Econometric Theory, 36, 2020, 583-625.
doi:10.1017/S0266466619000288

SPECIFICATION TESTING IN
NONPARAMETRIC INSTRUMENTAL
QUANTILE REGRESSION

CHRISTOPH BREUNIG
Emory University

There are many environments in econometrics which require nonseparable model-
ing of a structural disturbance. In a nonseparable model with endogenous regressors,
key conditions are validity of instrumental variables and monotonicity of the model
in a scalar unobservable variable. Under these conditions the nonseparable model is
equivalent to an instrumental quantile regression model. A failure of the key con-
ditions, however, makes instrumental quantile regression potentially inconsistent.
This article develops a methodology for testing the hypothesis whether the instru-
mental quantile regression model is correctly specified. Our test statistic is asymp-
totically normally distributed under correct specification and consistent against any
alternative model. In addition, test statistics to justify the model simplification are
established. Finite sample properties are examined in a Monte Carlo study and an
empirical illustration is provided.

1. INTRODUCTION

Regression models that involve instrumental variables are widely used in eco-
nomics to overcome endogeneity problems. In these models, assuming the struc-
tural disturbances to be additively separable implies that marginal effects do not
depend on unobserved characteristics, which may be difficult to justify. This is
why their nonseparable extension has received a lot of attention recently. Un-
der certain key conditions, the nonseparable model is equivalent to an instrumen-
tal quantile regression model. These conditions are validity of instruments and
monotonicity of the model in a scalar unobservable. If one of these conditions is
violated, however, the quantile regression representation is misspecified.

In this article, we propose a specification test of the instrumental quantile re-
gression model

Y =9(Z,9)+U(g), where P(U(q)<0IlW)=¢q (1.1)
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for each 0 < ¢ < 1, where Y is a scalar dependent variable, Z a vector of poten-
tially endogenous regressors, W a vector of instruments, and U (g) an unobserv-
able disturbance.! This quantile regression model is equivalent to a nonseparable
model (cf. Horowitz and Lee, 2007) given by

Y =0(Z,V), (1.2)

where

(a.1) the instrumental variable W is independent of V,

(a.2) the function ¢ is strictly monotonic increasing in the scalar disturbance
V, and

(@3) V~U(Q,1).

Condition (a.3) can be assumed without loss of generality if V is continuously
distributed with positive density on its support which we assume to hold through-
out the article. The quantile regression model (1.1) for all 0 < g < 1 is thus mis-
specified if in its nonseparable version (1.2) the instrument is not valid, that is, W
is not independent of V, or the function ¢ is not monotonic in V.

Specification testing in instrumental variable models is a subject of consid-
erable literature. In the context of nonparametric instrumental mean regression
Y =g(Z)+ U with E[U|W] = 0, tests for correct specification have been pro-
posed by Gagliardini and Scaillet (2017), Horowitz (2012), and Breunig (2015).
These tests are, however, not robust against potential nonseparability of the struc-
tural disturbance. On the other hand, by considering the nonseparable model (1.2)
with Conditions (a./)—(a.3), a failure of the exclusion restriction of the instru-
ments might only be one source of misspecification. Indeed, as argued by Hoder-
lein and Mammen (2007), in certain applications, such as consumer demand,
the monotonicity restriction (a.2) might be highly unrealistic. As such, provid-
ing a specification test of model (1.2) together with Conditions (a./)—(a.3) seems
paramount but, as far as we know, has not yet been addressed in the literature.

Research on identification and estimation in nonparametric instrumental quan-
tile regression has been active in the last decade. Chesher (2003) establishes
nonparametric identification of derivatives of the unknown functions in a tri-
angular array structure. Chernozhukov and Hansen (2005) and Chernozhukov,
Imbens, and Newey (2007) give identification conditions and develop a nonpara-
metric minimum distance estimator. Sufficient conditions for local identification
are given by Chen, Chernozhukov, Lee, and Newey (2014). Horowitz and Lee
(2007) propose an estimator based on Tikhonov regularization, Chen and Pouzo
(2012) study penalized sieve minimum distance estimation, and Dunker, Florens,
Hohage, Johannes, and Mammen (2014) consider an iteratively regularized Gau3-
Newton method. Furthermore, Gagliardini and Scaillet (2012) obtain asymptotic

! Since conditional expectations are defined only up to equality almost surely, all (in)equalities with conditional
expectations and/or random variables are understood as (in)equalities almost surely.
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distribution results of a Tikhonov regularized estimator. There is also a large lit-
erature on testing quantile regression models with exogenous covariates. In this
context particularly relevant is quantile regression testing using an infinite num-
ber of quantiles for parametric functions, see Escanciano and Velasco (2010) and,
in the nonparametric context, Escanciano and Goh (2014).

In instrumental quantile regression (1.1) for a fixed quantile 0 < ¢ < 1,
Horowitz and Lee (2009) established a test of parametric specification of ¢. Chen
and Pouzo (2015) consider functionals of semi/nonparametric conditional mo-
ment restrictions with possibly nonsmooth generalized residuals. A test of mono-
tonicity in unobservables of ¢ has been proposed by Hoderlein, Su, White, and
Yang (2016) but requires conditional exogeneity of Z, and hence is not related
to instrumental variables methodology. Recently and independently of this arti-
cle, Feve, Florens, and Van Keilegom (2018) developed a test of whether Z is
independent of the nonseparable disturbance V in the model (1.2).

Our test statistic is based on the L?—norm of the empirical conditional quantile
restriction and involves sieve methodology. The sieve approach makes the statistic
easy to implement and further is convenient to impose additional constraints on
the structural function ¢. As an example, we discuss a test of additivity of ¢ with
respect to the vector of regressors Z. In addition, we establish a test statistic for
testing exogeneity which is robust against nonseparability. More precisely, we
establish a test of exogeneity of the regressors Z at some quantile 0 < g < 1, that
is, whether P(Y < ¢(Z, q)|Z) = g. This extends the results on nonparametric tests
of exogeneity in mean regression suggested by Blundell and Horowitz (2007) and
Breunig (2015) to the quantile regression case.

It should also be noted that the test proposed in this article is a joint test of
monotonicity and instrument validity. This is the nature of many nonparametric
tests, see, for instance, Chiappori, Komunjer, and Kristensen (2015) or Lewbel,
Lu, and Su (2015). On the other hand, we show in this article how the sign of
P(Y < ¢(Z,q)|W) — g can be exploited to make inferences on the validity of the
instrumental variables. As such, in many cases, it is possible to detect the cause
of a rejection of our test.

We establish the asymptotic distribution of our test statistic under the null hy-
pothesis and its consistency against fixed alternatives. We study the power of our
test against a sequence of local alternatives. By Monte Carlo simulations, we
demonstrate the power properties of our test in finite samples. As an empirical
illustration, we study a nonseparable model of the effects of class size on test
scores of 4th grade students in Israel. We reject the hypothesis of exogeneity of
class size but fail to reject the instrumental variable model.

The remainder of this work is organized as follows. In Section 2, we propose
a test statistic and obtain its asymptotic distribution. We further establish consis-
tency of our test. The power of the test is judged by considering a sequence of
local alternatives. Section 3 gives several extensions of the previous results. In
Sections 4 and 5, we study the finite sample properties of our test and give an
empirical illustration. All proofs can be found in the appendix.
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2. THE TEST STATISTIC AND ITS ASYMPTOTIC PROPERTIES

This section begins with the definition of the test statistic and states assumptions
required to obtain its asymptotic distribution under the null hypothesis. Moreover,
we study power and consistency properties of our test.

2.1. Definition of the Test Statistic

The quantile regression model (1.1) leads to a nonlinear operator equation, as we
see in the following. Let @ be a Banach space endowed with the norm ||¢]| z,, :=
(B4 (Z)|P)!/P for some integer p > 0 and if p = oo then 411z, 00 :=sup, |¢(2)].
For simplicity let |||z := ||¢|| z.2. Furthermore, let us introduce the Hilbert space
L%V ={y | 1//||%V :=E|y(W)|? < 0o}. We define a nonlinear operator 7 : & —
L3, with

T¢ :=E[1{Y < p(2)}|W] 2.1)

for any ¢ € @ where 1 denotes the indicator function. Thereby, model (1.1) can be
rewritten as the operator equation 7 ¢, = g with ¢, () :==¢(-,q) forall0 < ¢ < 1.

In many economic applications, for instance, when estimating a demand func-
tion or Engel curves, the structural function of interest may be assumed to
be smooth. This a priori knowledge is captured by a set B C @ which we
introduce below. The set B may also contain constraints on the function g,
such as monotonicity, concavity/convexity, or additivity (see also Section 3.2)
and can also ensure uniqueness of ¢, (see Example 2.1 below). Let us intro-
duce the set BOD = {¢: $(-,q) e Bforall g € (0,1)}. We consider the null
hypothesis

H : there exists a function ¢ € BOD such that Tog=qforallg € (0,1). (2.2)

The alternative is that there exists no function ¢ € BO-D solving T ¢, = q for
allg € (0,1).

We construct in the following a test statistic based on the L’—distance.
Throughout the article, we assume that an independent and identically distributed
n-sample of (¥, Z, W) is available. Let {fj};>1 be a sequence of approximating
functions in L%V. Then, for any integer k > 1 we denote fi(-) = (f1(), ..., fk ("))’
and Wy = (fi(Wh), ..., fk(Wn))t which is a n x k matrix. A series least square
estimator of E[1{Y < ¢(Z)} — q|W = -] then writes

SO WS W)™ D (LY < $(Zi)}— ) f1, (W),

i=1

where ()~ denotes a generalized inverse. Furthermore, we define the sieve least
square estimator of ¢, by
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Pqn € argmin(Z(]l{Yi < @(Z:)} —Q)fll(Wi))t(W;nwl")_

peBy, i=1
x > (1Y < $(Z)} —q) f, (W), 2.3)
i=1

where By, is a k,—dimensional sieve space that becomes dense in B as the sample
size n tends to infinity. If 3 contains additional constraints then these are imposed
in By, on the finite dimensional functions. Here, k, and /, grow with sample
size n. Clearly, k,, < [, for each n is required and in our simulations we choose
l, = Ck, for some constant C > 1 (see also Chen and Christensen (2015) in
the case of nonparametric instrumental mean regression). The estimator ¢, is a
simplified version of the penalized sieve minimum distance estimator suggested
by Chen and Pouzo (2012).
The test statistic is then given by

S = /0 (D < Bun @) = ) W) W, W)

i=1

x> (UW{Yi < Pgn(Zi)} = @) fin,(Wi)dq., (2.4)
i=1

where m, grows with sample size n. As the test is one sided, we reject the null
hypothesis at level o when the standardized version of S, namely, 34/5/m,, (S,, -
my/ 6), is larger than the (1 — a)—quantile of A(0, 1). The asymptotic distribution
of S, is derived below under mild restrictions on the dimension parameters &, /,;,
and m,. We require that the number of unconditional moment restrictions deter-
mined by m, is asymptotically larger than the dimension of the sieve space By, .
This corresponds to the test of overidentifying restrictions in parametric models.
In contrast to the parametric setting, however, also the number of unconditional
moment restrictions used to construct the estimator (determined by /,,) must be
asymptotically smaller than the number of moment restrictions used for the test
statistic. This ensures that the estimation error in the test statistic becomes asymp-
totically negligible as we see below.

Our test statistic builds on the nonparametric specification test in instrumen-
tal mean regression suggested by Breunig (2015). Testing in instrumental quan-
tile regression, on the other hand, requires a different methodology. First, the
test statistic is a discontinuous function of the unknown structural effect ¢,.
Second, instrumental quantile regression leads to a nonlinear inverse problem
and hence deriving asymptotic results is more challenging. Third, to verify
the conditional moment restrictions for all quantiles we need to integrate over
them. In the appendix, we show that the mapping ¢ — ¢, is continuous under
mild assumptions. This justifies the use of our L’>—type rather than a sup norm
statistic.
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2.2. Assumptions and Notation

In order to obtain our asymptotic result, we state the following assumptions.
Our first assumption gathers conditions which we require for the basis functions
{fj}j>1. In the following, the supports Z of Z and VW of W are assumed to be
bounded (see also Assumption 4). The probability density function (p.d.f.) of W,
denoted by pw, is assumed to be uniformly bounded from above and away from
Zero.

