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PAIR CORRELATION OF LOW-LYING ZEROS OF
QUADRATIC L-FUNCTIONS

KEIJU SONO

Abstract. In this paper, we investigate the nontrivial zeros of quadratic L-
functions near the real axis. Assuming the generalized Riemann hypothesis,
we give an asymptotic formula for the weighted pair correlation function of
quadratic L-functions associated to the Kronecker symbols. From this formula,
we obtain several results on the rate of simple zeros of quadratic L-functions
and on the average distance of such nontrivial zeros.

81. Introduction

In the early 1970s, Montgomery [11] published his famous paper titled
“The pair correlation of zeros of the zeta function”. In this paper, assuming
the Riemann hypothesis (RH), he investigated the function

T -1 o
B (v=") _~
Fla,T)= (% log T) O<%<T T ) w(y =+,
0<7’\<T

where w(u) =4/(4 4+ u?) and 7, 4’ run over the set of the imaginary parts
of the nontrivial zeros of the Riemann zeta-function ((s) in 0 < Im(s) < 7.
He obtained an asymptotic formula for F(a, T) (0 < a <1 —€), and using
this formula, he obtained several results on the distances of the nontrivial
zeros. For example, under the assumption of the RH, he proved that at least
2/3 — € of the nontrivial zeros are simple, and that

<A<l
n—o0 2

holds for specific A, where ~, denotes the imaginary part of the nth
nontrivial zero of ((s) in the upper half-plane.

Later, Montgomery’s idea, combined with new conceptions or improve-
ments, was extended to many types of L-functions or other situations.
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For example, Ozliik [12] investigated the nontrivial zeros of the Dirichlet L-
functions near the real axis. Assuming the generalized Riemann hypothesis
(GRH), he proved that at least 11/12 of such zeros are simple in some sense.
One of the other interesting generalizations is the work of Hejhal [7]. From
the explicit formula of the Riemann zeta-function introduced in another of
his papers [6], he constructed a certain asymptotic formula for the function
involving the pairs of three distinct zeros of ((s). Further, the result of Hejhal
was generalized by Rudnick and Sarnak [16], and the n-level correlation of
the zeros of principal L-functions was obtained. In particular, their results
agree with the prediction for the Gaussian unitary ensemble of random
matrix theory.

Our aim in this paper is to investigate the pair correlation of the zeros of
the quadratic L-functions near the real axis. As prior research, Ozliik and
Snyder [13] investigated such zeros. Under the assumption of the GRH, they
studied the asymptotic behavior of the function

1 1 ! —md?/D? [1e"
Gk(a, D) = <2K <2> D> > e NN K (p) D
d#0 pPEZy

as D — oo for |a| < 2, where p =1/2 + i~y runs over the set of all nontrivial
zeros of L(s,xq), the quadratic L-function associated to the Kronecker
symbol yq = (d/-), and K (s) is some weight function. From their asymptotic
formula, they proved that assuming the GRH, not more than 6.25% of all
integers d have the property that s=1/2 is a zero of L(s, xq). Slightly
later, by a completely different method, Soundararajan [18] unconditionally
proved that L(1/2,xq) #0 for at least 87.5% of all fundamental discrim-
inants d. On the other hand, there are several researches on the ‘n-level
density’ of the low-lying zeros of quadratic L-functions. For an odd, square-
free integer d > 0, xgq = (8.—d) becomes a primitive character. Assuming the
GRH, we denote the nontrivial zeros of L(s, xsq) by

Ltingay; (j=+£1,%2,..),
where 0 <7541 <7842 < -+ and Vg4, —j = —7ga,;- For X >0, we put
D(X):={X <d<2X|d:odd, square free},
and for a Schwartz function f € S(R™), we put

")) = V8d,j, log X Ysdjn log X
S T TS
J1sendn=E1,£2,...
|7k |:distinct
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Then, the Katz—Sarnak density conjecture [9] asserts that

5 wan (2) oo

dED

D
(1.1)

as X — 0o, where ® is a nonnegative smooth function supported in (1, 2)
satisfying [ ®(z) dz =1, and

W (@) = det(K (25, 25))i j—1,...n;

with ) )
K(z,y) = sinm(z —y) sinm(z+y)
m(z —y) m(z +y)
Katz and Sarnak [9], assuming the GRH, proved that (1.1) holds if n=
1 and f(u = g f(@)e 2™ dz has a support in |u| < 2. Rubinstein [14],

[15], assuming the GRH, established (1.1) under the condition that f(u) =
Jrn f(u)e™ ™ dg: has a support in > i1 |uj] <1, and later Gao [3], [4],
under the GRH, proved that if f is of the form f(z1,...,2,) =[]}, fi(=;)

and each f; is supported in |uj| < s; with 3" s; < 2, then

Jim (W )p i) = A(S),
where A(f) is some complicated expression involving fi, ..., f,. Moreover,
he confirmed that A(f) is equal to the right-hand side of (1.1) if n =2, 3.
More recently, Levinson and Miller [10] proved that this fact is also valid
for 4 <n < 7. Finally, Entin, Roditty-Gershon and Rudnick [2] proved that
assuming the GRH, (1.1) is valid for all n if f is supported in E?:l luj| < 2.

If anything, our approach to investigate the pair correlation of low-
lying zeros is similar to that of Ozliik and Snyder [13], in which they
investigated the 1-level density of these zeros. In this paper, assuming the
GRH (including the RH), we investigate the function Fi («, D), defined as
follows. Let K (s) be analytic in —1 < Re(s) < 2 and satisfy K(1/2 —it) =
K(1/2+1it) for any t € R. Moreover, we assume that its Mellin inverse
transform

(1.2) a(z) == — K(s)x™*ds
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converges absolutely for any —1<ec¢<2, >0, and that a(z) is real,
nonnegative, belongs to the C'-class, and has a support in [A4, B] for some
0 < A< B <o0o. Then, K(s) is given by

(1.3) K(s) :/OOO alt)t® %.

For d € Z, let x4 = (d/-) be the Kronecker symbol, and let L(s, x4) be the
L-function associated to x4. We denote the set of nontrivial zeros of L(s, x4)
by Z4. For x >0, D > 0, we put

fre(@, D) =" ™/ N K (p1) K (pa)at 72,
d

P1,p2€24
and for o € R, we put

1
xDlog D
1

—d? 2 T -\ Nt —
(1.4) = 5iap 2. T D K(p)K(p) D),
& d p1,P2€2Z4

Fr(a, D) = { fr(z, D)]

r=D%

where pj =1/2+4vy; for j=1,2. Then, the main theorem is stated as
follows.

THEOREM 1.1. Assuming the GRH, for any small 6 > 0, we have
Fx(a,D) = L()a+ a(D™%)2D % log D + a(D~%) - O(aD~*/? log D)
+a(D™)? . O(D™) 4+ O(min{1, aD~*log’D})
+ O(min{arlog D, aD™?log D 4 a(1 + o?)D~*/? 1og® D})
(1.5) + O(min{D%(log D)™}, a®*D~*log® D}) + o(1)

uniformly for 0 <a <1 -9 as D — oo, where

L(1) = /000 a(x)? dz.

The implied constants depend only on K(s) and § > 0.

It should be noticed that the result on the 1-level density by Katz and
Sarnak [9] is stronger than that of Ozliikk and Snyder [13] in some sense.
However, the author believes that the asymptotic formula of Theorem 1.1
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is more useful than the limit formula (1.1) (n =2) if we restrict the target
only to the study of the pair correlation of low-lying zeros of L(s, xq4), since
the factor 71 — 72 is contained in the definition of Fi(«, D), and both the
left-hand side and the main terms of the right-hand side of (1.5) are very
simple; hence, we can easily compute the integrals involving these terms. In
fact, several concrete results on the average gaps of the nontrivial zeros are
obtained. Section 4 of this paper is devoted to their study. In Corollary 4.2,
we give a certain upper bound for the number of pairs of ‘close zeros’ near
the real axis. In Corollary 4.3, we give a lower bound for the weighted
sum involving simple zeros of L(s, x4). Finally, in Corollary 4.4, we prove
that there are quite a few pairs of zeros (1/2 + iv1, 1/2 + iy2) of L(s, xq)
(d € Z\{0}) satisfying 0 < |y1 — 72| < (27\)/ log D, if X is large to a certain
extent.

