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COHOMOLOGY ASSOCIATED WITH HYPERGEOMETRIC

FUNCTIONS
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Introduction

Recent development in hypergeometric functions in several variables has

made the importance of studying twisted rational de Rham cohomology clear to

many specialists. Roughly speaking, a hypergeometric function in our sense is the

Λintegral of a product of complex powers of polynomials Pj(uv.. .,un) : J Udu1

• Λ dun, U — HPj1, integration being taken over some cycle. So we are led

naturally to consider the twisted rational de Rham cohomology, which is a direct

generalization of the usual de Rham cohomology to multivalued case. Thus it will

be useful to give the exposition of twisted de Rham cohomology, which is neces-

sary to the study of hypergeometric functions and this paper aims at the point. In

the paper, we shall consider also the logarithmic complex, which is a very impor-

tant subcomplex of the twisted rational de Rham complex and is quasi-

isomorphic to the complex in many good cases. We explain the content of the pap-

er in more details; Let D be the divisor of Cn defined by Π Pj and set ω = dU/U.

In §1 and §2 we shall show some basic properties of logarithmic forms that are

necessary to our later applications. In §3 we shall treat the case where each Pj is

homogeneous and show acyclicity of the twisted de Rham complex under the condi-

tion Σ Oίj deg Pj £ξ Z. To go further to inhomogeneous case, we introduce in §4

the degree frltration on the logarithmic complex and compare the associated graded

complex with the complex (Ω'(D), V^) where D is the divisor defined by the

homogeneous part Pj of P ; and ώ — Σ ajάPj/Pj. Using acyclicity of homogeneous

case and the standard argument of filtered complex, in §5, we shall prove the

vanishing theorem for twisted rational de Rham cohomology under a certain reg-

ularity conditions. In case each Pj is linear and the arrangement {Pj = §}ι<j<m is
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in general position, the integral I Uduι Λ Λ dun has been studied in some

special cases and the studies of P. Appell, E. Picard and G. Lauricella are classic-

al. Since the integral is a multivalued holomorphic function on an open set of the

complex Grassmann manifold Gin + 1, m + 1) of (n + 1)-dimensional sub-

spaces of a complex (m + 1)-dimensional vector space, we call, after the naming

of [MSY], the integral the hypergeometric function of type (n + 1, m + 1). To

know the basic properties of the hypergeometric function, in the last section we

shall study the degree filtration on Ω' (log D) and the structure of the associated

graded complex in great detail, which leads to determination of the structure of

Hn(Ω'(logD), Vω). By using the structure of Gru Ω' (log D), we can unify the

study [Ao] of twisted rational de Rham cohomology in irregular singular case and

the recent study [O-T] of arrangements and Milnor fibers. This unification enables

us to determine the structure of the cohomology in many interesting cases, which

will be described in our forthcoming paper [AKOT].

Acknowledgement. The author would like to express his sincere gratitude to

Professors J. Kaneko and T. Yamazaki who communicated their results to him in

their private letters.

§1. Preliminaries on twisted rational de Rham complexes

1.1. Let C be a complex /^-dimensional affine space with coordinates u —

(ulf..., un) and let Pj(u), 1 < j < m, be non-constant polynomials in ulf... ,un.

We set

ΩP(Cn) : space of polynomial ^-forms,
m

U(u):= UPj(u)a\
y=i

D : the divisor defined by P ' == Pλ * * P w ,

X •= C —' D : a complex affine manifold,
m dP

ω : = dU/U = Σ Oij-^r: an integrable holomorphic 1-form on X,

d : the exterior differentiation on C ,

Vω

m'— d ~\- co A : covariant differentiation with respect to a),

£ω : complex local system on X of solutions of Vωh = 0,

ΩP(*D) : space of rational ^>-forms with poles along D.

As is shown in [R-T], in the case of arrangement of hyperplanes which is not

normal crossing, the exterior algebra generated by dPj/Pjy 1 < j < m, over the
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TWISTED DE RHAM COHOMOLOGY 5 7

affine coordinate ring of X is smaller than the complex of logarithmic forms in the

sense of K. Saito. Since this gap is essential in our later application in §6, we be-

gin by reviewing the definition of logarithmic forms in the sense of Saito:

DEFINITION ([SI]). A rational ^-form φ e ΩP(* D) is called a logarithmic

^-form along D if Pφ and dP Λ φ are polynomial forms. We denote by

Ω (log D) the space of logarithmic p-forms along D.

1.2. Simple computations show that £? ( * D) is closed under the exterior

differentiation and exterior products with ~nL

f I < j < m, and hence it is also

closed under the covariant differentiation Vω. Therefore CO'(#/)), Vω) is a com-

plex whose cohomology is denoted by HP(Ω'(* D), Vω) for p = 0 , 1 , . . . . The

Grothendiek-Deligue comparison theorem asserts, in our case, that there exists a

canonical isomorphism

HP(X, <£ω) - HP(Ω'(*D), Vω)

for p = 0 , 1 , . . . , where HP(X, £ω) is cohomology of X with coefficients in the

local system £ω.

By the definition of logarithmic forms and simple computations, we can see

easily that Ω (log D) is closed under the exterior differentiation and the exterior

product with -^r" » 1 — j — m, and hence it is closed under the covariant

differentiation Vω. Therefore the logarithmic complex (Ω'ilogD), Vω) is a sub-

complex of the twisted rational de Rham complex ( ί2 # (* D), Vω); the cohomology

of the logarithmic complex is written as H (Ω'(\ogD), Vω). We shall study in

§§5 and 6 when the natural inclusion (Ω'(\ogD), Vω) —> ( β ' ( * Z ) ) , Vω) induces

an isomorphism of the cohomology of these complexes.

1.3. For the later application in §6, we prove a property of logarithmic

forms.

LEMMA 1.3.1. We suppose that the polynomials P{ and Pj are relatively prime for

i Φ j and that otj Φ 1 for 1 < j < m then φ ^ ΩP ( * D) is logarithmic along D if

and only if

φ ^~Ωp(Cn) and Vωφ e ^ ΩP+1 (Cn).
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Proof. We set φ = β/P, β e Ωp(Cn) then we have

VωΨ = i Uβ + Σ (α, - 1) Φ~ A β)
Γ L y = 1 /y )

and hence Σ (a, — 1) —p1- A β ^ Ω (C ). Since P/s are relatively prime, each

summand (α ; — 1) -TΓ 1 Λ β is in Ω (C ). By assumption, α ; Φ 1 and hence

dP +i »
—p3- A β ^ Ω (Cn), which means that <p is logarithmic along D.

