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ON A PROBLEM ABOUT CYCLIC
SUBGROUPS OF FINITE GROUPS

by OSCAR E. BARRIGA
(Received 16th May 1975)

1. Introduction

Let G be a finite group and let S be a subgroup of G with core (S) =
M ,eox'Sx = 1.

We say that (G, S) has property (*) if there exists x € G such that
Snx7'Sx=1.

Conditions on G, S which ensure that (G, S) has property (*) have
been found by N. Ito (4), J. S. Broadkey (2), M. Herzog (3) and T. J. Laffey
(5). In particular, T. J. Laffey has considered the case where S is cyclic and
has shown that (G, S) has property (*) if G is simple and conjectured that
(G, S) has property (%) if SN F(G)=1.

In this note we consider again the case where S is cyclic. We show that
(G, S) has property (*) if F(G) =1 from which the aforementioned result
of T. J. Laffey follows.

Our notation is as in (5). We recall that F(G) denotes the maximal
nilpotent normal subgroup of G; an E-group is the product of a certain set
of its subgroups E,,..., E, satisfying [E,, E;] = E,, E/Z(E,) is simple and
[E,E]l=1(1=<ij=<n,i#j); and, finally, F*(G) denotes the generalised
Fitting subgroup of G, namely F*(G)= F(G) ‘- E(G) where E(G) is the
(unique) maximal normal E-subgroup of G. F*(G) contains its centraliser in
G (cf. (1)).

2. The proof of the theorem

An error in part III of my original proof was kindly pointed out to me
by Thomas J. Laffey together with the idea of the alternative part III given
here.

Theorem. Let G be a finite group with F(G)=1 and let S be a cyclic
subgroup of G. Then there exists x € G such that SNx™'Sx = 1.

Proof. By induction on |G|+ |S]|.
(I) We may assume that |S| is square free, i.e. S=S;X---X S, with
IS:| = p; prime, p;# p; for i#j (1<i,j=<r) and r>1.
Because S is cyclic and so it contains a subgroup S;= S, X --X S, as
claimed and S;N x~'Sex = 1 if and only if SNx7'Sx = 1. If S;# S we have
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the result by induction. Also if 7 = 1 the result follows from our assumption
that F(G) = 1.

(I) We may assume G =(N,;X---XN,)S where N,,..., N, are the
minimal normal subgroups of G.

Because, since F(G) = 1, it follows that the generalised Fitting subgroup
of Gis Ny X - --x N, where N,, ..., N, are the minimal normal subgroups of
G and by a theorem of Bender (1), N, X - - - X N, contains its centralizer in
G. We consider Go=(N,x:--X N,)S. If S has a core C in G, then by (I)
we may write C=C,XxC, where C,<N;X---xXN, while C,N
(N, X---xN,)=1. But then CfN;X:--XN)=C,XN,;X---xXN, con-
tradicting the fact that N,;X---X N, contains its centralizer. So C =
Ci<aN;x---XN, and if ¢ is a generator of C, say c¢=¢,...c, with
C,EN,,...,c,EN, and if x€N, then c¢* =ci...ci=cjcs...¢c, =
cics...c; for some s €EN. Thus c¢f =c¢] and {c,) @ N, so ¢, = 1. Similarly
c,=---=¢,=1. Hence C =1, S has no core in G, and F(Gy)=1. So if
|G| +|S|> |Gl + |S] we have the result by induction.

(IIT) We may assume t =1, so that G = MS where M is a minimal
normal subgroup of G.

Because otherwise, in view of (I) and (II), all the following is well-
defined:

(1) S=C,;x((N,x---xN)NS).

(2) G, is the product of all the subgroups of prime order of S which are
not contained in C,, but are contained in Cg(N,X - --X N,).

(3) C, is the product of all the subgroups of prime order of S which are
not contained in C,, but are contained in C;(N)).

