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m-FULL IDEALS
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Introduction

An ideal a of a local ring (R, m) is called m-full if am:y = a for some
y in a certain faithfully flat extension of R. The definition is due to
Rees (unpublished) and he had obtained some elementary results (also
unpublished). The present paper concerns some basic properties of m-full
ideals. One result is the characterization of m-fullness in terms of the
minimal number of generators of ideal, generalizing his result in a low
dimensional case (Theorem 2, §2).

Meanwhile Professor Rees asked me for which ideals is it true that
@) = p(6) for all b containing a. Surprisingly enough it turns out that
m-full ideals do have this property (Theorem 3, §2). To prove this we
introduce, in Section 1, three numerical characters @, ¥, g, of m-primary
ideals. @ and gz are, respectively, the colength and the minimal number
of generators of an ideal modulo a general element, and ¥ is the maxi-
mum of w(b), where b runs over all the ideals containing a given ideal
(Definitions 1,2, 3, §1).

Theorem 1 in Section 2 shows that these are related by an inequality,
from which it immediately follows that an ideal a has the property men-
tioned above if u(a) = @(a) + #(a). And Theorem 2 shows that this is
precisely equivalent to the m-fullness of the ideal.

The purpose of Section 3 is to show that the converse of Theorem 3
holds in a 2-dimensional regular local ring, thanks to the equality ¥ (a) =
@(a) 4+ @(a) for any m-primary ideal a. Also we would like to call atten-
tion to the fact that Theorem 1 has grown out of the attempt to gener-
alize Lemma 2 which is easily proved homologically. (See Remark 3, § 3).

In Section 4 we present a theorem of Rees which says that any in-
tegrally closed ideal is m-full, and also we prove an interesting formula
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for the minimal number of generators of certain monomial ideals in
polynomial rings.

In Appendix we reproduce another theorem of Rees which is basic
in this paper and is used frequently, sometimes as taken for granted.
(cf. Remark 2 (i), §1).

I wish to express my deepest thanks to Professor D. Rees for his
new ideas and new problems and for many discussions throughout his
stay in Nagoya University early in the year 1983.

Special thanks are also due to Professor H. Yamada who ingeniously
pointed out that a theorem of Mordell falls in with the situation of Sec-
tion 4. Finally I would like to thank Professor H. Matsumura for influ-
ential advices and encouragement.

In what follows [/ stands for length, and x and ¢ are respectively the
minimal number of generators and the type of an ideal, i.e., pla) = l(a/am)
and <(a) = l(a: m/a).

§1. Definitions and Notation

DerinITION 1. Let (R, m) be a local ring, and put R’ = R(X,, - - -, X,),
the ring of quotients of the polynomial ring by the multiplicative set
consisting of polynomials having a unit as a coefficient. Suppose m =
(m,---,my) and put Y=Xm, + --- + X,;m,. We define @, an integer
attached to each m-primary ideal of R, by @(a) = l(R'[aR’ 4+ YR').

DerFinITION 2. With the same notation as above, we define g for m-
primary ideals by p(a) = pp,yr(aR’ + YR'|YR').

DEeFINITION 3. Let R be a local ring and a an m-primary ideal. We
define ¥ by ¥(a) = Max {u(0)|6 D a}.

DerFINITION 4. Let (R, m) be a local ring. (1) Assume first the resi-
due field R/m is infinite. Then an ideal a of R is said to be m-full if
there exists an element y € R such that am:y = a. (2) When R/m is not
necessarily infinite, let R’ be a local ring which is faithfully flat over R
with infinite residue field and with mR’ as the maximal ideal. Then an
ideal a C R is called m-full if aR’ is “mR/-full” in the sense of (1).

Remark 1. We will consider mostly m-primary m-full ideals. However,
m-full ideals are not necessarily m-primary. Easy examples are prime
ideals. In fact if p is a prime ideal, then it is an associated prime of
mp, hence there is y such that mp:y = p.
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Remark 2. (i) It can be proved that @(a) < [,(R/a + yR) for any ¥ € m.
When the equality holds, we will say that y is a general element for a.
It will be proved that if am:y = a then y is a general element for a. If
the residue field is infinite, a general element exists for any m-primary
ideal or even for any finite number of m-primary ideals. For details see
Appendix.

(i1) It is easy to see that ¥(a) < co. Indeed we have p(b) < p(a) +
{(6/a), for any ideal 0 containing a. Hence @(a) < u(a) + I(R/a). (cf.
Theorem 1.)