§2. The de Rham-Saito division lemma and a representation of logarithmic

forms

For a proof of vanishing of twisted de Rham cohomology, we will explicitly

write down logarithmic ^-forms along D a s a sum of exterior products of -pr

(1 < j < m) and polynomial forms. To the end we shall prepare some algebraic

tools whose explanations are found in standard textbooks on commutative algeb-

ras.

2.1. Let A be a noetherian commutative ring and let α be an ideal of A. A

sequence of elements fι,...tft in α is said to be regular if/j is a non-zero-divisor

of A and fi is a non-zero-divisor of A/(fv... , f ^ for 2 < i < t. Then the

α-depth of A is defined as the maximal length q of regular sequence f v . . . Jq in α

and denoted by depthαA

Let M be a free A-module of rank n whose free basis is elf..., £Λ. We denote

by ΛPM the ^-th exterior power of M Notice that /1°M = A and Λ~λM = 0. Let

ωίt..., ωr be elements of M then ωλ A A ωr can be written as

ω1 A - Λ ωr = ^ ^ < w ^ . . . / r ^ Λ Λ ^ , ^ . . . ί V e A

We denote by α the ideal of 4̂ generated by the coefficients αh...ir, 1 < ^ <

< ir< n and set

Zp '= {φ e yl̂ Λf I α)x Λ Λ α>r Λ ς9 = 0},

then we have
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LEMMA 2.1.1. (The de Rham-Saito division lemma, [deR], [S2]).

(1) There exists an integer v > 0 such that aH = 0 forp = 0 , . . . ,n.

(2) HP = 0 for 0 < p < depthQA

2.2. Let Pj(u) be non-constant homogeneous polynomials in ulf.. ,,un and by

abusing notations we denote by (dPj A Λ dPi, Pj ,... , P ; ) the ideal of

polynomial ring C[ulf...fun] generated by PJi,...,PJr and the minors

d(P , P ) /dP \
Q/ ; i >* " ' \ , 1 < iλ < ''' < iγ < n, of the Jacobian matrix r ^ ~ y > 1 ^ A

< r, 1 < i < n. Notice that the minors are the coefficients of dPJi Λ Λ dP, r

with respect to the basis dulχ Λ Λ dz^ , 1 < iι < < ir ^ ^ :

d(P P )

dphΛ...Λdpir = h<Έ<ir ^ ; ; ; ; ^ ^ , Λ Λ Λ f r .

We make the following assumption:

ASSUMPTION 2.2.1. (1) For 1 < r < minim, n — 1}, the algebraic set defined

by the ideal (dP^ Λ Λ dPj, P ; , . . . ,P ; ) is either empty or of dimension 0. In

algebraic words,

(1) height (dPh Λ Λ dPJr, PH,... ,P,) > n.

(2) Ph,...,PJs form a regular sequence in C[uly...,un] for 1 < s < minim, n).

Under our assumption, we obtain the following Lemma, which is essential in

the proof of Proposition 2.2.3 below.

LEMMA 2.2.2. We suppose Assumption 2.2.1. Let r + p < n — 1 and let φ be a

polynomial p-form such that

dPh A • • • Λ dPlr Λ φ = 0 (mod Plχ,... ,Pj)

then

ψ = 0 (mod dPh,...,dPJr,Ph Pir).

Proof. We set

B:=C[uίt...,un],

Γ.= (dPhA- - AdPir,Ph P,),

A:=B/&„...&),
a = I/(Ph P,) an ideal of A,
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π : B —• A the canonical homomorphism.

Then we have 1— τι (α) and hence B/I — A/a. By virtue of Lemma 2.1.1,

it suffices to show that either α = A or depthαA = n — r. We divide into two

cases. In case / = B, we have α = A and hence part (i) of Lemma 2.1.1 gives

Hp = 0 for p = 0,. . . ,n. In case / Φ B, by Assumption we get height / = n. On

the other hand, it is known (see [M], p. 105) that

(2.2.1) depths = inf {depth A j m e Via)}

where Via) is the set of prime ideals m such that a c m and Am is the localiza-

tion of A at a prime ideal m. Since height / = n, we have dimA/α = dim 5 / / =

0 and hence m is a maximal ideal of A We set π ' = π~ (m) then n is a maximal

ideal of B and we have that Bn is an n-dimensional regular local ring and

(2.2.2) Am - Bn/iPJi,...,PJr)Bn.

Since by assumption Pji9... ,PJr is a .B-regular sequence, it is also a 5n-regular

sequence ane hence we can be conclude that Am is a Cohen-Macaulay local ring.

This implies that

depth Am = dimAm

= dim Bn-r (by (2.2.2) and [M], p. 105)

= n - r,

and hence by (2.2.1), we get depthαA = n — r.

Remark. Our first proof ([K-N]) was rather complicated; the proof here is due

to T. Yamazaki, who kindly communicated it to the author ([Ya]).

PROPOSITION 2.2.3 (Representation theorem for logarithmic forms). LetPjiu),

1 < j < m, be polynomials satisfying Assumption 2.2.1. Let 0 < p < n — 2 be an in-

teger and let φ be a polynomial p-form such that

(2.2.3) dPj Λ φ = 0 (mod Pj) for I < j < m.

Then φ can be written in the form

(2.2.4) 0 = P 1 /

+ Σ ^ Λ Λ ^
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where Φj1...jv is a polynomial (p — v)-form for 1 < jλ <. < j v < m and

v = 0,..\,p.

Proof. We shall prove Proposition 2.2.3 by induction on the number m of

polynomials Pjf 1 < < m. In case m — 1, by (2.2.3), 0 < p < n — 2 and Lemma

2.2.2, we have

0 = 0 (mod dPl9 Λ)

Hence 0 can be written as

+ -y1
 Λφ = Λ0o + ̂ i Λ 0X = i ψ y

where 0O e β'(C*) and ψ^ ΩP~\C), which shows that Proposition 2.2.3

holds for m — 1. We assume Proposition 2.2.3 is true for m; let φ ^ Ω (C )

such that dP ; Λ 0 = 0 (modP ; ) for 1 < j < m + 1. By induction, 0 can be writ-

ten in the form (2.2.4). Let N be the largest integer for which there exists some

Φiι...jN ^ 0 in (2.2.4). By induction on N, we shall show that φ can be written in

the form

- - Γ m+1 dP
(2.2.5) φ = P1- PmPm+1{To + Σ - ^ A Tι + • • •

— p p 'h-

In case N = 0, we have 0 = P1 P W 0 O . Since dPm+1 Λ 0 = 0 (mod Pm+1), we

get

Λ P w rfP m + 1 Λ 0o = 0 (mod P m + 1 ) .

