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g-SERIES IDENTITIES AND REDUCIBILITY OF BASIC
DOUBLE HYPERGEOMETRIC FUNCTIONS

H. M. SRIVASTAVA AND V. K. JAIN

1. Introduction, notations and preliminaries. For real or complex g,
lql < 1, let

bl 1 — A
1L X9, = jl}) (1——>\q“+f)
for arbitrary A and p, so that

1,if n = 0,

(12) M@ =]a—=MN1-2r9) ... — A",
Vne {1,2,3,...},

and
(1.3) A Qoo = HO (1 — Ag)).
=

Define, as usual, a generalized g-hypergeometric function by (cf. [26,
Chapter 3]; see also [18])

al, . ,ap+1;

L4 01,
Bla ] Bp+r;

g,z

n

_ § —1y" ‘/zrn(n—l)(al;q)n"'(aP‘H;q)n Z ,
n=o( )y By D - - Byirs D (& D

where, for convergence, |¢| < 1 and |z| < co when r is a positive integer, or
|zl < 1 when r = 0, provided that no zeros appear in the denominator.

Various g-extensions of the Appell functions (and of their confluent
cases) in two variables (cf. [6] ) were first considered by Jackson ( [20],
[21]) in his systematic presentation of the expansion theory of these basic
double hypergeometric functions along the lines of Burchnall and
Chaundy ([10], [11]). All of Jackson’s extensions are contained in the
basic double hypergeometric series defined by (cf. [17], [22], [29], and [31];
see also [30] for the multivariable case)

Received December 10, 1984. The work of the first author was supported, in part, by the
Natural Sciences and Engineering Research Council of Canada under Grant A-7353.

215

https://doi.org/10.4153/CJM-1986-010-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-010-3

216 H. M. SRIVASTAVA AND V. K. JAIN

15y @] @ @B B Y Y g XY
(1.5) I:m;n >\1,---,)\/3M1’-~"“m; Vi e oo Vs i,j, k

q‘/zir(r— 1)+ Yays(s—1)+krs
0

|
7 M8

r

i s

(@ @) II B 9, H (s )

! m n

1:11 A @)y Hl (3 9), H1 7.5 ),
xl’ .ys

(@ 9, (@ 9),

for special values of i, j, k and of the nonnegative integers p, h, u, [, m, n.
When i = j = k = 0, the first member of (1.5) is written simply as (see
[17] and [29])

ap, .., B,...,Bh; Yis oo Yus
(1.6) @pulTl ! ' R
”"")\ }\,,ul,...,,u.m, 2T

q; x, )’]-
s

A great deal of literature is available on ordinary hypergeometric
functions of two and more variables (cf., e.g., [6], [26, Chapter 8], and
[16] ). However, the literature on basic multiple hypergeometric functions
seems to be a lot less extensive. Apart from the aforementioned work on
basic Appell series by Jackson ([20], [21]), Agarwal ([1], [2]), Slater
( [25]; see also [26, Chapter 9] ), Andrews ( [3], [4] ), and others ( [17], [22],
[29], [30], [31], [32], [33] ) have developed various interesting properties of
basic Appell series (and of their generalizations in two and more
variables). In the present paper we prove a number of general g-series
identities and transformations which are shown to be applicable in the
derivation of reduction and transformation formulas for various classes of
basic double hypergeometric functions. We also consider several other
interesting consequences of some of the results presented here.

2. g-series identities. For every bounded sequence {4,} of complex
numbers, we first prove the following g-series identities:

< (@ @)n(a; q),(—b/a; q),,(—b/a; q)
21 X (—D"4,, ety m .
@ = D ; Dml; D),

xm+n

X —
@ D@ D,
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US4 @D D, by,
im0 &% )63 D2 @ D

