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NECESSARY OPTIMALITY CONDITIONS
FOR A PROBLEM WITH COSTS OF RAPID
VARIATION OF CONTROL
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Abstract

In this paper a control problem with a cost functional depending on the number of
switchings and on the speed of alterations of control is considered. Necessary conditions
for the existence of an optimal solution are given.

1. Introduction

Denote by U a set of piecewise continuous vector functions u(-) =
(u'(+),...,u"(-)) defined on the interval [0, T], whose values at the instant ¢
belong to a non-empty compact set M contained in R’. Besides, let us assume
that, for the functions u(-) belonging to U, the condition: S(u) < oo is satisfied,
where S(u) is defined by the formula

S(u) — Sup{lu(t) - u(t’)' .

TExd ,t#t’,ucontinuouson[t,t']}. (1)

The set U will be called a set of admissible controls and its elements admissible
controls.

Consider the following

Problem 1. Determine the minimal value of the functional

I(x, u) =f0Tf0(t, x(1), u(t)) dt + ®(u) @)

! Institute of Mathematics, University of L6dz, Poland.
© Copyright Australian Mathematical Society 1984, Serial-fee code 0334-2700,/84

45

https://doi.org/10.1017/5033427000000432X Published online by Cambridge University Press


https://doi.org/10.1017/S033427000000432X

46 K. Kibalczyc and S. Walczak (2]

under the conditions

x(t) = f(2, x(2), u(2)), (3)
x(0) = x,, 4
u(-) €U, (5)

where f: [0, T]X R*"X R >R, f: [0,T]XR"XR >R’ x(-) € W/ (0; T)),
xo € R, W["(([0, T']) stands for the space of absolutely continuous functions with
norm

lIxll =[ x(0)| +]OT|x(z)|dt.

The functional ®(u) is defined by the formula
®(u) = v,N(u) + v,S(u) (6)

where v, > 0, v, > 0, N(u) denotes the number of points of discontinuity of the
function u(-) on [0, T'], and S(u) is defined by (1).

A problem like this was formulated by E. S. Noussair [3]. In the paper just
mentioned the author proved a theorem on the existence of a solution to Problem
I in the class of piecewise continuous functions. The present paper includes a
necessary condition for optimality which has been obtained on the basis of the
Ioffe-Tikhomirov extremum principle ([2], Section 1.1).

2. A necessary condition for optimality

Let (x,, u,) be a solution to Problem 1. Such a solution exists if the assump-
tions of Theorem 3 are satisfied (cf. [3]). Assume what follows:

1° there exists a summable function a(-) such that fi(z, x(¢), u(t)) = a(t) for
any pair (x, u) satisfying (3)-(5) and for almost all ¢ € [0, T'],

2° the functions fy(¢, x, u), f(1, x, u) are continuous with respect to the group
of variables (¢, x, u), continuously differentiable with respect to x and differentia-
ble with respect to u,

3° f, is convex with respect to u with any x and ¢ € {0, T],

4° there exists a neighbourhood V' C W'([0, T]) of the point x,, such that for
any x € V, any u,, u, € U, and any « € [0, 1] there exists some u € U, such that

S, x(2), u(0)) = af(e, x(1), uy (1)) + (1 = @) f(2, x(¢), uy(1))
for each 1 € [0, T'], where U, C U is a set of functions that have p fixed points of
discontinuity,
5° the set M, occurring in the definition of the set of admissible controls U, is a
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perpendicular parallelepiped contained in R’, defined as follows:
M={z= (z',...,2") ER; 2 €[, g, i= 1,...,r},

where —o0 <aq; < B, < o0 fori=1,2,...,r.

REMARK 1. Conditions 1°, 2°, 3° and 5° are typical assumptions which occur in
many theorems of optimization theory. Condition 4° has been introduced here in
order that the loffe-Tikhomirov extremum principle could be applied. It is easily
noticed that this assumption is satisfied by all systems linear with respect to the
control, i.e. systems of the form

(e, x, u) = g,(t, x)u + gy(¢, x),
where u € U, u(t) € M, and M is a convex set.

Denote by H a Hamilton function

H(No, ¥, x, u, 1) = ($(1), f(t, x(2), u(1)) = Ao fol2, x(2), u(1)),  (7)
where (1) is an absolutely continuous function on [0, T'] satisfying the conjugate
equation

d"’T(tt) = (1, x(), w())(r) + Nofo (2, x(2), u(2))

and the condition Y(T') = 0, while A is some non-negative constant.