Assumption 1. (i) There exists a constant C > 0 and a sequence of positive
integers (m,)n>1 satisfying sup,,cyy Il fin, (w)||> < Cmy,,. (ii) The smallest eigen-
value of the matrix E[ f;, (W) f, (W)'] is bounded away from zero uniformly in m.

Assumption 1(i) holds for sufficiently large C if { f;};>1 are trigonometric basis
functions, B-splines, or wavelets. Assumption 1(ii) is satisfied if the marginal
density of W is uniformly bounded away from zero on WV and f,, forms a vector
of orthonormal basis functions. For any ¢ € BOD we write dq () == (-, q) for
all 0 < g < 1. We denote the Fréchet derivative of T at ¢, by

T,¢ =E[prizw(0(Z,9),Z, W)p(2)|W],
where py|z w denotes the density of ¥ conditional on (Z, W). We introduce the

. 1 1 1 1/2
notation gl z., = (fo 14C. )15 ,dq)""” and il llw = (fy v C.q)I3dq)"
for functions ¢ (-,¢) € @ and w(-,q) € L%V forall g € (0,1).

Assumption 2. (i) If |||7¢ — T(plll%v = 0 for some function ¢ € BO-D, then it
holds |||¢ — ¢|||22,p = 0. (i) There exists some constant 0 < # < 1 such that for

all 0 < ¢ < 1 and all functions ¢ € {¢p € B: ¢ —p4llz,, < ¢} for some & > 0 it
holds

IT¢—=Tog—Ty(d—0g)llw < nll Ty (P —0q)llw- (2.5)

Assumption 2(i) ensures identification of ¢, for almost all 0 < ¢ < 1 on the
set B which we introduce below. Assumption 2(ii) specifies an upper bound on
the Taylor remainder of 7 in a small neighborhood around g,. It is also known
as the tangential cone condition and frequently used in the analysis of nonlinear
operator equations (cf. Hanke et al., 1995 or Dunker et al., 2014 in case of instru-
mental variable estimation). We provide sufficient conditions for the tangential
cone condition in Example 2.1 below and refer to Chen et al. (2014) for further
discussions.

Assumption 3. There exists a sequence (r,),>1 With r, = o(1) such that for
constants C > 0 and k € (0, 1] it holds

1
max E[/O sup [11Y < $(Z,0)) = 1Y < o(Z,9))dq F7W)] < o2,

I<j<my peB,

(2.6)
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where B, 1= {¢ € BOV: |p— o}, <r2).

Assumption 3 states that the function ¢, = (I{Y < ¢(Z,q)} — q) f;(W),
1 < j < my, is locally uniformly L%V continuous for almost all 0 < g < 1. This
condition has also been exploited by Chen, Linton, and Van Keilegom (2003)
(Theorem 3), Chen (2007) (Lemma 4.2 (i)) or Chen and Pouzo (2012) (Remark
c.1). Example 2.2 below gives primitive conditions under which Assumption 3

holds true.

Let Z ¢ R% and for any vector of nonnegative integers k = (ki, ..., kq.) define
k| = Z;.lzzlkj and DX = 5“"/(5111‘1 ...515‘51). For some integer p > 0, we define
the norms '

>

1/
Wlep=( 3 [ 1D6@I"d) ", 11 = axsup| Do)

[k|<a+ag

where o and aq are positive integers. We denote the Sobolev spaces associated
with the norm || - ||, , by

WhP i={p: Z > R: ||plla,p < 00} .7
For some constant p > 0, define 3 as the Sobolev ellipsoid of radius p given

by

Bi=B(o):={¢p € W' |$lla.p < p}. (2.8)

On the other hand, our sieve space By, used to approximate B is compact un-
der || - ||z and thus, penalization is not necessary for consistent estimation (see
also Chen and Pouzo, 2012). Also, additional constraints such as monotonicity
can be imposed by B = {gzﬁ e W»P : || plla,p < p, infez¢'(z) > O} for scalar z.
Such a monotonicty constraint does not necessarily lead to faster rates of conver-
gence, in contrast to an additivity restriction on ¢,. Consequently, we do not treat
shape restrictions like monotonicty explicitly but only discuss a test of additivity
in Section 3.2. In this context, we also refer to Chetverikov and Wilhelm (2017)
for using shape restriction for sieve estimation in instrumental mean regression.
The following assumption gathers regularity conditions imposed on the structural
functions ¢ and the supports Z and W.

Assumption 4. (i) Letog > d;/p and a > d;/x. (ii) Z is bounded, convex and
satisfies a uniform cone property. (iii) ¥V is bounded. (iv) The marginal density
of W, denoted by pyw, is bounded from above and uniformly bounded away from
zeroon W. (v) pyz,w(-, Z, W) is bounded from above.

Assumption 4(i) requires a to be large if (2.6) holds only for small x > 0 or
the dimension d; is large. Assumption 4(ii) imposes a weak regularity condition
on the shape of Z. For the uniform cone property see, for instance, Paragraph
4.4 in Adams and Fournier (2003). This property was also used by Santos (2012).
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Assumption 4(v) ensures that || T, ¢[lw < C||¢||z forall ¢ € LZZ and some constant
C>0.

Example 2.1 (Primitive Conditions for Assumption 2)

Let @ coincide with the Hilbert space Lzz ={¢: |pllz <oo}. Ifforany0 <gq <1
the operator 7 is compact then there exists an orthonormal basis in LZZ denoted
by {ej};>1 satisfying 17,803, = Zj?’ilsgj E[¢(Z)ej(Z)]* where (s47);j>1 are the
singular values of 7. If

B C Bsourceq = {p €Ly : D s, BlH(Z)—0(Z,9))e; (D)) < co
j=1

for some constant c¢p > 0 then, under mild assumptions on the joint distribution
of (Y,Z,W), the function ¢, is identified on B (cf. Theorem 6 of Chen et al.
(2014)). A similar restriction was also imposed by Horowitz and Lee (2007). If
BcN qe(o,l)Bsource,q then Assumption 2(i) holds true. Under further assump-
tions, imposing bounds on the generalized Fourier coefficients is equivalent to
imposing smoothness restrictions. To illustrate this relation, let Z be a scalar uni-
formly distributed random variable and assume s,; = j ¢, j > 1, for some con-
stant ¢ > 0. In this case, if {ej }j>1 are the usual trigonometric basis functions
then Byource,q coincides with the Sobolev space of {—times differentiable func-
tions with periodic boundary conditions, while if sgj =exp(—;j%), j > 1 and
¢ > 1, Byource,q contains only analytic functions (see also Kress, 1989). In this
sense, Byource,q links the smoothness of ¢ — ¢, to the degree of ill-posedness de-
termined by the degree of decay of (s4;);>1, which is also known as a so-called
source condition (cf. Chen and Reif3, 2011 or Dunker et al., 2014 for a further
discussion).

Under the singular value decomposition of 7, it is also possible to provide
primitive conditions for the tangential cone Condition (2.5). Assume that the con-
ditional p.d.f. of Y given (Z, W), denoted by py|z w, is continuously differen-
tiable with [Opy|z w(-, Z, W)/0y| < c1 and the conditional p.d.f. of Z given W
satisfies pzjw (-, W) < c2pz(-), for some constants ¢, ¢ > 0. Then, by Theorem
6 of Chen et al. (2014) it holds

IT¢—Tog—Ty(d—p)llw <crezlig — o4l (2.9)
We further obtain for all ¢ € Bource,q by making use of the Cauchy—Schwarz
inequality

00 .
19 =9q1% = > L BUGZ) ~0(Z q)e; D)
j=1 °q]

<, N2 =, n1/2
< (25 El@ @) =oZ.ane; 1) (252 Bl (2) = 0(Z,q))e; (2)1)
j=1 j=1

<P 1Ty (b —0g)llw-
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Consequently, the tangential cone Condition (2.5) is satisfied if we assume
c(l)/ 2c1 ¢ < 1. We also note that for our test of exogeneity in Section (3.1) only

the weaker Condition (2.9) is required.

Example 2.2 (Primitive Conditions for Assumption 3)

Let Fy|zw denote the cumulative distribution function of ¥ given (Z, W) and as-
sume that it is Lipschitz continuous with constant Cy > 0, that is, |Fy|zw (y) —
Fy|jzw ()| < Crly —y’| for all (y,y’). Because of Assumption 4, the Sobolev
space W*P can be embedded in W*°° (cf. Theorem 6 of Adams and Fournier
(2003)). In particular, the supremum norm is bounded on B and, moreover, As-
sumption 3 holds true. Indeed, fol lpg —0q ||§Odq < r,% implies ||¢pg — @4llco <7y
for almost all 0 < ¢ < 1 and some constant ¢ > 0. Hence, ¢(Z,q) —cr, <
¢ (Z,q) <p(Z,q)+cr, foralmostall 0 < g < 1 and following Chen et al. (2003)
(page 1599 — 1600) we observe

E [/01 max (1Y < $(Z.9)) — 1{Y <9(Z,9))) dq ‘W]

peB,

1
g/ IE|:]1{Yg(p(Z,q)—i—cr,,}—]l{Yg(p(Z,q)—cr,,} Wi|dq
0

1
=/0 E|:FY|ZW((9(Z>Q)+CM)—FY|ZW((9(ZaQ)_Crn) W]dq

< CL Crn
which implies Assumption 3 with x =1/2.

Remark 2.1 (Local overidentification). In this remark, we discuss local overi-
dentification restrictions in nonparametric instrumental quantile regression for
some 0 < g < 1. As Chen and Santos (2018) point out in their Example 5.2,
the range of the Fréchet derivative T is given by

Ry = {1// EL%V: v =T,¢ forsomeqﬁeLzZ}.

Local overidentification corresponds to the case where the closure of the range
'Ry is a strict subset of L%V. In this article, the class of structural functions ¢ is
restricted to belong to an ellipsoid B and, thus, we consider for each g:

Ry(B) = {1// eL%V: V/:qubforsome(ﬁeB}.

Mild restrictions on the ellipsoid B imply local overidentification and, hence,
the class of functions in the alternative model is not empty.

The next result formalizes the discussion of the previous remark and shows that
the regularity conditions imposed on the function set B ensure overidentification.

PROPOSITION 2.1. Let ® coincide with the Hilbert space LZZ and let As-
sumption 4(v) be satisfied. Then we have local identification, i.e., for any 0 < g <
1 the closure of Ry (B) is a strict subset ofL%V.
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The proof of Proposition 2.1 relies on the fact that the functions in B are
bounded by some constant p > 0 and, in particular, no smoothness restrictions
are employed here to achieve overidentification.? It is also possible to achieve
overidentification for classes containing unbounded functions, as long as they sat-
isfy minimal smoothness conditions.

The following result is due to Chen and Santos (2018, Lemma 4.1) and gives
a condition for local overidentification without imposing a priori restrictions on
the set of functions 5.

LEMMA 2.2 (Chen and Santos, 2018). The model is locally overidentified if
and only if

{w e L}y s Elprizwioz.9). 2, Wyw(W)1 21 = 0} (0.

Lemma 2.2 provides a necessary and sufficient condition for local overidentifi-
cation without imposing regularity or other shape restrictions. This result involves
the adjoint of the Fréchet derivative T, and can be characterized more explicitly in
different cases. For instance, assume that the vector of instruments can be decom-
posed such that W = (W, W») with py|z.w = py|z,w,, i.e., W2 has no additional
information on Y which is not contained in (Z, Wy). In this case, we have

Elpy|z.w@(Z.q), Z, W)y (W) Z1 =E [ py|z.w, @ (Z.q), Z, W)E[y (W)|W), Z]|Z]

and hence, the model is locally overidentified when there exists a nontrivial
function y such that E[w(W)|Z, Wi] = 0. The last criterion is satisfied, for in-
stance, if W» is independent of (Z, W) for all  which only depend on W, and
Ely (W2)] =0.