§2. The inequality ¥ < @ + g

TueoreM 1. Let (R, m) be a local ring and a an wm-primary ideal.
Then it holds that p(a) < ¥(a) < D(a) + ().

Proof. Only the second inequality requires proof. We prove it by
induction on @. As in Definition 1, put R = R(X,, ---, X)), m =
(my ---,my,), Y =Xm + --- + X,m,;, where d = p(m). Let ~— denote the
composition of the natural maps R — R’ — R’/YR'. Assume first #(a) = 1.
This means that &@ = fi. It follows that a contains elements a,, a,, - - -,
a4, € R, such that (a,, a,, - -+, a,_;, Y)R' = mR’. In particular g(a) =d — 1.
Now if b is any ideal containing a, then b/(a, ---,a,_;)R is a principal
ideal because it is an ideal of the ring R/(a,, - - -, @,_,)R in which the maxi-
mal ideal is generated by one element. Hence u(b) < d. Thus Z(a) < d,
and we are done with the case ® = 1. Now assume the inequality to be
true for all b with @(6) < n — 1, and assume @(a) = n. Let b be any ideal
containing a. It suffices to show that u(b) < @(a) + a(a). First assume
that @) < n. Then by induction hypothesis we have u(b) < @(b) + p(b).
It is easy to see that a(b) < I(b/a) + a(a) = @(a) — &(6) + p(a). Combining
these together we have pu((b) < @(a) + p(a). Next assume that @(b) = &(a),
ie, b =a Letr = pg(b). Then we may choose a minimal generating set
of bR’ as follows:

bR = (2, ---, 2, Yx,, ---, Yx)R’,
b=(@, -,z)R,
and
pub)y=r—+t¢.
(Note p(b) = p(bR’) since R — R’ is faithfully flat). We want to show that
t < @(a). Obviously x, € bR’: Y for each i. Denote the images of x,, - - -, x,
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in bR’: Y/BR' by x¥, ---, x¥. From the exact sequence

0—> R'bR’: YL R')bR' —> R'[bR’ + YR’ —> 0
we have [p.(bR’: Y/6R') = @(b) = n. Suppose ¢ >n. Then {xf, ---, x}}
cannot be a minimal generating set of the ideal they generate in the ring
R'/6R’. Thus there are elements a,, - .-, a, € R/, at least one a unit, such
that axf + --- +axf =0, 1e, ax, + - - + a,x, € bR. Hence a(Yx,) +
oo +a(Yx) e YOR" c mbR’. This contradicts the fact that we have

chosen Yx,,i=1,-..,t as a part of a minimal generating set of bR’
Hence ¢t < n, and wb) =t + r < &(a) + gla) as wanted. This completes
the proof.

CoroLLARY. Let (A, m) be an Artin local ring. Then for any ideal I
of A and for any element y of m we have

wlI) < (Al yA).
Proof. Put R = A and a = 0 in the theorem.

Remark 1. Theorem 1 and its corollary are in fact equivalent. To
derive Theorem 1 from Corollary observe that if we put A = R/am, then
(1) @,00) = @rp(am) and (2) ¥,(0) = ¥r(a). In fact (1) is obvious. For (2) it
suffices to prove that ¥ ,(0) < ¥,(a), the other inequality being obvious.
By definition there exists an ideal b of R such that u(b + am/am) = ¥ ,0).
Consider (b + a). This is equal to (b + a/bm + am) = (b + am/bm + am)
= w6 + am/am). Hence ¥ ,(0) < ¥,(a) as wanted.

One might ask when does the equality ¥ ,(0) = @,0) hold. This will
be discussed in [4].

THEOREM 2. Let (R, m) be a local ring and a an m-primary ideal.
Then the following conditions are equivalent.

(1) a is m-full

(i) z(a) = D(a) and p(a) = z(a) + @(a).

(i) @) = 0@ + ala).

@iv) (@) = D(am).

For proof we need an easy
Lemma 1. If am:y = a then a:m = a:y.

Proof. Obviously a:m C a:y, while a: m = (am:y): m = (am: m): y D

https://doi.org/10.1017/5S0027763000000908 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000000908

m-FULL IDEALS 105

Proof of Theorem 2. Let = denote the natural map R — R'/YR' as
before. Then, by definition, ®(am) = I(R/am) = I(R/a) + I(G/am) = &(a) +
#(a). Hence (iii) and (vi) are equivalent. We prove (i) implies (ii). Since
i, 7, g, and @ are all stable under a faithfully flat extenstion, we may
assume R/m is infinite. Choose y such that am:y = a and consider the
exact sequences

(*) 0—>Rla:y—2>Rla—>Rja + yR —>0
and
(*¥%) 0—— Rfam:y AN R/amt —> Rfam + yR —> 0.

