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The set E of idempotents of a semigroup S can be partially ordered by defining
e < fifandonlyifef = fe = e (e,fe E).IfE = {e;:i=i=0,1, - -} and under
this ordering
ey > e, >e; e,

then we call S an w-semigroup. Munn [10] has given a complete classification
of simple regular w-semigroups in terms of groups and group homomorphisms.
Let A,(S) denote the set of congruences on a simple regular w-semigroup S
consisting of those congruences which either are idempotent-separating or are
group congruences on S. It is evident that A,(S) is a sublattice of the lattice of all
congruences on S.

In this paper we determine a necessary and sufficient condition for the
sublattice 4,4(S) to be modular.

If we further restrict S and insist that it be bisimple then A,(S) becomes the
full lattice of congruences on S (Munn [9]). For this case Munn [9] has determined
a necessary and sufficient condition for A,(S) to be modular. Our work generalizes
Munn’s theorem from bisimple w-semigroups to simple regular w-semigroups.
Many of the results in this paper are straightforward generalizations of results
given by Munn for the bisimple case. Whenever possible Munn’s results are used
in obtaining our generalizations.

For notation and definitions not given in this paper the reader is referred to
Clifford and Preston [1] and [2].

1. Preliminary results

Following Munn [10], let d be a positive integer and let {G;:i = 0,1, -,
d—1} be a set of pairwise disjoint groups. Let y,_; be a homomorphism of G;_
into G, and let y, be a homomorphism of G;into G;,, (i =0, 1, -+ -, d—2). Thus
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we have a sequence
71 Ya-~-2 Ya-1

Go—> Gy —> -+ ~>Gy_y —> Go.
Denote by N the set of non-negative integers. For n € N denote by n (mod d) the
integer equivalent to » modulo 4, belonging to N, and less than 4. Define
Y = Pn(moaa) fOT n € N. For (m, n)e Nx N and m < n write

dm,n = YmPm+1" " Yn—l’

and for all ne N let «,,, denote the identity automorphism of G, e q)- Let S be
the set of all ordered triples (m, a;, n), where m,ne N,0 £ i < d—1and a; € G;.
Define a multiplication in S as follows:

(m, a;, n)'(Py bja q) = (m‘*’P—P’\n’ (aiau,w)(bjav,w)’ q+n"—p/\n)’

where pAn = min {p, n}, u = nd+i,v = pd+j and w = max {u, v}. Denote the
groupoid so formed by S(d; Gy, ", G4—1; Yo, " " Ya—1) OF, more compactly,
by S(d; G;; ;). Then, as was shown in [10], S(d; G;; y;) is a simple regular w-
semigroup and any simple regular w-semigroup is isomorphic to a semigroup
S(d; Gy v:)-

For 0<i<d-—1 put S;={(m,a;,n):mneN,a;eG;}. S;is a bisimple
subsemigroup of S; further

s= | s.

0<igd—1

It is evident that «; ;,, is an endomorphism of G;. In the terminology of Reilly
(111, S; = S(Gi, a5, i+4)-

ForneNandi = 0,1, -, d—1 write &f = (n, e;, n), where e; is the identity
of the group G,. The elements ¢} are the idempotents of S(d; G;; y;) and we have

0 2
eg>el>-->el_ >el>el>->el_ >ef>"

The semigroup S(d; G;; y;) is in fact an inverse semigroup with identity e.
Further, (m, a;, n)™" = (n, a; ', m).

Put B = {(m,e;,n):mneN,0=<i<d-1}. B is a subsemigroup of
S(d; G;, y;)- We note that B is uniquely determined by the number d. When
d = 1, B becomes the bicyclic semigroup.

A congruence p on a semigroup S is called idempotent-separating if each
congruence class contains at most one idempotent of S. Lallement [5] has proved
that a congruence on a regular semigroup is idempotent-separating if and only
if it is contained in Green’s equivalence #. From the definition of multiplication
in S(d; G;; ;) it is easy to show that the equivalence S on a simple regular w-
semigroup is given by:

((m,a;,n), (p,b;,q))e H# ifand only if i = j,m = pand n = q.