Notation. For any ¢ € B we introduce /1y, ¢ € By, satisfying || 11y, ¢ — ¢z, p =
o(1). Furthermore, we define

on = max (™, max BTN =) NPT (Ul —~o)lI)-

The rate w,, captures the variance and bias part for estimating 7 ¢ for a fixed
function ¢ and also contains the bias for approximating the structural function ¢
in the weak norm induced by the Fréchet derivative of 7. Following Chen and
Pouzo (2012) we introduce the sieve measure of local ill-posedness by

lig—oll%,
Tk, -= Max (72),
pedi, \IT.(¢ — )1,

where A, = {¢ c BIES,I) . |||T(¢_¢)|||%V > O}. We write a, ~ b, when there

exist constants ¢, ¢’ > 0 such that cb, < a, < ¢’b, for sufficiently large n.

21 thank an anonymous referee for suggesting this argumentation.
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2.3. Asymptotic Distribution under the Null Hypothesis

The following theorem establishes asymptotic normality of the test statistic S,
after standardization under the null hypothesis Hy.

THEOREM 2.3. Let Assumptions 1-4 be satisfied. Assume that
mt=o(l), m,=o0(n'? (2.10)
and in addition
nwy = o(/mn) and | Mi,0 = pll%. , + t,0n = 0(my ) 2.11)

for some € > 0. Then we have under Hy

351 (Sn = mn/6) 5 N (0, 1).

To motivate the constants in the sieve mean and variance, respectively, we ob-
serve

1 1
/ E[(H{Y<¢(Z,q)}—q)2|W]dq=/ g(1—q)dq =1/6
0 0

and
1
/0 (ELAY < 0(Z, )} — ) A{Y <0(Z.0)} - )W) d(g.q)

1
=2/O (min(g,q") —qq")?d(q,q") = Bv/5) 72,

see also the proof of Lemma A.3. The required rate imposed in (2.10) on m,, is
milder than the rate requirement m,, = o(n'/3) imposed by Breunig (2015) in case
of nonparametric instrumental mean regression. This is due to the fact that in the
latter case we do not have a lower bound for the sieve standard deviation in gen-
eral, whereas in case of quantile regression, the sieve standard deviation is \/m,
within a positive constant. This can be exploited to weaken rate restrictions on
m,,. Furthermore, note that restriction (2.11) implies k, = o(,/m,) (by using that
I, < ky). This requirement essentially determines the degree of overidentification
required for inference.

The rate restriction tx, 0w, = 0( imposed in Condition (2.11) im-
plies that the dimension parameter m, dominates the effect of estimation of the
structural function. Consequently, the asymptotic behavior of our test statistic is
not affected by the estimation of ¢, regardless of the underlying degree of ill-
posedness. Note that this rate restriction can be ensured by choosing k;, relative
to decay of the sieve measure of local ill-posedness, which is described in more
detail in Example 2.3 below. We illustrate below that Condition (2.11) is satisfied
under common smoothness restrictions on ¢ and mapping requirements of the
Fréchet derivative 7.

iy (/%)
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Remark 2.2. Consider the Hilbert space case @ = L% and let {¢;};>1 be an

orthonormal basis in LZZ. In this case, [Ty, ¢ = z;'("=1 Elp(Z)ej(Z)]e;j. Let us as-
sume the following two conditions.

(1) Sieve approximation error: |11y, ¢ — @llz = O(kn_a/dz) forall ¢ € 5.

(ii) Link condition: fol T, (I, — ¢)||%qu < Zj>1UjE[(Hkn¢ —
@) (Z2)e; (2)]? for all ¢ € B and some positive nonincreasing sequence
(vj)j>1-

If the p.d.f. pz of Z € [0, 1]% is bounded, then it is well known that the sieve ap-
proximation error condition holds for splines, wavelets, and Fourier series bases.
Because of Assumption 4(v) the link condition is always satisfied with v; =1
for all j > 1. The link condition implies an upper bound for the sieve measure
of ill-posedness; that is, 7, < Cuvg, for some constant C > 0 and all n > 1 (cf.
Lemma B.2 of Chen and Pouzo, 2012). Consequently, the first part of Condition
(2.11) simplifies to

max (l,,,nl,,_zﬁ/d"’,nvknk,,_za/d‘"-) =o(/m,)

it {T¢: ¢ € By, } belongs to a Holder space with Holder parameter f. In addition,
in the setting of Example 2.2, the second part of Condition (2.11) simplifies to

mitemax (n 1, 1, 2P 12 = 0(1)

for some € > 0.

In the next example, we illustrate different mapping properties of the operator
T, which are usually studied in the literature.

Example 2.3
Consider the Hilbert space setting of Remark 2.2 with Conditions (i) and

(ii). In addition assume that the reverse link condition fol ||Tq¢5||%vdq >
CZ/}I v;j I[E[gzﬁ(Z)ej(Z)]2 for ¢ € B and some constant ¢ > 0 is satisfied. In the
setting of Example 2.1, we have fol sjjdq > p; for all j > 1 implying that T,
is nonsingular for almost all 0 < g < 1 (since any countable union of null sets is
null). For simplicity, let Z and W be scalars. Furthermore, let max (n_lln Ay 2p ) ~

n~'k, and k, ~ n* for some constant y > 0 which is specified in the following
two cases.

(1) Mildly ill-posed case: If vy, ~ k;, % for some ¢ = 0 then in order for (2.11)
to hold we require m, ~n' with 0 <1 < 1/3 and

1=1/2)/QRa+27) < y <1/2.
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Furthermore, fol 111k, 0 — 04 ||2qu + Tk, 0p = O(kn_z"’ -I—kﬁ“ln_l) which

is o(my 2/ ) if 1/(ax) < x < (1 —21/x)/(2¢ + 1). Thus, Condition (2.11)
is satisfied if

max ((1 —1/2)/(205—}—2(),1/(0:1()) <y <min (1/2, a —21/1()/(2(4-1)).

(i1) Severely ill-posed case: If vy, ~ exp(—k,%() for some ¢ > O then
fol 11k, 04 — 04 ||22dq + Ty, 0 = O(kn_z“ +exp(k,2,()knn_1). Thereby, Con-
dition (2.11) is satisfied if, for example, m, = 0((logn)"‘"/§) and k,, ~
(logn)'/<.

In both situations, we conclude that the dimension parameter m, is required to
be larger than the dimension k;, of the sieve space for n sufficiently large. Roughly
speaking, we require more moment restrictions implied by the instrument than
the number of parameters we want to estimate. This corresponds to the test of
overidentification in the parametric framework. U

In contrast to a test integrated over all quantiles, one might be interested to
check model (1.1) for one specific quantile. In this case, we consider the test
statistic

52 @) = (AL < Fan(Z0)} = ) fn, (W) (Wh, Wi, )™
i=1

x> (Y <Ggn(Z0)} = 0) fon, (W) 2.12)
i=1

If S, (g) becomes too large, then we reject the null hypothesis Hy. The deriva-
tion of the asymptotic behavior of S, (¢) is similar as in Theorem 2.3. Indeed,
only the Lebesgue measure over (0, 1) has to be replaced by the Dirac measure
which has its mass at the quantile of interest.

COROLLARY 2.4. Let Assumptions 1 and 4 be satisfied. For a fixed quantile
q € (0, 1), let Assumptions 2, 3, and Conditions (2.10) and (2.11) hold. If there
exists a function g4 € B with T g4 = q then

@)™ (s Sula) =) 5 VO

In addition, one might be interested in certain regions of quantile functions. Let
u denote any measure on (0, 1). Again, the next result is a direct implication of
Theorem 2.3 and hence we omit its proof.

COROLLARY 2.5. Let Assumptions 1 and 4 be satisfied. For all q in the
support of u, let Assumptions 2, 3, and Conditions (2.10) and (2.11) hold. If there
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exists a function p € B with [|To, —qldu(q) =0 then
! . / "2 N2
(20 [ minta.a) = aq' P n(@)dn(@))

<(/ 'S @dut)=m, / 4= du@) S N0 1),

As mentioned in the introduction, our test is a joint test of instrument validity
and monotonicity of ¢ in its second entry. The following remark illustrates how
the test statistic S, (¢g) integrated over a subset of (0, 1) can be useful to detect
which kind of deviation exists.

Remark 2.3 (Detecting the kind of deviation). Suppose that the structural func-
tion is strictly monotonically increasing in its second entry for values ¢ € (0, ¢")
given some ¢’ € (0,1) (can be checked using Corollary 2.5). Furthermore, let
g — ¢(-,q) be either nonincreasing or decreasing on (g’,q”). This can be as-
sured by letting ¢” close to ¢” and assuming that ¢ does not oscillate for g > ¢’. If
W is a valid instrument, employing model equation (1.2) and V ~ /(0, 1) yields

PY <o(Z,9)IW) =P(p(Z,V) <p(Z,q)|W)
<PV <q|W)
=q

for all ¢ < ¢” and ¢” sufficiently close to ¢’. The last inequality holds regardless
whether the function ¢ — ¢(-,q) is strictly monotone or not. Consequently, if
inf,e )y P(Y < 9(Z,q)|W = w) > ¢ for some g € (¢/,q"”) we may conclude that
W is not a valid instrument. The analysis of a one-sided test based on this inequal-
ity is beyond the scope of this article. On the other hand, we can check the kind of
deviation by using the estimator inf,,eyy fn, (w) [0~ 30 (L{Y: < 9gn(Zi)} —
q) fm, (Wi)]. Furthermore, confidence statements can be achieved by using re-
sampling methods. 0

Remark 2.4 (Implementation of the test statistic). This remark provides some
details on the implementation of our test. First, discretize the (0, 1)—integral by
using the grid 1/N,2/N,...,(N —1)/N for some integer N. In different simula-
tions, we found that a grid size of N = 20 was sufficiently large. Also note that by
the choice of the grid we avoid evaluation at boundary points zero or one. Second,
for any integer m, < n!/? estimate the structural effect ¢4 givenin (2.3) for each
grid point g, each parameter k, with k,% < my, and [, = 2k,. Third, compute the
standardized test statistic S,, such that it is maximized w.r.t. m, and minimized
w.r.t. k,. That is, we choose k, to provide a good model fit and m, to increase
the power of the test. The choice of the dimension parameters capture essential
rate requirements imposed to achieve asymptotic normality and is also motivated
by simulation results. This leads to a so-called minimum-maximum principle, see
also Section 4.1 for more details. U
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2.4. Consistency against a Fixed Alternative

Let us first establish consistency when Hy does not hold, that is, there exists
no function ¢ belonging to BO-D which solves Toy =q forall 0 <g < 1.
The following proposition shows that our test has the ability to reject a false
null hypothesis with probability 1 as the sample size grows to infinity. In the
following analysis of the asymptotic power of our testing procedure we let
pq = argming.p I'Td—qllw. Soif Hy is false then fol 1T s —q ||%qu > () since
pw is uniformly bounded from below.

PROPOSITION 2.6. Assume that Hy does not hold. Let Assumptions 1—4 be
satisfied. Consider a sequence (yn)n>1 satisfying y, = o(n//my). If Conditions
(2.10) and (2.11) hold we have

IP(?)\/S/mn(Sn —ma/6) > yn) — 1+o(D).

2.5. Limiting Behavior under Local Alternatives

In the following, we study the power of the test, that is, the probability to reject a
false hypothesis against a sequence of linear local alternatives that tends to zero
as the sample size tends to infinity. We proceed similarly as Ait-Sahali, Bickel,
and Stoker (2001) (Section 3.3). More precisely, let (p4,)n>1 be a sequence of
(nonstochastic) functions satisfying n fol 1T pgn — Toq II%qu = o(\/m,) where
g = argmin¢e BT —qllw. Then, we consider alternative models defined by
@qn With

1
/O ||T¢qn—q—5n§q||§vdq=o(5ﬁ) where 02 = /m,/(3+/5n). (2.13)

Here, {, € L%V is a function satisfying fol [ ||%qu > 0. The next result estab-
lishes asymptotic normality for the standardized test statistic S,,.
PROPOSITION 2.7. Let Assumptions 1—4 be satisfied. Assume that (¢gn)n>1

satisfies (2.13) and n fol 1T 0gn—Toq ||%qu = o(/mp). If Conditions (2.10) and
(2.11) hold we have

00 ]
357 (8, =ma/6) 5 N (3 [ Biey )£y W) P 1).
j=1

From Proposition 2.7, we see that our test can detect local linear alternatives at
the rate d,. If { fj};>1 forms an orthonormal basis in L%V, then o, coincides with

m,l,/ *p=1/2 within a constant. Hence, our test has the same power against local
linear alternatives as the test of Hong and White (1995) who consider parametric
specification testing.
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2.6. Inference Based on Bootstrap

Nonparametric tests that rely on the asymptotic normal approximation may
perform poorly in finite samples. An alternative approach is to use bootstrap ap-
proximation. It is known that bootstrap-based procedures could approximate finite
sample distributions more accurately. In the following, we propose a bootstrap
version of our test statistic .S,.