§2. Preliminaries

To prove the main theorem, we prepare several lemmas. The following
nine lemmas (Lemmas 2.1-2.9) are all found in [13].

LEMMA 2.1. We have

(2.1) Ze_”dQ/yz =y+o(l) (y— 00).
d

Here, ), denotes the sum over all nonzero integers d.

LEMMA 2.2.

(2.2) 3 e log d| = ylog y + O(y)  (y — o0).
d

LEMMA 2.3. We have

1
(23) Z e*ﬂ'dQ/yQ _ Iy1/2 . 5 + O(y71/2)
d=0

asy — 0o. Here, I = (1/4)7~Y*T(1/4), and 3" ,_1 denotes the sum over all
positive square integers.

Instead of (2.3), sometimes we use

(24) Do =1yt % + O(min{1,y~'/2})
d=0
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or
(2.5) ST e = 1yl 01,
d=0
LEMMA 2.4. Assuming the RH, we have

2 1 (1
(2.6) Z a <1;> logp= §K <2> 22 + 0@z 1og? ) (z — ).
p
Here, Zp denotes the sum over all primes p.

It should be noticed that the implied constant in (2.6) is dependent on
a(z) (and hence on K(s)). Hereafter, this fact will be valid for almost all
asymptotic formulas, although we will not comment again.

LEMMA 2.5. Assuming the RH, we have

(2.7) Za (g) logp=K (1) x4 O(z'/?log? ) (z — o0).

LEMMA 2.6. Assuming the RH, we have

(2.8) Z a <§> l(zi,)p =K (;) Y2 + 0(log? ) (z — o).

LEMMA 2.7. Assuming the RH, we have

o) Ya(?) loip — K (0)+ 0@ log?z) (2 — o0).
p

LEMMA 2.8. Assuming the RH, we have

(2.10) Y a (’f) loip - %K (0) + O(z~ Y4 10g2 ) (2 — 00).

LEMMA 2.9. We have

(2.11) Z a (g) p % log? p<a®?logx  (z— o).

In addition to these nine lemmas quoted from [13], we need several
asymptotic formulas.
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LEMMA 2.10. We have

[e.e]

1
(2.12) Z e~ /v log? d = 2V log?y + O(ylogy) (y— o).
d=1

Proof. The left-hand side is

00 oo d ©
Z o[y log® d = Z e~ /Y’ log? () + 2(log y) Z e~y log d
=1 =1 4 d=1
(2.13) — (logy)? Y e ™",
d=1

The first term on the right-hand side of (2.13) is

Z e~ /Y’ log? <d> = / e~ /v log? (u) d[u]
Yy - Yy

d=1
= / e~ /v log? <u> du
1 Y
(2.14) - / e TV Jog? (Z) d{u},

where [u] denotes the integer part of u, and {u} :=wu — [u]. By the change
of parameters u/y = v, we can easily see that

o0 _ 2 /02 2 u
/ e ™Y 1og <> du < y,
1 Yy

and by partial integration, we have

/ 6_7ru2/y2 10g2 <U> d{u} < log2 Y.
- Y

Hence, the first term on the right-hand side of (2.13) is O(y). Moreover, by
Lemma 2.1, we have

> 2,2 1
Z e~y 5V + o(1),
d=1

and by Lemma 2.2, we have

o

1
Z e~y log d = 2Y logy + O(y).
d=1
By inserting these into (2.13), we obtain the result. [
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LEMMA 2.11. We have

(2.15) Z a (%) plogp < az? (z— 00).

Proof. Tt should be recalled that the function a(u) is bounded and has
a support in [A, B]. By the prime number theorem (PNT), the number of
primes p satisfying the condition p/x < B is O(z/ log x). Therefore,

Za <£)plogp<<xlogx-izx2.
” x log x i

By a similar argument, we obtain the following.

LEMMA 2.12. We have

(2.16) Y a (f) plogp <z (z— o0).

p

Hereafter, we put

(2.17) L(s) == /OOO a(t)’t® %.

LEMMA 2.13. Assuming the RH, we have
(2.18)

Z a <§>2 (log p)? = L(1)zlogxz + L'(1)x + O(v/z log® z) (z — o0).

Proof. We write

O(u) = Z logp=u+ E(u).

psu

Then, it is well known that E(u) is evaluated by O(u!'/? log? u) under the
assumption of the RH. Now, we have
2
a (ﬂ) log u df(u)

2
S (5) woen= [T

(2.19) = /000 a (%)2 log u du + /OOO a (%)2 log u dE(u).

o0
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By the change of parameters u/x = v, we have
00 uN 2 e 00
/ a (—) log u du = :rlogx/ a(v)? dv—i—x/ a(v)?log v dv
0 €z 0 0
(2.20) = L(1)zlogz + L'(1)z.

On the other hand, by partial integration, we have
/ a (—) log u dE(u)
0
2
/ B {2a 2 d (3)logu a(p) } .
x U

and by the change of parameters u/x =wv, combining with the estimate
E(u) < ulog? u, we easily find that

/ E(u aE:B) du < \/Elog3 x,

/E ag du < /z log? z.

U

Hence, we get

o0 2
(2.21) / a (E) log u dE(u) < vz log® z.
0 €T

By inserting (2.20), (2.21) into (2.19), we obtain (2.18). [

LEMMA 2.14. Assuming the RH, we have

> (2) UB2E — o)t0g e + 1/0) + O 0 a) (@ o0),

(2.22)

The proof of Lemma 2.14 is almost the same as that of Lemma 2.13;
hence, we omit it.
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LEMMA 2.15. We assume the RH. Then, when z1 > 1, we have

2. () < )(logp)(logQ)

P q#p

(2.23) =I"'K()K <1

l) T + O(l_le% log2 x).

The implied constant is independent of .

Proof. The left-hand side is

2.2 () ( )(logp)(logQ)

P g#p

220 == 3a(2)o o(2 >logp+z () rosr 3o (£) s

By the PNT, the number of primes p satisfying p'/z < B is O(lz/!/ log z).

Therefore,
l
PY o (P 102 11t
(2.25) Za<x>a(x>log p<l  zt log x.
P
By Lemma 2.5,
(2.26) Za <£> logp = K(1)x 4+ O(z'/? log? ).
x
P
Further,

Y a (i) log ¢ = /OOO a <Zl) d6(u)
() [ ()

By the change of parameters u!/z = v, the first term on the right-hand side

becomes l
/ a (u) du=1"'2TK (1) .
0 X l
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Since E(u) < u'/?log? u, and since o/(v) is bounded and has a support in
[A, B], the second integral is

o) l o] -1 l
/ a <u> dE(u) = —/ E(u)lu a <u> du
0 X 0 X X
00 l
<<lm1/ ul*% a (u)
0 X

< lm_l(x%)l_% log2(az%) X

< gz log? .
Combining these, we have
(2.27) 3 AN etk (L) o et 0g? )
_ = = - 2 :
q al - )logq x ; x2 log” x
By inserting (2.25)—(2.27) into (2.24), we obtain the result. [
LEMMA 2.16. We assume the RH. Then, when T > 1, we have

S (2)a (L) WL g (F) ke () e

P q#p

(2.28) + 0> 2% log® ).

The implied constant is independent of [.

