 r—l +Zs,+1 2rm rl1 + ro1

Jj=

https://doi.org/10.1017/fms.2025.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.12

Forum of Mathematics, Sigma 21

-1 ¢
Vi | — 1 n—1 (I-5)n—1
S/l( :’_1 +E sj+1-2rmr_1 + ;_1

Jj=0
-1 ¢
A n—1 n—1
< S - — < .
< /l+28]+1 2rm+(l Zr) (r—l)_(/“—g)(r—l)
j=0
This proves Lemma 3.11. O

Given a collection E of r-multisets on a set V, asubset U C V is called externally E-homogeneous if
every permutation o of V that fixes every vertex outside of U is a symmetry of the set of multisets in E

that intersect the complement of U, that is, o (E \ (( lr] ))) =E\ (( lr] )) Equivalently, every permutation of

V that moves only the elements of U preserves the set of multisets from E that intersect both U and V' \ U.
It is clear from the definition that if |U| = 1, then U is always externally E-homogeneous. In addition,
we have the following simple fact.

Fact 3.12. If E is an r-graph (that is, all multisets in E are simple sets), then aset U C V(E) is externally
E-homogeneous if and only if for every s € [r — 1] and for every S € (V\U)

S

either LE(S)n(rl_js)zm or LE(S)m(rUS):( . )

r—s

Given a pattern P = (m,E,R), amap h : [m] — [m] is an automorphism of the pattern P if &
is bijective, h(R) = R, and h is an automorphism of E (that is, #(E) = E). Let us call a P;-mixing
construction G with the base P; and the bottom partition V| U --- U V,,,, for some i € I’ rigid if, for
every embedding f of G into a P;-mixing construction H with some base P; and bottom partition
Ui U -+ U Uy, such that f(V(G)) intersects at least two different parts Uy, we have j =i and there is
an automorphism h of P; such that f(Vy) € Uy for every k € [m;].

The following key lemma generalizes [30, Lemma 17] by allowing more than one pattern. Its proof
requires some new ideas. For example, a trick that was used a number of times in [30], in particular
when proving Lemma 17 there, is that any embedding of a maximum P-construction G into another P-
construction is induced (that is, non-edges are mapped to non-edges). However, a maximum Pj-mixing
construction whose base has to be P; for given i € I’ need not be maximum (nor even maximal) among
all P;-mixing constructions and some different arguments are required.

Lemma 3.13. There exist constants g > 0 and ng such that every Py-mixing construction G on n > ng
vertices with §(G) > (1 — 80)(:}:;) is rigid.

Proof. Foreveryi € I, define
n; = min{/l—/lpi_j: j € [mi]}.

Since P; is minimal, we have n; > 0. Let p := min{n;: i € I}. Clearly, > 0.

Recall that 8 > 0 is a constant satisfying Lemma 2.4(g) for each pattern P;. Choose sufficiently small
positive constants in this order £, > &; > g¢. Let n be a sufficiently large integer and G be a P;-mixing
construction on [n] that satisfies the assumptions in Lemma 3.13. Let V denote the partition structure
of G. Assume that the bottom partition is V(G) =V, U--- U V,,, forsomei € I.

By our choice of the constants (and by Lemmas 3.9 and 3.11), we have that

(A) |Vi| = Bn/2 for all k € [m;],
(B) 6(G[Vk]) = (A—e)("¥I7") forall k € R;, and

(C) every P;-mixing subconstruction G’ on n vertices with §(G’) > (1 — &g) (;‘:}) satisfies A (G’) <
A+e)(")).
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Take any embedding f of G into some P;-mixing construction H with the base P; and the bottom
partition V(H) = U U -+ U Uy,; for some j € I such that f(V(G)) intersects at least two different
parts Ug.

Since |Vi| > Bn/2 > em;n for all k € [m;], by the Pigeonhole Principle, there is a function
h: [m;] — [m;] such that

lf (Vi) N Uh(k)| > gon, forall k € [m;]. 3.6)

Claim 3.13.1. We can choose % in (3.6) so that, additionally, 2(R;) C R; and & assumes at least two
different values.

Proof of Claim. First, we prove that we can choose & so that 2(R;) C R;. This is trivially true if R; is
empty, so suppose otherwise.

We claim that R; is also nonempty. Suppose to the contrary that R; = (. Let k € R;. If there exists
Jo € [mj] such that [ f (Vi) NUjy| < &n, then there exists a subset V| C Vi of size at least |Vi| — e2n
such that f(V}) € U \ Uj,. Since, by (A),

p(GIV]) = |GV, ]|/(' ') N (|G[Vk]| _gzn(|vrk|_—11))/(|vk|)

;
p(G[Vi]) - %, 3.7

=p(G[Vi]) —ean - W ZP

which is at least A — 7 by (B), the induced subgraph of H on f (V) € U \ U}, has edge density at least
A —n/2. Since n is large and R; = 0, we have Ap,—j, > p(H[f(V])]) —n/4 = 1 -3n/4 > A —n;,
contradicting our definition of 77; (that is, the minimality of P ). Therefore, we have that | f (Vi) NUs| >
gnforall s € [m;].

For every s € [m;], let Wy = Uy N f(Vi). Pick some k” € [m;] \ {k} and a vertex u € Vi ; note
that Vi # 0 by (A). Since |W| > gn > r for all s € [m;] and the E;-link of every element of [m;]
is nonempty by (2.3), there exists an edge D € H containing f(u) such that D \ {f(u)} is contained
in Use[m;) Ws- Let X denote the profile of D and X" be the profile of D \ {f(u)}, both with respect to
Ui V- -UUpy;,. Since H is a P;-mixing construction, all r-subsets of V(H) with profile X are contained
in H. Let D be the collection of all r-subsets D’ > f(u) such that the profile of D'\ f(u) with respect to
Wi, ..., Wy, is X’. No element of the set f ~1(D) is contained in G because every member in £~ (D)
has profile { k"', k” }} which cannot belong to E; by Lemma 2.3. However, if we add f~!(D) into the
edge set of G, the new r-graph G’ is still embedded into H by the same function f. In other words, G is
a Pr-mixing subconstruction. However, the degree of u in G’ satisfies

gzn)X (s)

dg:(u) 2 dg(u) +1f~1(D)| 2 (/1—80)(’: ) 1—[ ( S X(s)!

r—1 r—1
2(1—80)(::i)+%>(ﬂ+81)( i)

which contradicts (C) above. This proves that R; # 0.

Suppose to the contrary that we cannot satisfy the first part of the claim for some k € R;; that is,
for each £ € R; we have |f(Vi) N U¢| < &zn. Since |f (Vi) N U¢| < exn for all £ € R;, there exists
a subset V; C Vi of size at least [Vi| — &2n|R;| such that f(V}) € Upm,\r, = Uk[mj]\Rj Uy; that
is, the induced subgraph G[V/] is embedded into H[U[m,}\g,]. Since |Vk| > Bn/2 > &:n|R;| and
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p(G[Vg]) = 2 — &1, we have

GlVy Vell - eanlR;1(V!
,D(G[v,;])z| |E//I\<]| IG[Vi]| — e2nlR; (")

v %)

,
= p(G[Vk]) — &an|R;j| - 7=
[Vl
r|R;le

| jl 2 s n

B/2 2

This means that there are arbitrarily large (P; — R;)-constructions of edge density at least A — /2, that
is, Ap;-r; = A —n/2 > A —n. This contradicts the minimality of P; since R; # 0.

Let us restrict ourselves to those & with #(R;) € R;. Suppose that we cannot fulfill the second part
of the claim. Then there is s € [m] such that |f (Vi) N Us| > &n for every k € [m;]. Since E; # 0,
the induced subgraph G| f~!(Uy)] is nonempty (it has at least £,n vertices from each bottom part of G)
and is mapped entirely into Uy. Thus, s € R;. Since f(V(G)) intersects at least two different bottom
parts of H, we can pick some v € V, for some ¢ € [m;] such that f(v) € Uy and s” € [m;] \ {s}. Fix
some (r — 1)-multiset X in L, (¢); note that Lg, () # 0 by (2.3) — that is, by the minimality of P;. Take
an edge D € G containing v so that D \ {v} is a subset of f~!(Uy) and has profile X; it exists because
each bottom part of G contains at least £on > r vertices of f~!(Uy). The r-set f(D) is an edge of H
as f is an embedding. However, it has r — 1 vertices in U and one vertex in Uy . Thus, the r-multiset
{s"=1, s’} belongs to E ;. Since s € R}, this contradicts Lemma 2.3. The claim is proved. O

>/l—81—

Claim 3.13.2. Each # satisfying Claim 3.13.1 is a bijection. Moreover, j =i and % is an automorphism
of Pi .

Proof of Claim. Fix a map h that satisfies Claim 3.13.1. First, we prove that & is injective. For every
s € [m;], let Ug = Usep1(5) f(Vi) € V(H). Note that U, = 0 for s not in the image of h. Let H’ be
the P;-mixing construction on f(V(G)) such that U{ -u U, ;s the bottom partition of H’ with
base P; (thus, E;(U;,...,U,, )) C H’), and, for each s € Rj, H’ [U;] is the image of the P;-mixing
construction G[f~1(U S’)] under the bijection f.

We have just defined a new P;-mixing construction H’ so that each part Vy of G is entirely mapped
by f into the A (s)-th part of H'; that is,

f(Vy) C U;l(S), for every s € [m;]. (3.8)

This H’ will be used only for proving Claim 3.13.2.
Let us show first that the same map f is an embedding of G into H’. Take any edge D € G. First,
suppose that f(D) intersects at least two different parts U/. By (3.8), D has to be a bottom edge of G.

Let D’ € G have the same profile as D with respect to Vi, ..., V,,, and satisfy
p'c | (Vin s Wne): (3.9)
se[m;]

which is possible because there are at least £yn vertices available in each part Vg N ! (Un(s))- Since
f(DHYnU, = f(D)NU] for all t € [m;], the bottom edge f(D’) of H has the same profile X with

respect to the partitions U, “UUp; and U] U---U U, . Thus X € Ej. Next, as each f(Vy) lies
entlrely inside U ;l (s)° the sets f (D) and f(D’ ) have the same profiles W1th respect to the partition
vju---u U’ . Thus f(D) isanedge of E;(U],..., Umi)), as required. It remains to consider the case

that f(D) lles inside some part U/. Let G’ := G[f~!(U})]. Assume that ¢ € [m;]\ R}, for otherwise,
f(D) € f(G’), which is a subset of H” by the definition of H’. We claim that G’ has no edges in this
case (obtaining a contradiction to D € G'). Since h(R;) C R;, we have h='(t) " R; = 0 and D must
be a bottom edge of G. As before, we can find an edge D’ € G that satisfies (3.9) and has the same
profile as D with respect to Vi, ..., V,,,,. However, f maps this D’ inside a non-recursive part U, of H, a
contradiction. Thus, f is an embedding of G into H’.
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Thus, by considering H’ instead of H (and without changing k), we have that (Vi) C U ;l(s) for all
s € [m,]

Suppose on the contrary to the claim that |A~!(s)| > 2 for some s € [m;]. Let A == h~!(s) and
B := [m;] \ A. Since h assumes at least two different values, the set B is nonempty.