From (*) and from Lemma 1, we have I(R/a + yR) = l(a: y/a) = l(a: m/a) =
7(a). From the similar exact sequence as (*) with aR’ and Y in place of
a and y, we have @(a) = [ (R'/aR’ + YR') = z(aR’). Since R — R’ is faith-
fully flat, z(a) = z(aR’), and from Remark 2 (i) it follows that z(a) = @(a).
This is the first equality of (ii). From (**) we have I(Rfam + yR) =
I(am: ylam) = l(aJam) = p(a). Exactly the same argument as for &(a) = z(a)
shows that @(am) = p(a), proving the second equality. The implication
(1) © (iii) is trivial. We have already shown (iil) & (iv). It remains to
prove (iv) = (i). Note that we may assume R/m is infinite. Then we can
choose a general element y for am. By definition @(am) = I(R/am + yR).
From the short exact sequence (**) above, it follows that I(am:y/am) =
@(am). But p(a) = l(a/am). Thus (iv) implies am:y = a, i.e., a is m-full.

We will say that an (m-primary) ideal a has the Rees property if
p(a) = p(0) for any ideal b containing a.

TuEOREM 3. Let (R, m) be a local ring. Then an m-primary m-full
ideal has the Rees property.

Proof. By Theorem 2, we have pula) = @(a) + g(a). By Theorem 1,
we have p(a) = ¥(a). This is the Rees property.

§3. The m-full ideals in a two dimensional regular local ring

TueoreEM 4. Let (R, m) be a two dimensional regular local ring.
Suppose that a is an m-primary ideal and n is the integer such that a C m™
and a ¢ m"*'. Then the following conditions are equivalent.

(1) a is m-full

(ii) wla)=n+ 1L

(iii) a has the Rees property.
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Proof. First we prove that @(a) = n. As before we may assume R/m
is infinite. Let y € m be any element. Then we have m + yR 2 m* + yR 2
... 2m"+ yRDa + yR, and I(R/a + yR) = n. Hence in order to prove
@(a) = n it suffices to show the existence of y such that I(R/a + yR) = n.
The condition a C m"™ and a ¢ m"*' means that a contains an element a
such that aem” and ae¢m**'. Let m = (¢, {,)R. Then a¢ may be written
as a homogeneous from in ¢, and ¢, of degree n with coefficients in R,
and not all of them in m. Since R/m is infinite, we may assume, after a
suitable linear transformation of ¢, and ¢, that a is of the form

a = (unit)e? + c, 27, + - - - .
Let y =t,. Then R/yR is a DVR with (¢)) as the maximal ideal. Clearly
a = tyRmod yR, and we have I(R/a 4+ yR) = n, as wanted. We note also
that g(a) = 1, which is clear because amodyR is an ideal of a DVR.

Now the equivalence of (i) and (ii) follows immediately from Theorem 2.
The implication (i) (iii) was proved in Theorem 3. Assume (iii). Then
wa) = p(m™) =n+ 1. On the other hand, ua) < 0(a) + o) < n + 1,
Thus (ii) follows.

Remark 3. The implication (i) = (i) and (iii) in the theorem is due
to Rees. He proved it using Lemma 2 below. Lemma 2 itself was origi-
nally proved by Burch homologically ([1] Corollary 2). (We outline her
proof below). On the other hand the same lemma is proved, as was done
in the proof of the Theorem 4 above, as a consequence of Theorem 1. It
gives us a non-homological proof. Thus we may consider Theorem 1 as
a broad generalization of Lemma 2.

LEMMA 2 (Burch). Let (R, m) be a regular local ring of dimension 2.
Let a be an wm-primary ideal of R such that a C m® and a ¢ m"*'. Then
we have pla) < n + 1.

Proof. Write a minimal free resolution of a:
M
00— R*'— R —>aq.

Then a is generated by the (x — 1) X (¢ — 1)-minor determinants of the
matix M. Hence a C m*~. Hence p — 1< n.