In the first place, let us consider the case when u is a scalar function, that is,
r=1

We shall prove the following

THEOREM 1. If u () is an optimal control in Problem 1 and

1. conditions (1°-5°) are satisfied,

2. H(Ag, Y(1), x,(2), u (1),t) # 0 for almost all t € [0, T], then the optimal
control u,(-) is a piecewise constant function assuming values equal to a' or B! only,
and the number of points of discontinuity N(u,) can be estimated as follows

N(“*) < N(up) + ‘ ';lao, (8)

where u(-) is some admissible control,

c=j0Tf0(t,x0(z), uo(1)) dt + 1,8(u5), g =fOTa(z)dz.

PrOOF. Denote X = W{"([0,T]), Y = L}([0,T]) X R". Let F: X X U~ Y be
an operator defined by the equality

LECx(), w(-DI(e) = (x(2) = f(1, x(1), u(1)), x(0) = x,).
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Then Problem I can be formulated in the equivalent form of:
Problem 11. Determine the minimal value of the functional

1(x, u) = [y, x(2), (1)) dt + @(u),
0
in the set X X U under the conditions
F(x,u)=0, u(-)eU.

Let u.(-) be an optimal control in Problem I (Problem II). Denote by
t, ty,...,t, points of discontinuity of the function u,(-) on [0, T]. Note that Z is
a finite number. Indeed, from (2) we have

I(x*, u*) = j(;Tfo(t, X u*) de + y,N(u*) + yzS(u*)
<1(0,0) = ["/i(1,0,0) dt.
0
Making use of assumption 1°, we obtain the following estimate
1 1
0<sZzZ-= N(u*) <;—l-[a +ay— YZS(u*)] <Y—l[a + ay] < o0,
where

a =fOTf0(t,0,o) dt, a0=j(;ra(t)dt.

Let U, stand for a subset of U, composed of functions possessing exactly Z
fixed points of discontinuity ¢,, t,,...,t,.

It is easily seen that, if u,(-) is an optimal control in Problem II, it is also
optimal for the following Problem III (but not inversely, in general).

Problem 111. Find the minimal value of the functional

I(x,u)= [ "ho(t, x(e), u(2)) de + v, N(u) + 1,5(u)

under the conditions
F(x,u)=0, u(-)eEU,.

For u(-) belonging to the set U,, the N(«) is constant and equal to Z; conse-
quently, u,(-) is also a solution to
Problem 1V. Find the minimum of the functional

= T
I(x,u) =f0 fo(t, x(2), u(2)) dt + v,5(u)
under the conditions

F(x,u)=0, d(-)€U,.
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And thus, if u,() is an optimal control in Problem I, it is such for Problem IV.
To Problem IV we shall now apply the extremum principle ([2], Chapter 1).
The functional S(u) is convex on U,. Indeed, let ¢, ¢’ be any points belonging to
the interval of continuity of the functions u,(+) and u,(-). We have
S(Auy, + (1 = N)uy) = sup{|Au,(¢) + (1 — A)uy(2)
=Ny (1) — (1 = N () /12 = ¢}
< Asup{luy(1) — w ()1t~ 11}
+(1 = A)sup{|uy(r) — uy(£) /1t — 1}
=AS(u;) +(1 — A)S(u,),
where A € [0, 1]. Consequently, the functional I(x, ) is convex with respect to u
withany x € V.

The mapping F is decomposed into mappings F;: X X U —» ¥, = L{[0, T'] and
h;: X X U - R", where

[A(x(:), u(-N](8) = 2(e) = f(£, x(), u(2)),  Ay(x(-), u(-)) = x(0) ~ x,.

The mapping F, possesses a continuous Fréchet derivative with respect to x for
any u(-) € U, equal at the point (x,, u,) to

[Fu(3:0) m()E)] (1) = 5(0) = £(1, x4(0), (1)) %(2),

where X(-) € W\ |({0, T']). The mapping F is regular at the point x, because the
equation

2(6) = £1, x.(0), u, (1)) % (1) = y(2)
possesses the solution x(¢) € W/",([0, T]) for each

y(:) € LY([0,T]), ([2], Section 0.2).

The functional I(x, u) = J& St x(2), u(2)) dt + v,S(u) is also continuously
Fréchet differentiable with respect to x with each fixed ¥ € U, and its derivative
at the point (x,, u,) is expressed by the formula

L{x (), u()FO)@) = [ (ol xu(0), (1), %(0)) .