Trivially, the set U! is externally H’-homogeneous. We claim that f~!(U!) = V, is externally
G-homogeneous (recall that we denote V4 = (Jyca Ve). Indeed, suppose that V4 is not externally G-
homogeneous. Then there is D € G that intersects both V4 and its complement such that for some
bijection o of V(G) that moves only points of V4 the r-set D’ := ¢ (D) is not in G. The profile of D’
with respect to Vi, ..., V,,, contains at least two different elements of [m;], one in A and another in
[m;] \ A. Let D’ consist of all r-sets that have the same profile with respectto Vi, ..., V,,, as D’. Since
each bottom part Vi has at least 8n/2 vertices, it holds that |D’| > (Bn/2)" /r!. Since D’ ¢ G, no r-set
in D’ is an edge of G. With respect to U", . . ., U,’,lj, all r-sets in f(D’) have by (3.8) the same profile

as f(D’), which in turn is the same as the profile as that of f(D) (because the bijection f o o o f~!
of V(H') moves only elements inside f(Va) C U;). Since f(D) € H’, we must have f(D’) € H'.
Thus, we can add D’ to G, keeping it a Py-mixing subconstruction. However, the new r-graph has edge
density at least 1 — g9 + (8/2)", which is a contradiction to (C) since 8 > & > g9 > 1/n.

Thus, V4 is externally G-homogeneous. It follows that A is externally E;-homogeneous (since each
V; has at least Sn/2 > r elements).

Next, let us show that A N R; = (. Suppose that this is false. Then fix i, € A N R;. Let G be
the r-graph obtained from G by replacing G[V4] with a maximum P;-mixing construction. By Fact
3.12, the r-graph G remains a P;-mixing construction, with A playing the role of i,. This implies that
p(G[V4a]) = A —3gp/B", for otherwise, we would have

61= 161 = 161Vall+ 161711 = =e0)?) = (2= 2 (") o ()

n

r
f) 2

n

r

)20 M) 2 1?20,

a contradiction to (3.3). Here, the last inequality follows from (A) and the assumption that |A| > 2.

Recall that B = [m;] \ A. Consider the pattern Q := P; — B obtained from P; by removing B.
Let E’ :== E;[A] and R’ := A N R;. Without loss of generality, we may assume that A = [a] for
some a € [m; — 1]. Let X := (xy,...,x4), where x; = |Vi|/|Va| for k € [a]. Then it follows from
p(G[Va]) = A —3gp/B" that the obtained vector x € S, satisfies that

Apr(x) + 4 Z X = p(G[Val) +0o(1) = A —4so/B. (3.10)
keR’

This inequality does not contradict the minimality of P; yet, since G[V4] is not necessarily a Q-
construction (for k € R’, the P;-mixing construction G [Vi] can use parts indexed by B). However, if
we replace G[Vi] by a maximum Q-construction for every k € R’, then the resulting r-graph has edge
density g (X) + Ao Xker X; +0(1). By the definition of Lagrangian, we have

Ao = Ap(X) + g Z X 3.11)
keR’
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By |A| > 2 and (A), we have that x; < 1 — /2 for every k € [a]. So it follows from Y {_, xx = 1 that,
say, ¢ X; < 1 —&. Inparticular, 3y cg X < 1 — &3. Therefore, by (3.10) and (3.11), we obtain

AQ(l - x;) > Apr(x) 2 A(l - XZ) —4e0/B"

keR’ keR’

which implies that 1o > A — 17/2, contradicting the minimality of P;. Therefore, A N R; = 0.

Since |A| > 2, we can choose 1, 1; € A such that #; # t,. Since A is externally E;-homogeneous and,
by Lemma 2.2, we have Lg, (t;) # Lg,(t2), there exists a multiset in E; that is completely contained
inside A.

So, G[Va] # 0. Since U; = f(V4), we have H'[U;] # 0, and hence, s € R;. Notice that H’ is
a Py-mixing construction on n vertices with §(H’) > §(f(G)) = (1 — so)('::}). So, similarly to (B),
we have p(H'[U;]) > A — &) for all k € R;. In particular, we have p(H'[U;]) > A — &1. Therefore,
|H'\H'[U;]]| < (A+&)(}) - (1 - 81)(“5"), which implies that

IG\GIVall < [H'\ H'[U{]| < um)(ﬁ) B u—sl)(l(f').

Note that |U;| = |Va] since f gives a bijection between these two sets. Therefore,

IGIVall = 1G] - |G \ GIVall 2 u—so)(’:) _ ((“gl)('z) . u_gl)(IVrAl))
zﬁ('vAl) ~ 36 (”)
r r

A(Valy — 3¢, (" 3e1(
p(G[Val) = |G(|E,‘:’|*)]| > C ()WA) 16 >A- (Blrf)’) =A- G igs(l) >A-
r r r
This implies that Ap,_gp > p(G[Va]) > A —1n/2 > A — 7, which contradicts the minimality of P;.
Therefore, & is injective.

Since each multiset in E; corresponds to a nonempty set of edges of G by (A) and f is an embedding,
we have h(E;) C E;.

Suppose to the contrary that / is not surjective; thatis, m; > m; + 1. Let X = (x1,...,%,,) € X;bea
Pj-optimal vector. Lety := (Xp-1(1), - - ., X1 () ), Where xg means 0. Thus, y is defined by rearranging
the entries of x according to /2 and padding them with m; — m; zeros. By h(R;) C R; and h(E;) C E},
we have

Thus,

N3

Ag,(y) +2 Z Yo = A, (x) + 2 Z X =,
kERj keR;

However, by Lemma 2.4(b), we have Ag; (y) + 4 2ker; Vi < A. Therefore, A, (y)+4 Ziker; Vi = A,
which implies thaty € X; is a P;-optimal vector. However, y has at least one entry 0, which contradicts
Lemma 2.4(c). Therefore, & is surjective, and hence is bijective.

None of the inclusions h(E;) € E; and h(R;) € R; can be strict as otherwise, since every P;-
optimal vector has all coordinates positive by the minimality of P;, we would have 1p, > Ap, = 4,
a contradiction. Thus, i gives an isomorphism between P; and P, and we conclude that j = i. This
finishes the proof of the claim. O

By relabelling the parts of H, we can assume for notational convenience that / is the identity mapping.
Now we are ready to prove the lemma — namely, that f(V,) C U, for every s € [m;].
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Suppose on the contrary that f(v) € U, forsome v € Vs and ¢ € [m;] \ {s}. It follows that Lg, (s) C
LE,(1). By Lemma 2.2, this inclusion is strict and s € R;. Pick some X from Lg, (¢) \ Lg, (s) # (. For
every D e H containing f(v) such that D\ {f(v)} has the profile X with respect to both Uy U - - - U Uy,
and f(V))U- Uf(Vm,) we add £~ (D) into G. Denote by G the new r-graph. Observe thatf is also an
embedding of G into H. Thus, G is a P;-mixing subconstruction. Notice that since | f vVi)nu;| = szn
there are at least [ ] ¢y, ] (szn)X(f)/X(J)' > ey 'n"=1/(r —1)! such edges D. Since all edges 1nf (D)
contain v, we have dz(v) > dg(v) + 85‘1n’_1/(r -D!'> @+ 81)(:’1) contradicting (C) above. This
shows that G is rigid. O

Recall that I’ consists of the elements P; € I whose Lagragian Ap, attains the maximum value
A =Ap,. Let us denote

Pp o= {P,‘ (i€ I’}.

Later, in the proof of Lemma 3.16, we will need, for a given feasible tree T satisfying some technical
conditions, the existence of a rigid Py-mixing construction F* whose tree is T and every part of F is
sufficiently large, specifically

Vil = (r — 1) max{r, max{my : k € I}}, for every legal (with respect to F)) sequencei. (3.12)

The following two lemmas provide such F (in fact, each obtained F will be a P;--mixing construction).
The proofs are slightly different depending on whether T is extendable or not. (Recall that a feasible
tree T is extendable if it is a subtree of some strictly larger feasible tree.)

Recall the definition of clone from the paragraph above Lemma 3.5. Note that if we add a clone v’ of
a vertex v of a Py-mixing construction G, we generally obtain a subconstruction rather than a P;-mixing
construction. For example, if V; is the bottom part containing v while some edge D of the base multiset
E; contains j with multiplicity more than 1, then the blowup of D in a P;-mixing construction would
additionally include some edges containing both v and v’. So let us define the operation of doubling v
in G where we take a new vertex v’ (called the double of v), put it in the partition structure of G so that
v’ has the same branch as v, and add all edges through v’ as stipulated by the new partition structure. Of
course, the degree of the new vertex v’ is at least the degree of v in the old r-graph G.

Lemma 3.14. For every non-extendable feasible tree T with all indices in I', there exists a rigid Py-
mixing construction F such that T = T and (3.12) holds.

Proof. Take any tree T as in the lemma. Let &9 > 0 and ng be the constants given by Lemma 3.13. Let
n be a sufficiently large integer — in particular, so that n > ng and we can apply Lemma 3.9 with £ equal
to the height of T. Let F' be a maximum n-vertex P;,-mixing construction under the requirement that
its tree TF is a subtree of T. By taking (near) optimal parts ratio for the bottom partition and for every
recursive part in T, it is easy to see that p(F) > 1 — g9/2.

We claim that

5(F) > (/l—so)(’::i). (3.13)

Indeed, suppose that a vertex u violates (3.13). Remove u from F and double a vertex v with degree at
least (1 — &¢/2) ('r’:}) in F. The new r-graph F’ has strictly larger number of edges:

IF'| = |F| = (4 —80/2)(”_ ;) - u—so)(” - :) - ("‘;) >0, (3.14)
r— r— r—

However, the tree of F’ is still a subtree of T (even if the part that contained u became edgeless),
contradicting the maximality of F.
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It follows from Lemma 3.13 that F is rigid. Also, (3.12) holds by (3.13) and Lemma 3.9(c). In
particular, we have that Tr = T, finishing the proof. O

Call a feasible tree T of height £ maximal if every leaf of height less than ¢ is non-recursive (or,
equivalently, T cannot be extended to a larger feasible tree of the same height).

Lemma 3.15. There exists constant {y € N such that, for every feasible extendable tree T with all

indices in I’ which is maximal of height €y, there exists a rigid Py-mixing construction F such that
Tr =T and (3.12) holds.

Proof. Let g9 and ng be given by Lemma 3.13. Fix a sufficiently large £y. Let T be a tree as in the
lemma. Choose n € N to be sufficiently large such that, in particular, n > no,

(8/2)%n > (r — 1) max{r, max{my: k € I}},

and we can apply Lemma 3.9 with € equal to £y. Let G be a maximum Pj--mixing construction provided
that Tlgelg", the tree T restricted to levels up to £y, is a subtree of T. Let V denote the partition
structure of G.

Claim 3.15.1. We have 6(G) > (4 - £0/2)("}).

Proof of Claim. If we take (near) optimal parts ratio for all partitions up to level {; and and put a
maximum Pj--mixing construction into each part corresponding to a recursive leaf of T, then the
obtained r-graph G’ has edge density 1 + o(1) as n — oo. Since n is sufficiently large and |G| > |G’|
by the definition of G, we can assume that p(G) > A — gy/4. Now, there cannot be a vertex v € V(G)
with dg (v) < (1—¢&0/2) ('rlill) for otherwise, we would remove v from G and double a vertex u € V(G)
with maximum degree (which is at least p(G)(")r/n > (1 - &9/4) (;’j)), getting a contradiction as in
(3.14). O

Let F be obtained from G by removing edges in G [ V;] for all legal sequences i in G of length at least
f() +1.

Claim 3.15.2. We have 6(F) > (1 - &0)("7}).