This result will be used frequently. In fact 5 is a congruence, as we now prove.
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LemMa 1.1. (cf. Munn [10], Theorem 2.1). Let S = S(d; G;; y;). Then #
is a congruence on S and S|H# = B.

ProOOF. The mapping 0 of S onto B defined by (m, a;, n)0 = (m, e;, n)is a
homomorphism. Further ((m, a;, n), (p, b;, q)) € 5 if and only if (m,e;, n) =
(p. ¢;, q); hence 8 0 67" = S and the result follows.

A congruence p on a semigroup S is called a group congruence if S/p is a
group. The following lemma provides a characterization of the minimum group
congruence ¢ on an inverse semigroup.

Lemma 1.2. (Munn [6], Theorem 1). Let S be an inverse semigroup and let a
relation ¢ be defined on S by the rule that (x, y) € o if and only if ex = ey for some
idempotent e in S (or, equivalently, if and only if xf = yf for some idempotent f
in S). Then ¢ is a group congruence on S. Furthermore, a congruence p on S is a
group congruence if and only if 6 < p and so S/p is isomorphic with some quotient
group of S/o.

Let A,(S) denote the set of congruences on a simple regular w-semigroup S
consisting of those congruences which either are idempotent-separating or are
group congruences on S.

Evidently A,(S) is a sublattice of the lattice 4(S) of all congruences on S.
For a, f € A(S) and « = B, define

[0, Bl = {AeA(S):a = A < B};

[«, B] is a sublattice of A(S). Then [i, 5] is the set of all idempotent-separating
congruences on S and [0, Sx S] is the set of all group congruences on S. Thus

Ao(S)=[i, #1u [0, SxS].
A lattice IT is modular if and only if for any elements o, §, y € II,
« < B implies av (BAy) = BA(avy).

It is well known that the lattice of normal subgroups of a group is modular
(see for instance Hall [3]); hence [0, Sx S] is modular since it is isomorphic to
the lattice of congruences on the group S/o. Munn [7] has proved that for regular
semigroups the lattice of all congruences contained in Green’s equivalence ¢
is modular. Hence [i, 5#] is modular,

2, Idempotent-separating congruences

Let S = S(d; G;;7;) be a simple regular w-semigroup. Put G = G4 x G, x
- X G4_,, the cartesian product of G,,i =0,1,---,d—1. A subset 4 of G
will be called y-admissible if it satisfies the following three conditions:
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(1) A =AgxA; X+ XAy, forsome 4, € G;,i=0,1,---,d-1,
(i) 4, < G, fori =0,1,---,d—1,and
(111) Ad—l?d-‘l (= AO and Ai?i = Ai+1’ fori = 0, 1, cts, d—2.

A subset A of G will be called normal if it satisfies (i) and (ii) above.

We have already noted that «; ;,, is an endomorphism of G;, for i = 0,
1,+--,d—1. Munn [9] defines a subgroup A4, of G, to be «a;, ;, s-admissible if (i)
A; <0 G; and (ii) 4;%; ;4.4 S A;. Suppose that 4 = Agx A4, X -+ XAy, is a
y-admissible subset of G. Then it is easily verified that 4; is «; ;. admissible for
i=0,1,--,d-1.

If A=AyxA;x -+ %xA4;., and B= ByxB;x -+ xB,_, are normal
subsets of G, we define

AvB = AyByx A B;x - xA;_,B;_; and
AAB=A0nBoxA1 nle et xAd_l an—l’

We shall often write AB = Av B. It is clear that 4B and A A B are again
normal subsets of G. Let I" denote the set of y-admissible subsets of G. It is easily
checked that the property (iii) above is preserved under the operations of union
(v ) and intersection (A ). Thus I is a sublattice of the lattice of normal subsets
of G.

Since the lattice of normal subgroups of a group is modular it follows that
the lattice of normal subsets of G is modular, since the direct product of modular
lattices is modular. Further, a sublattice of a modular lattice is modular and hence
the lattice I' of y-admissible subsets of G is modular.