Since 0 < p < n — 2, Assumption 2.2.1, (2) implies that {P; P w + 1 ) form a reg-

ular sequence for 1 < < m and hence Lemma 2.2.2 yields 0O = 0 (mod dPm+1,

Pm+ι). Thus 0o can be written in the form

0o = Λn+i α + dPm+1 Λ /3, α e ^ ( C w ) , j8 e ^ ^ ( C " )

and hence

which means that Proposition 2.2.3 holds for N = 0. Suppose the statement is

true for N ~ 1 and we shall show that it holds for N. For simplicity we focus our
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attention on the index ( 1 , . . . , N); by definition of N, φjι...jv — 0 for v > N + 1

and hence (2.2.4) yields

Φ ~ PN+i ''' PmdPι A - Λ dPN A φlm..N = 0 (mod Pγ PN).

Since N < p < n ~ 2, Assumption 2.2.1, (2) implies that {Plf...,PN, Pjf Pm+1}

form a regular sequence for N + 1 < < m. Using dPm+1 A φ = 0 (mod P w + 1 ) ,

we have

dP,A -" AdPNAdPm+ιA φι...N =

Since 0^..^ e β ^ ^ ( C w ) and iV < p < n - 2, Lemma 2.2.2 yields

0 ! . . . * Ξ 0 ( m o d dP1,...,dPN, dPm+1, Plf ...,PN, Pm+1)

and hence we can write 0i...# as

Φl' N ~ ^ Pjai-"N;j ' Pm + iai' N;m+l

+ Σ dP ; Λ &...„., + rfPm+1 Λ ^ . . .^ . m + 1 ,

By the same reasoning we have

(2.2.6) φh...iN = Σ Pjah...jN;j
k = l

N

+ Σ dPik A βh...)N;h + dPm+ι A βh...]/ι;m+1,

ΩP~N(C),

Substituting (2.2.6) into (2.2.4), we get

(2.2.7) φ = Λ Pm{ Σ 1 Σ ^ Λ Λ ̂  A φhmmm J

^ A Λ
• h JN

ψt- A (Σ P4α;i...,^,fc
P, \=1
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Notice that the last term in the right hand side in (2.2.7) reduces to

UP, -
Λ - ^ Λ dPm+1 AΛ Λ.{ Σ -f^Λ .

We set

(2.2.8) η = ψ-Pί -

Using (2.2.7), we can write η in the form

(2.2.9) η =P1 /^Σ Σ

By (2.2.8) and dPj A φ = 0 (mod P ; ), 1 < < m + 1, we see that dPj A η = 0

(modP ; ) for 1 < j < m + 1. This, together with (2.2.9), means that η satisfies

the assumption of induction and hence it is written in the form

f m+l dP
fjo+ Σ ~γ Λ fjj + • •

^ dP, dP.
+ Σ - ^ Λ Λ - ^ Λ fjt

Substituting (2.2.10) into (2.2.8), we see that φ can be written in the form (2.2.5).

This completes induction.

Remark. A logarithmic ^-form φ, (0 < p < n — 2) is, by definition, written

as φ = φ/P where φ e ^ ( C * ) , which satisfies - r 1 Λ 0 G flί+1(Cn) for 1 <

^ m. Hence 0 satisfies the condition in Proposition 2.2.3. Therefore φ is written

in the form of the second factor of the right hand side of (2.2.4). Notice that φ has

not logarithmic pole along the hyperplane at infinity.
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§3. Acyclicity of the twisted rational de Rham complex in homogeneous case

3.1. Let Pj(u), 1 < y < m, be homogeneous polynomials in u — (uly. . . ,un)

and let Dj be the divisors defined by Pj we set

D' = ΣDj, ϋ(u) = UPj(u)a\

ώ = dϋ/ϋ, Vΰ = d + ώΛ.

As is explained in 1.2, the logarithmic complex (Ω'ilogD), V-) with poles along

D is a subcomplex of the twisted rational de Rham complex (Ω'(* D), V-). To

compute cohomology of these complexes, we shall introduce some operators acting
n g

on them. Let υ — Σ u{ -^— be the Euler vector field on CΓ and we set as follows:

iv: the interior product with respect to v,

Lv: the Lie differentiation with respect to v,

ώA : the exterior product of d).

It is easily checked that exterior differentiation d, iv, Lv and ώ Λ act on the com-

plexes ί2 '(*Z)) and Ω'ilogD) and hence V- also acts on them. Recall that d and

iv are skew-derivations of β ' ( * D) of degree + 1 and — 1, respectively; Lv is a

derivation of Ω'(* D) of degree 0.

3.2. In the following we summarize the fundamental relations among the

operators defined in the previous subsection:

(1) The commutation relations:

(3.2.1) [Lυ, d] = 0, [Lv, t'J = 0, [Lv, ώA] = 0, [Lv, V-] = 0

(2) The homotopy formula of H. Cartan:

d°iv + iv°d — Lv,

which gives rise to the homotopy formula for V^\

(3.2.2) Vz-iv + vVz^^+ΣljOtj
y=i

m dP
where ώ = Σ 0Cj ~=L and we have set /; = deg Pj.

i P
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3.3. Let g(u) be a homogeneous polynomial of degree μ. Since Lv(g) = μg

and Lv(dUj) = du{, we have

Lυ(g{u)duh Λ Λ duip) = (μ + p)g(u)duiί Λ Λ dw<p.

Thus a polynomial ^-form φ ^ ΩP(Cn) is said to be homogeneous of degree μ if

L y (0) — μφ holds. Notice that when φ has the form

0 = Σ Φi^.i, (u)duh Λ Λ dw^,

0 is homogeneous of degree μ if and only if each φ{ ..., (z/) is a homogeneous

polynomial of degree μ — p. We shall extend the definition of degree to rational

^-forms β * ( * D) with poles along 5 . First notice that Lv(l/P) — — UP for

degP — /. A rational ^-form ^ e ΩP(*D) can be written as 9̂ = ^S/P^ for some

positive integer /c and some polynomial ^-form β then ψ is said to be

homogeneous of degree μ (μ ^ Z) if 8̂ is of homogeneous of degree μ + kl. It is

easily checked that this definition is independent of the choice of expression of

φ as β/P and it is characterized by the relation Lv(φ) = μφ. We denote by

Ω (*D)U the subspace of Ω (* D) consisting all homogeneous ^-forms of degree

μ, which is the eigenspace of Lυ belonging to the eigenvalue μ. Ω'(*D) is decom-

posed into the direct sum of eigenspaces of Lυ :

ΩP(*D) = Θ ΩP(*D)U.