Proof of Claim. By Lemma 3.9(c), we have |Vj| < (1 — ;—r)gon < gon for all legal sequences i in G of
length at least £y. So it holds that dr (u) = dg(u) = (1 — &) ('::]1) if the length of bry (u) is at most £y,

and dp (u) > dg(u) — (1 - %)[("(r_l)n”1 > (4 —80)(’::%) if the length of bry: (u) is atleast {o+1. O

Since T is maximal of height £y, the tree of F is a subtree of T. Our choice of n also makes sure that,
for every legal i in T of length at most £y, we have |V;| > (8/2)%n > (r — 1) max{r, max{my: k € I}}.
In particular, we have T = T. Since F is a Py-mixing construction with §(F) > (1 — so)(f::), it
follows from Lemma 3.13 that F is rigid, finishing the proof of Lemma 3.15. O

3.4. Key lemmas

The following lemma, which is proved via stability-type arguments, is the key for the proof of Theo-
rem 1.2. Its conclusion, informally speaking, implies there is a way to replace a part of a ‘reasonably
good’ Fy,-free r-graph G by a blowup G’ of some E; on V(G) so that the new r-graph is still Fy,-free
and satisfies |G’| > |G|+Q(|G A G’|). This is closely related to the so-called local (or perfect) stability,
see, for example, [29, 32].

Lemma 3.16. There are ¢y > 0 and My € N such that the following holds. Suppose that G is a Fy,-free
r-graph on n > r vertices that is co('r’)-close to some Py-mixing construction and satisfies

5(G) > (ﬂ—co)(’::;). (3.15)

https://doi.org/10.1017/fms.2025.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.12

28 X. Liu and O. Pikhurko

Then there are i € I and a partition V(G) = V1 U - - UV, such that |V;| € [Bn/2, (1 —A/2r)n] for all

j € [m;] and
10|B] < |A], (3.16)
where
A=E((Vi,....Vu) \G, (3.17)
B=G\|E(Vi,....V) U U G[vjl|. (3.18)
JER;

Proof. Clearly, it is enough to establish the existence of M( such that the conclusion of the lemma holds
for every sufficiently large n. (Indeed, it clearly holds for n < My by Lemma 3.2, so we can simply
increase My at the end to take care of finitely many exceptions; alternatively, one can decrease cy.)

Let £y be the constant returned by Lemma 3.15. Then let M, be sufficiently large. Next, choose some
constants c¢; in this order ¢4 > ¢3 > ¢ > ¢1 > co > 0, each being sufficiently small depending on
the previous ones. Let n tend to infinity.

Let G be a Fyy,-free r-graph on [n] that satisfies (3.15) and is co(”)-close to some P;-mixing
construction H. We can assume that the vertices of H are already labelled so that |G A H| < co('r’). Let
V be the partition structure of H. In particular, the bottom partition of His Vi U---UV,, forsomei € I.

One of the technical difficulties that we are going to face is that some part V; with j € R; may in
principle contain almost every vertex of V(G) (so every other part Vi has o(n) vertices). This means
that the ‘real’ approximation to G starts only at some higher level inside V;. However, Lemma 3.9 gives
us a way to rule out such cases: we have to ensure that the minimal degree of H is close to /l(:’j)
So, as our first step, we are going to modify the P;-mixing construction H (perhaps at the expense of
increasing |G A H| slightly) so that its minimal degree is large. When we change H here (or later), we
update the partition structure V of H appropriately. (Note that the partition tree Ty may change too,
when some part Vj stops spanning any edges.)

So,letZ ={x e [n]:dyx) <(A- cl)(f:]l)}. Due to (3.15), every vertex of Z contributes at least

(c1 - co)(:‘j) > cl(:’:i)/Z > cl(’:j)/r to |G A H|. We conclude that

_1GaH ) con

Calm)r el e
Fix an arbitrary y € [n] \ Z. Let us change H by making all vertices in Z into doubles of y. Clearly, we
have now

1Z|

§(H) > (ﬂ—cl)(f:})_lzl(’::i) > (ﬂ—cl)(’::})—%;:i(’:::)

> (/1—2(:1)(:1::) (3.19)

while |G & H| < co(7) +1Z1(7)) < co () + 22 - £(7) < ¢ (7).

By Lemma 3.9 we can conclude that, in the new P;-mixing construction H satisfying (3.19), part
ratios up to height £y are close to optimal ones and |Vi| > 2c4n for each legal sequence i of length at
most £.

In order to satisfy the lemma, we may need to modify the current partition Vi, ..., V,, of V(G)
further. It will be convenient now to keep track of the sets A and B defined by (3.17) and (3.18),
respectively, updating them when the partition changes. Recall that the set A consists of edges that are

in E;(V1,...,Vpu,) but not in G. Let us call these edges absent. Call an r-multiset D on [m;] bad if
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D ¢ E;and D # {j) )} for some j € R;. Call an edge of G bad if its profile with respect to Vi, .. ., V;p.
is bad. Thus, B is precisely the set of bad edges, and our aim is to prove that there are at least 10 times
more absent edges than bad edges.

Our next modification is needed to ensure later that (3.25) holds. Roughly speaking, we want a
property that the number of bad edges cannot be decreased much if we move one vertex between parts.
Unfortunately, we cannot just take a partition structure V that minimises |B| because then we do not
know how to guarantee that (3.19) holds (another property important in our proof). Nonetheless, we
can simultaneously satisfy both properties, although with weaker bounds.

Namely, we modify H as follows (updating A, B, V, etc, as we proceed). If there is a vertex
x € [n] such that by moving it to another part V; we decrease |B| by at least cz(;‘j), then we pick
y € V; of maximum H-degree and make x a double of y. Clearly, we perform this operation at most
c1 ('r‘)/cz('r’:}) = cin/(cor) times because we initially had |B| < |G A H| < ¢{("). Thus, we have at all
steps of this process (which affects at most ¢1n/(c,r) vertices of H) that, trivially,

[Vil = 2c4n - an-, cqn, for all legal j with |j| < £, (3.20)
Ccor
-1
IG A H| < cl(”) + @(” ) < Cz(n). 3.21)
r cor\r—1 r

It follows that at every step each part V; had a vertex of degree at least (1 — c2/2) ('::11), for otherwise,

by (3.15) and (3.20), the edit distance between H and G at that moment would be at least

L)) s e 2 ) -2,

contradicting the first inequality in (3.21). This implies that every time we double a vertex it has a high
degree. Thus, we have by (3.19) that, additionally to (3.20) and (3.21), the following holds at the end of
this process:

§(H) > (A - max{3cy, c2/2}) (’:: }) - g(’r’ j ;) > (A~ Cz)(’:: }) (3.22)

So by Lemma 3.9(c), |V;| > Bn/2 and |V;| < (1 — A/2r)n (note that we may choose ¢ > 0 small
enough and n large enough in the beginning so that Lemma 3.9(c) applies).

Suppose that B # 0, for otherwise, the lemma holds trivially.

Let H’ be obtained from H by removing edges contained in H[Vj] for all legal j of length at least
lo+ 1. Let T := Tg. It follows from the definition that T = Tllivelg‘); that is, T is obtained from Ty by
restricting it to levels up to {y. By Lemma 3.9(a), all indices in T belong to I’. If T is non-extendable
(and thus T = Tp), then we let F’ be the rigid construction given by Lemma 3.14 whose tree T is the
same as T. If T is extendable then, due to Lemma 3.9(d) and ¢y < 1/c; < n, every recursive part V;
with [i| < £y spans at least one edge in H’, and thus, the tree T is maximal of height £y. In this case, we
let F be the rigid construction given by Lemma 3.15 whose tree is T. In either case, let W = (W;) be
the partition structure of F. Since the number of possible trees T is bounded by a function of £y and we
have £y < My, we can assume that

My = v(F)+r. (3.23)

Let us show that the maximal degree of B is small — namely, that

A(B) < C3(’:: }) (3.24)
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Suppose on the contrary that dg(x) > 03(;’:11) for some x € [n]. For j € [m;], let the (r — 1)-graph
By ; consist of those D € L (x) such that if we add j to the profile of D, then the obtained r-multiset is
bad. In other words, if we move x to V;, then B ; will be the link of x with respect to the updated bad
r-graph B. By the definition of H, we have

-1
|Bx,jl = (c3 —cz)(:f_ 1) for every j € [m;]. (3.25)

ForD = (Dy,...,Dy,) € Hj’?’zil By ;, let Fp be the r-graph that is constructed as follows. Recall that
F is the rigid P;-mixing construction given by Lemma 3.14 or 3.15, and W is its partition structure. By
relabelling vertices of F, we can assume that x ¢ V(F) while D : Um' D is a subset of V(F) so that
for every y € D, we have brg (y) = bry-(y); that is, y has the same branches in both F and H’. This
is possible because these P;-mixing constructions have the same trees of height at most ¢, while each
part of F of height at most £y has at least m; (r — 1) > |D| vertices. Finally, add x as a new vertex and
the sets D; U {x} for j € [m;] as edges, obtaining the r-graph Fp.

Claim 3.16.1. For every D € H?Zl By, j, we have Fpy € Fy,.

Proof of Claim. Recall that M was chosen to be sufficiently large depending on £y. When we applied
Lemma 3.14 or 3.15, the input tree T had height £y. By (3.23), we have v(Fp) = v(F) + 1 < M.

So, suppose on the contrary that we have an embedding f of Fp into some P;-mixing construction
F’ with the partition structure U. By the rigidity of F, we can assume that the base of F’ is P; and that
f(W;) € Uj for every j € [m;]. Let j € [m;] satisfy f(x) € U;. Then the edge D; U {x} € Fp is
mapped into a non-edge because f(D; U {x}) has bad profile with respect Uy, ..., U, by the choice
of D; € B, j, acontradiction. O

For every vector D = (Dy,...,Dy,) € H Bx _j and every map f: V(Fp) — V(G) such that f is
the identity on {x} U (U;":il D) and f preserves branches of height up to £ on all other vertices, the
image f(Fp) has to contain some X € G by Claim 3.16.1. (Recall that G is Fu,-free.) Also,

S(Fo\{D1U{x},....Dp, U{x}}) CH";

that is, the underlying copy of F on which Fp was built is embedded by f into H’. However, each of
the edges Dy U {x}, ..., Dy, U {x} of Fp that contain x is mapped to an edge of G (to itself). Thus,
X € H'\ G and X 3 x. Any such X can appear, very roughly, for at most (rv_vl)m" (w+1)!'n™~" choices
of (D, f), where w = v(F) = v(Fp) — 1. However, the total number of choices of (D, f) is at least
H;.'l:il |By,j| X (can/2)"=0=Dmi > ((c5 - cz)('r’:}))mi X (c4n/2)"~r=Dmi (since every part of H’ has
at least c4n vertices by (3.20)). We conclude that

((03 - 02)(n_1))m[ X (cqnf2)w=r=lm ;
|[H\ G| > |H"\ G| > >Cz()

(7)™ (w+Dtaw—r
However, this contradicts (3.21). Thus, (3.24) is proved.

Take any bad edge D € B. We are going to show (in Claim 3.16.3 below) that D must intersect
Q(c3n"~!) absent edges. We need some preparation first.