S @ @)t 4), X"
22 2 -1 "Am ., m n
@2 m.n=0( Vs (@ O D (@ Dl D),

[ 2,2, 2 2n
=2A2n 2 (azb,q)znzz xz’
a0 T (dq D, O P, (T D),

S 4 @D 0@ Db 4,

2.3
(2-3) mupn=0 (‘14; qz)m(b442; qz)n
X xm (qx)n
(@ P (T D),
_ § ) (@b q),, x"

im0 (@b @), (—d% (—bq @), (@ @),

(@ Ponla; P, blag; &), (blag; P,
b; (b ),

(2.4) ZO Ay,

m

x (gx)"
(@3 P @ D),

S 4 @ D.0g ), (b/ag; q), X"
a0 " (b Pb/g ), (@ D

X

(@ @), (b; q),(c/ab; q), (cx/ab)” X"

25 X A4,
mneo " (€ @ (@ D (@ Dy
3 § PRCEINCLT IS
- n . . 1)
n=0 (Cs Q)n (q9 q)n
and
(2.6) § q'/zm(m—l)A + (a; q)m(bC/aq; q)m+2n (_bX/a)m x"
min=0 T (s @l @), (@ Dy (@ 9),

_ S 4 Blaa)(berag g),(beg s g), X"
n=0 b; 9),(c; @), (4 9),

provided that the series involved are absolutely convergent.
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Proof of Formula (2.1). For convenience, let , denote the left-hand side
of the g-series identity (2.1). Then, using the definitions (1.1), (1.2) and
(1.4), it is easily seen that

(a; 9),(—b/a; q), (—x)"
27 Q= 2 A,
@ =2 ®; q), (@ 9),
q " q'"7"/b, a, —b/a;

X 4, q,
o b,q'"/a, —aq' ~"/b; 7

The well-poised ,®; series can be summed by a known g-analogue of
Dixon’s theorem (cf. [35, p. 1023, Eq. (2.3)]), and we are led to the
g-series identity (2.1).

Formula (2.1) provides a g-extension of a series identity due to
Buschman and Srivastava [12, p. 437, Eq. (2.7) |. For b — 0, (2.1) yields a
g-extension of a result of Srivastava [27, p. 297, Eq. (17) ]. On the other
hand, if in (2.1) we replace x by x/a and then let a — oo, we shall obtain a
g-extension of another series identity due to Srivastava [27, p. 295, Eq.
(5) ]. Finally, our g-series identity (2.1) with b replaced by —ab would
yield a g-extension of a result of Buschman and Srivastava [12, p. 438, Eq.

2.8)].
Proof of Formula (2.2). If we denote the left-hand side of (2.2) by Q,.
then
0 2. n
28 2= 4, % ) _x

n=0 § (a2; Q)n (q’ q)n

q " q "a b, —b;
ql—”/a, -ql_"/a, b
and. upon summing the ,®; series by a g-analogue of Watson’s theorem
(due to Andrews [5, p. 333, Theorem 1] ), we obtain the g-series identity
(2.2).

Formula (2.2) provides a g-extension of another series identity due to
Buschman and Srivastava [12, p. 440, Eq. (3.10) ].

Proof of Formula (2.3). Denoting the left-hand side of (2.3) by ©;. we
have

X 4®; 4. 9)

29 9 - S 4@ DEEd), X
. ) 3 = n 4

"0 @) @D
q—Zn’ q2—2n/a4, b2, b2q; q2 qz
¢ "M, PR b ’
Now apply a known result [36, p. 265, Eq. (5.3) ] to sum the ,®, series, and
the g-series identity (2.3) follows readily.

https://doi.org/10.4153/CJM-1986-010-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-010-3

HYPERGEOMETRIC FUNCTIONS 219

Proof of Formula (2.4). Let Q4 denote the left-hand side of (2.4), so
that

N @), 0lag ), X
(2.10) @, = X 4,
n=0 & @D,
q " &b, a, b/ag; 2 d
b, */a,ag /b, 1
If we sum the well-poised ,®, series by applying Carlitz’s formula [13]:
q " a, b, q" " "/ab;

"9 q

ql—n/a, ql_"/b, abql/z;

_ (@b g),(a3 ¢, (b 4M),(= 4" ¢,
(ab; q"),(a; 9),(b; q),
we shall obtain the g-series identity (2.4).