In view of the above, all assumptions of the extremum principle are satisfied.
The Lagrange function for Problem IV has the form

f’(xa u, Ao, Ay, y*) = }\Of(x, “) + (7\1’ h|) + <y*’ F,(x, “)>’
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where A, € R, A, € R", y* € Y. The function £ can be represented in the form
T
B(x, 4, A, Ay y*) = AO(/; 18, (1), u(t)) de + 72s(u)) + (A, x(0) — xo)

+fT(¢(t), x(t) = f(t, x(2), u(¢)) dt,
0

where y(-) € L2([0, T']).

Applying the extremum principle, we obtain that a necessary condition for the
point (x,, u,) to be a solution to Problem IV is the existence of Lagrange
multipliers A, = 0, A, y*, not vanishing simultaneously, for which

Bx(x*’ Uy, Ngs Ay, )’*) =0,
E(X*, Uss }\0’ A" y*) = ilél(r} (x*’ u, A09 A1’ y*)

Hence
Mof (ol xa(0) (), %(0)) de + (A1, (0))
+ L1000, 50 = £t 20, w(0) () i =0 )

for any x(-) € W" ({0, T']), and
LTAoh(e 220, a0) = (9000, 75, 2000), s (0)))] e+ Ao ()

= min [fOT[AOfO(t, xu(1), u(?))

= (#(0), 78 %0, u(0)))] de + AgraSC) .
(10)

Making use of (7), we may write condition (9) in the form
T - T _ —
[T 2@ de = [T(#(Nor #5000, 1), 56 e+ (01, 2(0)) =0
(11)
Integrating the second addendum of (11) by parts, we get
/’(¢(z) - ["H,a, 57(:)) di + (-fTdet +A, x(o)) =0. (12)
0 t 0

Since the last equality holds for an arbitrary absolutely continuous function x(-)
therefore

W) — ["H.di=const, 1e]o,T].
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Hence it appears that ¥(7) is absolutely continuous on [0, T'] and satisfies the

differential equation
% = —HX(AO, ¥, X, U,, t) = —x(t, X4 u*)\p(t) + )\Oj})x(t, X, u*).

Let us now come back to equality (12). It holds for any x(-) € W ([0, T]), in
particular, for such that X(0) = 0. Then (12) has the form

/’( (1) —fTdez,f(z)) dt = 0.
0 t
Integrating by parts, we obtain

0 =/()T(¢(t) —f’Tdet,)?(t)) dr

- (4,(,) —ftTdet, f(t)) :—for(ﬂt) +H,, (1)) dt

= (¥(T), %(T)).

Since X(T) may assume any values, therefore y(7) = 0. Consequently, the
function y satisfies the equation y = —H, with the condition y(T') = 0.
Condition (10) has the form

/(;T— H()\O, Y, Xys Uy, t) dt + AOYZS(u*)

= min {j(;r— H(}\O, ¥, x,, u,t)dt + )\OYZS(u)}. (13)

uely,

It follows from condition (13), assumption (2°) and the definition of the function
S that the function u, takes the values:

o when H,(Ag, ¥(1), x,(t), u,(t), 1) >0,

u (1) = B! when H,(Ag, (1), x,(t), uy(1), ) <O0.

Since in Problem IV under consideration 4 € U,, the optimal control u, is a
piecewise constant function.

Let us now estimate the number of points of discontinuity of the optimal
control u,(-).

Let uy(-) be some admissible control. Thus the inequality

I(x,,, u,) < I(xg, ugy)
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holds, where x4() is a trajectory of system (3)-(4), corresponding to the control
uy(-). Hence

forfo(,, x (1), u () dt + v, N(u,) + v,5(u,)

< ["hle xo(0), wo(0)) di + 1iN(wo) +1,S(w0).  (14)

Since u,(-) is piecewise constant, therefore S(u,) = 0.
It follows from assumption (1°) that

a =fTa(t)dt <fo0(t, x(1), u(t)) dt
0 0
for an arbitrary admissible process (x, u). Hence from (14) we obtain
T
'YIN(“*) t ag g]{; Jo(t, xo(1), ug(2)) dt + v, N(ug) + v,5(uy).
By ¢ let us denote a number equalling

=/ "ot xo(1), uo(£)) dt + v,5(u).

We then obtain the following estimate of the number of points of discontinuity of
u*( )

C_ao

N(u*) < NM(u,) +
We have thus obtained the complete proof of Theorem 1.

Let us now consider the case of a vector control. It is easy to prove the
following.

LemMMA 1. If u (-) = (ui(:), u3(-),...,ul(+)) is an optimal control in Problem 1,
then each of the functions u’, i = 1,...,r, is an optimal control in a scalar problem
of the form

IL(u') = I(x, ul, w2, i ui“,...,u;) - inf,

(2) = f(e, x(e), ub(2), u2(2),...,u'(2),...,ul(1)),
where u'(+) € U', and U' is a set defined as follows:
U’ = {u'(-) piecewise continuous on [0, T], u'(t) ela, B, S(u') < o0}.