For any congruence 1 on S we define a subset A* of G as follows:

A* = AbxAlx --- xA}_,, where
Al ={a,€G;:(0,a;,0)€e)A},i=0,1,--,d—1.
Evidently 4* = 4***, since the # -class containing e} is {(0, a;,0)€ S : a; € G;}.

LEMMA 2.1. For any congruence A on S(d; G;; 1;) A* is a y-admissible subset
of G.

ProoF. Put H; = {(0,a;,0)e S:a;€G,;}; H; is a subgroup of S. Set
A; = A n (H;x H;). Then 1, is a congruence on H; and so e’/ is a normal subgroup
of H;. Now G is isomorphic to H; under the mapping a; — (0, 4;, 0) and it follows
that 4} is a normal subgroup of G;. Thus A} is a normal subgroup of G, (i = 0,
1, -+, d—1), since our argument is independent of i.

Suppose a; € A} and assume i # d—1. Put x = (0, a;,0). Then (x, )€ A
and so

(xezp+1 s e?ezpﬂ) € 4,
that is,
((0, @71, 0), e 1) € 4;
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hence a;y;€ A,;. On the other hand, if i = d—1, put x = (0, a,_,,0) and
y = (0, ey, 1). Then (x, e]_,) € 2 and so

(rxy~', yed_y y el
But
.ny_l = (0’ Ag—1Yd-1> 0)

1

and ye§_,y~ ' = eJ. Hence a;_,y,_, € Ay. Thus A* is y-admissible.

LeMMA 2.2. (i) Let A be an idempotent-separating congruence on S(d; G;; 1;).
Then

((m9 ai, n)7 (p’ bjs q))e}'l:fandonly l:fl =j,m =P,n = qandaib;l EAf.

(ii) Let A = Agx Ay x -+ xAy_, be a y-admissible subset of G. Then the
relation

A= {((m, ai,n),(p,b;,q))eSxS:i=j,m=p,n=qgandab;' € 4;}

is an idempotent-separating congruence on S(d; G;; v;). Furthermore, A* = A.

The proof of lemma 2.2 is a straightforward computation and is omitted. It
follows that there exists a one-to-one correspondence between the idempotent-
separating congruences of S and the y-admissible subsets of G. Furthermore,
A < X if and only if A* < 4*.

By the above remark the mapping ¢ : [i, #] — I given by A¢p = 4* which
is onto by lemma 2.2 (ii), is a lattice isomorphism. This affords us a direct proof
of the fact that [i, 5#] is modular, since we have noted that I is a modular lattice.

Let A be a y-admissible subset of G. We define a mapping y,_|4 of G;_,/
A;_; into Go/A4, as follows:

(@1 Aa-1)a-114) = (@4-17a-1)4o, for alla,_1 Ay, € Gy y/Ay-;.

Further, fori = 0, 1, - - -, d—2, we define a mapping y;|4 of G;/A4; into G;,/A;+,
as follows:
(a;4;)(v,14) = (@:v:)A;+,, for all a;4; € Gj/4;.

That these mappings are well defined is a consequence of the y-admissibility
of A. It is immediate that y;/4 is a homomorphism for i = 0, 1, -, d—1. For
ne N define y,|4 = y,(moaayl4. For (m,n)e Nx N and m < n write

am,nlA = (leA)(ym+1|A) e (yn—llA)9
and for all ne N let o, ,|4 denote the identity automorphism of G, mod a)/4s(mod a)-
Further, if we assume that m = pd+i and n = gd+j, then
(@ 4:)(Om, nl4) = (@; 0, n)4;-

THEOREM 2.1. Let A be an idempotent-separating congruence on S(d; G;; v;).
Then
S/A = S(d; G,/A}; y)4*).
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ProoF. Consider the mapping 8 of S onto S(d; G;/A%; y;14*) defined by
(m, a;, n)0 = (m, a; A}, n).

Then 6 is a homomorphism. Further (m,a;,n)0 = (p, b;, )0 if and only if
i=j,m=p,n=gqand a;A} = b;4}. By lemma 2.2 (i) these equations hold if
and only if ((m, a;, n), (p, b;, q))e A. Hence 8 0 07' = A which gives the result.