Proof of Formulas (2.5) and (2.6). Denoting the left-hand sides of (2.5)
and (2.6) by s and g, respectively, we find that

Q2.11) | @,

,n=20,1,2,...,

oo n B
_ c e GB4 " o]
(2.12) Qg = ng() A, (c/ab; q),,( ), 3‘1)2[0’ abql'”/c; q, 9
and
. 1—n —n
(be/ag; q), X" [aq /e, q " ]
2-13 Q _ A n ’ _’n ; 3 .
@13 % Eo G, @), L oboag be; 1

Each of the ;®, series, occurring in (2.12) and (2.13), is summable by the
g-extension of Saalschiitz’s theorem [26, p. 97, Eq. (3.3.2.2) ], and we
readily arrive at the g-series identities (2.5) and (2.6).

Formula (2.5) with ¢ replaced by abc and b — 0 yields a g-extension of
Srivastava’s identity [27, p. 297, Eq. (16) ]. On the other hand, our g-series
identity (2.6) reduces, when a — oo, to a g-extension of another result due
to Srivastava [27, p. 295, Eq. (4) ].

3. Reduction formulas for basic double hypergeometric functions.
Making use of the notations (1.5) and (1.6), we can readily specialize the
coefficients 4, in our g-series identities (2.1) to (2.5) in order to derive
the following cases of reducibility of the basic double hypergeometric

function (1.6) with y = —x, y = ¢x, et cetera.
a1 22 ap, ..., 0,04, —b/a; a, —bl/a; g x —x
. i :Bpu-,.B/? b; b; o
SRR ) PO Dald’s (6715 @), (—b; ),
n=0 B1s @)n - - - (Bis @265 @)n(B3 @)

https://doi.org/10.4153/CJM-1986-010-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-010-3

220 H. M. SRIVASTAVA AND V. K. JAIN

9 xZn
@ )
o, ...,a:a, —a,b, —b;
32) FpE2 TP X, —x
(3.2) 1:1;1 B ... By az; bz; q; x
S (@13 @)y - - (@9 @) (@D’ ¢y,
=0 (B1: @y - - - (Bis Donl@@: D), (00 D)D),
x2n
(@5 D),
2 2 2 42
0o | @@, atq; b, b
33 or22 |1 4 DX, gx
( ) 1:1;1 Ii,Bl,---,,Bli 614; b4q2; qZ q
S (@1 @y - - (@3 (@D @)y,
=0 (B @)y - - - B @)@V 9),(— a5 9),(—b'q; ),
x"
(@ 9),
2:2|e, ...,y a, b/ag; a, b/ag; . ]
G4 oY b b T3 % ax

_ S @5 ) (@ @) 0, (0005 @), (blag @), X'
=0 Bis D - - B Pub; ), (015 @), (@ 9),

:2; ta, b, c/ab;
35)  @EI A & D ;
(3 ®io Bi....Br —

=S @5, (4 @(clas @u(erb g), X"
n=0 Bis D - Bi 9(c5 9), (45 9y

Upon similarly specializing the coefficients A4,, our g-series identity
(2.6) yields

q; cx/ab, x]

n

(3.6) § q‘/zm(m—]) @15 Dtn - - - (A5 @)inla; g),,(bc/ag; q),, 15,
mn=0 Bis Dmtn - B Qsn(bs 9),,(c5 q),

o (Cbxra)y" X"
4 Dm (5 9),
N (s @), - (o3 9),(b/a; q),(be/ag; 9),(be/q; q)a,

n=0 (IBI’ q)n s (B/; q)n(b’ q)n(c9 ‘I)n(bC/QQ q)n

xn

X .
(4 9,
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From the definition (1.2) it is easily verified that

B A9y = X OAG P A5 D) = (VA (VA D
n=2012,....

Thus the right-hand side of each of the reduction formulas (3.1) to (3.6)
can easily be rewritten in terms of a basic hypergeometric function of the

type (1.4).

4. Applications of the reduction formulas (3.1) to (3.6). Formula (3.1)
provides a g-extension of the known result [12, p. 439, Eq. (3.4)]. For
p = [ = 1, it yields the reduction formula

122|Ava, —b/aya, —b/a;
(41) q’]:l:l[”: b, b, q; X, —X]
A, Ag, d%, b*/a*, —b, —bg; 2]
— ® [ ’ ’ ’ b I ’ , x s
673 wpg, b°, b, bg; 7
which is due essentially to Verma and Jain [35, p. 1030, Eq. (2.33) ].