Since Lv acts on the subspace Ωp(logD) of ΩP(*D), by setting Ωp(logD)μ- =

ΩP(logD) Π ΩP(*D)U, we have

Ωp(logD) = Θ Ωp(logD)u.
ueZ

3.4. By the commutation relation (3.2.1), the operators d, iv, ώA and V^

act on eigenspaces Ω'(*D)U and Ω\\ogD)u and hence (Ω'(*D)U, V^) and

(Ω'(*D)UJ Fδ) are subcomplexes of (Ω'(*D), V-) and (Ω'(\ogD), F 5 ) ,

respectively. Summiag up, we have

), 75) = Θ (Ωm(*D)u, F5),

, F 5 ) = e (β Qogp),,, F 5 ) .

Notice that the homotopy formula (3.2.2) for V^ holds for these subcomplexes.
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Since [Lv, V^\ — 0, the above decompositions induce the following ones on a

cohomology level:

(3.4.1) H"(Ω'(*D), 75) = Θ HP{Ω\*D)U, Γ5),

(3.4.2) Hp(Ω'(logD), Vs) = Θ H>W<\ogD)u, Vs).

Using the above decompositions and (3.2.2), we obtain

THEOREM 3.4.1. (1) // Σf=1 /yα ; £ Z, then HP(Ω'(* D)u, F 5) = 0 for all p

and hence HP(Ω'(*D), Fδ) = 0 /or α/Z/>.

(2) IfΣΐ^lftΦl, 1-1,1-2,..., then HP(Ω' (log D)u, V^) = 0 for all p

and hence HP(Ω'(log D), Vώ) = 0 for all p.

Proof Let φ be in ΩP(* D)u such that F ^ ^ = 0; then by (3.2.2) and

Lυ(φ) = μφ, we get

/ m \

Vω°h(φ) = ψ+ Σ Iμήφ.

Since Σ /; αy $ Z, we have μ + Σ /; αy ^ 0 and hence

which shows HP(Ω'(*D)U, V£) = 0. Similarly the second statement is proved.

§4. Filtration on a logarithmic complex (Ω (log D), Fω)

Let Pj(u), 1 < 7 < m, be non-zero polynomials in u = (ulf. . ., un) of which

the homogeneous part of maximal degree is denoted by Pj{u) and we set /y.' =

j for 1 < j < rn. We will keep using the notations listed in 1.1 and 3.1.

4.1. We define an increasing filtration on the logarithmic complex

Ω'ilogD). To the end, let φ be in Ωp(logD); then by definition, φ is written as

φ — α / P where a ^ Ω (Cn). We may formally consider the degree of \/P as

— I '•= — Σ^Li /y and hence we say that φ is of degree μ if deg a — μ + /.

DEFINITION. Let FuΩ
P(logD) be the space of logarithmic ^-forms φ with

poles along D such that deg φ < μ. Then the family of subspaces FβΩ
P (\ogD),
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μ > — I + p, defines an increasing filtration F on ΩP(log D).

To show that the filtration F. is compatible with the covariant differentiation

Vω, we first observe that F. is compatible with the exterior differentiation d. In

fact, let ψ = a/P e FuΩ
P(log D) then a e Ωp(Cn), deg α < μ + / and ~γ Ap(Cn)

P+1(Cn) Since dφ = (da - β)/P and da - β e flί+1(CΛ)='β^ ΩP+1(Cn). Since dφ = (da - β)/P and da - β e flί+1(CΛ) of degree

μ + I, we have d<p ^ F ^ β ^ Q o g Z)). Since ω = Σ^it f , -rΓ~ a n d "p^" is a

logarithmic 1-form of degree 0, we get ω A φ ^. Fu Ω (log D). Hence we obtain

VωFuΩ
p(\ogD) c i y / + 1 ( l o g ΰ ) ,

which means that F. and F ω are compatible. This shows that (FUΩ' (log D), Vω),

μ > — /, are a family of subcomplexes of the logarithmic complex (Ω (log D),

Fω) which defines a filtration on Ω\\ogD). Let

GrζΩ'(\ogD) := ^fl'OogW/F^fl'aogZ))

be the associated graded complex to the filtered complex (F.Ω'(logD),

Vω) equipped with the differential Gru (Vω) induced by Vω.

4.2. We shall compare the associated graded complex (Gru Ω'(log D),

Gru(Vω)) with the subcomplex (Ω'(logD)u, V^) of (Ω'(logD), V£) consisting

of homogeneous logarithmic forms of degree μ introduced in 3.3. To the end we

define the canonical linear mapping

σP

u:GrF

uΩ
p(logD)-^Ωp(logD)u

as follows: let φ e FuΩ
P(logD) then φ = a/P, a e ΩP(C) and a < μ + I

We denote by a the homogeneous part of a of degree μ + / and set φ '-= a/P \

then we see easily φ ^ Ω (logD)u. We define the mapping σu as sending φ mod

Fu_$P(logD) to φ then by the definition of φ, it is clear that σP

u is well-defined

and injective. Moreover σ^'s induce a morphism of complexes:

σ'u : (GrζΩWogD), GrF

u(Vω)) - (Ω'(logD)u, F ώ ) .

For let φ e FuΩ
P(logD) and set [φ] : = cpmoaFu_fip(\ogD) and φ : =

then
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= (dφ + Σ aj -=*- Λ φ)

4.3. We set

Np(logD)u : = Ωp(\ogD)u/lmσp.

Since σP is injective, we have a short exact sequence of complexes:

(4.3.1) 0-^GF

uΩ'(logD)->Ω\logD)u->N\logD)u-^0.

For the complex N'(\ogD)βJ we have the following

LEMMA 4.3.1. If Assumption 2.2.1. holds for the homogeneous parts Pj of P ; ,

1 < j < m, then σu is an isomorphism for p Φ n — 1 and hence N (log D) u — 0 for

pΦn-1.

Proof It suffices to show σu is surjective for p Φ n — 1. Let <p ̂

β * ( l o g 5 ) ^ 0<p<n-2; then we have that φ = ά / P where a e β ^ O is

homogeneous of degree μ + / and —^ A ά ^ ΩP+1(Cn) for 1 < j < m. By

Proposition 2.2.3, we can write a as follows:

where we may suppose that each #,-...,• is a homogeneous polynomial (p ~ in-

form of degree μ. Setting

A dPf- . v dPJ Λ - α.

^ dPj dPj

i<h<-<j rh rj

we have σP(φ mod FU_^P(log D)) = ̂ ?.