The proof of Lemma 2.16 is almost the same as that of Lemma 2.15;
hence, we omit it. It should be noticed that the asymptotic formulas of
Lemmas 2.15, 2.16 are still valid if we replace the sum with p, ¢ > 3, p #q.

To obtain the asymptotic formula of the main theorem, we need the
following translation formula for the theta function.

LEMMA 2.17. Let p, q = 3 be distinct primes, and let D > 0. Then,
d 2 2 _D m 21M2/,2,2
22) Y () L o () (D,
— \pq VPa 5= \pg

Here, d and m above run over the set of all nonzero integers.

Proof. If (—1/pq) = —1, the identity (2.29) clearly holds, since both sides
become 0. We assume (—1/pg) =1, and put

https://doi.org/10.1017/nmj.2016.26 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.26

98 K. SONO

)= (2

Then, x,q becomes a primitive character of modulo pg. We define the theta
function ¥ (x, xpq) by

[e.9]

Y(, Xpg) = Z qu(”)einzm/pq

n=-—00
for > 0. Then, 1 (x, xpq) satisfies
pq\'/2
T(Xpg) ¥ (2, Xpg) = (;) Y(z 17 Xpq)

where 7(xpq) is the Gaussian sum associated to x,q (for example, see [1, p.
67]). Moreover, we have 7(xpq) = 1/Pq. Hence, we get

() ntrefeg 12 N (m> —m? fpgo
e =z e .
X ) P
By putting = = pq/D?, we obtain (2.29). [
§3. The proof of Theorem 1.1
We start from the explicit formula
o > n d
> Kpa? = KWEar =Y a(2)Am) (&
PEZg n=1

+a <$) log (' ') + O(min{z, log |d| log z}) (x> 1),

introduced in [13]. Here, E(x) = 1 if x is a principal character, and otherwise
E(x) =0. The error term is interpreted as O(1) if z =1. Since the main
terms on the right-hand side are real, we have

Z K Pl p2)$91+92

P1,p2€24

) {K<1>E<Xd>x S3a () s (fi>
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= K(1)’E(xa)*z” + nil a (g) a (%) A(n)A(m) (Z) (i)

y (m{ ptnae 3 (2) a0 (£) o (1) s ()

O (min{z, log |d| log z})
0] (min{xQ, log? |d| log? x}) .
By multiplying both sides by e—md*/D?

(3.1) fr(z, D)= M; + My + M3z + My + Ms + M+ O1 + Oz + O3 + Oy,

and taking the sum over d, we have

where

1)°2” " B(xa)’e ™/,
M= 3 o (%) () At e (1) (4,
Ms;=a <i>2 Z e~/ D? |2 (‘i’) ;

d
= 2 (2) 400 e 0 (7).
n=1 d
M5 =2K(1)za <i> 3 e~ ™/D” B(yy) log <\ \)
d

1) — d d
M= —2a <m) Z a (g) A(n) Z e /D2 <n> log <|7r‘) ,
n=1 d
01 =0 (min {011, O12}), 02 = O (min {091, O22}) ,
O3 = O (min {O31, O32}) , O4 = (min {O41, Os2}) ,
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On =K(1)a? Y e ™ /P B(yy),
d

Oz =K()zlogz » e ™ /P E(xy) log |d],
d
Oy =x Z o md?/D? i a (g) A(n) (Z)
d n=1
S a (%) am (3)

n=1

I

)

O =logz Z e /D Jog |d|
d

1
O31 =za (> E e~/ D? log (M> ,
x) “ 7r
1
O32=a <> log x Z ¢4/ D? log |d| |log <W|) ,
x y T

O4y = z? Z 677rd2/D2, Oy = log2 x Z eiﬂdQ/DQ log2 ‘d’
d d

3.1 Evaluations of O, O2, O3, Oy
First, we evaluate the error terms O; (i =1, 2, 3,4). By Lemma 2.3,

Z e*”dz/DQE(Xd) = Z e T /D* « D12,
d d=0
Combining this with abelian summation, we find that
> e B (yq) log |d] < D2 log D.
d

Therefore, we have
(3.2) 01 < min{z?D"?, £D'/? log x log D}.

By Lemmas 2.2 and 2.10, we have

12/ P2
Ze 7d?/D

d

Z e /D Jog |d|
d

d
log <H) ’ < Dlog D,
™

d
log <H) ‘ < Dlog? D.
T
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Hence, we obtain
(3.3) O3 < min{zD log D, D log x log* D}.

Next, we evaluate Os. In particular, we evaluate O99 in two ways. First,

‘z o (2)am (4| < S (2) a0 <

by Lemma 2.2, we have

since

(3.4) O < zlog Z e~ /D% 160 |d| < 2D log z log D.
d

On the other hand, we decompose
(3.5)

Og9 =log x Z e~ /D Jog |d|
d=0

+ Z e~ /D% g |d]
d#0

o (5) a0 (7)
> (3400 ()

n=1

Then, the first term is evaluated by

log = Z e /D% 1og |d|
d=0

R n d
> e (3) A <n>‘
<L zlog x Z e /D Jog |d|

d=0

(3.6) < xD'?1og x:log D.

We evaluate the second term on the right-hand side of (3.5). It is known
that, assuming the GRH, for d # [, the estimate

d
. () log p < z'/? log? |d|z
p

p<T

holds (see [13, p. 221]). We decompose

(3.7)
o (20 (3) =50 (2) (§) oS 50 (%) () oo
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Using the estimate above, the first term is evaluated by

Za(g) <Z) logp = /Oooa(z)d 3 (Z) log p

P pPSU
o0 d
= —x_l/ Z <> logp | (E) du
0 p<u p z
(3.8) < 22 log? |d|x.

Next, we evaluate the second term on the right-hand side of (3.7). Since
a(x) has a support in [A, B] for some 0 < A < B < 00, we may assume that
the range of [ is restricted to 2 <[ < log x. Therefore,

25 (4) (¢) o< 5 (2

>2 p =22 p
(3.9) < Z 22 log & < x/? log? x.

2<Iklog x

Combining (3.7)—(3.9), we obtain

(3.10) i a (g) A(n) (Z) < 22 1og? |d|x

for d # [, assuming the GRH. Therefore, the second term on the right-hand
side of (3.5) is

log = Z e /D% 1og |d|
d#0

< z'?logx Z e md*/D? log |d| log? |d|z
d#40

(3.11) < /2D log x log D(log? D + log? z).

> (%) (£)

n=1

Combining (3.6) and (3.11), we obtain
(3.12) Oxp<k D% log 2 log D + 2'/2D log x log D(log? D + log® z).

By combining (3.4), (3.12), and the evaluation Oz < O3, we obtain
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Oy < min {xD log x log D, zD'/? log « log D
(3.13) + 22D log x log D(log? D + log? CL’)} .

Finally, since

z? Z e~ /D? z°D,

log? = Z e/ D? log? |d| < D log? z log? D,
d

we have
(3.14) 04 < min{z2D, D log? z log? D}.

3.2 The computations of M;, M3 and the evaluation of Mj5
Next, we compute M, M3, Ms. These terms do not involve Kronecker
symbols. First, by Lemma 2.3,

1% ) e/ D
d=0
(3.15) = IK(1)2$2D1/2 _ %K(1)2x2 + O(azzD_l/z).

Next, we compute M3. The sum with respect to d is

d
Ze*mp/DQl <| |> 22 ~wd*/D? log? d — 4log7rz —md?/ D" log d

d d=1 d=1

(o]

(3.16) 2(log 7)? Z e md*/D?
d=1

By Lemmas 2.1, 2.2, 2.10, we have

Ze—“d/92 24= 2Dlog D+ O(D log D),

o0 1 o0
S e logd = 5D log D +0(D), S et < D +0(1).
d=1 d=1

By inserting these into (3.16), we obtain

S e/ og (’ |> Dlog? D + O(D log D).
d
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Hence,

(3.17) Ms=a (i)z {D1log? D+ O(Dlog D)}.