For each j € R; and y € D NV}, pick some D, € G[V,] such that D, N D = {y}; it exists by Part
(d) of Lemma 3.9, which gives that

-1
dgv,1(y) 2 C4(n 1) forall j € R;and y € V;. (3.26)
. r_
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LetD := (D,{Dy : y € D N Vg,}). (Recall that we denote Vg, = (J;cg, V;.) We define the r-graph FP
using the rigid r-graph F as follows. By relabelling V(F), we can assume that X C V(F), where

X = U Dy\ {y}, (3.27)

y EDﬁVRi

so that for every x € X, its branches in F' and H’ coincide. Again, there is enough space inside F to
accommodate all | X| < r(r — 1) vertices of X. Assume also that D is disjoint from V (F). The vertex set
of FP is V(F) U D. The edge set of FP is defined as follows. Starting with the edge-set of F, add D and
each D, with y € D N Vg,. Finally, for every y € D N V; with j € [m;] \ R; pick some z € W; and add
{ZU{y} | Z € F,} to the edge set, obtaining the r-graph FP. The last step can be viewed as enlarging
the part W; by D N'V; and adding those edges that are stipulated by the pattern P; and intersect D in at
most one vertex.

Claim 3.16.2. For every D as above, we have F Dcr Mo-

Proof of Claim. By (3.23), we have that v(FP) = v(F) + r < M. Suppose on the contrary that we
have an embedding f of FP into some P;-mixing construction F’ with the partition structure U. We can
assume by the rigidity of F, that the base of F’ is P; and f(W;) C U, for each i.

Let us show that for any y € D, we have f(y) € U, where the index j € [m;] satisfies y € W;. First,
suppose that j € R;. The (r — 1)-set f(D, \ {y}) lies entirely inside U;. We cannot have f(y) € Ui
with k # j because otherwise the profile of the edge f(D,) is { j =1 'k B, contradicting Lemma 2.3.
Thus, f(y) € U;, as claimed. Next, suppose that j € [m;] \ R;. Pick some z € W;. By the rigidity of
F, if we fix the restriction of f to V/(F) \ {z}, then U; is the only part where z can be mapped to. By
definition, y and z have the same link (r — 1)-graphs in FP when restricted to V(F) \ {y, z}. Hence,
f(y) necessarily belongs to U}, as claimed.

Thus, the edge f(D) has the same profile as D € B, a contradiction. O

Claim 3.16.3. For every D € B there are at least 10rc3 (:’:11) absent edges Y € Awith |[D NnY| = 1.

Proof of Claim. Given D € B, choose the sets D, for y € D N Vg, as before Claim 3.16.2. The
condition Dy, N D = {y} rules out at most r('::g) edges for this y. Thus, by (3.26) there are, for example,

at least (c4/2) ('r‘:i) choices of each Dy,. Form the r-graph F D as above and consider potential injective
embeddings f of FP into G that are the identity on D U X and map every other vertex of F into a vertex
of H’ with the same branch, where X is defined by (3.27). For every vertex x ¢ D U X, we have at least
c4n/2 choices for f(x) by (3.20). By Claim 3.16.2, G does not contain FP as a subgraph so its image
under f contains some ¥ € G. Since f maps D and each D y to an edge of G (to itself) and

f(FD \({D}U{Dy:yeDN VR,.})) CH,

we have that Y € H’. The number of choices of (D, f) is at least

n—1)) 20! we(r=1)|DOVR, | - (C41\"
((C4/2)(r _ 1)) X (can/2) il > (?) i

where w := v(F). Assume that for at least half of the time the obtained set Y intersects D for otherwise
we get a contradiction to (3.21):

| 4ryw
|H'\ G| > 5 x (cqn/ir) > C2(”).
r

(r’fl)r (w+r)nv-r

By the definitions of FP and f, we have that [Y N D| = 1 and Y € A. Each such ¥ € A is
counted for at most (,",)" (w + r)!n"~"*! choices of f and FP. Thus, the number of such Y is at least
L(ean/ar)w /(")) (w+r)!n="*1), implying the claim. o
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Let us count the number of pairs (Y, D) where Y € A, D € B, and |Y N D| = 1. On one hand, each
bad edge D € B creates at least 10rc3 ('::11) such pairs by Claim 3.16.3. On the other hand, we trivially
have at most |A| - A(B) such pairs. Therefore, |B| - 10rc3("~}) < r|A|A(B), which, by (3.24), implies
that |[A| > 10|B|, as desired. This proves Lemma 3.16. O

Let us state a special case of a result of Rddl and Schacht [33, Theorem 6] that we will need.

Lemma 3.17 (Strong Removal Lemma [33]). For every r-graph family F and € > 0, there are 6 > 0,
M, and ng such that the following holds. Let G be an r-graph on n > ng vertices such that for every
F € F withv(F) < M\, the number of F-subgraphs in G is at most 6n*¥). Then G can be made F-free
by removing at most 8(':) edges.

Lemma 3.18. For every co > 0, there is M| such that every maximum Fyy,-free G with n > M vertices
s Co (;’)-close to a Pr-mixing construction.

Proof. Lemma 3.17 for c¢/2 gives M; such that any F,-free r-graph G on n > M vertices can be
made into an F-free r-graph G by removing at most co (') /2 edges. By Lemma 3.2, G’ embeds into
some P;-mixing construction H with v(H) = v(G’). Assume that V(H) = V(G’) and the identity map
is an embedding of G’ into H.

Since H is Fy, -free, the maximality of G implies that |G| > |H|. Thus, |H \ G’| < ¢o(")/2, and we
can transform G’ into H by changing at most ¢g ('rl) /2 further edges. O

3.5. Proof of Theorem 1.2: Putting All Together

We are ready to prove Part (a) of Theorem 1.2. Let all assumptions of Section 3.1 apply.

Proof of Theorem 1.2(a). Let Lemma 3.16 return ¢y and Mj. Then let Lemma 3.18 on input ¢( return
some M. Finally, take sufficiently large M depending on the previous constants.

Let us argue that this M works in Theorem 1.2(a). As every graph in XP; is Fy-free, it is enough
to show that every maximum Fj,-free r-graph is a P;-mixing construction. We use induction on the
number of vertices n. Let G be any maximum F),-free r-graph on [n]. Suppose that n > M, for
otherwise, we are done by Lemma 3.2. Thus, Lemma 3.18 applies and shows that G is co(;’)-close to
some P;-mixing construction. Lemma 3.7 shows additionally that the minimum degree of G is at least
(A- co)(;’:}). Thus, Lemma 3.16 applies and returns a partition [#] =V, U--- UV, for somei € |
such that (3.16) holds; that is, |A| > 10 |B|, where the sets A of absent and B of bad edges are defined
by (3.17) and (3.18), respectively. Now, if we take the union of E;(Vi,. .., Vi) with U;cg, G[V;],
then the obtained r-graph is still Fj,-free by Lemma 3.6 and has exactly |A| — |B| + |G| edges. The
maximality of G implies that |B| > |A|. By (3.16), this is possible only if A = B = 0. Thus, G coincides
with the blowup E;((Vi, .. ., Vi), apart edges inside the recursive parts V;, j € R;.

Let j € R; be arbitrary. By Lemma 3.6, if we replace G[V;] by any F),-free r-graph, then the new
r-graph on V is still F;-free. By the maximality of G, we conclude that G[V;] is a maximum F,-free
r-graph. By the induction hypothesis (note that |V;| < n—1), the induced subgraph G[V;] is a P;-mixing
construction. It follows that G is a Py-mixing construction itself, which implies Theorem 1.2(a). O

In order to prove Part (b) of Theorem 1.2, we prove the following partial result first, where stability
is proved for the ‘bottom’ edges only.

Lemma 3.19. There exists My € N so that for every € > 0, there exist 69 > 0 and ng such that
the following holds for all n > ng. Suppose that G is a Fp,-free r-graph on n vertices with |G| >
(1-=60)ex(n, Fu,). Then there existi € I and a partitionV(G) = Vi U---UV,, with|V;| € [Bn/4, (1-
A/4r)n] for all j € [m;] such that G" := G \ (Ujer, G|V;]) satisfies |G'AE;(Vr, ..., V)| < en’.

Proof. Let co and M\ be the constants returned by Lemma 3.16. Then let M, be sufficiently large,
in particular so that it satisfies Lemma 3.18 for c(/4. Let us show that this M, works in the lemma.
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Given any & > 0, choose sufficiently small positive constants §; > do. Let G be an Fyy,-free r-
graph on n — oo vertices with |G| > (1 — §p)ex(n, Fpr,). By our choice of M,, the r-graph G can
be embedded into some n-vertex P;-mixing construction H by removing at most cg ('r’) /4 edges. Since
|G| = (1 -0dp)ex(n, Far,) = |H| - 50(?), we have |GAH| <2 - Co(:l)/4 + (5()(?) < 3C()(:l)/4.

Define

Z = {v eV(G): d(v) < “"5”(’:: i)}

Claim 3.19.1. We have that |Z| < §n.

Proof of Claim. Suppose to the contrary that |Z| > §;n. Let G’ be obtained from G by removing some
01n vertices of Z. We have that

G| —a(” _fl”) > |G| - 81n(2 —rél)(’:: i) -1 —51)r(’:) +o(n)
> ((/1 —50) — 161 (A = ré1) — /1(1 — 61+ (;)5%))(’:) +o(n")
> (—60 +r26% —/1(2)62)( ) +o(n") > Q(n").

Thus, the F)y,-free r-graph G’ contradicts the consequence of Theorem 1.2(a) that 7(Fpy,) = A. O

Letn; =n—|Z]and G| := G — Z. So G| is an r-graph on n; > (1 — &§1)n vertices with

§(G)) = (1- r(sl)(’:: ;) - 61n(’::§) >(1- 2r(51)(l:: i) and

-1
|G1| = (1 = d0)ex(n, Far,) — 61n(’: B 1) > ex(n, F,) — 2r51(:l).

Let H; be the induced subgraph of H on V(G) \ Z and note that H; is also a P;-mixing construction.
Since |G1aH;| < |GaH| < 3co(")/4 < ¢o(}'), by Lemma 3.16, there are i € I’ and a partition
V(G)\Z =V]U---UV,, such that |V]f| € [Bn1/2,(1 = A/2r)n] for all j € [m;] and it holds that
|A1| > 10[By|, where Ay = E;(V{,...,V, )\ G and By == G\ (E: (V... Vi ) UUjer, G [vi1).
If we take the union of E;((V/, ..., V,,.)) with U eg, Gi [V’] then the obtained r-graph is still F; Mz—free

(by Lemma 3.6) and has exactly |G1| + A1l = |B1] 2 |G1] + 15 |A1| edges. Therefore, |G| + 15 |A1| <
ex(n1, Fm,), which implies that

11 10
A+ 1811 < 35 - g x0T = 161 < 401 7]

Now, extend the partition V/, ..., V, arbitrarily to V(G), for example, by defining

_viuz,  j=1,
Vi=3_ )
Vj, j# 1.

Then simple calculations show that |V;| € [Bn/4,(1 — A/4r)n;] for all j € [m;], and the r-graph
= G\ (Ujer, G[V;]) satisfies

’ n-1 r
IG"AE(V1s .., Vi )| < |Z|(r B 1) +|Ai] +|Bi| < en’”.
This completes the proof of Lemma 3.19. O
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Now we are ready to prove Part (b) of Theorem 1.2.

Proof of Theorem 1.2(b). Let My and c( be returned by Lemma 3.16. Let M, be returned by Lemma
3.18 for ¢p, and let M, be returned by Lemma 3.19. Let us show that M := max{M,, M|, M,} works in
Theorem 1.2(b).