For /> = w, Lemma 4.3.1 follows from Ωn(\ogD) =ψΩn(Cn), Ωn(\ogD) =
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— Ωn(Cn) and the definition of the filtration Fu.
P

§5. Vanishing theorem for twisted rational de Rham cohomology

In this section we shall assume that Assumption 2.2.1 holds for the

homogeneous parts Pj of Pj for 1 < j < m.

5.1. If ΣjΊi/ytfy = £ / , / - 1 , . . . , then by Theorem 3.4.1, (2), we have

HP(Ω'(\og D)u, F-) = 0 and hence by passing to long exact sequence of cohomo-

logies of (4.3.1), we obtain

(5.1.1) Hp-\N'(logD)μ)^Hp(GrΪΩ'(\ogD), GrF

u{Vω)).

From Lemma 4.3.1, it follows that

(5.1.2) HP(GrFΩ'(\ogD)f GrF

u{Vω)) = 0 forp Φ n,

which yields the following

THEOREM 5.1.1. Under Assumption 2.2.1 on the homogeneous parts P; of Pjf

\<j<m,if Σ £ i ijCCj Φ I, / - 1 , . . . , then

HP(Ω'(logD)f VJ =0 for pΦn.

Proof Let φ e ΩP(log D), p Φ n such that Vωφ = 0 and deg φ = μ. We

denote by [φ] the class of φ modulo F^Ω* (log D) : [φ] ̂  GrζΩP(\ogD). Since

Grζ(Vω)([φ\) = 0, by (5.1.2), we see that there exists φu e FuΩ
P~ι(\ogD) such

that

Notice that FuΩ
P(\ogD) = 0 for μ < / > - / . Since ^ φ ^ ! = F ω φ - V2

ωφu = 0,

the similar computations apply to φ^ continuing these computations, we get

φv e F ^ ^ ' d o g D) for p - I < v < μ such that

φ- Σ

By the remark above, we have

φ= Σ Vωφu=Vω(Σ
v=p-l v=p-l
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which shows the vanishing of HP(Ω'(log D), VJ for p Φ n.

5.2. To show the vanishing of cohomology HP(Ω' (* D), VJ for p Φ n, we

first observe that Ω\*D) = U"=1 P~kΩ'(\ogD) and that (P~kΩ'(logD), F J is

a subcomplex of the twisted rational de Rham complex (Ω'(* D), VJ. For let

<p = φ/Pk

f φ e Ωp(logD); then by 1.2, we have dφ, -p1 A φ e β ί + 1(logD).

On the other hand, since

dPj. r m HP. "I

= P-"\dφ + Σ (α; - k) -p1- Λ 0 ,
L j = 1 Γj J

we get Fωφ e P kΩP+ι(logD), which means that (P *fl'(logZ?), F J is a com-

plex. We consider the isomorphism

εp

k: Ωp (log D) > P~kΩp (log D)

φ/P

and set

ω(k):= Σi^-k)
dP,

then the above computation implies that the following diagram commutes:

Ω"(\ogD)

Ωp+ί(ϊogD)

J+l

p-"Ωp(\ogD)

p-"Ωp+L{\ogD)

This shows that εk, 0 ^ p ^ M induces an isomorphism of complexes

(Ω'(\ogD), Vωm) -=* (P~kΩ'(logD), VJ and hence we get

(5.2.1) Hp(Ω'(logD), Vωik))- Γ(logZ)), VJ.

By Theorem 5.1.1, if Σf=1 /,(«,• - A) Φ I, I ~ 1, . . . , then the left hand side of

(5.2.1) vanishes for p Φ n. Therefore if Σ /yα; k Z, then Hp(P'kΩ'(logD), VJ

= 0 for ft = 1 , 2 Since {Ω'(*D), VJ = U ^ (P~*β'(logZ)), F J , we
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obtain the following theorem:

THEOREM 5.2.1. Suppose that Assumption 2.2.1 holds for the homogeneous part

Pj ofPj, l<j<m.If Σf = 1 ijCtj Φ Z, then

HP(Ω'(*D), VJ =0 for p Φ n,

and hence

HP(X, SEω) = 0 for pΦn,

where X = Cn — D and ΐ£ω is the complex local system consisting of horizontal sec-

tions of Vω.

5.3. In the two dimensional case, we can show the vanishing theorem under

a somewhat weaker assumption.

If Σ / y α , Φ /, / - 1 , . . . , then by (5.1.1) and (5.1.2), we have

H\GrζΩ\\ogD)f GrF

u(Vω)) = 0,

(5.3.1) H°(Gr*Ω'(logD), GrζiVJ) - H°(N(\og D)u).

We set P — Pλ * * * Pm and suppose that the homogeneuos polynomial P is without

multiple irreducible factors. Notice that P = Px * Pm is also without multiple irre-

ducible factors. In this case, we have Ω°(\ogD) = Ω (logD) = C[uv u2]. In fact,

l e t / ^ Ω (logD); then by the definition of logarithmic form, we have a ' = Pf^

C[ult u2] and gιduι + g2du2 : = -p-a e Ω\C2), gl9 g2 e CtM^ u2]. Notice that

9P 9P
under our assumption, P, -*— are relatively prime. Since -*—a — Pg{ for i = 1,2,

by the remark, we see that P divides a. Hence from the definition of the filtration

Fu, it follows

FUΩ (\ogD) = {polynomials of degree < μ}.

Similarly we see

β (log 5)^ = {homogeneous polynomials of degree μ}.

Therefore we have Gr*Ω°(log D) = Ω°(log D)u and hence 7V°(logZ))^ = 0,

which implies by (5.3.1) that

Hp(Gr*Ω'(logD), Grζ(VJ) = 0forp = 0,1.

The same reasoning as the one in 5.1 and 5.2 gives the following

https://doi.org/10.1017/S0027763000004955 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004955


72 MICHITAKE KITA

THEOREM 5.3.1. Let Pj(ul} u2) be polynomials in two variables ux and u2. If

Σ j l i lj(Xj ̂  Z and the product Pι Pm of homogeneous part Pj of Pjf 1 < j < m, is

without multiple irreducible factor, then

HP{Ω\*D), Vω) = 0 for pΦ2.

PROBLEM. Theorem 5.3.1 shows that our assumption 2.2.1 is too strong in

order to prove the vanishing theorem for twisted rational de Rham cohomology. It

is preferable to find some conditions which are easily checked and weaker than

Assumption 2.2.1.

5.4.