Finally, we evaluate Ms5. Since

d d=1

< D'Y? log D,

we obtain

Z e—wdQ/DQE(Xd) log <|i’) < Z e—7rd4/D2 log d

1
(3.18) M5 < za <x> D'Y?1og D.

3.3 The computation of M, and the evaluation of Mj

Next, we compute My. We decompose this by

My = 2Kz [+ > + >

n=pk k>3

e (2)

(3.19) = 2K(1)z (Mf) + MO+ Mf’)) :

say. First,

MY
d=1

o

d=1

o0

(3.20)

d=1
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Py _ p
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d=1
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By Lemmas 2.3 and 2.5,
p > *ﬂ'd4 D2
Z a (;) log p Z e /
p d=1
1

(321) = IK(1)2D"? — ZK(1)z + O((Da)"? log? z) + O(wD~Y/2).

2
By Lemma 2.3,
o0
IDY? 1
Z e~ YD 22 5 + O(min{1, pD~/2}).
D
d=1

Therefore, by Lemmas 2.5 and 2.7, we have

oo
E a (£> log p E g~mp'd*/D?
x
P d=1

1/2

= zp: a (g) log p {I. Dp - % +O(min{1,pD_1/2})}

= IK(0)DY? + O(DY?z1/? 10g? ) — %K(l)w + O(z'/? log? z)

(3.22) 40O (Z a (g) (log p) min{l,pD1/2}> .

p

By Lemmas 2.5 and 2.11, we have

Zp: a (g) log p < x, D~1/? zp:a (g) plogp K ?D~1/2.

Therefore, the last line of (3.22) is evaluated by O(min{z, z2D~1/2}). Hence,

we have
p > —r 4d4/D2
Za (E) longe P
P d=1
1
= IK(0)D'? — Sz
(3.23) +O(D'?2 7 ? 1og? x4 2'/% log® & + min{w, 2° D~'/?}).
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By inserting (3.21), (3.23) into (3.20), we obtain

(3.24) Mil) = IK(l)D1/2x + O((va)l/Q log? = + min{z, :UQD_I/Q}).

Next,
2 o0 2
2 p _rdi/p2 [
Mi ) = Za (a:) IOgPZe &*/D <p2>
P d=1
2 0 0
_ D —md*/D? _ —md*/ D2
(3.25) —Za<x>logp Ze Ze
p d=1 d=1
pld
By Lemmas 2.3 and 2.4,
Z p2 lo i —nd*/D?
a2
- gp €
P d=1
1 LY 12 /4. 2 12 1 —1/2
1 1 1 1
i (2 puege Lt (L) g2
2 <2> T \g) "
(3.26) 4+ O(DY2xY*log? x + 2'/2D7V/?).
On the other hand, since
> DY/?2 1
S e o1 2 2 O(min{1, pD Y2,
P 2
d=1
pld
by Lemmas 2.4 and 2.8, we have
Z p2 lo i —nd*/D?
a | 2
- gp €
p d=1
pld
2 D2 q
:Za (p) logp{I- —+O(min{1,pD_1/2})}
T D 2
P
= ID'/? {;K(O) + Oz~ 10g? x)}
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LI e (1Y e 1/4 1002
2{2K(2>x + O(z/* log” )

o ({2 () en 5 (5] )
- %IK(O)DVQ - % K (;) /2

+ O(z~Y*DY? 10g? ) + O(x*/* log? z)

(3.27) +O<min{za<2>1ogp, 1/22 ( >plogp}>

p

By Lemmas 2.4 and 2.12, we have

p? »
E a <> log p < z'/2, E a () plogp <.
€T xr

p p

Hence, the last line of (3.27) becomes O(min{z'/?, zD~1/2}). Therefore,

e (&)

p d=1
pld

= %IK(O)Dl/Q _ %K <;> $1/2 + O($_1/4D1/2 10g2 ZL‘)
(335  +0@" log? 2) + O(min{a!2, 2DV},

By inserting (3.26), (3.28) into (3.25), we obtain
1 1
Mf) = §IK <2> D212 4+ O(DY?2' /4 1og? z) + O(min{z'/?, zD~/?}).
(3.29)

Next, we evaluate

M =3"%"a ( )1ogpze /D' (xd)<:>~

k=3 p

Since a(u) = 0 for v > B, we only have to compute the part p*/z < B. The
number of such k is O(log x). Since p must satisfy p < (Bz)/* < (Bz)'/3,
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and
o

<> e« pl2,
d=1

5 e ) (%)

using the PNT, we find that

Mf’) < (log z) - Z logp | - D'/?
p<(Bx)'/3
(3.30) < #3DY? log .

By inserting (3.24), (3.29), (3.30) into (3.19), we obtain
My = —2IK(1)2DY22? + O(DY22%/? 10g? ) + O(min{z?, z* D~1/?}).
(3.31)

Next, we evaluate Mg. We decompose this by

wen (g g e (G ()

n=p n=pk k>2
— Mél) + MéQ),

say. By the Pdlya—Vinogradov inequality, we find that

Z e—md*/D* <Z) log (|d|> < +/plogplog D.

y m
Hence, by Lemma 2.9,

1
MG(I) <a (x) Za (g) logp-+/plogplog D
P

1
(3.32) <a (x) - 2%/? log x log D.

Next, we evaluate MéQ). By Lemmas 2.1, 2.2 and the conditions k < log x,
p <V Bx, we have

1 d
M6(2) < a (x) log Z logpz g4/ D? log <’77|)

p<V Bz d
1
(3.33) <a <> Dz/?log z log D.
x
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Combining (3.32), (3.33), we obtain
1

(3.34) Mg < a () {2*/? log x log D + Dz'/? log x log D}.
x

3.4 The computation of M,
Finally, we compute

£ 5Oz ()

where P denotes the set of all prime numbers. It will be convenient to keep
in mind that only k, [ satisfying k, ! < log x contribute to the sum above.
First, we evaluate the contribution of the part p = 2 to M». The contribution
of the part p=¢q¢=2is

2k 2!
(3.35) < Z < > <m> Z e /D « D log? z.

k=1 d
The contribution of the part p=2, ¢ >3, > 2 is
!
T —nd2/D?
<X S0 (T)e(%) tmo T
I1>2 qeP d
(3.36) < Dz'/?log? .

Since (-/2¥q) is a nonprincipal character whose conductor is at most 2¢, by
the Pélya—Vinogradov inequality, we have

Z o2/ D? d\ (d < ¢ log g
2k q
d
for primes q > 3. Therefore, the contribution of the part p=2,¢>3,1=1

is

S5 o () e(@) tomiosa e () ()

k q€Ps3

< (logz) ) a (%) (log q) - ¢"/*log g
qeP

(3.37) < x*?log?z,
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where P-3 denotes the set of all prime numbers greater than 2. By (3.35),
(3.36) and (3.37), the contribution of the part p=2 to M> is at most
O(Dz'/?log? z + /2 1og? x). The contribution of the part ¢=2 is the
same. Therefore, we conclude that

My = i Y a <’;k> a <i> (log p)(log q)

k=1 p,qePs3

d\ (d
3 (5) ()
y P*) \q

+ O(Dz'? 1og? x + 2%/% log? z)
(0.9]
(3.38) =: Z MZ(k’l) + O(Dz'/? log? & + /% log? x),
k=1

say. Moreover, by the PNT and Lemma 2.1, we have

l

k
M <« N a <Z> a (i) (log p)(log q) Y e~/
p,q

d

< klDz\/*+1

for each k,[. Hence, the total contribution of the part £k >3,1>2 or k>
2,1> 3 is at most O(Dz%log* x). Therefore,

My = MM+ M 23 M

1>2

(3.39) + O(Dz"%log & + 23/% log? ).
By the computation above, MQ(Q’Q) is evaluated by
(3.40) M*? < Dz

Next, we compute M2(1’l) forl>1, 1<z < D70,
(A) First, we consider the case that [ is odd. In this case, we decompose

Mt =1 3+ Y |a (S) a <i) (log p)(log )

pgeP>3  pqEP>3
p=q pF#q
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2 () ()

(3.41) Méﬁ” + M35,

say. First, we compute M2(,f ). This term is given by

= () e T
(3.42) - Z ( ) (logp)® 3 e /0",

d
pld

By Lemmas 2.1, 2.13, the first term on the right-hand side of (3.42) is
P2 2 —md? /D2
Z a (;) (log p) Z e
D d
={D+ O HLM)xzlog z + L'(1)z + O(z"/? log® )}

(3.43) = L(1)Dx log x + O(Dx + z log x).
By Lemmas 2.1, 2.13, 2.14, the second term on the right-hand side of (3.42)

is
S (}) tos e

p d

pld
:zp:a(i)Q(logp)Q{l;JrO(l)}
<<DZ () logp) +Za(§)2(logp)2

p
(3.44) <<Dlogm + x log x.