Take any & > 0. Let £ € N be a sufficiently large integer such that, in particular, (1 — ﬁ)[ < &. Next,
choose sufficiently small positive constants 6, > --- > §; > 0. Let n be sufficiently large. Let G be
an F)s-free r-graph on n vertices with |G| > (1 — d)ex(n, Fpr). By Lemma 3.19, there exist i € I and

a partition V(G) = V| U+ U V,y, with |V;| € [Bn/4, (1 - A/4r)n] such that G’ = G \ (U ek, G[v,-])
satisfies |G'AE;(V1, ..., Vim,)| < 611",

Let G = E;(Vi,..., Vin, ) U (UjeRi G[Vj]). Then Lemma 3.6 implies that G is still Fy;-free, and
our argument above shows that |G| > |G| — 610" > ex(n, Far) — 261"

Now take any j € R;. Note that we have |G[V;]| > ex(|V;|, Fam) — 201n”, since otherwise, by
replacing G[V;] in G by a maximum Fy-free r-graph on V;, we would get an r-graph which is Fj-free
(by Lemma 3.6) and has more than ex(n, F)s) edges, a contradiction. Since |V;| > fn/4 is sufficiently

large and 61 < 6>, there exist, by Lemma 3.19 again, anindex i” € I and a partition V; = V’ e UVJ’ m

such that V7 | € [(8/4)n, (1 — A/4r)’n] for all k € [m;] and G/, := G[V;]\ (UkeR, v;. k])
satisfies |G;.AEl-r (Vi s Vim )| < 62|V;|". Summing over all j € R;, we get

D UIGHAE (Vs Vim ) <62 D0 VI < 52(2 |vj|) < 6o’

jERi jGRi jGRi

Repeating this argument until the £-th level, we see that G can be made into a Py-mixing construction
by removing and adding at most

Zén +Z(|Vl) ié-nr+ n/l )gn((l—;%,)fn)

edges. Here, the second summation is over all legal (with respect to G) vectors of length €. This completes
the proof of Theorem 1.2(b). O

4. Finite r-graph families with rich extremal Turan constructions

In this section, we prove Theorem 1.3. We need some preliminaries first.

Recall that a Steiner triple system on a set V is a 3-graph D with vertex set V such that every pair
of distinct elements of V is covered by exactly one edge of D. Let STS; be the set of all Steiner triple
systems on [¢]. It is known that such a design D exists (and thus STS; # 0) if and only if the residue of
t > 3 modulo 6 is 1 or 3, a result that was proved by Kirkman [21] already in 1847.

We will need the following result, which is a special case of [27, Proposition 2.2].

Lemma 4.1 [27]. Lett > 55 and D € STS; be arbitrary. Then, for every (xi, ...,x;) € S;, it holds that

1 1\ 2 1\
/15()61,...,)(?1) SﬂD(;,...,;)—gg(xi—;) .

(Recall that D = ([;]) \ D denotes the complement of D.)
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The above lemma implies, in particular, that the uniform weight is the unique D-optimal vector. Also,
note that [D| = (£) = 1 (1) = L2023 "and thus,

t B 2

1 1\ _3!'D] _ (-1)(-3

/l:/lD(_""’ )Z | |—( )( )

t t

Here, A5 := 4, 5.9 denotes the maximum of the Lagrange polynomial A7(x) of the 3-graph D over
X € S;.
__ForD € 8T8, let Pp = (1, D, [t]) be the pattern where every vertex of the complementary 3-graph
D is made recursive. If we take the uniform blowups of D at all levels when making a Pp-construction,
then the obtained limiting edge density A; satisfies the relation A} = A5 + 412(1/ 1)® which gives that

o) (t—l)(t—3) t-3
1-1/2 2-1 T+l

App, 2 A1 =

Lemma 4.2. Let t be sufficiently large and let D € STS;. Let f(x) = A5(X) + 41 X!_, xl.3. Then
f(x) < Ay for every x € S} with equality if and only if X is the uniform vector 1, % .

It follows that Ap,, = ﬁ and the set of Pp-optimal vectors consists only of the uniform vector
) € Sy

Proof. Take any x € S;. In order to prove that f(x) < A;, we split the argument into two cases.
First, suppose that max{x; : i € [f]} < 1/2. Here, we have by Lemma 4.1 that

t t

1 1\ 2 1\? -
f(x)SAD(?,...,;)—§Z(X;'—?) +/112 Xp =Ap+ =lg(xt

i=1 i=1 i

where g(x) = —%(x — 1)2 + 2yx3 forx € [0, §].
The second derlvatlve of the cubic polynomial g has zero at xg = gg?? We have that xy > 1/t.
While this can be checked to hold for every ¢, it is trivial here since # was assumed to be sufficiently large.

Thus function g is concave on [0, t] Unfortunately, it is not concave on the whole interval [0, 1/2],

so we consider a different function g* which equals g on [0, ] and whose graph on [1
tangent to the graph of g at 1/¢; that is, we set

- 2] is the line

g (x) = g(%) +g’(;)(x— ;), forx € [1/t,1/2].

By above, g* is a concave function on [0, 1/2]. Also, we have that g < g* on this interval. Indeed, since
the second derivative g’’ changes sign from negative to positive at xo > 1/¢, it is enough to check only
that g(1/2) < g*(1/2) and routine calculations give that

(t=2)%(f> +1 +36)

§/2) = g(1/2) = T

>0,

as desired. Thus, since g* is a concave majorant of g, we have that

DY st < gt < g () =g () =510,
i=1 i=1

t

This gives that f(x) < Ax +1tg(1/t) = A;. Moreover, if we have equality, then x; = --- = x;, = 1/¢
(because g* is strictly concave on [0, 1/¢]).
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Thus, it remains to consider the case when some x; is strictly larger than 1/2. Without loss of
generality, assume that x; > 1/2. Here, we can bound

-3 31(5)
(-1 -1y

O < h) =3t (1 =x)’3 (1= 4 1 5+ (1= x)?),

where the stated three terms come from the following arguments. The first term accounts for the triples
containing x1 in the Lagrange polynomial A55(x). The link graph Lp (1) is just a perfect matching M on
{2,...,t} (because D is a Steiner triple system) and receives total weight 1 — x;. As it is well-known
(see, for example, [28]), the Largrangian of a graph is maximised by putting the uniform weight on a
maximum clique which, for the complement L (1) of a perfect matching, has size s := (¢ —1)/2. Thus,
(I =x1)2 Yijerpy Xix; < (5)/s* = 51 = ﬁ, giving the first term. The second term just upper
bounds the Lagrangian of D — 1 = D[{2,...,}] by the Largrangian of the complete 3-graph on 7 — 1
vertices, scaling the result by the cube of the total weight 1 —x;. The third term uses the fact that the sum
of cubes of nonnegative entries with sum 1 —x; is maximised when we put all weight on a single element.

2
2z (;_110)’;9 > 0. Also, the derivative of 4 has two

roots, which are +1/ V2 + o(1) as t — co. Thus (since ¢ is large), the function 4, when restricted to the
interval on [1/2, 1], first decreases and then increases. So, in order to show that f(x) < A, it is enough
to check the inequality 2(x) < A; only at the points x = 1/2 and x = 1. There, the values of h(x) — 1;
are, respectively, _% < 0and 0. Thus, f(x;) < 4 also in Case 2. Furthermore, the equality
can only be attained if x; = 1 (and x; = - - - = x; = 0); however, we exclude standard basis vectors from
S;. This proves the first part of the lemma.

Using the proved inequality f < A;, one can show by a simple induction on the number of levels
that every P-construction on n — oo vertices has edge density at most A; +o(1). Thus, 1p, = 4;. Also,
the set of Pp-extremal vectors, which by definition consists of x € S} with f(x) = A, is exactly as
claimed. O

The coefficient at x* in the cubic polynomial % (x) is

In the rest of the this section, whenever we have any I € STS;, a set of Steiner triple systems
on [t], we denote P; := {Pp : D € I}. (Recall that Pp, = (t, D, [t]).) Also, let us call a partition
V=V U---UYV, balanced if for all i, j € [¢] we have | Vil = [Vl | <1

Lemma 4.3. Let t be sufficiently large and take any nonempty I € STS;. Then there is ng = no(I) such
that every maximum Pp-mixing construction G on n > ng vertices has its bottom partition balanced.

Proof. View n as tending to oo and take any maximum P;-mixing construction G on [n]. Let G have
the base Pp and the bottom partition [n] = V; U--- UV, Letv; == |V;| and ¢; := |G[V;]| fori € [¢].
By Lemma 4.2, we have v; = (1/t + o(1))n for each i € [¢].

Suppose on the contrary that some two part sizes differ by more than 1, say, v; > v, +2. Let u (resp.
w) be a vertex of minimum degree in G[V;] (resp. maximum degree in G[V;]). Let G’ be obtained
from G by removing u and adding a double w’ of w. Thus, G’ is also a P;-mixing construction, with
the bottom parts V| := V; \ {u}, V] := V, U {w’}, and V] := V; for 3 < i < t. By the maximality of G,
we have |G| > |G’|.

Let us estimate |G’| — |G|. The contribution from the edges that intersect both the first part and the
second part is

(=002 D= 3 Wil === D[S o)

i: {1,2,i}eD

where the equality uses Lemma 4.2 and the fact that there are exactly ¢+ — 3 triples containing the
pair {1,2}. By the maximality of G, each part V; spans a maximum P;-mixing construction; thus,
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e; = Ap,(v;). Since v| > v,, we have by Lemma 3.3 that Ap, (v1)/(%) < Ap,(v2)/(%). Thus, the
degree of u in G[V/] is at most

& _ 3AP1 (V]) < 3AP1(V2) (‘}31) _ 3ep ' (v1 - 1)(\)1 —2)

V2

Vi Vi V1(3) _V_2 (VZ_I)(V2_2).

The degree of w’ in G’ is at least the degree of w in G which in turn is at least 3e;/v,. Thus, the
contribution to |G’| — |G| of edges inside the first or second part is at least

3o 3er &(1 (=D —2)) _ 3er (vi=v)(vi+v2-3)
(v2=1(v2-2) %) (v2=1(v2-2)

V2 Vi 1%
This is, by e) = (/lPD + 0(1))(‘;2) - (l;—T? + 0(1))(n3{t)’

35 (%) i-v)2n/t _ (n=va)(t=3)n

n/t (n/1)2 1(t+1)

By putting both contributions together and using vi — vy — 1 > (v; — v2)/2, we obtain that

(=1+0(1))

+o((vi —v2)n).

t-3 - t-3
021G =[Gl = (ri=va=1)—n- 1 t(vfl(l) M 1 o((v1 = vo)n)
(t=3)n(1 1
> — - — —
> (vi—v2) ; 5T TE +o((vi —v2)n) >0,
which is the desired contradiction. O

For every D € STS;, we construct a parameter F(D) of much lower complexity than D that
nonetheless contains enough information to compute the sizes of maximum balanced D-blowups of all
large orders. More precisely, we do the following for every ¢ € {0, ..., — 1}. Let £ — oo. For every
g-set Q C [t], consider a D-blowup G on [t£ + ¢] with partition V; U - - - U V;, where

Vil = +1, ifi e Q,
N ifi e [t]\ Q.