Repeating, for each i = 1,2,...,r, the proof of Theorem 1, we obtain the
following;
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THEOREM 2. Let assumptions (1°)—(5°) be satisfied. If, for each i = 1,2,...,r,
H, %0 almost everywhere on [0, T], then the optimal control for problem I,
u () = (ul(*), u2(+),...,ul(+)) is a piecewise constant function whose components
u'(-) assume the values &' or B' only, and the number of points of discontinuity is
estimated by formula (8).

We shall now consider the case of a linear problem. Namely, assume that the
functions f and f, are of the form

f= Ax + Bu, fo=ax + bu,

where A is a matrix of dimension n X n with constant coefficients, B is a constant
matrix of dimension n X r, a and b are, respectively, n- and r-dimensional vectors.
It is easy to notice that, in this case, all earlier assumptions (1°)—(5°) are satisfied.

For a linear problem, we shall now give a sufficient condition for H, # 0,
i=1,...,r, to be satisfied.

THEOREM 3. If a system
#(t) = A%(t) + Bu(1), (15)

where ¥ = (x°, x',...,x"), X°(¢t) = ax(t) + bu(t), 4 is a matrix of degree (n + 1)
X (n + 1) of the form

B is a matrix of degree (n + 1) X r of the form
P :[b'....b’]
B b
is regularly controllable (cf. [1]), then, for each i = 1,2,...,r, the condition H, # 0
is satisfied.
PrROOF. We have
H = (y, Ax + Bu) + Ay(ax + bu),

where Ay < 0, y(?) is an absolutely continuous function and A, and ¥ do not
vanish simultaneously.
Lety = (Ay, ¥',...,¢"). Then H has the form

H = (y, A% + Bu) = (y, A%) + (§, Bu).
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The function ¥ is a solution to the equation
V(1) =-H, = -2 (1). (16)

Since A4 is a constant matrix, therefore 47 is an analytic function of the variable ¢.
The derivative of the function H with respect to u has the form

H, = B* (1).
Let us now suppose that there exists j € {1,2,...,r} such that H,, = 0 on set
Q C [0, T'] of positive measure, i.e.

(I;J,x];(t)) =0 forz € Q,

where b, is the jth column of the matrix B. The function (b;, §(¢)) is analytic and
vanishes on the set of positive measure, SO

(l;j, ¥(2)) =0 foreacht € [0,T].
Differentiating with respect to ¢, we have
(8, 9()) =o.

Taking account of (16), we get

(8,-4*6 (1)) =0,
that is,

(4B, ¥ (1)) =o0.
Further, proceeding analogously as in the proof of Theorem 6.5 (cf. [1]), we come
to a conclusion that system (15) is not regularly controllable. This contradicts the
assumption of the theorem. Consequently, H,; # 0 fori = 1,2,...,r.

To close with, we shall give an example illustrating the theorem we have
proved.

EXAMPLE. In the space R? let us consider a control system of the form
' =4xr+ 1!,
xr=3x"+ $x2 + fu?, (17)
x'(0) = x%(0) =0, lu|< 1,|u?|< 1,
with a cost functional defined by the formula
I(x, u) =f0'(-x‘ — x?+du') dt + N(u) + S(u), (18)

where x = (x', x2), u = (u', u?).
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It is easy to see that in this example the system £ = A% + Bu is of the form (cf.

Theorem 3)
%0 0 -1 —11 %0 0 g
#]=10 0 3 {[x|[+]1 0 [uz]. (19)
x? 0 3 3 [lx? 0 i

By putting, successively, #' = 0 and u? = 0, it can easily be checked that system
(19) is regularly controllable. From Theorem 3 it follows that in this example the
assumptions of Theorem 2 are satisfied. Making use of the Cauchy formula, we

obtain
|x(¢)1= |f e OBu(r) dr
0
< e B||jull < e - % 2<1 forte]o0,1],

where
10 3 |3 0
3 2 4

Hence

folt, x,u) = x'—x%+ iu' = 24,

And consequently, for a, in formula (8) we may take ay = -24. Put uy =0. It
follows from (17) and (19) that

e = [t xo(1), uo()) di + 1,S(so) = 0.
0

Using Theorem 2, we infer that each component of the optimal control u, =
(ul, u?) is piecewise constant, assumes the values =1 and possesses at most two
jumps.
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