By inserting (3.43), (3.44) into (3.42), we obtain
(3.45) MY = L(1)Dalog 2 + O(Da + a log z).
If [ > 2 (including the case that [ is even), by the PNT and Lemma 2.1,

l
i < S0 (2) o (£ )0ty 3 e
p d
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l
< D- * log? x
log x
(3.46) < 1Dzt log x.

Next, we compute M2(1 2
(a) Let 2 = o(D/?). By the Pélya—Vinogradov inequality, we obtain

S e/ (i) <Z> < (pg)'/* 1og(pg).

d

Hence, by the PNT, we have

l
My <3 a(2)a (i) (log p)(log ¢) (pg)/* log(py)
p.q

l
<Y a (g) P 10g?p Y a (ci) 2 1og? ¢
p q

(3.47) < 123/20+7) log? z.

(b) If DY/?79 <2<« D% by the translation formula of the theta
function (Lemma 2.17), we have

M =p3" 3 a(2)a ( > (log p)(log q) J%q 3 <;;> (DR g

p=3 q=3

qFp
We decompose this by
(3.48) MED = MED — M — M) 4 M) 4 B,
where
Ms(l’l) D Z Z a (g) a (xl) (log p)(log q) —— Z —wm*D?/p
- \ﬁ ="
M =350 () (L) towrtion S e
p=3 q23 :
q7p plm
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”) DZZ ( ) < )(logp logq— Z —mm?D?/p¢*

p=3 q=3 V m=0
q#p qlm
—am2D2 /p2q2
ML = DZZ ( ) ( ) (logp)(logq)f e
>3 q;ﬁg 7}771 O
Q/ m

and

E=DY Y a(?)a (l>(logp><logq>¢%q S oDt

p=3 q;3 m#D
q#p

First, by Lemma 2.3,

MM =DY" Y a () <l>(10gp)(10gQ)\/%q<f ]ﬁ+0<1>>

p=3 ¢=3
a#p

_1D1/2ZZ ( ) ( l) (log p)(log q)

p=3 ¢23
q#p

o o[og - ({)

p=3 ¢23
q#p

By applying Lemmas 2.15, 2.16 to (3.49), we obtain
(3.50)

M= IDV%IK(UK(})&*M 0@~ D212t logz) + O(Da'/* ar).

In the computation above, we used |K (1/2])] < ff /20 dt /t < 1. Next, by

Lemma 2.3,
l > 271204 /42
Mygl’l) = DEZ(L( ) < ) (logp)(logq)f Z e~ DM/
p=3 q;S m=1
a#p

<<D§p:§q:a (i)(l((il) W( p%+0(1)>
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By Lemma 2.7,

By the PNT,

1 1

lx
Za<q> 10gq<<7 logx<<l:v%
p T log x

By Lemma 2.6,

a (g) lc\)%p < 212,

By the PNT and the Stieltjes integral,

=[]

1

S (f) o (4) tye [ e

Combining these, we obtain

(3.51) M < IDV?2T 4 DzV/** 1,

Next, by Lemma 2.3,

8

1 2192,4 /2
DZE ( (log p)(log q) —— e~ e DM /p
p=3 =3 vVPq m=1
q#p

<<DZZa i <

1ogz:/)171qogq (\/q7D+o(1)>

<<D1/22p: (i) ( >1o§q
(3.52) +DZ (i) < )l(z%q.

)
)
o
ok
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By the PNT and the Stieltjes integral,

Z a (2) log p < ,
> x

1
1

q

l 1 0 l (Bx)
Za(q) qu<</ a<u> du<</ @<<l7110g95.
xr q 1 X u 1 u

115

The last line of (3.52) is O(Dxz'/?>T1/2)) as we computed in the evaluation

of Mfgl’l). Combining these, we obtain
(3.53) Mél’l) < U 'DV2zlogx + Dal/2 3

The term MZ(,;’I) is evaluated by

o
q 1 202 D2mA
DE E () (log p)(log q) —— E e TPram T
p=3 q=3 z VP4 m=1
q#p

<p¥a(2)

(3.54) < Da'/*ta,

72 (5)

Finally, we evaluate F. First,

E=D}) > a ( )a (l)(logp)(logQ)\/%q > <m

p=3 q;3 m#0 pq
q#p

<D ZZ“(*) < > 10gp)(10gQ)\/%q > (2)(

p=3 q=3 m#0

[e.9]

p

(3.55) ~|—D2a< ) ( l> log? p lze—WmW/p“.

p=3 m=1

) 6—7rD2m2/p2q2

)e—wD2m2/p2q2

By the PNT and Lemma 2.1, the second term on the right-hand side of

(3.55) is
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l >
p p 2 1 —mm?2D?/p*
E a a( ) og” p E e

p=3 m=1
1 2 2
p p\ log”p (p
D (f) L L toqu
< ;axa<x> 5+ ()>
(3.56) <127 log x + DaT.
Next, since

e DR exp(—wmQDQ(B:L‘)_Q_%)

holds for p < Bz, ¢ < (Bz)'!, the first term on the right-hand side of (3.55)
is evaluated by

D[S T (e (§) tmorma iz 3 (5) (3) o
2% ()

22 2+
<D Z e Tm D?/(Bz)"" 1
m#£0]

2 () A (?) |

q

(357)  x

According to [13, p. 221], under the assumption of the GRH,

£1(0) 5 () <vem

holds uniformly for m < x m # 0. Moreover, since the GRH implies

Z <m> log ¢ < T logQ(mx%)
q

1
gzl

uniformly for m < '/t m # 0, we have

£ (5) %% (5)

q
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1 00 l
= / Z <m> logg pa <u> w3 du
2 0 q X
qsu
m ul 3
<> logq p a () u =2 du
q x

l oo
_ :v/o 3
1 oo
= 2/0 E <7z;) log ¢q a(v)(q:v)_% il i do

qsu

q<(zv) T
logq a(v)(mv)%(l_%) 2t i dy
q<(zv) %
l -3 1.1 1 4
<<5 (zv) 2l log?(m(zv) 1 )a(v)(zv) 2zl v~ dy
A

B
+lx_1/ (xv)% log?(m(zv)
A
< log2 ma

uniformly for m < z'/!. On the other hand, by forgetting the Kronecker
symbols, we have

Te®)5 ()< Ta(f) e (2) <ok

Hence, the first term on the right-hand side of (3.55) is

<D 3 e DB o
g mx

1
m<axl

4D Z o—m2D?/(Ba)* T 1/24 L
1

m>=xl

(3.58) < 't log* z + D log* z
for D'/?79 < 2 < D'7°. By inserting (3.56), (3.58) into (3.55), we obtain

(3.59) E < Dzt + 21 log* 2.
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By combining (3.50), (3.51), (3.53), (3.54) and (3.59), for odd [ and
DY?7% « 2« D% we have

1
M2(12,l) = IDYV2 'K (1)K () 2T

' l
+ O(l_1D1/2x1+% log? ) + O(Dx1/2+%)
(3.60) +O(zM T log 2).
By combining this and (3.46), for odd >3 and DY/?7% <z <« D', we
have
1
MM = IDYVAU K (K <z> i
+ O(l_lDl/Q:I:H% log? z) + O(le% log x)
(3.61) + O(DzY* ) + 021 log? 2).