EXAMPLE. It is known (See [Kal], [Kitl]) that AppelΓs hypergeometric func-

tion F4 admits an integral representation of the following form:

(5.4.1) / / u^u^il — uι — u2)
a*(uiu2 — XχUx — x2u2)

aidu1du2.j σ J

If we take uv u2, 1 — ux — u2, uιu2 — xιuι ~ x2u2 as our Pv P2> P3, P4, respec-

tively, then PiPjPjPi = (uxu2Ϋ(— uγ — u2) and hence it has multiple factors.

«! = 0

u0 — uλ — u2 = 0

Fig. 5.1.
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If we choose the line u0 — u1 — u2 = 0 as the line at infinity and make the

following change of coordinates

__ — ux _ — u2
Vι ~ 1 - uγ - u2'

 υ* ~ 1 - uγ - u2'

then (5.4.1) is rewritten in the following form:

(5.4.2) J J Π Qj(υιυ2Ϋ
idυι A dυ2

where Qλ - vl9 Q2 - v2, Q3 = 1 - υx — v2i

Q4 = x1v1 + x2υ2 - xxv\ + (1 - x1 - x2)υxυ2 - x2v\, βx = aιt β2 = <x2i

β3 = - ax - a2 - a3 - 2 α 4 - 3, β4 = a4.

It is clear that Π ; = 1 Qj has no multiple factors, provided xγ and x2 are generic in

this case, by Theorem 5.3.1, the twisted cohomology H (X, ί£ω) vanishes for p =

0, 1, although the condinion of Theorem 5.3.1 is not satisfied for the integral

(5.4.1).

Remark This example is due to J. Kaneko [Ka 2] who kindly communicated it

to the author.

§6. Arrangements, of hyperplanes in general position

In this section we will apply our results obtained so far to arrangements of

hyperplanes in general position to get some basic properties essential to the study

of the hypergeometric functions of type (n + 1, m + 1). Throughout the section

we assume m > n + 1.

6.1. Let

Pj(u) = xoj + xυu1 + + xnjun, 1 < j < m,

be linear polynomials. We call the arrangement of the hyperplanes Dj = {Py = 0),

1 < j < m, is in general position if any (n + 1) X (n + 1)-minor of the matrix

(6.1.1)

%n\ %nm

https://doi.org/10.1017/S0027763000004955 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004955


74 MICHITAKE KITA

is not zero. Then any n X n minor of the matrix

( x n x\m

is non-zero, which means that our Plf... ,Pm satisfies Assumption 2.2.1 and

hence by Theorem 5.2.1 we obtain that if Σ ; = 1 θίι $ Z, then

HP(Ω'(*D), VJ = 0 for p Φ n.

6.2. By using the filtration introduced in §4, we shall study in detail the

structure of HP(Ω'(* D), Vω) to the end we prepare some lemmas below. First

we extend the partial fractional decomposition to the case in several variables.

Notice that since any (n + 1) X (n + 1)-minor of (6.1.1) is non-zero, each of 1,

ulf...,un is written as a linear combination over C of any n + 1 linear polyno-

mials of Pjf 1 < j < m. Let g(u) = u\ι * * uv

n

n/Pι Pm, v% e Z> 0, and set

v I = Σ Vj. In case | v \ > 0, for simplicity we suppose v1 > 0 by the remark,

we see that there exist some constants clt... ,cn+i such that

Hence

In case | v | = 0, 1 is written as 1 = Σy=x c; P ; for some constants cy ^ C and

hence

Λ + l 1

Iterating the process, finally we arrive at the following result: if | v \ > rn — n,

then

u\l •- uv

n

n

 = aj(u)

where / — {j\,... , jn}, 1 < j \ < * * < j n < m and (Zjiu) is a homogeneous

polynomial of degree [ v | — m + n. If | v \ < m — n, then
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where / is as above and Cj ^ C.

Let a(u) be a polynomial of degree μ then a(u) is a linear combination of

monomials u^ ww

n. Applying the above result to each monomials, we obtain

LEMMA 6.2.1. Let a(u) ^ C [ulf... ,wj wtί/i deg tfte) = μ then the rational

function a(u)/Pι * * Pm is written as follows\ if μ> rn — n, then

(6.2.1)

where a0, ajf ahJ2,... are polynomials of degree μ — m, μ — m + \, μ — m + 2, .

respectively. If μ < M — n, then

a(u) y Cj

Pr--pm yph pln

where c; £ C.

For simplicity of writing we use the following notation:

i \_ *"J:=det
x V i ι

For logarithmic /)-forms φ ^ Ω (log D), p = n — 1, n, we will explicitly

write down φ as a sum of exterior products of —p1- and polynomial forms
-*;

(cf. Proposition 2.2.3). First let φ G β w ( l o g ΰ ) then φ is written as ψ =

a(u)duι Λ Λ dun/Pι P w , α(w) e C [M1 > # . . , uj. Since the rank of the

matrix

is v, there exists at least one non-zero v X i^-minor of the matrix which is

(l 2 - v\
supposed, for simplicity, to be x I . . . I. Then from

\h h '" Jvl
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/ l - iΛ
dPh Λ Λ dPh A duv+ί Λ Λ dww = .r I . . 1 duγ A Λ duni

it follows

! Λ Λ dun — /, 2 —\~dPh Λ Λ JP ; y Λ duv+1 Λ Λ

and hence

p 1 . ! % rftfiΛ -' Λdun

1 dPj dP,
•rr1 Λ Λ -p-"- A ah...)v{u)duv+1 Λ Λ dun.

This result, together with Lemma 6.2.1, yields the following Lemma for logarith-

mic p-forms, p — n — 1, n.

LEMMA 6.2.2 Let φ ^ ΩP(\og D), p = n — 1, n. Suppose φ = μ > 0

is written in the form

™ dP: dP dPj
(6.2.2) φ = φo+Σ-pLΛφj+ Σ -p± A - ^ A φhh +

where φ0, φjf..., ψj1...jp we polynomial forms of degree μ. Moreover in case p — n — 1,

if deg <p = — 1, we have φ = 0.

Proo/. We set * du{ : = ( - l ) ' " 1 ^ ! Λ Λ ^dui A Λ dun, I < i < n.