§4. Application

THEOREM 5 (Rees). Let (R, m) be an integrally closed integral domain.
Then any integrally closed ideal a (not necessarily m-primary) is m-full.
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Proof. Let (am)’ be the integral closure of am. It suffices to find an
element z (in a suitable faithfully flat extension of R) such that (am)’: z
= @, because, then a C am: z C (am): z = a. Recall that an integrally
closed ideal a is a finite intersection of valuation ideals. I.e., there are
a finite set of discrete valuations v, of rank 1, non-negative on R, and
positive integers e, such that for x € R,

xea&=ux) =e for all i. (See [2] p. 353 Theorem 3.)

It is harmless to add some additional v; (non-negative on R) with e, =
v,(a) := Min,.,v,(a). Therefore we can choose v; (1 < i < n) which work
both for a and for (am), i.e. such that

a = {z e R|v(2) = v(a) for all i},
(am) = {z € R|v(z) = v((am)) for all i}.

Note that v,((am)) = v,(am) = v,(a) + v,(m). If R/m is finite, we replace
R by R(X) (as in Definition 1), and we may assume R/m is infinite. Then
we can find an element z € m such that v,(2) = v,(m) for all i. Hence
(am)': z = a as desired.

THEOREM 6. Let R = k[X,, ---, X,] be the polynomial ring over any
field k. Let a0, <0, < --- < a, be fixed positive integers and let a be the
ideal of R spanned by the set of monomials {X? ... X?|p la, + p,ja, +

--+ + pyJa, = 1}. We define Nya,, - - -, a;) to be the number of non-negative
integer solutions (pi, ---,p;) in Z' of the inequalities 0 < p,ja, + --- +
piJa; < 1. Then

P(a) = Nn—l(ah Y an—l) + Nn—z(ah Sty an—Z) + s + Nl(al) + NO )

with the convention N, = 1.

Proof. Put m=(X,,---,X,), R' = R,, and o’ = aR,. One sees easily
that am: X, = a. Hence a’ is m-full in the local ring R’. By Theorem 2
we have p(a’) = O(0/) + p(o’). Since a is a graded ideal of R, pz(a) =
tr(@’). Now we calculate @(a’) and z(a’). Since a is generated by mono-
mials, z=X, + --- + X, is a general element for a. Put R = R/zR, and
consider @ = aR. If we eliminate X,, we see that & is the ideal of
k[X,, ---,X,_,] spanned by the monomials {X?*...X#73Ip/a, + --- +
DPn-i/@,.y = 1}. Hence by induction on n, g(a) = N,_, + --- + N,. For &)

we count the number of the monomials of k[X|, - .., X,_,] which are not
contained in @ This is precisely equal to N,_(a;,, a, -, a,_,). Q.E.D.
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Remark 4. It is easy to see that N,(a) = a and Nya, b) = ¥{(a + 1)
-(b + 1) — GCD(a, b) — 1}. Hence in the case n = 3, we have

P‘(a) = Nz(au az) + Nl(al) + N, = %{(02 + 1)((11 + 3) — GCD (ab (12) — 1} .

As to Nya, b, ¢) there is a theorem due to Mordell describing this number
using certain number theoretic function (Dedekind sums) provided that
a, b, ¢ are pairwise coprime. (See [3] p. 39 Theorem 5.) For higher dimen-
sional case no results of this kind seem to be available.

Appendix

TuEOREM A. Let (R, m) be a local ring with residue field k = R/m.
Let m, ---,m, be elements of m and let y = >, xm, with x, € R. Let
X, .-+, X, be indeterminates over R, let S= R[X,,---,X], and let Y =
> X,m,, and let R’ denotes S localized at mR[X,, - --, X,]. Finally let a be
an m-primary ideal of R. Then [, (R'[aR’ + YR) < lx(R/a + yR). Further,
if k is infinite, then there exists a non-zero radical ideal b of k[X,, ---,X|]
such that the equality holds above if and only if the ideal (X, — X%, -- -
X, — %,), does not contain b. (%, denotes the image of x, in k.)

To prove the first part of this Theorem we may assume that R is
Artinian and a=0. Since R = R(X, ---,X,) = R, ---, X,_)(X,), the
induction on ¢ reduces the assertion to the following

ProrosiTioNn B. Let (R, m, k) be an Artin local ring, m;, m,c m and
let X be an indeterminate and put R’ = R(X). Then [ (R'[(Xm, + my))R) <
Iz(R/(xm, 4+ m,)R), for any x in R.