If in the reduction formula (3.1) we let b — 0, we shall obtain a
g-extension of the known result [12, p. 439, Eq. (3.3) ]. On the other hand,
if in (3.1) we replace x by x/a and then let a — oo, we shall arrive at a
g-extension of another known result [12, p. 439, Eq. (3.7) ]. Formula (3.1),
with b replaced by —ab, would readily yield a g-extension of yet another
known result [12, p. 439, Eq. (3.6) ].

Next we consider the special cases of (3.1) whenp — 1 =7 = 0 and
p =1 — 1 = 0. In the former case we are led to
(4.2) @53%3%[ \oa, —biaia, —blai —X]

R b; b;
o [AAg @ B, —b, —bg; 2]
- 6(1)5[ b, b, bq, 0, 0; 7 x|,
which is a g-extension of a result due to Bailey [8, p. 239, Eq. (4.5) ] on
the reducibility of Appell’s function F,. In the latter case of (3.1) (with
p =1 —1=0),if we replace b by —ab, we obtain

[—: a, b; a, b,

0:2:2 . o
(43) q)]:l;] e _'ab: —ab, q; X, X]
2 42
a‘, b°, ab, abg, 0, 0;
- 2000 2 2],

W, 1q, azbz, —ab, —abgq;

which provides a g-extension of another result of Bailey (8, p. 239, Eq.
(4.3) ] on the reducibility of Appell’s function Fj.

Lastly, in our reduction formula (3.1) we set p — 2 = [ = 0, replace x
by x/a, and then let a — oco; we thus find that

https://doi.org/10.4153/CJM-1986-010-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-010-3

222 H. M. SRIVASTAVA AND V. K. JAIN

2:0:0) A B =5 75 g5 x
(44 o] L. b; b;1,1,0

3 A Ag, b, pg, —b, —bg; > 2]
_64)6[ b, b, bg, 0,0,0, 71 |

which is a g-extension of a known result [27, p. 296, Eq. (9)] on the
reducibility of Appell’s function F.

Forp — 1 = [ = 0, the reduction formula (3.2) immediately yields (cf.
[22, p. 359, Eq. (4.18) ])

(4.5) @éf%f%[ A g, “5; b, —I;; q; x, —-x]
RS a; b
o A, Aq, ab, —ab, abq, —abgq;
= q y X b
o aq, bq, a*b%, 0, 0;
which provides a g-extension of yet another result of Bailey [8, p. 239, Eq.
(4.4) ] involving the Appell function F,.
Letting b — 0 in (4.5), we obtain the quadratic transformation

A a, —a; (—x; q)oo A, )\q ]
46) 0 [ L TE ] = 5 Do :
(4.6) 3% . —AX; q, x (—Ax; Do l aq, q2 X

which is a g-extension of the familiar result [24, p. 65, Theorem 24]. (See
also Jain [23, p. 957, Eq. (3.1) ] for an alternative proof of (4.6).)

Now, in our reduction formula (3.2) weset p =/ = 1, a; = A, B, = Ax,
and let b — co; we thus find that

A\ a, —a; ] AX; @)oo A, )\q, ]
47 3(1)2[ a, 0; 4 X x; oy 2% 3Ax, Agx, a q, qz a’x

which is another g-extension of the aforementioned result [24, p. 65,
Theorem 24]. Use is made here of the following limiting case of the
g-extension of Gauss’s summation theorem [26, p. 97, Eq. (3.3.2.5) ]:

(c/a; @)oo
(€ Poo

Lastly, for p = [ = 0, (3.2) reduces to the following g-extension of
Bailey’s result [7, p. 246, Eq. (2.11) ]:

(4.8) 1‘1’1[(;3 q, c/a] =

EH b, —b;
(4.9) 2«1),[“ I q,x]2<1>1[ S —x]