Let ker of ;,, denote the kernel of the endomorphism o] ;,, of A4;, for
i=0,1,--,d—1and n=1,2,---. Put K =kerof ;,4, K; = {Jiz, K] and
K=KyxK;x " xK;_4.

LEMMA 2.3. Let o be the minimal group congruence on S = S(d; G;;y,).
Then A°** = A° = K.

PROOF. We have noted earlier that 4°** = 4°. Let a; € 4]. Then ((0, a;, 0),
e))e ¢ and so, by Lemma 1.2, there exists e} such that €7(0, a;, 0) = e'}'e?. We
may suppose without loss of generality that m > 0. Hence (m, a;0; ngs;, m) =
€] and S0 @;%; g4 = €;; it follows that (@;%; mg+;)%),4+: = €;. Thus a;€ K.

Conversely, let a; € K;. Then a;of ;,; = e; for some m, and so €}'(0, a;, 0) =
eTe?. Hence, by lemma 1.2, ((0, a;, 0), /) € o; that is, a; € A7. We conclude that
A7 = K; (i =0,1, -, d—1), and the result follows.

COROLLARY 2.1. Let S = S(d; G;; y;). Then
Sjon# = S(d; GJ/K; : 7,)K).

Corollary 2.1 follows immediately from theorem 2.1.

3. Group congruences

We begin this section with a general result about inverse semigroups with
identity.

LemMa 3.1. (Munn [9], Lemma 4 (ii)). Let p be a group congruence on an
inverse semigroup S with identity e. Then (x, y) € p if and only if xy™ "' € ep.

Let A = Agx A, X -+ x A;_; be a y-admissible subset of G. Then, as was
noted earlier, 4, is a «; ;,,admissible subgroup of G;, fori =0, 1,---,d—1.
Following Munn [9], we define rad 4;, the radical of A; relative to the endo-
morphism «; ;.4, as follows:

rad A; = {a,€ G, : a;a} ;,, € A; for some n}.
Using these radicals we define the radical of A, Rad A, as follows:
Rad 4 = rad A, xrad A;x - -+ xrad 4;_,.

Rad 4 is a normal subset of G, since each rad 4; <2 G; (Munn [9]). In fact Rad 4
is a y-admissible subset of G, as we now show. Let g; € rad A;, that is, let
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a;a; ;44 € A; for some n,
and so
(@97 44)7: € A+ 1 (mod ay-
But
(@0 4 a)yi = (@7)% 41, 14144
Thus Rad A el
Again, directly generalizing Munn’s procedure in [9], we denote the y-admis-
sible set {(eq,e;, ", e,-,)} by 1. Then Rad1 = K. Hence it follows that
A°=Rad 1. Put I'* = {4el':Rad 4 = A}.
That the following properties hold for Rad follows immediately from Munn’s
lemma 2 in [9], where it is shown that the analogous properties hold for rad in
each component G; of G.

(i) 4 = Rad 4,
(ii) A = A’ implies that Rad 4 < Rad 4’,
(iii) Rad (Rad 4) = Rad 4,
(iv) A Rad 1 = Rad 4,
(v) Rad (4 Rad 1) = Rad 4.

Properties (i), (i) and (iii) imply that Rad is a closure operator on the set
of y-admissible subsets of G.
The next lemma follows from and generalizes Munn’s lemma 4 (i) in [9].

LEMMA 3.2. Let p € [6, Sx S]. Then A° e T'*.

PROOF. p|S; is a group congruence on S;. Hence rad 47 = A7 by Munn’s
lemma 4 (i) in [9]. Thus Rad A4” = A4*” and A” € I'* as required.

We now fix our attention on the sublattice [0, 6 v 5], and begin by deter-
mining the congruence o v J#. Note that the restriction to each S; gives Munn and
Reilly’s determination of ¢ v # on a bisimple w-semigroup [8].

LemMa 3.3. Let S = S(d; G;; ;). Then
((m, a;, n), (p, b;,q))eav H if and only if m—n = p—q.