If =1, DY/?7% « 2 < D'~%, by (3.45) and (3.60), we have

MY = L(1)Dxlog x + IK (1)2D"/%a?

(3.62) + O(Dz + DY22%/% 1og? x + 2 log” ).

On the other hand, for odd [ > 3 and 2 = o(D?), by (3.46) and (3.47), we
have

(3.63) Mg(l’l) < 1Dzt log x + 13/204+7) log? z,

and for [ =1, z = o(D/?), by (3.45) and (3.47), we have
(3.64) M2(1’1) = L(1)Dz log = + O(Dx + 22 log? z).
(B) Next, we consider the case that [ is even. In this case, we have

Myt =3 (%) a (i) (logp)(logq) Y (i) e /D?

pq d

(3.65) - pzq: a (g) a (‘5) (log p)(logq) > (Z) o—d?/D?

qld

Since

d
> <p> e ™ < plogp,
d
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the first term on the right-hand side of (3.65) is

> e (%) a (i) (log p)(log q) Zd: (i) o—md?/D?
<<Z ( )\flog pZ < l>10gq

< $3/2 log x - lot
(3.66) < 123/277 log .
The second term on the right-hand side of (3.65) is

)a < > (log p)(log ¢) 3 <;5> i/ D

qld

e
L (o) o ()

d
(3.67) <Y a ( ) (logp) Y a <‘5) (log ) zdj <z> o= d/D? |

Now, since ¢ satisfies ¢ < (Bx)'/! < D% < D, D/q>> 1 holds. Therefore,
by the Pdlya—Vinogradov inequality, we have

(3.68) 3 (d) e ™ P/D* . /plog p.

5 \P

Therefore,

>« (%) a (i) (log p)(log q) ) _ (i) o—md2/D?

P qld
<<Z ( )flog pz ( >logq
(3.69) < lac3/2+7 log .

By combining (3.66) and (3.69), we obtain
(3.70) MQ(U) < 13/ log z

for even [.
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Now, we have computed or evaluated Mz(l’l) for all 1. If z = o(D'/?), by
(3.63) and (3.70), we have

(3.71) Z Mg(l’l) < Dz log z + 22 log? x.

>2

By inserting (3.40), (3.64), (3.71) into (3.39), we obtain
(3.72) My = L(1)Dz log x + O(Dz + 2° log® x).
If DY/27% < 2 < D79, by (3.61),

(3.73) Z MQ(I’Z) < D253 4 D23 4 243 1og x.
1>3,0dd

(It should be noticed that K(1/l) < .) On the other hand, by (3.70),

(3.74) S M <atloga.

[>2,even

By inserting (3.40), (3.62), (3.73), (3.74) into (3.39), we obtain

My = L(1)Dz log z + K (1)2D"/?2?
(3.75) + O(Dz + DY?23/% 1og? & 4 2% log* )

for DY/279 « x < D179,

3.5 Conclusion

Now, we have computed or evaluated all terms appearing on the right-
hand side of (3.1). We fix 6 >0 sufficiently small. Then, we have the
following.

(1) If 1<z < DY?79 by inserting (3.2), (3.3), (3.13), (3.14), (3.15),
(3.17), (3.18), (3.31), (3.34) and (3.72) into (3.1), we obtain

fK(x, D)

1 1\?
= L(1)Dxlog x — IK(1)2DY/?2? — 5K(1)2:c2 +a <> Dlog® D
X
1
+a <$> O(:L‘Dl/2 log D + /% log 2 log D + Dz'/? log z log D)

2
ta <alc> O(Dlog D) + O(a*D~'/?) + O(Dx +2° log® z)
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+ O(DY22%/2 10g? x) + O(min{z?, 23D~ Y/2})
+ O(min{z?D'?, £D'/? 1og x 1og D})

+ O(min{xD log x log D, zD/? log x log D
+ /2D log x log D(log? D + log? z)})

+ O(min{zD log D, D log z log® D})

+ O(min{z2D, D log? x log® D}).

(2) If DY?79 < 2 < D9, since a(1/z) =0, by inserting (3.2), (3.3),
(3.13), (3.14), (3.15), (3.17), (3.18), (3.31), (3.34) and (3.75) into (3.1), we
obtain

fx(z, D)
= L(1)Dz log z — %K(l)sz

O(z*D7 %) + O(Dx + DY?23/? 10g? ©: 4 22 log* z)
(Dl/2 32 10g? ) + O(min{z?, 2 D~1/2})
+ O(min{z?D"?, D'/? log x log D})

+ O(mln{:rD log x log D, zD/? log x log D

+ 22D log x log D(log? D + log? z)})

+ O(min{zD log D, D log = log® D})

+ O(min{z?D, D log? z log? D}).
By dividing both sides by xD log D and putting x = D% (a > 0), we obtain

the following formulas.
(1) If0<a<1/2—4, we have

Fr(a, D)
= L(1)a+ a(D™%)2D % log D + a(D~%) - O(aD~*/? log D)
+a(D™)2.0(D™) + O(min{1, aD~“log? D})
+ O(min{arlog D, aD~'/?1og D 4 a(1 + o?)D~*/? log® D})
(3.76) + O(min{D%(log D)~ !, a®*D~*log® D}) + o(1).
(2) If1/2 -0 <a<1-4, we have
(3.77) Fr(a,D)=L(1)a+ o(1).
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Here, the implied constants depend only on K(s) and § > 0. However, the
identity (3.76) is still valid for 1/2 —§ < a <1 — ¢, since the terms except
for the first term on the right-hand side of (3.76) are all o(1) if « is large.
Hence, we obtain (1.5). [

84. Applications of Theorem 1.1

We extend Fi(a, D) to the whole of & € R by Fg(a, D) := Fg(—a, D)
for a < 0. Then, the identity (1.5) holds for 0 < || <1 — 6, by replacing
a on the right-hand side with |a|. To investigate the low-lying zeros of
quadratic L-functions, we consider the integral of F(c, D) multiplied by
some bounded function. First, we prove that in this integral, the contribution
of the error terms in (1.5) is small.

LEMMA 4.1. We have

1
1
4.1 D712 100 D do < ———
(1.1 [ 11D tog D do < 1o
Ll 1

4.2 Dlel g -
(4.2) / 1 < o

1 1
(43) /_1 min{l, |OZ|D_|OC‘ 10g2 D} da < W,

! log log D)?
(4.4) / min{ DIl (log D)1, 02Dl log? D} dav < 128198 D)
-1 log D

1
/ min{|a|log D, |a|D™Y?log D + |a|(1 4+ o®)D™14/2 1og® D} da
-1
(4.5) < (log D)~'/3.

Proof. The estimates (4.1), (4.2) follow from direct computations of
integrals. The estimate (4.3) follows from

1
/ min{1, |o|D~1* log? D} do
-1

1/v/log D 1
< / 1da + / aD™*log? D da
0 e D

and
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1/+/log D p 1
]_ -
/0 < g D’

aD™*log? D da < D~/ Vies D logl/2 D.