Notice that du{ A * du{ = d^ A Λ dun. Let ^ e ^""^logZ)); then by Lem-

ma 6.2.1, we can write φ in the form

φ = Σ Σ p . . . p

where / = {y:,... ,jn}, 1 < jx < < jn< m and bu(u) is a polynomial of de-

gree μ + 1. Since
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is a logarithmic (n — l)-form in a neighbourhood of Γil=1Dj , we have

dP n

(6.2.3) ~p^ A Σ bu(u) *du{ e Ωn(Cn).
r j v 1=1

On the other hand, since x I . . . I =£ 0, the set WP, Λ Λ dPΓ Λ
Vi /2 Λ /

Λ dPj}1^v^n forms a basis of A T X at each point of X and by the general

theory of exterior algebra, the base change from {* dui}1^v^n to {dPh Λ Λ

dPJv/\ *•* Λ dPj}λ<v<n is given by the matrix of which entries are the

(n — 1) x (w "~ 1) minors of the matrix

\Xnjι

Therefore Σ bjjXdUj is expressible in the form

Σ cΛu)dPh A Λ dP;u A - - Λ dPJn, cJv e C K , . . . , «J , deg civ = μ + l;

which, together with (6.2.3), yields

-i- Cj (u)dPj A Λ dP, e Ωn(Cn).

This implies that Pjv divides cjυ. Notice that if μ = — 1, this is equivalent to cjv =

0 and hence φ = 0. We set £, = P f c, (w) then we have

φ = Σ Σ p !v\

where we use the abbreviation *rfP ; = dP\ A Λ dP, Λ Λ dP7 .

By simple computations, it is shown that φ is written in the form (6.2.2).

Remark. By Lemma 6.2.1 and the proof of Lemma 6.2.2, we see easily that

for any φ ^ ΩP(\ogD), φ is expressible in the form (6.2.2). But in general we

cannot conclude that the φh...Jv's are of degree μ.

6.3. For the comparison of Hn(Ω'(\ogD), Vω) with Hn(Ω'(*D), Vω), we

will prove here the reduction theorem of rational forms to logarithmic forms.
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LEMMA 6.3.1. We assume α ; Φ Z > 0 for 1 < j < m and p = n — 1 orn. Let φ

be in Ω ( * D) such that Vωφ ^ -p fr~ Ω (C ) then we can write φ in the

form

φ = Φ + v<β
where φ e β*(logD) and iS e ΩP~\*D).

Proof φ is expressible as

φ = ^/Pf1 P^m, ^ i2'(CM), kj > 1 for 1 < < m.

It suffices to show that if k} > 1, then we can find a e fl*(Cn) and β e Ωn~ι(*D)

such that

k - Pk

j

rl- Pk

m™) + Vωβ.

For since ^(α/CPf1 P^" 1 P ^ ) ) is in -^fl ί+1(C>l) f we can iterate these

computations to obtain that φ is written in the form φ = -5 5—h Vωβ for

some α e fl*(Cn) and 8̂ e β ί " 1 ( * Z » . By Fω(α/(Λ Pw)) E - ί β ί + 1 ( C w ) and

Lemma 1.3.1, we can conclude that a/Pλ * * Pm ^ β^Qog

Since

Λ

and each kj > 1, we have

# + Σ (αy -kjΦ-Λφe Ωn+1(Cn).

By assumption, Px and Py are relatively prime and aj — A:; Φ 0 hence -p1- Λ ^

e flί+1(Cn), which shows that φ/Pλ - Pm is in ΩP(log D). By the remark at

the and of 6.2, φ/Pγ '' Pm is expressible in the following form

+
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Hence (p is written as a sum of the following terms:

(6.3.1) [0,/Λ*1"-^"

where we set / = {jlt..., jj, 1 < j λ < • < j v <* m, and

dP. dP,
[φl,: = Λ Pm -p± A • • • A - p ^ Λ φh...jv.

For simplicity, we suppose kλ > 1 and divide two cases.

First case: If 1 $ {jlf..., jv} = J, then [φ]j is expressible as Px X polyno-

mial p-ίorm$> and hence the term (6.3.1) reduces to the form (polynomial p-ίorm)/

P *l-! Όk2 . . . Ukm
1 Γ2 r m '

Second case where 1 e /. For simplicity we assume / = { 1 , . . ,,v}; then

[φ]j = dPιΛ ' - ΛdPvΛ (Pv+1 - Pmφj).

Set

ξ = dP2Λ ••• AdPvA(Pv+1'"PmφJ)/P^'1Pί'"'Pkjr;

then simple computations give

The sum of the second and third terms in the right hand side of (6.3.2) is written

as η/P^'ιP"2 ••• Pk

m

m where η e ΩP(C"). Since α x ^ Z > 0 , we have

This completes the proof of Lemma 6.3.1.

6.4. Let j : CQ'(logD), F J -* ( β ' ( * D), Vω) be the natural inclusion of

complexes. We shall show that the induced homomorphism j*'.H (Ω (log D),

Vω) -+ HP(Ω*(*D), Vω) is an isomorphism for all p under the assumptions α ; ^

Z > 0 for 1 < j < m and Σ™=1 aj k Z. The statement holds for 0 < p < n ~ 1 by
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Theorem 5.1.1 and Theorem 5.2.1. To show it for p = n, let φ e β n ( * Z ) ) since

Vωφ = 0, by Lemma 6.3.1, φ is expressible as φ = φ + Fj3, 0 e Ωn(logD)y

β G β (* D), which shows /* is surjective. To show /* is injective, let φ ^

βn(logZ>) such that φ = Fω<p for some <p e Ωn~ι(*D) Since

again by Lemma 6.3.1, <p is expressible as φ = α + Fj3, α e β w " (log/)), jS ^

i2w" ( * D) and hence 0 = Vωa, which shows that 0 is zero in Hn(Ω'(logD),

Vω) and hence ŷ . is injective. Thus we have

THEOREM 6.4.1. In case of arrangement of hyperplanes in general position, if

ctj ΐ Z > 0 for 1 < j < m and Σ a} Φ Z,

HP(Ω9(*D), Vω) =0 for p Φ n,

Hn(Ω'(*D), VJ ^Hn(Ω-(logD), VJ.

6.5. By investigating the filtration F. on Ωn~ (log D) in detail, we will

determine the structure of Hn(Ω'(logD), Vω). We have shown in 5.1 that if

Σ (Xj-Φ m, m — 1, . . . , then

(6.5.1) Hn(Gr^Ω'(logD)f GrF

u(Vω)) - Hn~ι{N\\ogD)u)

where Nn (log D)u is defined in 4.3 by the cokernel of the mapping

D) - Ω^ilog ΐ»u.

For simplicity of writing, we use the following notations:

ΩP(Cn)v: space of homogeneous polynomial p-ίorms of degree v,

ΩP(Cn) ^υ: space of polynomial ^-form of degree < v,

dPJ dPh
<p<h,..., V : = -ηy^ Λ Λ -p-^.