The bootstrap procedure is based on a sequence of independent and identically
distributed random variables ¢;, 1 <i < n, drawn independently of the original
data (Y;, X;, W;), 1 <i < n. Following Chen and Pouzo (2015), we then consider
the bootstrap residual function

& (L{Y; < 9q(Zi)} —q).

Let Zo\;‘n be the bootstrap version of the sieve least squares estimator (2.3), which
is computed in the same way but where only (]l{Yi < o(Z)}— q) is replaced by
& (]l{Yi < P(Z)}— q). The bootstrap version S, of our test statistic S,, given in
(2.4) builds on @“n. More precisely, S, is computed as the test statistic S, but
where only (1{Y; < §y4n(Zi)} — q) is replaced by &; (1{Y; < 9;,,(Zi)} —q).

Assumption 5. Let (¢;);>1 be an independent and identically distributed se-
quence of random variables drawn independently of (Y, Z, W) such that E[e] =1,
Var(e) =: 02 € (0,00) and E[|e — 1]*] < 00

Assumption 5 corresponds to Assumption Boot.1 of Chen and Pouzo (2015).
We slightly strengthen their assumption by imposing a fourth moment restriction,
which we require to derive asymptotic validity of the bootstrap procedure. Be-
cause of the bootstrap innovations ¢;, the constants in the sieve mean and sieve
standard deviation change. For the bootstrap test S, we obtain the sieve mean
constant

1
/0 E[2(L{Y < p(Z.q)}) - )2IWldg = (62 + 1)/6

and the sieve standard deviation constant
1 , 5
([ (Eaw <ozan-oa{r <o)} =W da.qa)

= (67 +1)/(3V5).

Chen and Pouzo (2015) show that the bootstrap version of the sieve estimator
@n converges at the same rate as ¢,,. Thus, following line by line the proof of
Theorem 2.3 and using the imposed restrictions on the weights ¢;, we obtain the
following result.

1/2

COROLLARY 2.8. Let the assumptions of Theorem 2.8 be satisfied. Under
Assumption 5 and null hypothesis Hy we have

35/ (mn (02 + 1)2)(S! — ma (a2 +1)/6) <5 N0, 1),
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It should be emphasized the asymptotic validity of the bootstrap procedure is,
in particular, due to the rate Condition (2.11), which ensures that the asymptotic
distribution of S is not affected by the estimation of the structural function. The
next result establishes consistency of the bootstrap test against fixed alternatives.

COROLLARY 2.9. Assume that Hy does not hold and that the assumptions
of Proposition 2.6 are satisfied. Under Assumption 5 we have

P(S‘/S/(mn(agz F1)2)(SE —mu(a2+1)/6) > y,,) = 1+0(1).

3. EXTENSIONS

As we see in this section, our testing procedure can potentially be applied to a
much wider range of situations. We now discuss corollaries that generalize the
previous results in different ways. For the following analysis, we focus on a fixed
quantile g € (0, 1).

3.1. Testing Exogeneity

Falsely assuming exogeneity of the regressors leads to inconsistent estimators
while on the other hand treating exogenous regressors as if they were endogenous
can lower the rate of convergence dramatically. In this subsection, we develop a
nonparametric test of exogeneity that is robust against possible nonseparability of
unobservables. The test statistic is similar to the statistic S,,(¢) given in (2.12) but
where ¢, is replaced by an estimator of the conditional quantile function.

In contrast to the previous section, we assume here that there exists a unique
function ¢4 satisfying ¥ = ¢,(Z) + U, with P(U; < 0|W) = q and for some g €
(0, 1). The relation between Z and W is thus restricted through this maintained
hypothesis. Under the maintained hypothesis, we propose a test whether the vector
of regressors Z is exogenous at a quantile g € (0, 1), that is,

H§:P(U, <0|Z)=q.

In the following, we denote the conditional quantile function by gog which
satisfies P(Y < q)qe(Z)|Z) = ¢. The null hypothesis H is satisfied if and only
if the structural function ¢, coincides with the conditional quantile function
¢4 Furthermore, under nonsingularity of the operator 7', hypothesis H( is equiv-
alent to

To,=4. 3.1

Our test of exogeneity, which we propose below, is based on this equation or
equivalently on P(Y < ¢g(Z)|W) = g. More precisely, to test exogeneity we re-
place in the statistic S, (¢g) given in (2.12) the estimator of ¢, by an estimator
of p€.

q
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In the following, fﬁ;n denotes an estimator for the conditional quantile function
¢, For instance, an estimator of ¢/ is given by

n
g, = argmin > o, (Y — $(Z))). (3.2)
peBy, i—1

where p, (1) = |u| — (2¢ — 1)u is the check function and here, By, = {¢5 eB:
() = Zf”z 1 Biej (-)}. For B-spline basis functions and an additional penalty this
estimator was proposed by Koenker, Ng, and Portnoy (1994). In the following, let
pz and pzw denote the marginal density of Z and the conditional density of Z

given W, respectively.

Assumption 6. (i) There exists a function ¢, € B such that T, = ¢. (ii)
py|z,w(-, Z, W) is continuously differentiable, |0py|z,w(:, Z, W)/dy| < C and
pziw(-, W) < Cpz(-) for some constant C > 0. (iii) There exists a sequence
(RE)n=1 with R = o(1) such that [|9g, — ¢ 115 = O, (RS).

Assumption 6(i) formalizes the maintained hypothesis of a correctly specified
nonparametric instrumental quantile moment equation. Section 2 provides a test
for it. Because of Assumption 6(ii) , we do not require Assumption 2(ii) but can
rather rely on an upper bound of the Taylor reminder of 7 obtained by Chen
et al. (2014). In this sense, the test of exogeneity presented below requires weaker
restrictions on the local curvature of 7 than in the case of specification testing.
Assumption 6 specifies a rate requirement for the L2Z distance of the estimator
@y~ For instance, under Hj, Assumption 6(iii) is satisfied with Rf =k, /n+k, 2
when @;n is given by the estimator (3.2) with the B-splines basis functions {¢; };>1
and Z is scalar, see He and Shi (1994). The same rate is obtained by Horowitz and
Lee (2005) in the case of multivariate Z in an additive quantile regression model.

For a test of the null hypothesis Hg we replace in the definition of S, (¢) given
in (2.12) the estimator ¢, by @;n That is,

55@) = (A <550 (Z0) =) fn, (W) (Wh, Wi, )™
i=1

x D (1Y; <95, (ZD)} = @) fon, (Wi)
i=1

We reject the hypothesis H( if S () becomes too large. The next result estab-
lishes asymptotic normality of our test statistic S¢(g) under the null hypothesis.

COROLLARY 3.1. Let Assumptions 1, 2(i), 3, 4 and 6 hold. Let m, satisfy
Condition (2.10). Consider the estimator fﬁqen given in (3.2) where k,, satisfies

nRS =o(y/m,) and R; = o(m,:(H_e)/K) 3.3
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for some € > 0. Then, we have under H§

1

(zmn)_l/z(q(l

S¢(q) —mn) 4 N(,1).
—-q)

Example 3.1
Let us illustrate when Condition (3.3) holds true. Let m,, ~ n* with 0 <1 < 1/3.
Then for (3.3) to hold let k,, ~ n* where y > 0 satisfies

1—1/2 1 e 21
max( ,—)<X <m1n(—,1——).
2r rK 2 K

Hence, we require r > 2/x which is a slightly stronger restriction than Assump-
tion 4(i).

In the following, we study the power of the test, that is, the probability to reject
a false hypothesis against a sequence of linear local alternatives that tends to zero
as the sample size tends to infinity. More precisely, let ((05,1)@1 be a sequence of
(nonstochastic) functions satisfying

| TS, —a—0:E |5, = 0(2)  where 62 =/2mu/n. (3.4)

Here, cf(‘; € L%V is a function satisfying ||§§||%V > 0. The next result establishes
asymptotic normality for the standardized test statistic S (g).

COROLLARY 3.2. Let Assumptions 1, 2(i), 3, 4, and 6 be satisfied. Let m,,
satisfy condition (2.10). Assume that (§”§n)n>1 satisfies (3.4). If Condition (3.3)
holds true we have

1

(zmn)_l/z(q(l

5 Si@)=ma) N(g /0 EIEW) £ (W) Pda. 1).

3.2. Testing Additivity

The test statistic given in (2.4) is also convenient to check additional restrictions
on the structural effect ¢, for 0 < g < 1. These additional restrictions can be easily
imposed by constraints on the functions of the sieve space By, . For instance, one
may impose an additive structure of the quantile structural effects.

By assuming an additive structure of ¢, one might reduce the effect of dimen-
sionality of the regressors on the convergence rate of an estimator (cf. Chen and
Pouzo (2012) in case of instrumental quantile regression). Applying this structure
leads, however, to inconsistent estimators in general if the function ¢, does not
obey an additive form. Our aim in the following is to test whether

H(‘]‘dd : there exist functions go;, (pg € B such that P(Y < (p; (ZH+ gog (Z"HwW)=q.
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Similarly as above we obtain the test statistic

n

5:49(g) = ( D21V <PHAZ)) = 4) fny (W) (Wh, Wi, )™
i=1

x > (UY; <PXNZi)) = q) fn, (Wi)
i=1

Here, the estimator a%d = ((’o\;n, g’o\jn) of pg = (qo;, goj) is given by (2.3) where
the sieve basis is a tensor product of basis functions that depend either on Z’
or Z”. For a more detailed discussion we refer to Section 6 of Chen and Pouzo
(2012). The next asymptotic normality result is a direct consequence of Corollary
2.4 and hence its proof is omitted.

COROLLARY 3.3. Given the conditions of Corollary 2.4 we have under
Hadd
0

(m,,)‘”%ﬁ sadd () —m,,) 4N, 1).

4. MONTE CARLO SIMULATION

In this section, we study the finite sample performance of our test by presenting
the results of a Monte Carlo investigation. There are 1000 Monte Carlo replica-
tions in each experiment. Results are presented for the nominal levels 0.05. Let
® denote the cumulative standard normal distribution function. Throughout this
simulation study, realizations (Z, W) were generated by Z = (I)(( o+1-=¢ 28)
and W = ®(w) where w is independent of ¢ and w, ¢ ~ N(0, 1). Here, the con-
stant ¢ > 0 determines the degree of correlation between Z and W and is varied
in the experiments.

4.1. Testing a Nonparametric Specification

We begin with the finite sample analysis of our test statistics in case of nonpara-
metric specification testing. To analyze the finite sample power we distinguish in
the following between a failure of the null hypothesis caused either by a lack of
instrument validity or by nonmonotonicity of the structural function in unobserv-
ables.

Failure of instrument validity. We first generate realizations of Y under
the null hypothesis Hp. Recall that under Hp there exists a function ¢ €
B©-D such that P(Y < ¢(Z,q)|W) = ¢ forall ¢ € (0,1). In the following finite
sample analysis, we restrict B-1 to contain continuously differentiable functions
only. Under Hy, we generate realizations of ¥ from the nonseparable model

Y =4(Z)(1+V/6)+ V)2, @.1)
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where V =9 ¢ ++/1 —192¢ with € ~ N(0, 1) independent of (w, ¢) and ¥ = 0.7.
We consider the function ¢ (z) = Zj’il j~*cos(jxz). For computational reasons,
we truncate the infinite sum at 100. The resulting function is displayed in Fig-
ure 1. Since ¢ is continuously differentiable, the null hypothesis Hy is satisfied
with ¢(z,q) = ¢ () (1+ F; ' (9)/6) + F;, ' (¢) /2, where F,;" denotes the quantile
function of V.

1.0
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|
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|
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0.0
|
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0.0
|
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FIGURE 1. Graphs of ¢ and ¢°.