PROOF. Let x = (m, a;,n) and y = (p, b;, q). Suppose that (x, y)eov .
Then since o v .# = ¢ 0 # o ¢ (Howie [4], Theorem 3.9) there exist u, v in S
such that (x,u)eo, (u,v)eH#, and (v,y)eo. Let u = (m', g;,n') and v =
(P, b, q'). Since (x, u) € o there exists, by lemma 1.2, an idempotent €] such that
e.x = eLu, and we can assume without loss of generality that r = m, m’. Hence
we have thatr+n—m =r+n'—m’ and som—n = m’ —n'. Similarly, since (v, y) e o
wehavep—q = p'—q'. Butm’'—p’ = n'—q’since (u, v) € #°. Hence m—n = p—gq.

Conversely, let x and y be such that m—n = p—q. We may assume that
m < p. Suppose m < porm = pandj = i. Then
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ejx = (p, ¢;, p)(m, a;, n)
= (D, @i %ma+i, pa+j> PHN—M)
= (P, Qi %md+i, pd+j ,‘1)
and so (efx, y) € o But (x, efx) € o since €7 is idempotent. Hence (x, y) € g 0 5

cCov.
Suppose now that m = p and j < i. Then

ely = (p, e, p)p, b;, q)
= (P, bapd+j,pd+i’ ‘I)

and so (efy, x) e . But (y, efy) € ¢ since ef is idempotent. Hence (x,y)eag o
H SavH.

COROLLARY 3.1. Sjov H# = Z, where Z denotes the integers.

Proor. Consider the mapping 6:S — Z defined by (m, a;,n)d = m—n.
The mapping @ is a homomorphism and it follows that § 0 7! = o v .

LemMa 3.4. (i) Let p € [0, 0 v S#). Then
edp = {(m,a;,,m)eS:meN,a;e4;,0<i<d-1}.
(ii) Let p,p' € [o,av H). Then p < p’ if and only if A* < A°.
PrOOF. (i) Since p is a group congruence, (e, e’)ep for 0 < i < d—1.
Hence
ep =) €(olS)
0<iZd—1

and our result follows from Munn [9] lemma 5(i).

(ii) If p < p’ then clearly 4° = A4”". Suppose conversely that 4” = 4*".
Then by (i), e3p <= e3p’. Let (x,y)ep. Then xy~' eeJp by lemma 3.1. Hence
xy~ ' eegp’ and so (x, y) € p, again by lemma 3.1. We conclude that p < p'.

We now prove a partial converse to lemma 3.2 which generalizes Munn’s
lemma 5 (iii) in [9].
LEMMA 3.5. Let A € I'*. Then there exists t in [0, 6 v H] such that A* = A.
ProoF. For x = (m, a;,n) and y = (p, b;, q) in S write
Ixyll = a;04, b5 'ty s

where u = nd+i,v = gqd+j and w = max {u, v}. Define

T ={(x,y)eSxS :x =(m,a;,n),y =(p, b;, q),
m—n = p—gq and ||xy]| € A, for some k}.
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We shall show that t is a congruence on S with the desired property. It is
straightforward to show that 7 is reflexive and symmetric.

Let now x = (m,a;,n),y = (p,b;,q) and z = (r, ¢, s). Suppose (x,y)e1
and (y,z)et. Thenm—n = p—gandp—q = r—sand som—n = r—s. To prove
that 7 is transitive it remains to show that ||xz|| € 4,, for some 7. We may assume
without loss of generality that n < s or n = s and i £ k. We now proceed by
cases.