1

1
V1og D

The estimate (4.4) follows from

1
/ min{ D% (log D)~!, a®* D71 log® D} da
-1
1

log log D/ log D
< / D%(log D)~ ! da + (log® D) / o*D™% da
0

log log D
log D

and

log log D/ log D log log D
/ D%(log D) ' da < &%~
0

logD ’
1 2
log log D
(log® D) / ?’D™% da < w.
lolgolgo%D log D

Finally, the left-hand side of (4.5) is at most

(log D)~2/3
2 / alog D da
0

1
+2 / {aD™21og D + a(1 + a*)D~%/? 10g® D} da,
(log D)~2/3

and by direct computations, we easily find that these integrals are at most
O((log D)~1/3). il

Next, we mention the L-functions associated to Kronecker symbols. If
d# 3 (mod 4), xq = (d/-) becomes a Dirichlet character modulo 4|d| or |d|.
In this case, we denote the conductor of x4 by d*. If d =3 (mod 4), by the
reciprocity law of Kronecker symbols, we find that

(B)k (p=1(mod4)orp=2)

1% (2)" =3(mod )

https://doi.org/10.1017/nmj.2016.26 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.26

124 K. SONO

for primes p. Hence, the L-function associated to g is expressed by

) 1
L(s, xa) = 11— (2)2 gg 1—m(p) (§) p=’

where 74 is the nonprincipal character of modulo 4. In this case, we denote
the conductor of n(-)(-/d) by d*. Let N(xq4, T') denote the number of zeros
of L(s, xq) in the rectangle 0 <o <1, =T <t <T. Then, it is well known

that
log(d*T)
log log(d*T + 3)

holds uniformly for d*T">1 (for example, see [17]). Then, by partial
integration, we have

> P =[x (5 )

pPEZ4

logd* [®| (1
(4.6) =8 / ‘K < +it>
T 0 2

We define the constants A%, A* by

T a*T
N(Xd,T)zﬂlongO(

2me

2
dN(Xd7 t)

2
log d*
dt+O0Okg | ——— | -
* K<loglogd*>

1 2 /12
A* = lim inf —7nd*/D 1 *

- TR DlogDZe og d’,
(4.7) d

1 2 2
T Dlog D Zd ‘ %
It should be noticed that since log d* <logd+ O(1), we have A% < 1.

COROLLARY 4.2. Assuming the GRH, for any C >0, 0< < 2w, € >0,
we have

1 _ d2/D2
- ™ Z
DlogDzd:e #{P1,P2€ d

Tm(p)| < C (i=1,2),

i
0 — 2| <
< |y =72l logD}

48) < —— {(3C’+e) () — Bjc+e} .

sint 1
I3 2 1
R = I v

. E —
sin 5 3

and A* is the constant given by (4.7).
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Proof. We fix A such that 1/2 <A <1 -4, and put

() = sin A\ 2
N T U '

Then, its Fourier transform is given by

#(e) = A~*max{ — |al, 0}.

In particular, 7#(«) is bounded and has a support in [—1 + §, 1 — §]. There-
fore, by (1.5) and Lemma 4.1, we have

/_ Z Fr (o, D)i() da

(4.9) = L(1) /

—0o0

la|# () da + (log D) /OO a(D71N2 D=1l () do + o(1).

—00
The implied constant is dependent only on K(s) and A. By a direct
computation, the first integral on the right-hand side of (4.9) is

(4.10) /OO la|f(a) da = %

On the other hand, the second integral of the right hand side of (4.9) is
/ a(D~12D 15 (a) da
= 2/ a(D~*)2 D™ (a) da
0
A
=2)\2 / (A —a)a(D™*)?D™% da
0

A A
(4.11) :2)\1/ a(D™*) D™ do — 2)\2/ a(D™*)%aD™% da.
0 0

By the change of parameters t = D™, the first integral on the right-hand
side of (4.11) is

A 00
/ a(D™*)*D™ da = / a(D™*)?D™% da
0 0

S /1 ()2 dt
~log D J, “

M
log D’

(4.12) -

where
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1
(4.13) M = My = / a(t)? dt.
0
On the other hand, since a(D~%)? is bounded, we have

A 0
1
(4.14) / a(D™*)?aD ™ %da < / aD™%da < —5—.
0 0 log* D

By inserting (4.12), (4.14) into (4.11), we have

(4.15) /_Z o(D~1*)2D 10l (q) do = Aif‘gD +0 < ! > .

log? D
By inserting (4.10), (4.15) into (4.9), we obtain
o0 . A 2
(4.16) / Fx(a, D) (a) da = gL(l) + XM +o(1).

For C > 0, we take

P oo [(€TIC — )/ 2

Then, since K(1/2+it)=C?(t !sin(t/C))?, K(s) is real on the line
Re(s) =1/2 and satisfies K(1/2 +it1)K(1/2+ity) >0 for all t1,t2 € R.
Moreover, by an easy computation, its Mellin inverse transform a(z)=
ac(x), defined in (1.2), is given by

0 (x<e_2/corx262/c)
2
o) = G (clz + 5 log "“") (e <a <)
2
%:1;*1/2 (é - % log x) (1<z<e?).

This function surely satisfies the conditions given in Section 1. By the
definition of Fi(a, D), we have

/o; Fr (o, D) (a) da

- 1 —rd2/D?
" Dlog D Zd: ¢

Z K(p1)K(p2) /_OO Dia(V1—Wz)7;(a) do

P1,p2€2Zq
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1 —rd?/D? ——— ((y1 —72)log D

- m KoK = 772) 08 &

s X X KR (22
P1,P2€24

2

«( (r1—y2)Mlog D
- 1 —Tl'd2/D2 K K sin 2
~Dlogh 2 > KK | —mmmn
pP1,p2€Z4 2

(4.17)

We fix a real number p satisfying 0 < p < 27. Since the function f(x):=
((sinz)/x)? is even and decreasing in [0, 7], the inequality

f ((71 —’722)>\10gD> S <%)

holds if vy, 2 satisfy |y1 — y2| < /(A log D). Therefore, by (4.17), we have

/_ Z Fi (o, D)) da

((71 — 72)Alog D)

eiﬂdQ/DQ Z K(pl)K(PQ)f 2

d P1,p2€Z4
|71772‘< BN lcitg D

Z DTN K (p) K (p2)

d p1,P2€Z4
m—l<xiss

Mh:

qu

(4.18)

Now, we have

>, K(p)K(p)

P1,p2€ 24
|'Yl—"/2|<$

(4.19) > > K(p)K(p2) + Y [K(p)?

P1,p2€24 PEZq
0<|71_"Y2|g$
[Tm(p1),[Im(p2)|<C
By (4.6), the second term on the right-hand side of (4.19) is given by

1 © /gin £\* loo d*
Z|K 2 ogdC / sin & dt + O ogd
T 0 t log log d*

pEZq
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:Clogd* /°° sin t 4dt+OC log d*
s 0 t log log d*
C log d*
4.20 = —logd"+O¢c | ———— | .
(420) 3 %8 o <loglogd*>
On the other hand, since
1 2
. K=+ — aind 1?
il (3 +)] =
the first term on the right-hand side of (4.19) is
Z K(p1)K(p2)
P1,P2€24
0<|“/1—72|<ﬁ
[Tm(p1)],[Im(p2)[<C
, 1
Im(p;)| < C (i=1,2),0 — | <
()] < C (1=1,2),0< by =l < 55

> (sin* 1)#{P17P2€Zd
. u
Im(p;)| <C (i =1,2), B P

> (sin4 1)# {,01, P2 € Zg
Hence, by (4.18), we obtain

/  Fr(o, D)i(a) da

—00

f (%) nd?/D?
> 7T'/D
/DlogD§e
L sint 1 {pr, o € 2]l < € (1= 1,2)
7 C . log d*
421 0<|m—ml< Vs Ziogdr + 00 [ —22 L
( ) <=l logD}jLSOg + C(loglogd*)}

Combining (4.16) and (4.21), we obtain
[T (pi)| < C (i = 1, 2),

1 _ d2/D2
& A
DlogDZd:e #{p1>p26 d

7
0< — <
1 =2 log D}
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1 A 2
<———-—<=L(1 —M
f(g)sin‘ll{?: ()+)\

e
(4.22) - ka();)D 3 S e P log dF + 0(1)} .
d

By direct computation, we find that

L(l):/oooa(a:)2da::3, M:/Ola(x)zd:z:

Moreover, by our assumption,
1 —7rd2/D2
—_ log d* > A* .
Dlog D zd: c o8 -
By inserting these results into (4.22) and putting A = 1 — § with sufficiently

small 6 > 0, we obtain (4.8). 0

Next, we give a certain lower bound for the rate of simple zeros of
quadratic L-functions.