When Hj is false we generate realizations of ¥ from
Y =(@(Z2)+pj(2)A+V/6)+V/2, 4.2)

where pj(z) =10 (z1{z < 0.25} + (z = 1)1{z > 0.25}) for j = 1,2 and p;(z) =
(2/2¢j)1{0.5 —¢; <z < 0.54¢;} for j = 3,4, with c3 = 0.1 and c4 = 0.05.
Here, the variable V is generated as in (4.1). Under (4.2), the structural func-
tion ¢ satisfying the quantile restriction P(Y < ¢(Z,q)|W) = ¢ is given by
9(2.9) = ($(2) + pj @)1+ F; ' (9)/6) + F; ' (q)/2. So ¢(-,¢) is not continu-
ously differentiable and thus, H) is false. Because of the ill-posed inverse problem
estimation of ¢ (-, g) we cannot choose k, sufficiently large to capture such irreg-
ularities which implies finite sample power of our test against those alternatives.
This corresponds to the analysis of Horowitz (2011) in the instrumental mean
regression case.

For each quantile 0 < g < 1, we estimate the structural function using the es-
timator ¢, given in (2.3) with B-splines as approximation basis functions. More
precisely, for the sieve space By,, we use B-splines of order 2 with 1 knot or 2
knots (hence k, = 4 or k, = 5) and for the criterion function we use B-splines
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of order 2 with 5 knots or 7 knots (hence [, = 2k,), respectively. We thus follow
Chen and Christensen (2015) and choose [, to be a constant multiple of k,,. Also,
for the vector of basis functions f;,,, used to construct the test statistic, we use B-
spline basis of order 2 with knotsTarying between 17, 22 or 27 (hence m, = 20,
m, =25 or m, = 30).

The empirical rejection probabilities of our standardized test statistic
3/5/mu(Sy — m,/6) at nominal level 0.05 are shown in Table 1. We approxi-
mate the integral over the quantiles on (0, 1) by the mean of a random sample
from the uniform (0, 1) distribution. As we see from Table 1, our test is less sen-
sitive with respect to the choice of m, than to the choice of k,, which is not
surprising and well known from nonparametric instrumental variable estimation
problems, see also Chen and Pouzo (2015). Table 1 shows the empirical rejection
probabilities for the sample sizes 500 and 1000. We see that as the sample size
increases the finite sample rejection probabilities become larger in the alternative
models. For k;,, = 4, we see that the finite sample coverage improves slightly as

TABLE 1. Empirical rejection probabilities for the standardized test statistic

3/5/my(Sy —mn/6) and its bootstrap version 3,/5/(mn(c2+1)?)(S; —

my(c? + 1)/6) with varying dimension parameters &k, and m,

with [, = 2k,,.
Sample | Model Emp. rejection prob. Emp. rejection prob.
Size using Sp using Sy
kn Mn 20 25 30 20 25 30
500 H true 4 0.085 0.083 0.082 | 0.064 0.052 0.050
1 0.317 0.289 0.259 | 0.252 0.224 0.196
P2 0.337 0.302 0.289 | 0.298 0.248 0.215
03 0.393 0.354 0.341 | 0.356 0.308 0.301
03 0.739 0.701 0.670 | 0.748 0.680 0.658
Hy true 5 0.076  0.076 0.080 | 0.044 0.032 0.048
1 0.195 0.179 0.169 | 0.106 0.106 0.047
P2 0.200 0.194 0.174 | 0.130 0.116 0.064
3 0.171 0.153 0.152 | 0.082 0.082 0.064
03 0.270 0.257 0.228 | 0.168 0.140 0.095
1000 Hy true 4 0.077 0.082 0.081 | 0.060 0.074 0.076
1 0.630 0.587 0.553 | 0.576 0.540 0.502
P2 0.636 0.582 0.549 | 0.576 0.544 0.492
3 0.738 0.697 0.670 | 0.710 0.662 0.638
03 0.905 0.882 0.864 | 0.938 0.924 0.896
H true 5 0.203 0.192 0.178 | 0.098 0.104 0.094
Pl 0.554 0.518 0.495 | 0.420 0.396 0.380
P2 0.629 0.596 0.549 | 0.532 0.478 0.460
03 0423 0410 0.385 | 0.338 0.314 0.272
3 0.622 0.593 0.574 | 0.576 0.550 0.520
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the sample size increases. This is not the case for k, = 5 which appears to be an
inappropriate choice implying a large variance.

In Table 1, we also compare our testing procedure to a bootstrap version of
it. We consider the generalized residual bootstrap as proposed in Section 2.6.
We generate the bootstrap weights by & ~ A/ (1, 082), independently of (Y, X, W),
where o, = 0.5. We run 200 bootstrap evaluations per Monte Carlo replication.
We see from Table 1 that the bootstrap leads to an improvement in the finite
sample coverage in the true model. In this sense, the bootstrap test statistic is less
sensitive to the choice of k; under the true model. Similar to Chen and Pouzo
(2015) (see p. 1059), we see only a minor improvement of the bootstrap test in
the alternative models but we expect that it improves further as the number of
bootstrap runs is increased.

As we fix the dimension parameter /,, = 2k;,, two dimension parameters re-
main to be chosen by the econometrician, namely, k,, and m,,. While proposing an
adaptive testing procedure is beyond the scope of this article, we want to provide
an heuristic argument for the parameter choice. Intuitively, we want to choose
k, such that we have a good model fit, i.e., a small value of the test statistic,
and m, to have good power properties, i.e., a large value of the test statistics.
Moreover, the choice should reflect the rate requirement from our theory, that is,
ky <[, = o(m,l,/ 2) and m, = o(n'/?). We implement such a heuristic parame-
ter choice criterion via the following minimum-maximum principle. That is, if
{s(k,,mp)} denotes the standardized value of our test S, with dimension parame-
ters k, and m,,, then we choose these parameters such that

m max  {s(k,,mp)}.
kn <nl/4 k%gm,, <nl/2

The values of this minimum-maximum principle (over the range m, €
{20,25,30} and k, € {4,5}) are shown in bold in Table 1. Note that the require-
ment k, < n'/*implies k,, <4 when n = 500 and k,, < 5 when n = 1000. Further-
more, m, < ni/? implies m, < 22 for n =500 and m, < 31 for n = 1000. We see
that this criterion helps to avoid choosing the dimension parameter k;, too large
which would yield inaccurate coverage. Such a rule, however, does not account
for ill-posedness of the estimation problem and hence, k,, might still be chosen too
large. We thus could calculate the sieve measure of ill-posedness by estimating the
first k, minimal eigenvalues of T; (see also Chen and Pouzo, 2015).

Failure of monotonicity in unobservables. We study the finite sample power
of our test when ¢ is not strictly monotonic in the structural disturbance V. Real-
izations of ¥ were generated from

Y=0(Z4V)V?, 4.3)

where V = ®((9 & ++/1—12¢€)/4) with € ~ N'(0,1) and where ¢ = 0.8. When
H) is false we generate

Y =O(Z+V)(V —05)% (4.4)
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or
Y =0(Z+ V)02 (V) 4.5)

for j = 1,2. In the alternative models, the structural disturbance enters the model
in a nonmonotonic way. We construct the statistic S, and its bootstrap counterpart
S as described in the previous paragraph.

Table 2 depicts the empirical rejection probabilities of our test against the alter-
native models (4.4) and (4.5). Again, we observe that our test is not very sensitive
to the choice of the dimension parameter m1,. Our test becomes somewhat less
powerful for large k,. But in contrast to the alternatives involving discontinuous
functions in the previous paragraph, the choice of k,, is not as sensitive. For each
choice of parameter k,, our test becomes more powerful as the sample size in-
creases from 500 to 1000. For n = 1000 we see that the parameter choice k, = 5
leads to a more accurate finite sample coverage. This is captured by the minimum-
maximum principle as introduced above. Again, the resulting values of the test
statistic using this criterion over the range m, € {20, 25,30} and k, € {4,5} are
shown in bold. Again, we observe that the boostrap version of the test statistic
behaves similarly as the statistic Sj,.

TABLE 2. Empirical rejection probabilities for the standardized test statistic

3/5/my (Sy —my /6) and 3,/5/(my (02 + 1)2)(S; —mu(c2 +1)/6) using vary-

ing dimension parameters k, and m,, with [, = 2k,.

Sample Model Emp. rejection prob. Emp. rejection prob.
Size using Sy using Sy
kn mp 20 25 30 20 25 30

500 4.3) 4 0.043 0.066 0.079 | 0.022 0.044 0.058

(4.4) with j=1 0.390 0.433 0.393 | 0338 0.324 0.298

(4.4) with j=2 0.966 0.967 0.959 | 0984 0.970 0.964

(4.5) with j=1 0.441 0492 0435 | 0376 0.372 0.342

(4.5) with j=2 0.976 0.979 0.968 | 0994 0982 0.978

4.3) 5 0.048 0.063 0.083 | 0.024 0.030 0.036

(4.4) with j=1 0.183 0.247 0.215 | 0.132 0.126 0.110

(4.4) with j=2 0.671 0.710 0.649 | 0.722 0.662 0.602

(4.5) with j=1 0.219 0278 0.259 | 0.154 0.144 0.112

(4.5) with j=2 0.721 0.746 0.672 | 0.766 0.704 0.650

1000 4.3) 4 0.042 0.080 0.082 | 0.032 0.037 0.038

(4.4) with j=1 0.717 0.712 0.681 | 0.696 0.677 0.636

(4.4) with j=2 1.000 1.000 0.999 | 1.000 1.000 1.000

(4.5) with j=1 0.751 0.768 0.737 | 0.752 0.733 0.694

(4.5) with j=2 1.000 0.999 0.999 | 1.000 1.000 1.000

4.3) 5 0.044 0.055 0.057 | 0.030 0.030 0.042

(4.4) with j=1 0452 0435 0394 | 0414 0.368 0.332

(4.4) with j=2 0.966 0.953 0.932 | 0982 0.974 0.968

(4.5) with j=1 0.515 0.490 0.441 | 0.490 0.442 0.400

(4.5) with j=2 0971 0.961 0.950 | 0.984 0.982 0.982
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4.2. Testing Exogeneity

Realizations Y were generated by
Y =9%(2)+V /2,

where V is generated as described in model (4.1), thatis, V =d e+ 1 — 92e
with € ~ A (0, 1) independent of (w,¢). The function ¢€ is given by ¢¢(z) =
Zfil(—l)-/ +1j=2sin(jrz). Again, for computational reasons we truncate the
infinite sum at 100. The resulting function is displayed in Figure 1. Note that
9 determines the degree of endogeneity of Z and is varied among the ex-
periments. The null hypothesis Hp : P(Y < ¢¢(Z)|Z) = ¢ holds true if ¥ =
0 and is false otherwise. In the following, we perform a test at the me-
dian ¢ = 0.5. As our test relies on the equation P(Y < ¢¢(Z)|W) = ¢, we
expect our test to have more power as the correlation between W and Z
increases.

The test statistic is implemented as described in Section 4.2. To estimate the
structural effect, we make use of the estimator {o\;n of He and Shi (1994) given
in (3.2). Here, we use B-splines of order 2 with 1 knot (hence k,, = 4) or 2 knots
(hence k;,, = 5). In contrast to the previous section, the choice of the dimension pa-
rameter k, is not affected by the ill-posedness of the underlying inverse problem.
As above, the vector of basis functions f;,, is also constructed with B-spline basis
of order 2 with knots varying between 17, 22 or 27 (hence m,, = 20, m,, = 25 or
my = 30).

Table 3 depicts the empirical rejection probabilities with varying number of ba-
sis functions. As we see from Table 3, our test becomes more powerful for larger
¢; that is, for instruments with a stronger correlation to the covariates Z. From
Table 3, we see that the test of exogeneity becomes somewhat less powerful for
larger values of m,,. On the other hand, the test seems not to be too sensitive with
respect to the choice of the dimension parameters &, and m,. We also see from
Table 3 that the finite sample coverage and power properties of the test improve
as the sample size increases from 500 to 1000.