Thus, the ¢ larger parts are exactly those specified by Q. Clearly, the size of G is
Pp.o(0) = (L+1)tp g3+ E(L+1)tp oo+ (L+1)ip g+ 53(|5| —tp.03- D02~ tD,Q,l),

where, for i € [3], we let 7po.; denote the number of triples in D that have exactly i vertices in Q. This
is a polynomial function of ¢. If we take another g-set Q” then the polynomial pp o () — pp o’ () does
not change sign for large ¢ (possibly being the zero polynomial). Since there are finitely many choices
of O (namely, (;) choices), there are Qp 4 € ([;]) and £ such that

t
PD.0p, (0) 2 pp.o (L), forall Q" e ([ ]) and ¢ > {p. 4.1)
' q
Fix one such Qp , for each g € {0, ...,¢ — 1} and define

F(D) = ((10.0p 4. )i )it 4.2)

The number of possible values of F is upper bounded by, say,

at most () + 1 < 3 possible values.

because each individual tp o ; assumes
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Lemma 4.4. Let t be sufficiently large. Let I C ST S, be any subset on which the above function F
is constant. Then there is ng such that for all n > ng and all D € I there is a maximum Pjy-mixing
construction G on [n] with the base Pp.

Proof. Choose ng sufficiently large, in particular so that, for every n > ng, (4.1) holds for every D € [
with respect to € := |n/t] and g :== n —t{.

Take any n > ngp and D € I. We have to exhibit a maximum P;-mixing construction G with base
Pp.Let ¢ := |n/t], q = n—1t{, and Q = Qp 4. Take a balanced partition V; U --- U V; of [n] with
|Vi| = € + 1 exactly for j € Q. Let G be obtained from D((Vi,...,V,) by adding for every j € [] a
maximum Pj-mixing construction on V.

Let us show that the P;-mixing construction G is maximum. Note that the size of the graph G is

|G| =pp,o(£) +qAp, (£+1)+(t - q) Ap, (£). 4.3)

Let G’ be any maximum P;-mixing construction on [n]. Let G’ have the base D’ and the bottom
partition V| U - -- U V/. This partition must be balanced by Lemma 4.3, since n is large. Let O’ € ([;])
consist of the indices of parts of size ¢ + 1. Clearly, |Q’| = g. By the maximality of G’, every part
Vi, s € [t], induces a maximum P;-mixing construction. Thus, the obvious analogue of (4.3) holds
for G’ as well. Let Q" := Qp 4. Since £ > |ng/t] is large, we have pp o/ (€) < ppr,o~(£). Since
F(D) = F(D’), the polynomials pp/ o~ and pp o are the same. Putting all together, we obtain

|G’ = IG| = ppr,o'(£) = Pp,o() < ppr,o"(€) = pp,o(£) =0.
Thus, |G| is indeed a maximum P;-mixing construction. |

Let us remark that Lemma 4.4 need not hold for small n when it is in general possible that some of
the patterns Pp for D € I cannot be the base in a maximum P;-mixing construction.

Proof of Theorem 1.3. Keevash [20, Theorem 2.2] proved that if # — co is 1 or 3 modulo 6, then the
number of Steiner triples systems on [¢] is (/e + 0(1))’2/ © Note that the function F assumes at most
t" values while each isomorphism class of STS, has at most ¢! elements. Thus, we can fix a sufficiently
large ¢ and a subset I C STS; consisting of non-isomorphic 3-graphs such that F is constant on / while

(t/e? + 0(1))"'/®

>
1= o

>t

Let F be the finite family of 3-graphs returned by Theorem 1.2; thus, maximum F-free 3-graphs
are exactly maximum P;-mixing constructions. Let us show that this family J satisfies both parts of
Theorem 1.3. Let ng be sufficiently large.

Given any n € N, let V = [n] and consider the family P of 3-graphs G that can be recursively
constructed as follows. If the current vertex set V has less than ng vertices, put any maximum Pj;-mixing
construction on V and stop. So suppose that |[V| > ng. Pick any D € I. Let G’ be a maximum P;-mixing
construction on V with the base Pp, which exists by Lemma 4.4. Let V = V| U - - - U V; be the bottom
partition of G’. Let G be obtained by taking all bottom edges of G’ and adding for each i € [¢] a 3-graph
on V; that can be recursively constructed by the above procedure.

Let us observe some easy properties of any obtained G € P. By definition, G is a P;-mixing
construction. In fact, it is a maximum one, which can be shown by induction on the number of vertices:
the initial P;-mixing construction G’ is maximum, and when we ‘erase’ edges in G’[V;], we add back
the same number of edges by induction.

Let the size-m truncated tree ngezm of P;-mixing construction G be the subtree of T where we
keep only those nodes that corresponds to parts in Vg of size at least m. Of course, if a node is not
included into Tsci;zezm, then all its descendants are not, so Tsci;zezm is a subtree of Tg.

https://doi.org/10.1017/fms.2025.12 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.12

Forum of Mathematics, Sigma 39

In the rest of Section 4, we would need to work with unordered trees where the ¢ children of a non-
leaf vertex are not ordered and the first part i of each node (i, x), that can be used to order children, is
erased (but we keep the second part x). For these objects we will use the (non-bold) symbol T instead of
T. In particular, the size-ng truncated tree 7,,”*=" is the unordered subtree of the tree of the P;-mixing
construction G, where we keep only those nodes that correspond to parts of size at least ng. Suppose
now that G € X£P; is maximum. Then every branch of ngeZn() has length at least, say, log,,(n/ngp),
because when we subdivide any set V with at least ng vertices, its partition is balanced by Lemma 4.3,
and thus, the smallest part size is at least | |V|/t] > |V|/(¢ + 1). Thus, any resulting tree has at least
s = 11921 (n/m0)=1 non_Jeaf vertices. Since the children of every non-leaf can be labelled by any element
of I (as long as we use the same element for all children), we have at least |/|* choices here. The number
of ways that an isomorphic copy of any feasible /-labelled rooted tree T’ can be generated as above, rather
roughly, is most (#!)*. Thus, there are at least (|/|/¢!)* non-isomorphic (unordered I-labelled rooted)
trees obtainable this way. This is exponential in n (since ng is fixed); thus, the first part of Theorem 1.3
follows from the following claim.

Claim 4.4.1. If G, G’ € P are isomorphic 3-graphs, then their no-truncated unordered trees T, gzezno
and T(S;l,zezn0 are isomorphic.

Proof of Claim. We use induction on n, the number of vertices in G. If n < ng, then the truncated trees
of G and G’ are empty, and thus, the conclusion vacuously holds. Suppose n > ng and that the identity
map on [n] gives an isomorphism between some G, G’ € P.

By Lemmas 3.7 and 3.13, the maximum P;-mixing construction G is rigid. (In fact, the proof of
Lemma 3.13 simplifies greatly in this case and every P;-mixing construction G with all bottom parts
nonempty is rigid since we can identify bottom edges of G as precisely those that do not contain the
symmetric difference of some two distinct edges of G.)

Thus, G and G’ have the same base Pp, and the isomorphism between their bottom edge-sets,
D(Vy,...,V;) CGand D((V/,...,V/) € G, comes from an automorphism % of D, that is, V};(i) =V
for every i € [t]. Now, using the automorphism / relabel the bottom parts of G” so that V/ = V; for
i € [t] and apply induction to each pair G[V;], G’[V;] € P of isomorphic (in fact, equal) 3-graphs. O

We now turn to the second part of the theorem. Take any s. Let £ satisfy (|7|/¢!)¢~! > s. Fix sufficiently
small € > 0 and let n — oo. It is enough to find s maximum P;-mixing constructions Gy, ..., Gs on
[n] so that every two are at edit distance at least £3n°, as this will demonstrate that £(F) > s. Indeed,
suppose on the contrary that £(F) < s — 1. Then there exist s — 1 3-graphs H,...,H,—1 on [n] such
that, for each i € [s], there is some j € [s — 1] where the edit distance between G; and H; is at most
£3n3 /3. By the Pigeonhole Principle, there must be two 3-graphs, say G;, and G;,, that are both within
edit distance of at most £3n° /3 to the same H - However, by the triangle inequality, this implies that the
edit distance between G;, and G;, is at most 2&n°/3 < &3n?, a contradiction.

Call two I-labelled unordered trees T and 7’ isomorphic up to level m if their first m levels span
isomorphic trees. For example, two trees are isomorphic up to level 1 if and only if the children of the
root are labelled by the same element of / in the both trees. (Recall that the root always get label 0, while
all children of a node always get the same label.) For convenience, let us agree that every two trees are
isomorphic up to level 0.

By our choice of ¢, there are s trees that are pairwise non-isomorphic up to level £. Since n is
sufficiently large, we can assume by Lemma 4.4 that for each of these trees 7, there is a maximum P;-
mixing construction G on [7] whose unordered tree is isomorphic to 7 up to level £; that is, Tg"elg =T.
Thus, it is enough to show that any two of the obtained 3-graphs, say G and G’ with unordered trees T'
and T’, respectively, where T’ and T’ are non-isomorphic up to level ¢, are at the edit distance at least
£3n’. Suppose that this is false and the identity map exhibits this; that is, |G A G’| < &3n®. Let V and
V’ be the partition structures of G and G’, respectively. Also, for a tree T and a sequence (i, ..., i),
let T[iy,...,in] be the subtree formed by the vertex with the first coordinate (iy,...,i,) and all its
descendants in 7.
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Claim 442 For every m < ¢, there are sequences (i1,...,im),(i],...,1,) € [t]™ such that
Tliy,...,im] and T'[i{, ..., i;,] are non-isomorphic up to level £ — m and
Vitoosim AV | <2(2 = 1)m - en.
"""" m

Proof of Claim. We use induction on m with the base case m = 0 being satisfied by the empty sequences.

Let m > 1 and suppose that we already constructed some sequences (i1, .. .,im-1), (i],...,i,, ;) €
[1]™! that satisfy the claim for m — 1. Let U := Vitooimy and U = Vl’ s . For j € [t], let
Ui =Vii,.sirnj andU = V’ T .In other words, U = U U---UU; andU’ = U’ --UU]/ are the

Lpseess m—1

bottom partitions of the P;-mixing constructions G[U] and G’[U’], respectively. These constructions
are maximum; thus, by Lemma 4.3, their bottom partitions are balanced and, by simple induction on m,
each part has size n/t"™ + O(1).

For each i € [t], there cannot be distinct j, k € [¢] with each of A = U; N U' and B := U; N U},
having at least en elements. Indeed, otherwise the co-degree of each pair (a, b)’ e A X B is at most

|U;| -2 = n/t"™+0(1) in G[U] as all such edges lie inside U;, and at least (t —3)n/t" +O(1) in G'[U’]
(since the bottom pattern of G’[U’] has ¢ — 3 triples containing the pair {i, j}). This is impossible, since
then
t—4
|G AG'| 2 |G"\ G| > |A| - |B]| - (( o ) 0(1)) > e’n’. (4.4)

Thus, there is & : [t] — [¢] with |U; N U]’.I < en for each j € [¢] different from h(i). Since
e < 1/tf < 1/™, we have

Ui 0 U | 2 (U] = (£ = Den — U\ U 2 tim —2(t—=Dm-en+0(1), (4.5)

which is strictly larger than half of |U ;l(l.) |. Thus, & is an injection and, by the equal finite cardinality of
its domain and its range, a bijection.

The map 4 has to be an isomorphism between the base patterns D and D’ of G[U] and G'[U’],
respectively. Indeed, if 4 does not preserve the adjacency for at least one triple, then (4.5) implies that,
say, |G A G'| > (n/(2t™))? > &3n3, a contradiction.

Since the trees T'[iy,...,im-1] and T'[i{,...,i ] (which are the trees of G[U] and G'[U’]) are
non-isomorphic up to level £ — m + 1, there must be i such that, letting i,,, := i and i}, := h(i), the trees
Tli1,...,in] and T’[ii, ..., 1,,] are non-isomorphic up to level £ — m. Also, by (4.5) (and its version

when the roles of G and G’ are exchanged), we have that

AV, LI <UAU | +2(t—1)-en <2(t = 1)m - en.