CasE (i): g <norg=nandj < i
Then |[|xz|| = aiand+i,sd+kcl:1
= aiand+i,sd+k(b1'_lbj)aqd+j,sd+kck—l
= (@ Xug i, sa+k bj—1“qd+j,sd+k)(bjaqd+j,sd+kcl:1)
= (a; %1, sa+1(bj laqd+j,nd+i)and+i,sd+k)(bjaqd+j,sd+kck_l)
= (aibj_1aqd+j,nd+i)and+i,sd+k(bjaqd+j,sd+kck—1)
= [|xy|lotg+:, sa+ll¥2ll
€ A,, since ||xy|| € 4;, ||yz|| € A, and A is y-admissible.
Hence (x,z)e 1.
Case (ii): n< g <sorn=gqgandi < jorqg = sandj < k.
Then |[[xz]| = aiand+i,sd+kck—1
= ;%1 i, 5a+4(D; bj—l)“qd+j,sa+kck_1
= (aiand+i,qa+j)0‘qd+j,sd+k bianj sa+k bj_laqd+j,sd+k ¢!
= (aiand+i,qd+j bj_l)aqd+j,sd+k bj“qa+j,sd+kck_l
[1xyllotga + j, sa+ il 21l

€ Ay, since ||xy|| € 4;, ||yz|] € A, and A is y-admissible.

I

Hence (x, z) e .

CasE (ili): s <gors=gqgand k <.
Then  |[xz||0tgy 4, ga+j = (a iand+i,sd+kck—l)asd+k,qd+j
aiand+i,sd+kasd+k,qd+jck—lasd+k,qd+j
= QiOud+i,qd+j b;lbjck_lasd+k,qd+j

1xyll llyzll
€ A;, since ||xy|| € 4; and ||yz|| € 4;.

I

Hence |12 |10 44, g0+ % +4,x € Ai» that is ||xz]laf 5! € 4,. Now Rad 4 = 4 and
so ||xz|| € 4;. Hence (x, z) € t. We conclude that 7 is an equivalence relation on S.

That 7 is left and right compatible follows from computations similar to those
above and they are left to the reader.
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It follows from lemma 3.3 and the definition of 7 that t € [g, o v S#]. It also
follows from the definition of 7 that A® = 4.

We note here that Munn’s proof of lemma 5 (iii) in [9] can be generalized to
give an alternative proof of our lemma 3.5 by making use of the closed self-
conjugate subsemigroup of S.

M= {(mya;,,m):meN,a;e4;,0<i<d-1}
Then t = {(x,y)e SxS:xy~' e M} is a congruence on Sand 4 = A".
Partially ordering I'* by inclusion we obtain from Lemma 3.5 and lemma 3.4
(ii) that I't = Jo,ov Al

Now [0, 0 v #°] is a modular lattice since it is a sublattice of the modular
lattice [o, S x S]. We conclude that I'* is a modular lattice.

4. The main result

We are now in a position to generalize Munn’s argument to the present
situation and prove an analogue of his main theorem in [9], viz.

THEOREM 4.1. Let S be a simple regular w-semigroup. Then the sublattice
Ao(S) is modular, if and only if Rad A = ARad 1 forall AinT.

To establish this result we establish the analogues of lemmas 8, 9 and 10 of
[9]. To do this we need two preliminary lemmas which generalize Munn’s lemmas
6 and 7 of [9].

LEMMA 4.1. Let e [i, #]and p € [0, 0 v H). Then

(i) Avpe [o,0v#] and A = Rad (4*4*), and

(i) Aap e [i, #and A*"° = A* A 4°.

LEMMA 4.2. 4*V° = Rad 4% for any A in [i, ).

To prove lemma 4.1 and 4.2 it suffices to note that Munn’s argument in lemma
6 and lemma 7 can be applied in a co-ordinatewise fashion to the present situation.

The next three lemmas are the analogues of lemmas 8, 9 and 10 of [9].

LeMMA 4.3. Let Ay(S) be modular and let AeT. Then Rad A = A Rad 1.

LEMMA 4.4. Let Rad A = A Rad 1 for all AeT. Then [i, #1v [0, 0V H]
is modular.

LemMmA 4.5. Let [i, #'] U [0, 6 v H']| be modular. Then Ay(S) is modular.

To prove lemmas 4.3 and 4.4 we argue as Munn does in his lemmas 8 and 9
using the preceeding generalized lemmas. The proof of lemma 4.5 is identical to
Munn’s proof of lemma 10.

Theorem 4.1 now follows from lemmas 4.3, 4.4 and 4.5.
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