Similarly as above, a guideline for smoothing parameter choice in practice is

given by the following minimum-maximum principle. That is, if {s(‘; (kn,mn)}
denotes the standardized value of our test S¢(g) with dimension parameters kj,
and m,, then choose these parameters such that

min max {s; (kn, mn)}.
kn <nl/4 k%gm,, <nl/2

Again, this criterion takes the rate condition for the asymptotic theory into ac-
count. In Table 3, the resulting values of the test statistic using this criterion over
the range m,, € {20, 25,30} and k, € {4, 5} are shown in bold.
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TABLE 3. Empirical rejection probabilities for the standardized test statistic
2m ,,)_1/ 2 (4 S$£(0.5) — mn) with varying dimension parameters k,, and m,.

| v Emp. rejection prob. Emp. rejection prob.
using S5(0.5) withn =500|  using S5(0.5) with n = 1,000
kn mp 20 25 30 20 25 30

0.4|0.00 4 0.064 0.064 0.064 0.064 0.062 0.056
0.30 0.172 0.161 0.139 0.350 0.290 0.264
0.35 0.231 0.204 0.176 0.497 0436 0.392
0.40 0.319 0.275 0.256 0.659 0.605 0.546
0.45 0.425 0.389 0.334 0.821 0.775 0.717
0.7(0.00 0.067 0.067 0.057 0.054 0.059 0.049
0.30 0.273 0.246 0.219 0.664 0.584 0.542
0.35 0.393 0.363 0.321 0.859 0.800 0.755
0.40 0.571 0.515 0.465 0.970 0.947 0.908
0.45 0.746 0.680 0.619 0.997 0.990 0.982
0.410.00 5 0.065 0.067 0.063 0.059 0.057 0.055
0.30 0.170 0.154 0.148 0.335 0.287 0.264
0.35 0.227 0.202 0.179 0.501 0.428 0.388
0.40 0.315 0.278 0.256 0.667 0.598 0.553
0.45 0.429 0.386 0.355 0.824 0.775 0.715
0.7]0.00 0.061 0.057 0.055 0.049 0.041 0.045
0.30 0.247 0.221 0.201 0.647 0.581 0.525
0.35 0.393 0.353 0.318 0.858 0.797 0.727
0.40 0.571 0.495 0.438 0.966 0.940 0.905
0.45 0.725 0.658 0.598 0.997 0.990 0.983

5. AN EMPIRICAL ILLUSTRATION

To illustrate our testing procedure, we present an empirical application concerning
estimation of the effects of class size on students’ performance on standardized
tests. Angrist and Lavy (1999) studied the effects of class size on test scores of
4th and 5th grade students in Israel. In this empirical illustration, we focus on
4th grade reading comprehension, a feature that was also considered by Horowitz
(2011).

In this empirical example, we study the model

Yse = ¢(ZSL'3 ch) + DSC)B(VSC)a (5.1

where Y, is the average reading comprehension test score of 4th grade students
in class ¢ of school s, Z,. is the number of students in class ¢ of school s, Dy, is
the fraction of disadvantaged students in class ¢ of school s with unknown scalar
function S, Vs = U, + &5 where Uy is an unobserved school-specific random ef-
fect, and €4, is an unobserved, independently over classes and schools distributed
random variable.
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The class size Z;. may be endogenous, for instance, due to the socioeconomic
background of the students. To identify the causal effect of class size on scholar
achievement, Angrist and Lavy (1999) use Maimonides’ rule as instruments. Ac-
cording to this administrative rule, maximum class size is given by 40 pupils and
will be split if the number of enrolled students exceeds this number. More pre-
cisely, assuming that cohorts are divided into classes of equal size, Maimonides’
rule is described by

ch = E?/“ + (ES - 1)/401,

where E denotes enrollment in school s and [x] denotes the largest integer less
or equal to x. Note that Horowitz (2011) could show that a linear relation be-
tween class size and scholar achievement as used by Angrist and Lavy (1999) is
misspecified. To apply our tests, we consider a subsample where only one repre-
sentative class per school is considered. By doing so, we avoid that rejection of
a hypothesis may be caused by within class correlation. Moreover, only schools
with at least two classes are considered which leads to a sample size of 707.

In the following, we want to test nonparametrically whether class size is en-
dogenous at the 0.5—quantile. The null hypothesis is that P(Ys. < ¢(Zsc,q) +
D¢ f(q)|Zse) = q where g = 0.5. The value of our test statistic S¢(0.5) =
(2m,)~1/2(45¢(0.5) —m,) is given by 1.885. For the choice of smoothing pa-
rameters k, and m, we applied the minimum-maximum principle as described in
Section 4.2. The resulting dimension parameters are k, = 4 and m, = 233 We
thus reject the hypothesis of exogeneity at the 0.05 nominal level. In particular, in
model (5.1) under Conditions (a./)—(a.3) we conclude that Z. is not independent
of V.

We now test whether the model (5.1) with Conditions (a./)—(a.3) is cor-
rectly specified. We construct our test statistic using B-splines as described in
Section 4.1. For the choice of smoothing parameters k, and m, we applied
the minimum-maximum principle as described in Section 4.2. As in the Monte
Carlo section we choose [, = 2k,. Our test statistic attains the value 1.4152
and thus fails to reject the nonseparable model (5.1) with Conditions (a./)—
(a.3) at the 0.05 nominal level. This value of the test statistic is obtained when
k, =4 and m, = 26. For the fixed quantile ¢ = 0.5, we also performed a test of
P(Yse < ¢(Zse,q) + Dsc f(q)|Wse) = g. In this case, our test statistic attains the
value 0.981 and again fails to reject the hypothesis.*

For the full sample, Figure 2 depicts estimators of the structural effect ¢, for
the quantiles ¢ € {0.75, 0.5, 0.25} where the number of disadvantaged students
is restricted to be smaller than 15% (which implies n = 688). The solid lines are
the estimators and the dashed lines are the 90% pointwise bootstrap confidence

3 The value of the test for other choices of kj is 2.254 for k,, = 3 and 2.182 for k,, = 5 where l, = 2k, and m, is
maximized over the range k% to 26 (being the largest integer smaller than /707).

4 This is not the case if &y is chosen too small or too large. For instance if k;, =4 or k;, =9, respectively, then the
value of the test statistic is 2.064 or 3.420 (as above maximized of mj, and [, = 2k ).
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FIGURE 2. Estimated structural effects (solid lines) for g € {0.75, 0.5, 0.25} and 90%
confidence intervals (dashed lines).

intervals using 1000 bootstrap iterations (we account for within school correlation
by using schools as the bootstrap sampling units, see also Horowitz, 2011). We
can see that the confidence intervals are tight enough to reject the hypothesis that
the quantile structural effects are overall upward sloping. In particular, we see that
the effect of class size variation on test scores is more severe for lower performing
classes.

6. CONCLUSION

In this article, we develop a nonparametric specification test for the quantile re-
gression model (1.1). The power of the test derives either from violations of regu-
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larity conditions imposed on the structural function, such as bounds or smoothness
requirements, or a failure of monotonicity in the nonseparable unobservable vari-
able. The test statistic is easy to implement and a natural extension of specification
testing in a parametric framework. As the test builds on the sieve methodology, it
allows to incorporate restrictions under the null hypothesis directly on the sieve
space. As examples of tests of constraint hypotheses, we consider in detail a test of
exogeneity and a test of additivity of the structural function. We establish the large
sample behavior of our test statistics and show that our tests work well in finite
sample experiments. We also obtain reasonable results in an empirical illustration
concerning the analysis of class size on students’ performance. While we provide
some heuristic guideline how to choose the sieve dimension in finite samples, an
interesting future research area remains to provide asymptotic justification for it
via adaptive testing.

REFERENCES

Adams, R.A. & J.J. Fournier (2003) Sobolev Spaces. Pure and Applied Mathematics, vol. 140. Else-
vier/Academic Press.

Ait-Sahalia Y., P.J. Bickel, & T.M. Stoker (2001) Goodness-of-fit tests for kernel regression with an
application to option implied volatilities. Journal of Econometrics 105(2), 363—412.

Angrist, J.D. & V.C. Lavy (1999) Using Maimonides’ rule to estimate the effect of class size on
scholastic achievement. The Quarterly Journal of Economics 114(2), 533-575.

Awad, A.M. (1981) Conditional central limit theorems for martingales and reversed martingales. The
Indian Journal of Statistics, Series A 43, 10-106.

Blundell, R. & J. Horowitz (2007) A nonparametric test of exogeneity. Review of Economic Studies
74(4), 1035-1058.

Breunig, C. (2015) Goodness-of-fit tests based on series estimators in nonparametric instrumental
regression. Journal of Econometrics 184(2), 328-346.

Chen, X. (2007) Large sample sieve estimation of semi-nonparametric models. In J.J. Heckman, E.
Learner (eds.), Handbook of Econometrics, pp. 5549-5632. Elsevier.

Chen, X. & T.M. Christensen (2015) Optimal uniform convergence rates and asymptotic normality
for series estimators under weak dependence and weak conditions. Journal of Econometrics 188(2),
447-465.

Chen, X. & D. Pouzo (2012) Estimation of nonparametric conditional moment models with possibly
nonsmooth generalized residuals. Econometrica 80(1), 277-321.

Chen, X. & D. Pouzo (2015) Sieve Wald and QLR inferences on semi/nonparametric conditional
moment models. Econometrica 83(3), 1013-1079.

Chen, X. & M. Reif} (2011) On rate optimality for ill-posed inverse problems in econometrics. Econo-
metric Theory 27(03), 497-521.

Chen, X. & A. Santos (2018) Overidentification in regular models. Econometrica 86(5), 1771-1817.

Chen, X., O. Linton, & I. Van Keilegom (2003) Estimation of semiparametric models when the crite-
rion function is not smooth. Econometrica 71, 1591-1608.

Chen, X., V. Chernozhukov, S. Lee, & W.K. Newey (2014) Local identification of nonparametric and
semiparametric models. Econometrica 82(2), 785-809.

Chernozhukov, V. & C. Hansen (2005) An IV model of quantile treatment effects. Econometrica 73,
245-261.

Chernozhukov, V., G. Imbens, & W.K. Newey (2007) Instrumental variable estimation of nonseparable
models. Journal of Econometrics 139(1), 4-14.

Chesher, A. (2003) Identification in nonseparable models. Econometrica 71(5), 1405-1441.

https://doi.org/10.1017/50266466619000288 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466619000288

612 CHRISTOPH BREUNIG

Chetverikov, D. & D. Wilhelm (2017) Nonparametric instrumental variable estimation under mono-
tonicity. Econometrica 85(4), 1303—1320.

Chiappori, P.-A., I. Komunjer, & D. Kristensen (2015) Nonparametric identification and estimation of
transformation models. Journal of Econometrics 188(1), 22-39.

Dunker, F., J.-P. Florens, T. Hohage, J. Johannes, & E. Mammen (2014) Iterative estimation of so-
lutions to noisy nonlinear operator equations in nonparametric instrumental regression. Journal of
Econometrics 178, 444-455.

Escanciano, J.C. & S.-C. Goh (2014). Specification analysis of linear quantile models. Journal of
Econometrics 178, 495-507.

Escanciano, J.C. & C. Velasco (2010) Specification tests of parametric dynamic conditional quantiles.
Journal of Econometrics 159(1), 209-221.

Feve, F., J.-P. Florens, & 1. Van Keilegom (2018) Estimation of conditional ranks and tests of exo-
geneity in nonparametric nonseparable models. Journal of Business & Economic Statistics 36(2),
334-345.

Gagliardini, P. & O. Scaillet (2012) Nonparametric instrumental variable estimation of structural quan-
tile effects. Econometrica 80(4), 1533-1562.

Gagliardini, P. & O. Scaillet (2017) A specification test for nonparametric instrumental vari-
able regression. Annals of Economics and Statistics/Annales d’Economie et de Statistique 128,
151-202.

Hanke, M., A. Neubauer, & O. Scherzer (1995) A convergence analysis of the Landweber iteration
for nonlinear ill-posed problems. Numerische Mathematik 72(1), 21-37.

He, X. & P. Shi (1994) Convergence rate of b-spline estimators of nonparametric conditional quantile
functions. Journal of Nonparametric Statistics 3(3—4), 299-308.

Hoderlein, S. & E. Mammen (2007) Identification of marginal effects in nonseparable models without
monotonicity. Econometrica 75(5), 1513-1518.