_ ab, ab abg, —ab ]
B 4(D3[ a’q, bq, & qz
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which, for b — 0, yields a g-extension of Kummer’s second formula [24,
p. 125, Theorem 42] in the form:

a;

a, — 0, 0; 2
(410) 2(1)1[ a2; q, X] = (_X, ‘I)oo 2®1[ azq; qz, X ]
For p = [ = 0, (3.3) reduces immediately to the interesting identity
b, bg;
b 7 gx

b, —ab, ab\/q, —ab~/q;

= 4<I>3[ azbz?/_ 2 g/?l q’x]’

while (3.4) similarly yields a q—extensmn of Clausen’s identity (cf., e.g., [15,
p. 185, Eq. 4.3(1) ]) in the form:

@ o402 c|e[sh ¢ g

— (I)[a,bs Va,—\/ab; X]
~ 473\ ab, \/abq, —\/abq; x|

Several further consequences of the identity (4.11) are worthy of note.

First let » — 0 in (4.11), and we have

2 2
] 5 : O’ O,
REN Y L ) e ue s L

’

2
a,aq,
(4.11) ,®, . T x
a;

while (4.11) for b — oo yields

2 2 1 _.

a 7aq9 ] — [ k3 . 2 ]
(4.14) 2(1),[ kA T x . o _ 2 ¢ —ax.

On the other hand, if in (4.11) we let a — 0 or @ — oo, we obtain the
identities

b, bq; 0, 0;
(4.15) 2«»1[ k) qz,qx]=(x; oo 2®1| 2, q,x]

and

(4.16) ,® [bz’ b 2 qx] - q)[ . ——b2qx]
R b4qg; ’ (ax: Do L= P ’

respectively. Each of the g-identities (4.13) to (4.16) is analogous to an
interesting reduction formula for the Gaussian hypergeometric function
oF; (cf., e.g., [24, p. 70, Exercise 10] ).

Formula (3.5) with ¢ replaced by abc and b — 0 yields

ap,...,a° a, ¢

N

4.17) &7
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n

_ §(a.;q)n-..(ap; Q),lac; q), x
im0 B Dp-- By (@ D)

which is a g-extension of the known result [12, p. 439, Eq. (3.1)]. For
p =1 =1, (4.17) evidently becomes

(4.18) @126?6[?; “8 g cx,x]=z<1’l[h’aﬁf 1)

which, in view of Andrews’ formula [3, p. 618, Theorem 1], leads us at once
to the familiar result

A; ; .
_ ( > q)oo(px q)oo 2(1)'[”/}\, Xj q, }\]

(,U., q)oo(x’ q)oo px;

For p = / = 0 and x replaced by abx/c, (3.5) yields another familiar
result

@19 0, " g N

_— ; bx/e: )

@20) 0[P ¢ x| = @V/E Do

L6 : (X3 @)oo

while (3.5) withp — 1 = [ = 0 and b — oo gives us the transformation
1 % 9 [)\, ¢/ p; ]
N e ¢ Ax; 4 px].

s

(Dl[c/a, c/b%

El

q. abx/c].

'\ b
4.21 1" g x
4.2 %] o 94X P
which is due to Jackson [19, p. 145, Eq. (4) ].

Formula (3.6) with a — oo yields

422 § (m—1) (al; q)m+n .. (ap§ q)m+n

“22) mn=0 7 By Dptn - B @)t nb; @),(c5 @),
bx)" X"
@ D (@5 9),
< (ay; @), - - - (a3 9),(bc/q; q),,, x"

n=0 Bi; @y - - - B s O,(c; ), (belq; @), (@ ),

which is a g-extension of the known result [12, p. 439, Eq. (3.2) ]. For
p — 2 =1=0,(4.22) evidently reduces to (cf. (1.5))

@) o

;¢ 2, 0,0
b [be
A, /—C, - = Vbe, —\/bc;
q q
= 6Ps be q. X1,

bv ¢, —, 0’ O;
q
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which provides a g-extension of Burchnall’s formula [9, p. 101, Eq. (37) ]
on the reducibility of the Appell function F,.
Finally, we set A = p = 0 in (4.23), and we obtain the formula

; 0, 0;
(4.24) 0‘1)1[ b ‘I’bx]zq)l[ o q,x]

/éf, - E, Vbe, —V/bc;
_ q q
- 4(1)3

q, X1,
b
b7 cﬁ—c;
q

which is a g-extension of a well-known result (cf., e.g., [15, p. 185, Eq.
43(2)1).