(@) If Q is a subgroup of prime order of S, but Q is not a subgroup of
C, X C, X Cs, then since Q must be contained in N; X - - - X N,, we can fix a
generator agb, of Q with ao € N, and by € N, X -+ - X N,.

(5) D is the product of all the subgroups (ap) of N, defined in (4).

(6) E is the product of all the subgroups (b,) of N, X -« - X N, defined in
).

7)) SP=C,xC,xD; S?=C,xC;XxE; G,=S8"N;;

G,=S8? (Nyx---%xN,).

From these definitions we see that S'” is cyclic of an order dividing |S|
and so of square-free order by (I).

If F,(G,) denotes the inverse image of F(G,/F(G,)) in G,, then FyG)) is
a normal solvable subgroup of G, and as such it intersects N, trivially by
(II). Thus it is cyclic and therefore equals F(G,). Hence G,/F(G)) satisfies
the assumption of the theorem and by the induction assumption
SWF(G)IF(G)) has disjoint conjugates. That is to say SN S™* < F(G,)
for some x € N,. But since F(G)) is cyclic of order dividing |S|, this means
SN S®* js normal in G, and any subgroup of SN S¥* is normal in G,.
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The argument above applies also to G, and S® so that we have:

(8) There are x € N, and y € N, % - - - X N, such that any subgroup of
SM®N S™ js normal in G, and any subgroup of S?N S®” is normal in G,.

Let Q be a subgroup of prime order of SN S*”'. Then by (I) we have

¥ Q' =Q.

If Q is a subgroup of C, and s is a generator of Q, then by (9)
x7'sx = y's'y for some integer i=1; but then [s,x]=s"""[s’, y] so that
s =[5, x1s,y17'€EQNG' =QN(N;x---XN)=1. Thus i=1 and
[s,x]=[s,yYJEN, NN, X-:-XN,=1. Therefore Q = Q* = Q’ so that @ =<
SOPNSH* N §PN S and by (8) Q <1 G, a contradiction. If Q is a subgroup
of C,thenby (2)and 8) Q =Q”;by ) Q=Q%*;by(N Q=<S"N SYx;by(8)
Q < G, which togetherwithQ=Sand Q< C4z(N,X-- - X Ng)implyQ<=Ga
contradiction.

A similar argument shows Q cannot be a subgroup of C,; either, so we
have that Q is not a subgroup of C,x C,;X C; and by (4) and (9) we get
(agho)* = [(aQbQ)"]y for some integer i = 1; but then by (5), (6) and (8) we
get (ao) =(ap) < DN D* < SV N S™ s0 (ap) < G, by (8) and N, contain a
normal abelian subgroup, a contradiction unless ag =1, in which case the
same argument shows (b,) = (by) is a normal abelian subgroup of N, X
-+ +x N, again a contradiction. Thus S N $®'=1 and the assertion (III) is
proved.

(IV) We now get the final contradiction as follows: Since S has no
conjugate which intersects it trivially then if M is as in (III), we have
M = U}_, Ny(S:)) where the S; are as in (I). Let the notation be chosen so that
ne=|M : Ny (S)I<IM : Ny(S)| for i=2,...,r. Then

$__IM____ v
o1 IM Ny (S)|  [M:Nu(S)|

M| <Y [Nn(S)| =
i=1

and it follows that ny<r.

Let p be the maximum prime divisor of |S|. Then by (I), r <p and so
ny<p.

Now if n, is the number of conjugates of S, in G then n,=|G: Ns(S))|
and by (III) Ng(S;) = Ny(S)) - S so that

L 16l __IMIISIINu(SHNS|_ M| _
' ING(SOl IM N S|ING(SHIIS|  INw(S))

no.

It follows that n, < p. But G acts by conjugation on the n, conjugates of
S, and since p|G but pt n,!, this action has a non-trivial kernel N; NN M
is a normal subgroup of G; so by (II) NNM =1 in which case N
centralises M against the proof of (II), or N N M = M and so M normalises
S, S, = G against our assumption F(G)=1.
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