Hoderlein, S., L. Su, H. White, & T.T. Yang (2016) Testing for monotonicity in unobservables under
unconfoundedness. Journal of Econometrics 193(1), 183-202.

Hong, Y. & H. White (1995) Consistent specification testing via nonparametric series regression.
Econometrica 63, 1133-1159.

Horowitz, J.L. (2011) Applied nonparametric instrumental variables estimation. Econometrica 79(2),
347-394.

Horowitz, J.L. (2012) Specification testing in nonparametric instrumental variables estimation. Jour-
nal of Econometrics 167, 383-396.

Horowitz, J.L.. & S. Lee (2005) Nonparametric estimation of an additive quantile regression model.
Journal of the American Statistical Association 100(472), 1238-1249.

Horowitz, J.L. & S. Lee (2007) Nonparametric instrumental variables estimation of a quantile regres-
sion model. Econometrica 75, 1191-1208.

Horowitz, J.L. & S. Lee (2009) Testing a parametric quantile-regression model with an endoge-
nous explanatory variable against a nonparametric alternative. Journal of Econometrics 152(2),
141-152.

Koenker, R., P. Ng, & S. Portnoy (1994) Quantile smoothing splines. Biometrika 81(4), 673—-680.

Kress, R. (1989) Linear Integral Equations, 2nd ed. Applied Mathematical Sciences, vol. 82.
Springer.

Lewbel, A., X. Lu, & L. Su (2015) Specification testing for transformation models with an application
to generalized accelerated failure-time models. Journal of Econometrics 184(1), 81-96.

Newey, W.K. (1997) Convergence rates and asymptotic normality for series estimators. Journal of
Econometrics 79(1), 147-168.

Santos, A. (2012) Inference in nonparametric instrumental variables with partial identification. Econo-
metrica 80(1), 213-275.

van der Vaart, A. & J. Wellner (2000) Weak Convergence and Empirical Processes: With Applications
to Statistics (Springer Series in Statistics). Springer.

https://doi.org/10.1017/50266466619000288 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466619000288

SPECIFICATION TESTING 613

APPENDIX

A.1. Proofs of Section 2

In the appendix, fj,, denotes an m, dimensional vector with entries f; for 1 < j < my.
Moreover, || - || is the usual Euclidean norm. For ease of notation, let X; = (Y;, Z;, W;) for
1 <i < n with realizations x = (y,z,w) € Y x Z x W. Let H be a class of measurable
functions with a measurable envelope function H. Then, N (¢, H, L%) and Np(e, H, Lg(),
respectively, denote the covering and bracketing numbers for the set 7. In addition, let
Jn (1,H, Lgf) denote a bracketing integral of H, that is,

1
J[](I,H,Lg():/o \/l+logN[](e||H||X,’H,L§()ds.

Throughout the proofs, we will use C > 0 to denote a generic finite constant that may
be different in different uses. Furthermore, for ease of notation we write j for jbl, Zi
for > ,,and >, ; for D717, Zi’_:ll For any ¢,y € L2,, the inner product in L%V
is denoted by (¢, w), = El¢(W)y (W)] and let Fp, ¢ = ;”:”l(qﬁ, filw fi- In the fol-
lowing, we denote @n =n"1 > fng (Wi) fm, (W;). By Assumption 1, the eigenvalues
of E[ fm, (W) fm, (W)!] are bounde?zlway from zero and hence, it may be assumed that
E[ fin, (7V) fmnWV)t 1= Iy, where I, denotes the m; dimensional identity matrix (cf.
Newey, 1997, p. 161).

In the following result, we establish continuity of the mapping ¢ — ¢ (-, ¢) under the
tangential cone condition and a mild assumption on the sieve approximation error for ¢ .

LEMMA A.1. Let Assumption 2 be satisfied. Assume for almost all g € (0, 1) there exists
a function pg with T pg = q, let Ty be compact, and |lpq — I pqllz = o(1) as k — oo.
Then, the mapping q — ¢ (-, q) is continuous.

Proof. For some g € (0, 1), since the linear operator T, is compact, there exists singular
value decomposition of it denoted by {s;j,e;j, fj}j>1. For any ¢ > 0 and k sufficiently
large, let us define & = (1 — ) & 4% /3. We consider ¢” € (0, 1) such that |g —¢’| < J. Since
q.q’ satisfy the quantile restriction we have || T ¢y — Tgoq/ lw < o. Let us further denote
11(q) = I pq — ¢4 llw. We have rr(g) < &/6 by assumption for all . By Assumption
2(ii) and the triangular inequality it holds

1Toq—Tog llw =2 A= Ty(pq — o) llw
= =Ty (pg —9g) — TqgUkpg —0q) + Tqg (ko — g lw
> (=) (ITy il = 0w = 1T TTkog = 0)llw = 1Ty (kg =00l w )
> (= nsqi (11Tk(0g =01z = 1@ = 14(@))

> (=g (log = 0 12 =2 (@) = 208"

using that (s4;);>1 is a nonincreasing sequence. This implies
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lpg —oq/llz <A =m7 sl o4+2r(q) +2ri(d")

< —n)_lsq_k15+25/3
<e,

which proves the result. |

Proof of Proposition 2.1. Let || 7|, > be the operator norm of the Fréchet derivative
T, given by [Ty llp 2 = SUP(Ger2: gz <1) Ty ¢ llw. From Assumption 4(v) we infer that
the operator 7 is bounded since

T2, < sup  E|E[pyzw(9p(Z.9). 2. W)p(2)|W]I?
{peLly:plz<1}
<C  sip E|p(@))
{peL2:llpllz<1}
<C.

Since ||-llz < |- lla, p for any integer p > O (see, e.g., Lemma A.2 of Santos (2012)) we
have supgep3 ll¢llz < p by the definition of 5. Consequently, for any ¢ € B3, we obtain

ITgPllw < 1Tqllo0,2l1Pllz < p T4 llo,2-

We conclude that the range R (B) is uniformly bounded by the constant p || 7y l,,2 and
hence, R4 (B) is a strict subset of L2, which completes the proof. [ |

Proof of Theorem 2.3. Since we have || Q n—Im, ||2 =o0p (m,zl /n) itis sufficient to prove

— ~ d
that 33/57mu (372 [ 1012 3 (L(Y; < Pgn(Z)) =q) £ (Wi)|*dg —my /6) = N0, 1).
The proof is based on the decomposition

mpy

>[I S A < @)= 00150 g

j=1 i

=3 [ E A <ozian -0 509 dg
j=1 i

—,%%/(Z(ﬂm <o(Zi. ) =) £ (W)
Jj=1 i

x (32 (1Y <Pgn (Z)) = 11Y; < 9(Zis @) £ (W) )dg

+Z/ n™1 > (LG < Pgn(Z0) = LY; < 0(Zi,@))) f;(W)|*dg = Iy =20 Iy + 111, (A1)
j=1 i
Consider I,,. We calculate further

iy = ma 6) = 2= Zi‘,jgl(/mm <o) =) ;(Wldg 1/6)

+

1 &
— ZZ/(W <o(Zi, ) —q)(Yy <p(Zy, )y —q) £;(Wi) £;(Wy)dg,
i j=1
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where the first summand tends in probability to zero as n — oco. Indeed,we have

2 [ 101y < o(Z.a)— ) W)Pdq = B0 [ a(1=a)dg = 1/

for all j > 1 and hence,

ZZ (100 < ozan-arswRda - 1/6)

‘ mpn

mp

/E\Zm Y <o(Z. ) =) ;NP ~EIALY < (Z, )~ ) ;NP dg
=1

1

mpn

<

<

x

@I [ S0 <o(Z.0) -0

< O(mp/n) =o(1)

by using sup,,ec)y ||fm_n(w)||2 < Cmy,. Therefore, to establish 3./5/my (nl, —m,; /6) i)
N (0, 1) it is sufficient to show

35
/mnn

ZZ/ (11 < 0(Zi, )V =) (1¥y < 0(Zir, @)} = q) f;(Wi) f;(Win)dg 5 N0, 1).
i’ j=1

This follows from Lemma A.3. Consider /11;. Let us denote B,, :={¢ € BO.D . Il —

—(140)/x

® |||2 <my } for some constant ¢ > 0 and By, :={¢y : ¢ € B,} C B. Furthermore,

we denote forl<j<mpand1<i<n

hqjXi,dg) = (L{Y; < ¢(Zi. @)} = L{Y; < 0(Zi, ) f;(Wi)

and the classes Hyjn = {hyj(,¢q) : ¢g € Bgn} and Hyj = {hg;j(,¢q) : g € B}. We
observe

I, = Z/ |n~ th,(xl,(pqm dq

j=1

. < _ . _ 2
<2plITon—Tollgy +2 / n1 D g (Xis Ggn) = (TPgn — Tog. £i)w | da.
—p :

From (A.4) in Lemma A.2 together with condition nt, = o(\/my) we deduce n || T 9., —
T(OIII%V = 0p({/my,). Furthermore, we observe for every ¢, € By, that

2
[haj (is gD < max |(L0Y; < $(Zi ) = 11Y; < 0(Zi @) f;(Wp)|* = HE; (X))
gn

q

and hence, H,; is an envelope function of the class H,;, and due to Assumption 3 we have
E[ f H 2 (X)dq] Cmy, ~(1+0) . Moreover, (A.5) in Lemma A.2 together with Condition
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—(1+c)/1c)
n

(2.11) implies |[|p-n — go|||22’p =o0p (m and thereby

Mn
B3 [ 1 S i Kisun) = (Tun =T iy Pa > )
j=1 i

mp . 2
< E swp [ 2 Sy i)~ By (K. g +o)
i

j=1 peBy
mpy 2
gzg—l/E max n—l/zthj(xi,qsq)-th‘,(x,qsq)‘ dg+o(1)
= $q<Bqn i

mp

.
S /(%;ggn

j=1

2
V2 g (Xi ) ~Ehgj (X, )| + (B Hy (OP)/?) dg +o(1),

where the last inequality is due to Theorem 2.14.5 of van der Vaart and Wellner (2000).
We further conclude by applying the last display of Theorem 2.14.2 of van der Vaart and
Wellner (2000)

E max

-1/2 2 2\1/2
S (1723 g (K1) =Bl (X, < Cy (1 s L) (1 0OF)
L

forall 0 < ¢ < 1. Now since max|g;j<m, E[ |Hyj (X)|2dq < Cm;(H—C) for n sufficiently

large it is sufficient to show that max . j<m, J[1(1, Hgjns Lg() < Cforall0 < g < 1. From
Lemma 4.2(i) of Chen (2007) we deduce

~1/2 >
Hyjn Lx)

Employing condition aq > d;/p and Theorem 6.2 Part II of Adams and Fournier (2003)
yields that W*? is compactly embedded in W*°°. Thereby, B C W*? is totally bounded
in W% which implies [|§l¢,c0 < C forall g € B. Let W™ := {W% : || ¢y ||g,00 < C}.
Now Theorem 2.7.1 of van der Vaart and Wellner (2000) gives

log N (e2/%, B, || lloo) < log N (e%/%, W™, || lloo) < Ce™24/(@®),
where C depends on the diameter of Z. Now due to Assumption 4(i) it is straightforward

to see that max | j<m, J11(1, Hyjn> L%) < C and hence, nl11, = op(/my).
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Consider I1,. We observe

mpy

nll, —Z/ Z(H{Y, <ozl =) ;7)) (n “th,(x,,¢qn>)
=§/(Z(nm <O =) ;WD) (171 3 hgj K gn) = (Tgn = Tog. )y )da
j=1 i i

+ 2 [ (i <o =a50) (T~ Tog. flyda
j= i

=Cy1+Cpa.
The Cauchy Schwarz inequality implies for all ¢ > 0
i/ [ 12
B(1Cu 1> o) < Gy ( [ a1-a)dq)
mpy _1/2 2 1/2
XZ(/E max 072> hy; (Xiudg) —Ehgj (X, dy)] dq) +o(l)
¢q€Byn ;
=o(l),

where the last equality follows similarly to the proof of n111, = op(\/m;). Consider C,;.
Let us introduce the function for 1 < j <my and 1 <i <n

fqn(Xi,¢q) = (]l{Yi <o(Zi,q9)} _Q) (anT¢q _anT(”q)(Wi)

and the sets Dy, := {¢ e BOD cnll|T¢ —Tgolll%v < a/mn}, Dyn = {¢q ‘pe Dn} C B,
Gq :=1{tgn : ¢ € B}, and Ggp :={tgn : ¢ € Dygn}. We calculate

B(ICual > £/m) < V(e /im) ' E / max

$¢€Dygn

fzrqn(x,,qsq)\dq +o(l).