5. General g-series transformations. Let {4, } be a bounded sequence of
complex numbers. The general g-series transformations to be proved in
this section are

< Ya(m+ X" V"
G X TN (@ @) 4), — :
m,n=0 (q’ q)m (q’ q)n
(e )
mn=0

(y/a)m+n
@ D@ O,

which is a g-extension of Srivastava’s formula [28, p. 139, Eq. (3) |;

X (a; q),,(abq™; q),(ax/y; q),,

(o] m n
A

(5.2) 2 ql/zm(m—l)+l/m(n~1) m+n X Y
mn=0 (@ Qm(b; 9, (g5 9 (5 ),
(o]
_ E ql/zm(m—1)+1/2n(n-l)Am+n
mun=0

(abq_l; q)m+2n(ay/X; q)m+n
(@ @i n@Dq" "5 @)y n(b; D@/ x; @),

m n

X ¥
(@ Do (& Dy

which is a g-extension of a mild generalization of a series identity due to
Buschman and Srivastava [12, p. 436, Eq. (1.9) |;
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2m 2n

sy 3 P e

_S g @ @ Dy Y )
o @ Poand @G Dy (@ Py (@ D,

which is a g-extension of Srivastava’s result [28, p. 142, Eq. (15) |;

(ee]

54 X @U@ P D,

mpn=0

x2m 2n

X
@ D @ D)y

N § n(n 1) 4 (@ Qg VT O YV ),
- q m+n 2 .2
mn=0 (a q. q )m

(_ Y} )m (x_‘ )?1

&P D & @),

0 . . m n
(55) 2 q‘/zm(m*l)Am+n (a’ Q)m(ai Q)n -x y
mn=0 b; @ (b;s D, (@5 D (@5 )y
B § S0 @ D s —d'X1y; @) (bla; q),
- m+2n i K
mn=0 (b9 Q)m+2n(b, q)n
y* o (—axy)”

G Dm (@9,

which provides a g-extension of a result due to Buschman and Srivastava
[12, p. 437, Eq. 2.4) |;

o0
(5.6) X gmtTbg L (@ @)as 9),

nin=0

m n

y
@ D (@ Dy,

X (b; @)n(bs ),

[ee]

-1
= 2 Lfl(n )Am+2n

mn=0

o @03 D+ 2@ Dm0 D+ —4V/X5 q),,
(ab; q)m+n
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m

X" (—xp)
@ D & D,

which is a g-extension of a series identity due to Buschman and Srivastava
(12, p. 437, Eq. (2.5) ];

m+n

oo . _ A
(5_7) 2 qm(m—l)+ Yan(n—3)
mn=0 (@ @)pla; 9),(b; 9),(b; ),

m n

x Y
X
(G Dm (g5 9y

1)
_ 2 qmn+‘/zm(m—3)+‘/zn(3n‘5)A

m+2n
m,n=0

o (b (= Sy ) Y ()
(@ Dt 20D Dot 2@ D (b3 O, (@5 D), (@5 D)y

which provides a g-extension of yet another result of Buschman and
Srivastava [12, p. 437, Eq. (2.6) ]. It is assumed in every case that each of
the double series involved converges absolutely.

Proofs. Denoting, for convenience, the first member of the g-series
transformation (5.1) by A, and making use of the definition (1.2), we
readily observe that

N

X
(7> Py

o0
(5.8) A= 2 ¢V Vg (a; gy
N=0
~N
, b;
X Z(Dl[qql‘N/a; q, qy/ax],

where we have made the rearrangement m + n = N. Now we transform
the ,®, occurring in (5.8) by appealing to Jackson’s formula (4.21), and we

find that

o) N

(—y/a)

(5.9) A= X Ay(a; Q)ylaxly; @)y ——

N—0 (@ 9w

—-N 1—-N
q ", q /ab;
X ,®, q, bgy/ax

ql —N/a, ql _Ny/ax;

Since this ,®, series is terminating, we can make a second rearrangement,
and (upon simplifying the resulting double series) we arrive at the g-series
transformation (5.1).