COROLLARY 4.3. We assume the GRH. For any € > 0, we have

z:e—wdQ/D2 Z K(p)2
d

pEZq

simple

4
(4.23) > (2Bi 5" e) (Bi)_l Z o—md?/D? Z K(p)2

d pPEZg
when D > 1 s sufficiently large. Here,
1 2
72 —e T2 1.,
K(s)=Ki(s) = (25_1) ,  Bi=g4AL

and A% are the constants defined by (4.7).
Proof. 1In the proof of Corollary 4.2, we showed that

2
. Y1 — log D
sin ( 1 '72)>\ g >

1 —7Td2/D2
Dlog D Zd: ‘ >, K(e)K(p) (11 —2)Xlog D
P1,p2€24 2
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:/mﬁkaﬂﬂ®da

—00

(4.24) :%MU+§M+4D

holds for A =1 — §. Moreover, in this case, we have

o0 1
L(l):/0 a(x)? dmz%, M:/O a(x)? dx:é,

since C' = 1. Therefore,

2
1 ot sin ((“/1*72? 10gD>
Dlog D Z ¢ Z K(p1)K(p2) (1=72)Alog D

d P1,02€Z4 2
A 1

4.25 = — + — 1).

@25) =24 o)

Let m, 4 be the multiplicity of the zero of L(s, x4) at p=1/2+ ivy. Then,

D K)?> 3 @2-my)K(p)?

PEZy PEZq
simple

2
sin ( (71772%/\ log D)

(y1—72)Alog D
2

>2) K(p)P?- Y K(p)K(p)

PEZg P1,p2€24

Hence, we obtain

e DI R

d pPEZy
simple
> s Y K
Dlog D
d pPEZ,

1 —rd?/ D2
Dlog D Ed: c

2
. — log D
sin ((’Yl ’Y2g>\ og )

(y1—72)Alog D
2

(4.26) x Y K(p)K(p2)

P1,02€24
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The second term on the right-hand side is given by (4.25), since K (p2) is
real. On the other hand, the first term is

5 lsgD Z €—7r112/D2 Z K(p)2

d pPEZy
1 [ [sint\* 1 2/ 2
== —) dt- —md/D% og d* 4 o(1
7r/0 ( t ) DlogDEd:e ogd”+o(l)

1
> A" +o(1)

(4.27) =B +o(1).

Therefore, by inserting (4.25), (4.27) into (4.26) and taking § > 0 sufficiently
small, we obtain

1 _ d2/D2 2 4
- ™ K(p)?>2B" — - —e.
DbgDé;B 2 Ko S

pEZq
simple
By combining this and
1 —rd2/D2? *
Dlosp ¢ Y K <BL+o(h),
g d pPEZ,
we obtain (4.23). il

COROLLARY 4.4. We assume the GRH, and that all zeros of L(s, xq)
are simple. For 0 < X\ <1, we have

1 _rd?/D?
mze #/D Z K(p1)K(p2)

d pP1,p2€2Z4

0<|’Yl—72|<13g%

cos 2w\ n sin 2w A
672 1273\

2. 2 .
(4.28) >§A—§V—- — Bt +o(1)

as D — oo, where B} = A% /3 and

2
os—(1/2) _ g=s+(1/2)
25 — 1 '

K(s)=Ki(s) = (
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In particular, if A > Ao =0.6073, we have

(4.29) Z e /D Z K (p1)K(p2) > D log D
d pP1,p2€2Z4
0<|71—’Y2\<1(2,g%

as D — oco.

Proof. Instead of the function r(u) used in the proof of Corollary 4.2,
we use the Selberg minorant

sin 7w\ 2 1
h(u) = U 1—wu?’

This function is bounded and satisfies h(u) <1, h(u) <0 if |u| > 1. The
Fourier transform of h(u) is given by

sin 27|«

2Tl o < 1)
T

0 (lof > 1)

(for example, see [5]). For 0 < A < 1, we give lower and upper bounds for
the integral

/OO Fx(a, D) - Ah(Aa) do.

First, since the integrant is nonnegative and 1/X > 1, by (1.5), we have
oo ~
/ Fic(a, D) - Mh(Aa) da
—00

1
- Al Fr(a, D) - Mh(Xa) da

>|

1
> / Fr(a, D) - Ah(Aa) da
1

1 .
21

:)\L(l)/ |ay{1—|m|+m”|0‘|} da
-1 27

1 2
(430 +AlogD [ aw—la)?D—lal{l_MaHmW
-1

1) oty

The first term on the right-hand side of (4.30) is
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1 in 27\
)\L(l)/ la {1—|Aa|+sm”’0"} da
—1 21w

1 02
=2\L(1) / (a ~ha? 4 2R 7T>\a> do
0 2T

1 X\ cos2mA  sin2mA
(4.31) =2\L(1) {2 T3 T i + 32 }

Next, we compute the second term on the right-hand side of (4.30). Since

for |a| < 1/(log D), we have

)\logD/ (Dloly2 - al{ _ | + Sn2mAla]
2

1
=2\ log D M40 (—5—)¢ da.
oun [ e 10 (g )y

By the change of parameters D™% = v, we have

> 1 ! M
D™)?2D™* da = 2dv =
/0 (D) “ 1ogD/0 alv) dv=10p

where M = fO 2 dv. Therefore,

sin 27|«

1

)\logD/ a(D~1eh2p=lel {1— yAa|+2} da=2MM\+ o(1).
—1 T

(4.32)

By inserting (4.31), (4.32) into (4.30), we obtain

/Oo Fr (e, D) - Ah(Aav) dox

—0o0

1 2 in 2
22)\L(1){)\cos 7r)\+sm F)\}+2M)\+0(1)

2 3 472 )\ 83 \2
2 2 cos 2w\ sin 2w\
4.33 S g 1
(4.33) 3779 on2 1y o
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since L(1) =1/3, M =1/6. On the other hand, we have

/oo Fi(a, D) - Ah(Aa) dov

—0o0

> KKl (1)

1 2 /2

4.34 = — —md*/D

(438 = 51eD pIE 2T\
d P1,p2€2Z4

Now, since h((y1 — 72) log D/(27 X)) is negative if |y1 — 2| > (27A)/ log D,
by (4.34), we have

/OO Frc(ev, D) - Ah(Aav) dox

1 —rd? /D2 (71— 2) log D
< Dilog D Z e Z K(p1)K (p2)h <27r)\
d P1,p2€24

|71—72\<71§;?3

]. _ d2/D2 2
= ﬂ' K
DlogD%:e > K)

pEZq
1 77’I’d2/D2 (’}/1 - ’)/2) log D
—_— K K h|—————
* Dl 2=° > (1) K (p2) 5oy
d pP1,p2€2Z4
0<|’Y1—’Y2|<713g>‘D
% 1 —7Td2/D2

d P1,p2€ 24 N
2
0<Inm—2l<pis

By combining (4.33) and the above, we obtain (4.28). Since B} = A% /3 <
1/3, the right-hand side of (4.28) becomes positive if A > Ao = 0.6073.
Therefore, we obtain (4.29). [
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