Notice that a polynomial ^-form is of degree > p. By the remark and Lemma

6.2.2, ξ e F ^ ^ ' G o g D) is expressible in the form

where $; 1...;Λ_1

 G Ω ((C w )< x and ζjx...jn_2

 e ^ ( C w ) ^ ! In the above expression,

each summand φ(f) A ξ/t J = {jlf... Jp}, p = n — 1 or n, belongs to

FλΩ (log D) and hence we can write FλΩ (log Z)) in the following form:
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F^n~\\ogD) = Σ φ<jl9.. .,;„_!> Λ ί/ίC*)^ +

+ Σ φ(jι,... Jn-2^ Λ Ω (Cw) < x.

We can show the similar results for FUΩ (log D) which are summarized in the

following table: Here we abbreviate the space

as [p] A Ωn<l P and so on.

0 [n-

Fo

1] Λ Ωl [n-

[n-

F,

1]

2]

Λ

Λ Ωl
[n

[n

[n

- 1 ]

- 2 ]

- 3 ]

Λ ,

Λ .

Λ

O<2

Ωl

[n

[n

[n

[n

F

- 1 ]

- 2 ]

- 3 ]

- 4 ]

β

A

A

A

A

Ω<u

o2

Ω3^

Table 1.

6.6. Now we study the structure of Ωn~1(logD); since our arrangement is,

by assumption, hyperplanes in general position, each of uv..., un is written as a

linear combination over C of any n linear homogeneous polynomials of Pjf 1 <i j

< m. Investigating in more detail the proof of Proposition 2.2.3 in this case, we

obtain the following

LEMMA 6.6.1. Let φ ^ Ωn 1(log D)u with μ > 0 then φ can be written in the

form

(6.6.1)

where φh...Ju e Ωn ' " ( C %

Proof. Since we can prove Lemma 6.6.1 along the same line of the proof of

Proposition 2.2.3, we will sketch the outline of the proof. Let φ ^ Ω (log D)β

with μ > 0; then we can write φ as ψ = 0/Pχ " ' Pm where 0 is a homogeneous
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polynomial (n — l)-form of degree μ + m. We have, by definition,

and then

(6.6.2) dPj A φ = 0 (mod P ; ) for 1 < < m.

By induction on m, we show that φ is written in the form

-

(6.6.3) φ = P1- -P

• + Σ - ^ Λ Λ - ^ ώ.

where 0 ; i...,n is homogeneous of degree μ.

In case m = 1, we can write 0 as

(6.6.4) 0 = Σ β,(κ) *έ/P ί, at(u) e β°(C w ), + m _ w + 1 ,
ί = l

since Plf...,Pn form a system of coordinates of Cw. By (6.6.2), we get dPγ A φ =

ax{u) * 1 = 0 (mod Pλ) where * 1 = dPx A - Λ dPw and hence P x divides

aλ(u) : ^x(w) = Pγάγ(u). This, together with (6.6.4), implies that φ is written in

the form (6.6.3).

We suppose the statement is true for m and show that it is also true for m +

u+m+l

dPj A φ = 0 (mod Pj) for 1 < < m + 1.

1. Let φ^Ωn \Cn)u+m+1 such that

Then by induction assumption, φ is written in the form (6.6.3) where φjι...jv is

homogeneous of degree μ + 1. We will show the statement by induction on the

largest number N for which Φjι...jN ^ 0. If N < n — 2, then the proof of Proposi-

tion 2.2.3 works in this case and hence the statement is true for N < n — 2. In

case N = n — 1, first notice that φj.../ is a homogeneous polynomial of degree

μ + 1 : deg 0y1...yw_1 ^ 1. Since Pjιt... PJH_lf Pm+ι f ° r m a system of coordinates of

C , by the remark, we can write φj ... ; _ as

n-\

(6.6.5) φj . . . ;

 = Σ Pj Cίj ...j .j + Pm+l^j •••; »ί+l
A : = l

Substitute (6.6.5) into (6.6.3); then from the same reasoning as in the proof of
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Proposition 2.2.3 (in (2.2.6), set βh...Jn_i;jk

 = βj^'j^ m+i = ° a n d a P P ^ t h e

reasoning to our case) it follows that the statement is true for N= n — 1. This

completes induction.

As in 6.5, we set

ΓΓ Ί A nn-ί-ρ _ γi ^ - * ; ' i A A ^*)p A nn-l-ρ /nn\

[p\ A Ωv — Σ, - 3 — Λ Λ - z ~ Λ Ω (C ) v

l<jι<.. <jp<m JJ

h Fjp

then as in 6.5, we have

LEMMA 6.6.2. We have

Ωn-\\ogD)0= [w-1] Λflo

ϋ,

), = [w-1] Λ β̂  + [w-2] Λ Ω\,

Ωn~\\ogD)u = [ » - l ] Λ f l ; + [ » - 2 ] Λ f l ; + .

From Table 1 and Lemma 6.6.2 it follows that if μ > 0, then the mapping

σ^"1: GrF

β Ω
n~λ(log D) —• Ωn~1(\ogD)u is surjective and hence Nn~1(\ogD)u = 0

for μ > 0. Therefore by (6.5.1) we have Hn(GrζΩ'(\ogD), Grζ(Vω)) = 0 for

μ > 0. Repeating the reasoning in the proof of Theorem 5.1.1, we conclude that

any φ ̂  Ω (log D) is cohomologous to a φ in F_λΩ (log D).

Since

F ^ ί Λ l o g D) = dUlp['.'.pdUn Ω\m_n_x and F . ^ - ' O o g D) = 0,

we have an isomorphism

Notice that dim Ω°^m_n_1 = ί ). We summarize the results in

THEOREM 6.6.3. In case of arrangement of hyperplanes in general position, if

ctj $ Z > 0 for 1 < j < m and ΣjLi #,- ̂  Z

HP(Ω'(*D), VJ =0forpΦn,

Hn(Q'(*D), Vω) -

-p
-* 1

duλ A - " A dun I <2(̂ ) G C M , deg <2 < m — n — 1
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and

dimHn(Ω\*D), Vω) = (m M.
\ n I

Since F0Ω (log D) is the space spanned by φ (jlf.. ,,jn--^, we have also the

following isomorphism

H (Ω (•/)), Vω) - ωA{{φ<h,...,jn_ι>\l<h< <jn_ι<m}}

COROLLARY We can choose

dP, dP;

~γ^ Λ Λ -jpr*-, I <h< "' <jn<rn-l,

asabasisofHn(Ω\*D), Vω).

Proof. It suffices to observe that
m

and hence

inHn(Ω'(*D), Vω).
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