,,,,,,
Thus, the obtained sequences (i1, . .. ,im), (i;, ..s0n) € [£]™ satisfy the claim. O

Finally, a desired contradiction follows by taking m := ¢ in the above claim (as every two trees are
isomorphic up to level 0), finishing the proof of the second part of Theorem 1.3. O

5. Feasible region
In this section, we prove Theorem 1.5. We need some auxiliary results first.

Lemma 5.1. Suppose that P = (m,E,R) is a minimal pattern. Then every pair {i,j} € (') is
contained in some multiset in E.

Proof. Suppose to the contrary that there exists a pair in [m] that is not contained in any multiset in E.
By relabelling the vertices in P, we may assume that this pair is {1,2}. Let A := Ap. For z € S, let
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f(z) = Ap(2)+A Y, cg z, . Note that no term in f(z) contains the product z;z». So we can rewrite f(z) as

F@) =) (aidh +Bizh) +7,

i=1

where a;, 8;, v > 0 all depend only on z3, ..., Zp.
Let x € X be an optimal vector for P. By symmetry, we may assume that 3’ _, aqx’l_l >0 ,Bixlz‘l.
Lety := (x1 +x2,0,x3,...,%X5) € S,,. Notice that

r

F = F®0 =Y ailn +x2) = Y (aix] +Bixf)
i=1

i=1

r r r
= (x1 +x2) Za’i(xl +x0)" 7! - (xl Zaixi_l +X2 Z,Bixé_l)
i=1 i=1 i=1
r r r
> (x1 +x3) Z @i(xp+x2)7 = |x Z aix’l_l +x3 Z a/,-xll_l
i=1 i=1 i=1

= (x1 +x2) Z(ai(xl +x2) 7 - a'ixli_l) > 0.
im1

Since x is an optimal vector for P, we must have f(y) — f(x) = 0, implying that y is an optimal vector
for P or thaty = ey is the first standard basis vector. In either case, one can easily derive that Ap = Ap_»,
contradicting the minimality of P. O

For every i € I and pattern P; = (m;, E;, R;) we let S; C [m;] \ R; be the collection of j € [m;] \ R;
such that for every blowup E;(V1, . . ., Vi, ) of E; the shadow of E;((V1, . . ., Vi, ) has no edge inside V;.

Lemma 5.2. For every finite collection Py of minimal 3-graph patterns with the same Lagrangian
A € (0, 1), there is an integer M such that for every € > 0, there exist § > 0 and Ny > 0 such that the
Sollowing holds for all n > Ny. If G is an Fyy-free 3-graph on [n] with at least (1 — §) ('3’) edges, then
there exists a Py-mixing construction H on [n] with base P; and bottom partition V(G) = Vi U---UV,,
for some i € I such that 5(H) > (1 — 8)("51), |H & G| <e(3), IVil/n,....[Vim|/n) is e-close to a
Pj-optimal vector, and 3 ;cs, |(0G)[V;]] < €(5).

Proof. Many steps of this proof are similar to the analogous parts of the proof of Lemma 3.16. So we
may be brief when the appropriate adaptation is straightforward,

Let £y be the constant returned by Lemma 3.15 and then let M be sufficiently large. Given & > 0,
choose sufficiently small positive constants in this order: 4 > §3 > 0, > d; > . Let n — oo and let
G be any Fy-free r-graph on V := [n] with at least (1 — 6)(3) edges.

Due to Theorem 1.2(b), we may assume that |G A H| < 6, ('3’) for some P;-mixing construction H.
Let H have the partition structure V, the base P; and the bottom partition Vi, . . ., V,,,. By modifying H
as in the argument leading to (3.19), we can further assume that

S(H) > (1—52)("; 1) and |G A H| < 52(’3’). 5.1)

By Lemma 3.9(b), the bottom part ratios are within & from a P;-optimal vector. Thus, this H satisfies
the first three properties stated in the lemma. The rest of the proof is dedicated to proving the remaining
property that the total shadow of G inside the parts V; with j € S; is ‘small’.

Let

Z) = {v eV:idg(v) < (/1—63)('1; 1)} and G| =G -Z.
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By (5.1), we have the following inequalities.
Claim 5.2.1. It holds that
3|G A H|

(63— 62)(",")

1G] = |G| - |zl|("; 1) > (4—5)(’3’) —53n("; 1) > ,1(’31) — 53,
5(G) = —53)(”; 1) “|Zin = (1 —453)(;).

O

Let V' := V \ Zj, and let H; be the induced subgraph of H on V’. Clearly, we have |G| A H;| <
|G A H| < 52('31).
Define

Zy = {V eV’ |Lg,(v) N Lg, (v)| < (/1—54)(;)} and G; =G| — 7.

Similarly to Claim 5.2.1, we have the following.
Claim 5.2.2. We have |Z3| < 641, |G2| > A(3) — 64n® and 6(G2) > (4 —464)(5).

LetV"” :=V’'\ Zyand V;” := V; N V" for every legal sequence i. Let H, be the induced subgraph of
H on V”. Similarly to above, we have |G» A H,| < |G A H| < 6n® and

n—1 n
5(Hy) = 5(H) - <|zl|+|zz|)( ; )z u—sm(z). (52)
In addition, it follows from the definition of Z, that for every v € V",

|L,(v) "Ly, (v)| = (A - 54)(;) —1Za2[(n=2) > (1 -364) (;) (5.3)

Take any j € S;. Our next aim is to show that G N (sz'”) = (. Suppose to the contrary that there
exists D = {uy,up,us} in G with uy,uy € V;’.

Let Hj be obtained from H, by removing edges contained in H>[V"”] for all legal sequences i of
length at least £y. Let T := Tp,. By the min-degree property of H and Lemma 3.9(c), each part of Vg
at level at most £y has at least (8/2)%n vertices. This is much larger than |Z; U Z,| < (83 + 62)n, the
number of the removed vertices when building H3 from H. Thus, in particular, Ty, = TIIZVCISKO. Note
that if the tree T is extendible, then it is maximal up to level £y. Indeed, each involved recursive part Vj
of H has at least (3/2)%n vertices and thus must span some edges, for otherwise, the edge density of
the P;-mixing construction H, which is p(H) > p(G) — §2 = A — § — d, can be increased by

Vil

=o'

)/(Z) > A(B/2)%0 —0(1) > 6 + 65,

thus jumping above the maximum density A + o(1), a contradiction. Let F be the rigid P;-mixing
construction with Tr = T, returned by Lemma 3.15 or 3.14. Since M > {, we can assume that F’ has
at most M — 1 vertices.

By relabelling V(F), we can assume that uy, uy € V(F) and these vertices have the same branch in
F and H (which is just the single-element sequence (j)) while u3 ¢ V(F). Let F? be obtained from F
by adding the edge D (and the new vertex u3). Let W be the partition structure of F.
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Claim 5.2.3. FP € Fy

Proof of Claim. Suppose to the contrary that there exists an embedding f of FP into some P;-mixing
construction Q with base P, and bottom partition Uy, . . ., Uy,, . We can assume that f(V(FP)) intersects
at least two parts Uy. First, suppose that already the image of V(F) C V(FP) under f intersects at least
two bottom parts of Q. By the rigidity of F, we have that ¢ = i, and by relabelling the parts Uy, we can
assume that Wy C Uy for every s € [m;]. Thus, f({u1,us2}) € U;. By j € S;, no edge of Q can cover
the pair {u;,u,}, a contradiction to f mapping D to an edge of Q. Thus, suppose that f(V(F)) C Uy
for some s € [m;,]. Since |F| > 0, we have s € R,. By V(FP) = V(F) U {u3}, it holds that f(u3) € Uy
for some k # s. However, then the profile of the edge f(D) in Qis {s®, k }}, contradicting by Lemma
2.3 our assumption that Ap, =4 < 1. O

Now, we apply the familiar argument where we consider all maps f : V(FP) — V(Hj3) such that f is
the identity on D and, for every vertex u of FP different from u3, it holds that brg (1) = brg, (f (1)), that
is, the branch of f(u) in H3 is the same as the branch of u in F. We have by Lemma 3.9(c) that for every
legal sequence i of length at most £y, we have |V;"| > (B8/ 2)%|V”’|. Thus, the number of choices of f is
at least, say, ((3/2)%n/3)"¥)=2. By Claim 5.2.3, each choice of f reveals a missing edge Y € H3 \ Go.
It is impossible that Y is disjoint from {u,u,} for at least half of the choices, for otherwise, the size
of Hs \ G is too large, since every such Y is overcounted at most n¥ )= times. Thus, at least half of
the time, we have Y N {uy,uz} # 0. By j € S;, each such Y intersects {u,us} in exactly one vertex.
However, note that, for each j € {1,2}, we have by (5.3) and Lemma 3.11 that

|Lpy (u;) \ La, (uj)] < |La,(uj) \ La, (u))]
= |Lp,(uj)| = |Lg,(u;) N Ly, (u;)]

<A(H) - |Lg,(u;) N Ly, (uj)| < (/l+(53)(;) -(1- 3(54)(;) < 4(541’12.

Thus, the total number of such choices of f can be upper bounded by 2 x 4541 = 85412, the number
of choices of ¥, times the trivial upper bound n¥)~* on the number of extensions to the remaining
vertices of V(F'). This contradicts that 64 was sufficiently small depending on 3 and ¢j.

We have shown that, for every j € §;, the set VJ’.’ spans no edges in 0G; that is, every edge of 0G in

V; must contain at least one vertex from Z; U Z,. Thus, ¥ ;cs, [(0G)[V;]| < |Z1 U Z3|n < a(”gl). This
proves Lemma 5.2. O

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Again, we can assume that the assumptions and terminology of Section 3.1 apply
to Py.

Let M be a sufficiently large integer, in particular, such that M satisfies Lemma 5.2 and the family
Fu satisfies Theorem 1.2. Let us show that F = Fj satisfies Theorem 1.5. Theorem 1.2 implies that
m(Fym) = 71(Fw) = A, from which it easily follow that M (F.) € M(Fpr). Let us show the converse
implication.

Fix any x in M (Fys) and &€ > 0. We have to approximate the point (x, 1) € Q(Fys) by an element
of Q(F) within ¢ in, say, the supremum norm. Let (G,),, be a sequence of Fy,-free 3-graphs
that realizes (x,1). Let v,, = v(G,) for n > 1. By passing to a subsequence if necessary, we can
assume that the sequence (v;),ey is strictly increasing. Since limy,— 0(G,) = 7(Fpr), Lemma 5.2
applies for all large n and returns a P;-mixing construction H, on V(G,). In particular, it holds that
0(Hy) > (A- 0(1))(""2_1) and |G, AH,| = o(v}) as n — 0. Since H,, is a P;-mixing construction and
lim, 0 p(Hy) = lim, e p(G,) = 71(Fpr), we have lim,, oo p(0H,) € M(Fo)-

Let £ be a sufficiently large integer. Define 674 := (1 —4/(2r))“*!/2 and then let 6, > --- > §; be
sufficiently small positive constants, chosen in this order. Let n — co. Let V be the partition structure of
H,,. By choosing n sufficiently large, we can assume that §(H,,) > (A — 61)(V”2_1), |GnaH,| < 61(%),
and |G| = (1-61)(%).
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We call edges in G, \ 0H,, bad shadows. By Lemma 5.1, every edge e € dG,, \ 0H,, is contained
entirely inside some bottom part of H,,. Let bry(e) denote the (unique, nonempty) maximal sequence i
such that e C V;.