The proof of the g-series transformation (5.2) depends similarly upon
Jackson’s formula (4.21).
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Formulas (5.3) and (5.4) can be proven in precisely the same manner as
(5.1) and (5.2); in place of Jackson’s formula (4.21), however, we shall
require the quadratic transformation [34, p. 426, Eq. (2.3) ]

a, b 2
(510) 2@y 2072 7.z
_ (abz/\/_Q Do ® [az, —51, aﬁ/b, —a\/t_]/b; q q]
(bz/aV\/q; q)o, " La‘q/b°, abz/\/q, ag\/q/bz; 1)
a=q "(n=20,1,2,...),
which is a g-extension of the terminating version of a familiar result [24,
p. 65, Theorem 23].
In order to prove the g-series transformation (5.5), we let A denote its

left-hand side and make the rearrangement as in the proofs of (5.1) to
(5.4). We thus find that

S . @qy W
5.1 A = A —_
4D ,ZO Y s o (@ @y

-N _1—N
) /b, a;
X 3®2[q 1 b ql*N/a' q, —qux/ay].

Transforming this well-poised terminating ;®, series by means of the

known formula [13, p. 195, Eq. (2.4) ]

b, ¢
aq/b, aq/c;

_(az; 9)os Va, —/a, \/aq, —\/aq, aq/bc;
- ——_5(1)4 q, 491,

(25 Qoo aq/b, aq/c, az, q/z;
a=4q "n=2012...),

(5.12) 3@2[51, q aqz/bc]

we obtain
> , (@ oy(—x/yiqy Y
(5.13) A= X Ao DN TXR Dy )
N=0 b; q)n N,
_y, —1 — h(l—N
‘o [q AN g zNig‘ﬁ(l Mgk .h_)}vb/a; ]
574 b,q "ra, —x/y, —q' “y/x; T

Now we make a second rearrangement, this time with N = m + 2n, and
(on simplifying the resulting double series) the proof of (5.5) is thus
completed.

Similar are the derivations of the g-series transformations (5.6) and
(5.7). We skip the details involved.
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6. Special cases of (5.1) to (5.7). For y = ax, our g-series transforma-
tion (5.1) reduces immediately to the interesting result

61 3 Apo@ Dlb; g)y——
mn=0 (q’ CI)m (q’ Q)n

o0
X
= X A,(ab; q), ,
n=0 (4 9),

which is a g-extension of Srivastava’s formula [27, p. 297, Eq. (16)].
Indeed, as we pointed out in Section 2, (6.1) would follow also if we
replace ¢ in (2.5) by abc and let b — 0.

Formula (5.1) with

_ N9,
9,

provides a g-extension of Carlson’s identity [14, p. 222, Eq. (4) ]. On the
other hand, if in (5.1) we set

62) 4 n=012...,

n

_ (¢; @)y
(abs @), (—cy/a; @),
and make use of (4.8), we obtain the reduction formula

1 ¢ a; bg x,y]
(6.4) ®2‘O;°[ab, —cyla: —; —; 1, 1,1

(6.3)

n=2012,...,

n

(/8 @)oo [c, a, ax/y; ]
T Cora g, L a0 @7V

The first member of each of the g-series transformations (5.2), (5.3) and
(5.5) reduces, when

65 A,=1,n=0,12...,

n

to a product of two simple ®-series defined by (1.4). These obvious
consequences of (5.2), (5.3) and (5.5) under the constraint (6.5) provide
interesting instances when the double series on the right-hand sides of
(5.2), (5.3) and (5.5) simplify considerably.

Next we set y = x1/q in (5.4), and we obtain

) 2m+2n
6.6 2 Am n 2; 2m 2; n p
@6 2 4@ Dl D
(o) 2n
= 3 4, 9), ——,
n=0 W5 9) (4; 9),
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where we have replaced 4, by q_'/"’2A,, on both sides. Formula (6.6) would
follow also when we set y = x/1/q in (5.4).

A number of other g-series identities can be derived similarly from our
g-series transformations (5.1) to (5.7).
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