Proof. Set A = R[X]/(Xm, + m))R[X], B = R(X)/(Xm, + m,)R(X), and
consider the natural homomorphism ¢: A—B. Let B=dJ, DdJ, D .-
Dd, = (0) be a composition series of B, and let I, = ¢ '(J;). Then we
obtain a chain of ideals of A: I, DI, D> -.- DI, Let x be any element
of R. Then it holds that I,: (X — x) = I, for all i, since (X — x) is a unit
in B. Hence, by letting I, = image of I, under the natural map

A —> ApnRIXI(X — ©)R[X] = R/(xm, + m)R,
we obtain a chain of ideals [, 2 I, 2 - -- 2 I,. This proves the proposition.

=

Remark. 1t is easy to see that in this proposition I.(R’/YR’) depends
only on the ideal (m,, m,, - - -,m,) and not on a particular choice of elements.
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Proof of the second part of Theorem A. As in the first part, we may
assume that R is Artinian and a =0. Let S= R[X|,---,X]] and Y=
mX, 4+ .- + mX, We fix a chain of ideals of S:

(*) S=L>Lo>...2I,=YS,

such that I,/I,,, =~ S/P,, P, e Spec(S). Since any prime ideal of S con-
tains mS, we may think S/P, = k[X,, --., X]/p, for prime ideals p, of
R[X,, ---,X,]. By localization at the prime ideal mS, the chain (*) becomes
a chain of ideals in R’. The isomorphisms

k(Xb""Xt) if pizO

P, R/ ~
SIP,®. { A e o

imply
(1) lp(R'[YR') = 4 {i|p, = 0}.

Next we consider Ix(R/yR). Letx, -.--,x, e RM =X, — x, -, X, — xS,
and let f: S——> S/M ~ R be the natural homomorphism. Applying f to
the chain (*) above, we have R=f(I)) D f(I) D --- D f{,) = yR. From
the exact sequence

0 —>I/L,., 5 S/I,., —> S/T, —> 0

1
S|P,

it follows that

if SIP,® SIM+0 and h,® S/M=+0,
otherwise .

k
FIYFTL,) = {0

Accordingly

@ p X =5, -, X — DX, -, X] ,}

(2)  IL(R/yR) =4 {i () h,®S/M=+0.

where X, is the image of x;, in R/m = k. Let b = N, p;. Suppose a set
of elements x,---,x, € R is such that (X, — %, ---,X, — ¥)80. Then
only the null ideal can satisfy the condition (a) of the right hand side of
(2). Hence the set (1) contains the set (2). le., lz.(R'|YR') = I(R/yR).
The other inequality was proved in Proposition B. Q.E.D.

Following is a generalization of Theorem A.
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TueoreM C. Let (R, m) be a local ring and a an arbitrary ideal. Let
R and Y be as in Theorem A. Then

Iz(Ker [Y: R'[aR’ —> R'[aR]) < lx(Ker [y: RlaR —> R[aR]).
(Note that length can be .)

Proof. We may assume a = 0. If R is Artinian [(0:y) = I(R[yR) as
is easily seen from the exact sequence

0 0:y—>R->R-—>RjyR—>0,

and this case is contained in Theorem A.

First we assume that the left hand side of the inequality is finite.
In this case we have to prove the inequality only when the right hand
side is finite. Consider H = H%(R) and H’ = H%z/(R’). We note that
H = HQ® zR’. Suppose 0:y is a module of finite length. Then, with the
identification H = U, (0: m"*), it is contained in H, hence we have the
commutative diagram:

0—>0:y —> R R
H U u
0—>0:,y —>H-Ys H > HlyH 0.

Since H is a module of finite length, I(Ker[y: R — R]) = I(H[yH). The
same 1is true for R’ and Y and H’. Observe that Theorem A is actually
true for H (or for any module of finite length), instead of R/a for an m-
primary ideal a, the proof being valid verbatim. Thus we have settled
this case. It remains to prove that if the left hand side is infinite then
so is the right hand side. Let 0 =q, N --- N g, be a shortest primary
decomposition of 0 in R. Then we have 0 = q R’ N --- N q,R’ as a shortest

primary decomposition in R’. The assumption I(Ker[Y: R — R’]) = o
implies that Y is contained in v/q,R’ for some i such that +/q;R’ # mR’.
This means that all the elements m; (which occur in Y = > X;m,) are
contained in +/q;. Therefore y e vq;, and (Ker[y: R — R]) = . Q.E.D.
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