Every bad shadow with branch of length at least £ + 1 lies inside some part V; with |i| > £+ 1, whose
size is at most (1 — 1/(2r))**'v,, by Lemma 3.9(c). By the Hand-Shaking Lemma, the number of such
pairs is at most % (1=2/@2r)* v, vy = 641V,

Recall that each part of height at most £ in H, has size at least (8/2)¢v,, by Lemma 3.9(c). In
particular, by Lemma 5.1, the collection of all bad shadows whose branch has length 1 is exactly the set
Ujespim,, 9Gn [V;], and by Lemma 5.2, we have that

> 106GVl < 202

JESL(Hy)

Now, repeat the following for every recursive index j; € Rp(g,). Since 6(H,) > (1 -6 1)(""2_1), we
have by Lemma 3.9 that |V, | > Bv,/2 and 6 (H, [V}, ]) > (1-82) (M12|_1). Since |G, [Vj,1aH, [V}, ]] <
|GnaH,| < 61(%), we have

GVl = |Hal V1] = 61(V3") > (1- 252)(|V3j' ').

So applying Lemma 5.2 to H, [V}, ], we obtain that, for example,

1 %
190G [V 1 < —63( )
. m 2
JESh(HA V), )

where m = max{my : k € I'}. Therefore,

319GVl < m(sigf)

JLERD(Hy) JESL (H [V}, )

_6‘)".
—32,

that is, the number of bad shadows whose branch has length 2 is at most 03 ("2") Repeating this argument,
we can show that the the number of bad shadows whose length of branch is # < € is at most dp,41 (Vz”)
Therefore, the total number of bad shadows is bounded by

Vn Vn Vn Vn Vn
<2 .
) eol3) e roeal’s) <20 ()

Therefore, |0G,, \ 0H,|/ ("2") < &/2. However, every pair xy € dH, at level at most ¢ is covered by at
least (8/2)¢v,, triples in H,,. This observation and our previous estimate of the total number of pairs at
levels at least € + 1 give that

3|G, AH,| € (vy
Hy nl < A L .
OHn\ DGl < ot =, <2(2)

Since & > 0 was arbitrary, we conclude that x € M (Fy;). This proves Theorem 1.5. O

6. Proof of Corollary 1.6

In this section, we prove Corollary 1.6 by applying Theorem 1.5 to two specific patterns.
Consider the following two patterns P; = (5, Kg’, {1}) and P, = (7, Bs3,{1}), where the 3-graph
Bs 3 was defined in Section 2.4.
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Lemma 6.1. The following statements hold.

(2) We have Ap, = Ap, = A, where A = 3(\/7 - 2) /4 ~ 0.484313.
(b) Forx € S%, we have /1K53 (X) + Ax] = Aif and only if

V-2 5-7
X1 = 3 and xp=---=Xx5= T (6.1)
(c) Fory € S5, we have Ag,,(y) + Ay; = A if and only if
V7-2 5-7 5-7
N=Tm n=EnsT o and ys=:--=y7;= Y (6.2)

Remark. Parts (b) and (c) imply that Py and P, are minimal.
Proof. Forx € S andy € S7, let

Ag3(x) ABs,(y)

X) = — and = .
g1(x) - 22(y) -y

It follows from the AM-GM Inequality that

/l,(53 (X) _ 6()61 Zije([zis]) Xixj + Zijke([zésl) Xinxk)

g1(x) = - [~
4\ [ 1-x; 2 4 [ 1-x1 3
o (=) +(=))
= l—x?
_ 30 —x)d+5x) 3(V1-2)
B 8(1 +x; +x%) - 4 ’

where the equality holds if and only if (6.1) holds.
Similarly, for g>(y), we have

ABs;(¥) = 6y1(y2y3 + (y2 +¥3) (4 + y5 + Y6 + y7) + (ya + ¥5) (V6 + y7))
+6(y2y3(ya+ys5s+y6+y7) +y2(ya+y6) (¥5 + y7) + y3(ya + y7)(¥5 + ¥6)).

Notice that

yay3+ (2 +y3)(Ya +y5 + Yo + y7) + (ya +y5) (Ve + y7)
= yoy3 +y2(ya+ys5) +y2(y6 + y7) + y3(ya +y5) + y3(ys + y7) + (Y4 + y5)(y6 + y7)

+ -4 2 3
e I RS

4
=02(y2,¥3, Y4+ Y5, Y6 + ¥7) < ) ( )

where

or(x1,...,x5) = Z nxi

xe(lsh) iex

is the i-th symmetric polynomial, and the last inequality follows from the Maclaurin Inequality (see,
for example, [4, Theorem 11.2]) that o (x1, . .., x5) < () (x1 + -+ - +x,)¥/s* for any nonnegative x;’s
and k € N.
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Also, it follows from the AM-GM and Maclaurin Inequalities that

V23 (ya+y5 +ys +y7) + y2(ya +y6) (¥5 + y7) + y3(y4 + y7) (5 + ys)
y4+y6+ys+y7)2 (y4+y7+ys +)’6)2
2 2
yat---+y7
4

< y2y3(ya+ys+y6 +y7) +yz(

4 30
=03(y2, 93, Va +ys + Y6 +¥7)/2, (Y4 +y5 + y6 + y7)/2) < (3)( ) = E(l -y’

Therefore, A5, (y) < 6(%)}1(1 —yi)?+ %(1 - y1)3). Similar to g;(x), we obtain

3 2 1 3

22(y) =

and, as it is easy to check, equality holds if and only if (6.2) holds. This gives all claims of the lemma. O

For the next lemma, we need the following definitions. Given a collection {P; = (m;, E;, R;): i € I}
of r-graph patterns, we define a family X* P; recursively for every integer k > 0 in the following way.
(Note that it is different from the family X4 P; that appeared in the proof of Lemma 3.4.)

Definition 6.2 (The k-th P;-mixing construction). Let

20p; = U{H: H is a P;-construction}.
iel
For every integer k > 1, an r-graph H is a k-th Py-mixing construction if there exist i € 7 and a
partition V(H) = V; U --- UV, such that H can be obtained from the blowup E;((V1,..., V) by
adding, for each j € R;, an arbitrary (k — 1)-th P;-mixing construction on V;. Let kP, denote the
collection of all k-th P;-mixing constructions.

Informally speaking, in a k-th P;-mixing construction, we have to fix i € I and are required to use
only pattern P; on all levels larger than k. It easy to see that skp, C Zk/P, forallk’ > k,andif Ap, = 2
for each i € I, then the maximum asymptotic density attainable by X% P; for each k > 0 is 1. Moreover,

| J=*P =xP;.
k>0
For every integer k > 0, let My« p, (resp. Mxp,) be the collection of points x € [0, 1] such that there

exists a sequence (H,),; of r-graphs in kP (resp. ZP;) with

lim v(H,) =co, lim p(H,)=A4p,, and lim p(dH,) = x.
n—oo n—oo

n—oo
It is easy to observe that the set My p, is the closure of Uy »o Msk p, ; that is,
MZP[ = U Mzkpl,
k>0

which gives a more precise version of Observation |.4.
We will need the following theorem (which is a rather special case of, for example, [16, Theorems
(1) and (3)]) for determining the Hausdorff dimension of a self-similar set.

Theorem 6.3. Suppose that m > 2 and, for each i € [m], ¥;(x) = r;(x — x;) + x; a linear map with
ri,Xx; € Rand |r;| < 1. Additionally, suppose that this collection of maps {¥1,...,¥m} satisfies the
open set condition — namely, that there exists a nonempty open set V such that
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L Uiepm i (V) €V, and
2. the sets in {y;(V): i € [m]} are pairwise disjoint.

Then the Hausdorff dimension d of the (unique) bounded closed nonempty set A that satisfies A =
Uiepm) ¥i(A) is the (unique) solution of the equation

D, nlt=1.

ie[m]
The following lemma determines the HausdorfI dimension of the set M5 (p, p,}-

%ﬁ , and for every integer k > 0, we have

i

Lemma 6.4. We have Myo(p, p,, = { %ﬁ}

M2k+1{P],P2} = {l//] (X): X € MZk{P],Pz}} U {l//z(x): X € Mzk{Pl,Pz}}’ (63)

where we define, for every x € R,

11 -4vV7 6 - V7 6—-V7
Yi(x) = 5 \/_(x— 4\/_) + 4\/_ and
(o = 1 —4VT( 22-3V7) 22-3V7
vl = g 16 6
Moreover, the Hausdorff dimension of Ms (p, p, is
5= — 1982 0205641,
10g(4\/7 + 11)
PN _ . 6-V7 o 22-3V7 :
Proof. Lemma 6.1 implies that Myo(p p,y = {a,b}, where a := >3~ and b = =5, Here, a is

obtained by solving the equation

1_(%—2) _4(5—«/7) +(«/7—2)x:x’

3 12 3

and b is obtained by solving the equation

(«/7—2)2 (5—\/7)2 (5—\/7)2 (\/7—2)2
1-— -2 -4 +|—— ] x=x.
3 12 24 3

Let k > 1. It follows from the definition of Msk+1(p, p,} that @ € My (p, p,; if and only if there exists
B € Msk(p, p,y such that

Vi-2\? (5-v7) [(Vi-2\' 13v7-20 11-4v7
RIS S S e ST
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or
2 2 2 2
wor [T =2) (5= VT) 5oV L (V-2 p
B 3 12 24 3
47VT - 64 11 -4V7
= =t 5 B =y2(B).

This proves (6.3).
Next, we prove that the Hausdorftf dimension of Ms(p, p,1is ¢.Let A := Msp, p,y and V = (a, b).
Note that A is a bounded closed set that, by (6.3), satisfies A = /; (A) Uy, (A). Also, routine calculations

show that ¥ (V) = (a, c¢) and ¥, (V) = (d, b), where ¢ := mﬂ%ﬁ is less than d = %ﬁ. Thus, the
open set V and the maps i1 and y, satisfy the Open Set Condition; that is,

Y1(V) Uy (V) €V oand ¢ (V) N (V) = 0.

However, recall that A C [0, 1] is a closed set satisfying A = 1 (A) U ¢»(A). So, by Theorem 6.3,
the Hausdorff dimension of A is the unique solution x to

H-4v7| (1=4vT|
9 9 -

1,

which is ¢, as desired. ad

Now Corollary 1.6 is an easy consequence of Theorem 1.5 and Lemma 6.4.

7. Concluding remarks

Since our paper is quite long, we restricted applications of Theorem 1.2 to 3-graphs only. Some of these
results extends to general r, while such an extension for others seems quite challenging. For example,
our proof of Theorem 1.5 also works for r-graph patterns and the (r — 2)-th shadow (when we consider
pairs of vertices covered by edges). However, we do not know if the analogue of Theorem 1.5 holds for
the (r — i)-th shadow when i > 3.

However, we tried to present a fairly general version of Theorem 1.2 (for example, allowing P; to
contain patterns with different Lagrangians) in case it may be useful for some other applications.

In some rather special cases of Theorem 1.2, it may be possible to drop the constraint that each
P; € P is minimal. For example, it is shown in [15] that for every (not necessarily minimal) pattern
(m, H,0) where H consists of simple r-sets, there exists a finite forbidden family whose extremal Turdn
constructions are exactly maximum blowups of H. However, we do not know if this is true in general
since the minimality condition is crucially used in the proof of Theorem 1.2.
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