
A COMBINATORIAL INTERPRETATION OF 
RAMANUJAN'S CONTINUED FRACTION 

G. S z e k e r e s 

( rece ived M a r c h 1, 1968) 

The p u r p o s e of the p r e s e n t note i s to give a co mb in a to r i a l 
i n t e r p r e t a t i o n of the coeff icients of expans ion of the Ramanujan 
continued f r ac t ion ( [ l ] , p . 295) 

2 3 
x xt xt xt 
1 + 1 + 1 + 1 + 

The r e s u l t i s e x p r e s s e d by f o r m u l a (12) be low. 

The e n u m e r a t i o n of d i s t inc t s c o r e v e c t o r s of a t o u r n a m e n t leads 
to the following p r o b l e m : (Erdos and M o s e r , see Moon [2] , p . 68) . 
Given n > 1, k > 0, d e t e r m i n e the number of d i s t inc t s equences of 
pos i t i ve i n t e g e r s 

(1) a < a 0 < . . . < a = n 
1 — 2 — — n 

sat isfying 

(2) a. > i for 1 < i < n 

and 

(3) a 1 + . . . + a n _ 1 = Ç ) + k . 

Denote by A(n, k) this n u m b e r and se t 

(4) A(0 ,0) = 1. 

C lea r ly 

(5) A(n ,0) = A(n, ( * ) ) = 1, A(n, k) = 0 for k > ( * ) . 

Le t B(n, k), n ;> 1, k >_ 0 be the number of s equences of i n t ege r 

( l f ) b < b 0 < . . . < b = n 
1 — 2 — — n 
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with 

(21) b . > i for 1 < i < n 

and 

(3') b 1 + . . . + b n l = ( * ) + k . 

Note that 

(5') B(n, k) = 0 for 0 < k < n - l and for k > ( ^ ) , 

B ( n , n - 1) = B(n, ( * ) ) = 1, 

a l so 

(4') B ( l , 0) = 1. 

Since b t - n f r o m (1') and (25), d. = b . - 1 (1 < i < n) 
n - 1 i i — 

sa t i s f i e s the condi t ions (1), (2) and (3) with n - 1 , k - n + 1 in s t ead 
of n, k, and c o n v e r s e l y . Hence 

(6) B(n, k) = A ( n - 1 , k - n + 1) (k > n - 1 > 0), 

and t r i v i a l l y 

n 
(7) A(n, k) = S S B ( n . , k . ) . 

r=0 n + . . . + n = n 
1 r 

k +. . .+k = k 
1 r 

Set 

(8) F(x , t) = S A(n, k) x n t k , 
n > 0 
k > 0 

(9) f(x, t) = 2 B(n, k) x n t k . 
0 < n - l < k 

Then by (6) and (7) 

00 

F ( x , t ) = Z (f(x, t)) J 

r = 0 l - £ (x . t ) 
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f(x, t) = ? A ( n - l , k - n + l ) x n t k 

k> n - 1 > 0 

^ A / , , . . % / ,*n-l k-n+1 
= x S A ( n - 1 , k-n+1) (xt) t 

k > n - 1 > 0 

= x F (xt, t), 

giving 

2 
/ . ^ v „ . v 1 1 X Xt Xt 
(40) F^t] = i-xF(xt,t) = i r i n : — ••• 

= S A(n, k) x n k 

and 

(11) *(*.t) = f ^ f . . . . 
1- 1- 1-

In p a r t i c u l a r we have for the Ramanujan f r ac t ion 

(12) t+T+ÏT= T H ) n T l B ( n , k ) x n t k , 
0 < n - l < k 

w h e r e B(n, k) i s the number of solut ions of ( l 1 ) , (2') and (31). 

Obse rve that f rom (10) 

F ( x - 4 ) = l - x F ( x . D = ^ ( l - d - 4 x ) 1 / 2 ) ; 

hence by (8) 

2 A(n,k) = - 7 7 ( 2 n ) 
k > 0 n + 1 n 

which i s indeed the to ta l number of in teger solut ions of 

a, < a^ < . . . < a = n, 
1 — 2 ~ ~ n 

a. _> i for 1 £ i < n. 

S i m i l a r l y 
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F(x,-1) 
l - x F ( - x , - l ) x 

l+xF(x , -1) 

14xF(x , -1) _ 1 , , ,9 X , ,X A 2.1/2. 
"A ]~ïw \T " T~ (-l+2x+(l+4x ) ); 
1-x+x F(x, - 1) 2x 

hence, for n > 0, 

EA(2n , 2 k ) - 2 A(2n, 2k+l) = 0, 
k k 

and 

2 A(2n+l,2k) - 2 A(2n+1, 2k+l) = ^-~ ( n ) . 
k k n+1 n 

Generally one can calculate the explicit value of F(x,£,) for any 
3 

root of unity t,. For example if t, = 1, £, i 1 then 

2x(l-x) 1-x 

It would be interesting to find an asymptotic expression for 
B(n, k) when k is large and n var ies from 1 to k. It seems likely 
that for fixed k, B(n, k) increases monotonically to a maximum as 
n varies from 1 to some fi(k) < k and then decreases monotonically 
as n var ies from |d(k) to k. However not even the approximate value 
of u(k) is known. 
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