Since py is uniformly bounded away from zero, n||T¢ — Toll3, < /mn, and
I Em, (T g — qu)llw < ClT¢q — Togllw for all ¢ € Dy we have |Fp, (Tog —
Tog)(w)| < Cmy 1/4 n~=1/2 for almost all 0 < g < 1 and py—almost all w. Consequently,

tan(X,¢g) < C / n~1/2 pw—almost surely. We conclude by again applying the last dis-
play of Theorem 2. 14.2 of van der Vaart and Wellner (2000)

E max
¢q Ean

1 1/4 _
ﬁ thn(xi,qsq)‘ < CJ[](I, gqn,Lg()mn/ n~l2,
i

As above, it can be seen that J;1(1,Ggn, L%) < C for all 0 < g < 1. Indeed, from As-
sumption 2(ii) we conclude |7¢ — Tog4llw < (1 4+ )Ty (¢ — ¢g)llw and further, As-
sumption 4(v) yields ||, (T — Tog)llw < C(14 1)1y 16 — pg | 2. Hence, the mapping
¢+ Fy, T¢ is Lipschitz continuous at ¢, and we may apply Theorem 2.7.11 of van der
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Vaart and Wellner (2000) which yields

Npy(e(n= " mn) 2, Gu, L3) < Npy(6,Gg LY)
< Npy (& AFm, T — Fm, Tog : ¢ € B), Liy)

€
<N(= .
<N(55:B.1- ).
Thereby, Cp,2 = 0p (\/my), which completes the proof. |

In the following we make use of the notation g4; (X;, ¢) := (L{Y; < ¢(Z;)} —q) f; (W;),
1<j<my,1<i<n,forany ¢ €.

Proof of Proposition 2.6. For the proof it is sufficient to show
0y = [1Teq — ql3da/2 + op(l). Since  [lIn™" 3, (LY; < Ggn(Z0)) —
]l{Y,-ggoq(Z,-)})fmn(W,-)szq = 0p(1) (cf. proof of Theorem 2.3 together with
Lemma A.2) we obtain

JIn™ S5 < 04 @0 =02, W) g
- / | BL(T 0g) W) = ) fy, (W1 2dg +0p (1)
>/||T¢q—q||%vdq/2+op(1),

which proves the result. |

Proof of Proposition 2.7. Since ¢, = argming.p3 7 ¢ —qllw we obtain as in the proof
of Theorem 2.3 by employing the results of Lemma A.2 that

mp
2
Sn =Z/‘n 1/22gqj(Xi,¢q)‘ dq +op(/mny).
j=1 i
Furthermore, we calculate

mp mp
> [P e kivon[dg =3 [ 572 3 (o0 Kic00) ~ By i) e
j=1 i j=1 i

mp

+2Z/(n—‘/zz(gqj(xi,q)q)—qu,-(X,¢q>))ﬁquj(X,¢q>dq
j=1 i

mp . 2
+”Z/‘quj(x’¢q) dq
j=

=l +211,+111,.

We have 3./5/mj, (In —mn/6) i) N (0, 1). Furthermore, since E[(1{Y < ¢(Z,q)} —
q)2|W] < 1 we obtain
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mp
2
E|un|2<nﬂz/|(11{Y<¢(z,q)}—q)Zquj(x,¢q)! dq
j=1
mp

2 2
<n [ |2 BeyKpp)| da<n [ 1To,-alfyda a2)
j=1

and hence II, = Op((n[ITeq — ql3,dg)"/?). Moreover, since n [||Tpgn —
Toq ||%qu = o({/my) and by employing relation (2.13) it is easily seen that

35 3751 s ‘
=111, = / ||T¢qn—q—5néq||%vdq+; / ELZ, (W) £;(W)12dq +o(1).

which proves the result. |

Proof of Corollary 2.9. For the proof it is sufficient to show n_lS,’; > [ITeq —
q ||%qu /24 o0p+ (1) with probability approaching one. Chen and Pouzo (2015) show that
the bootstrap version of the sieve estimator (}7;‘" converges at the same rate as @y, In light
of the proof of Proposition 2.6, it is sufficient to show

[0 36115, < 002001 =) i (W)

= / | EL(T 0qg) (W) =) fon, (W[ dg +0p (1)
> 170y = aliyda/2+ 00

using that ¢ is independent of W and E[¢] = 1 as well as Var(¢) < oo, which proves the
result. [ |

Proof of Corollary 3.1. In light of the proof of Theorem 2.3 it is sufficient to prove
nIITﬁgn —Toq ”%V = 0p(/my). Because of Assumption 6(ii) we obtain as in the proof
of Theorem 6 of Chen et al. (2014) that

1TGen = Tog — Ty @en — ) lw < Clige, — g1l
and consequently,
1T 05, —Toglw < C(IT4 @50 — 9a)lw + 105, — 9411%).

Moreover, by applying sup, py|z,w(y, Z, W) < C and Jensen’s inequality we have

174 @5 — 0a) I3y = /W l/z Pr1Z.w (0. 9). 2. 0) @y — 09) (@) pzyw (2. w)dz) pw (w)dw

<ClpS, — gl
= OI,(Ri)
= Op(\/ mp/n),
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by employing the rate Conditions (3.3) and Assumption 6(iii). |
Proof of Proposition 3.2. Due to the rate restriction (3.3) we may follow the proof of

Theorem 2.3 and Corollary 3.1 and hence obtain

My

2
Se@) =D D@ < g (Z) =) f5 W)+ op (i),

J=l1 i

Thus, by following line by line the Proposition 2.7, we obtain the result. |

A.2. Technical Assertions

We cannot apply the consistency and rate of convergence results of Chen and Pouzo
(2012) when the null hypothesis H fails. The following Lemma extends their results to
possibly misspecified instrumental quantile regression. Recall that under misspecification
pq = argming i [|T¢ —qllw does not satisfy Tog =g.

LEMMA A.2. Let Assumptions 1-4 hold true. Then

15—l , = 0p(D), (A3)
T %0 = Tollfy = Op (n + / 1T0q—all}yda), (Ad)
150 =113, , = Op (NTk, 0 = 0113, + 2, (0 + / 1T0q—all}yda)). (A.5)

Proof. Proof of (A.3). We define R,, := max (n_lln,max¢€lgkn Zj>l,, E[(To(W) —
) fj (W)]z). From the proof of Proposition 2.6 we have that

[ll 2
E max [n=! 3 1(Y; <@ (Z)); (W) —ELLY < ¢S] = 00~ ).

(A.6)

Consequently, we observe

[0 S8 < 11,00 201 =00 1,00 g <2 [ T 111,00 a1y da+ 0p (R
i

Furthermore, using the elementary inequality (a — b)2 > a? /2— b% and again applying
relation (A.6) gives

[In™ St < g @ol=a) f W Pda > [ 15, Ty =0 lRydar2

2
=D max [T <405 W) —E LY < (D) (W)

> c/||T¢q—q||%vdq—0p(Rn).
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Let us denote Ay, ={¢ € B,ES’U sl —¢|||2Z » > ¢} for some ¢ > 0. Since 7 is continu-

ous and g4 = argmingc3 |7 ¢ —¢llw is unique we have that ming 4, JIT¢q—q II%qu
is strictly positive for all n > 1. Therefore, we obtain

P =011, >¢)
<r(min (1300 <020)1- 05,00 dq
peA, : -

< / | > WY: < 0 (Zi. )~ 4) i, (W)

<P( min / 1T¢q —alliydg < / 1T Tk, 04 = 13y dg + 0p(Ra)) = o(1)
peAy, .
since [ | T 11k, 0q —qll3ydg = [IITeq —qll3ydg +o(1), Ry = o(1), and making use of

minge 4, ST g —q||2 dg > [IITeq —q||2 dg +o(1). Proof of (A.4). For some ¢ > 0
let us denote Dy, = {¢ € B(O D, T — ’7'(1)|||2 > ewy ). Therefore, we obtain as above

P(IT 7 Tmuw swn)

Jmin [ 174y =atyda < [ 1T 11,00 =gy +0p(Rn)

E kn
Furthermore, it holds [ 71Tk, pq — ql3,dq < 20T Ti,0 — Tollw +2 [ 1T —
qII%qu. ‘We thus obtain
(T 5 —Toll}, > con)

<P min [Ty =aliyda <2T 0 ~Toly+2 [ 1Tog—a1yda+0p (R).

Ekn

Forall ¢ € Dy, and 0 < g < 1 we have

1T g =4l = 1 Tog=aliy = 1 Tdq = Toqlyy /2= 1T —alliy
and hence, |7 ¢q —qII%V 2 Tdg —Toq || /4. Thereby, we obtain

(T 5 —Toll}, > con)

1
<P(; min T6—Tolly <207 1Tk0 - Tollfy, +2 / 1T0q —alfyda+0p(R)

4 peDy,

&
<P(Gon < Zn/ 174 (T, 09 = 9q) Iy dg +2/ IT0g = 4ll3yda+0p(Ra).

which goes to zero for all n > 1 as ¢ — 00. Proof of (A.5). Note that || T, (¢ —¢g) lw < (1—

N Te— Toqllw for all ¢ in a sufficiently small neighborhood around ¢4 . Thereby, due
to (A.3), we obtain

15 =113, , = Op (WTky 0 = 0113, + 70, T = Tl )

Hence, the result follows by applying (A.4). |
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The following lemma is similar to Lemma A.2 of Breunig (2015). In the following, how-
ever, we provide the proof for the sake of completeness. For all ¢ € I3 recall the definition
g (Xi, )= (L{Y; <p(Z)}—q) f;(W;) forall 1 < j <my and 1 <i < n. Letus introduce

Xip = 635/ (Jmam) X7 [ 87 (X, 0q)8j (Xir, 9¢)dq and

_ X[- fori =2,...,n
. =1 > E) s Ity A.7
Oni {0, fori=1andi > n. (A7)
Then clearly
mp
3B/ 3 [ 000Ky 0g)da
i#il j=1
Mp
= 6v/5/(/m n)ZZ/g,(X,,wq)g,(Xﬂ,wq)dq =D Xy —ZQm
i<i’j=1 i<i’

Let B,; :=B(Z1,Y1,W1),...,(Z;, Yi,W;)), 1 <i <n,n > 1,be the o-algebra gener-
ated by (Z1,Y1, Wy), ..., (Z;, Yl, W;). Since g (X;,¢q), 1 <i < n, are centered random

variables it follows that {(Z;/=1 Q. Bypi), i = 1} is a Martingale for each n > 1 and
hence {(Qi,Bui), i > 1} is a Martingale difference array for each n > 1.

LEMMA A3. Let Qy,; be defined as in (A.7). Let Assumption 1 and Condition (2.10)
be satisfied. Then, we have )22, Q; 4 N(O,1).

Proof. For the proof, we have to show that the Martingale difference array
{(Qni>Bpi), i =1}, n > 1, satisfies the conditions

oo
D EIQulP <1 foralln>1, (A.8)
i=1
oo
> 05 =140,(1), (A.9)
i=1
sup [Qpil = op(1). (A.10)
i1

Then, the result follows by Awad (1981). Proof of (A.8). Since E[(I{Y < ¢(Z,q)} —
Q(U{Y <9(Z.4")} -4 IW]=min(g,q") — qq" we have

" 2

[ (Elg%ppg o)) dla.) = [ minta.a) = a0t a1 -9
= 1j=j1/90
where we used that IE[fj(W)f//(W)]2 =1j—;; and

g 1
/(min(q,q’)—qq’)zd(q,q’)= /(/O (q’—qq’)qu’Jr/ (q—qq’)qu’)dq
P P P q

2 (3 2
= g/q (1—¢g)°dq

=1/90.
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Observe that E[X}; X1;/] =0 fori # i’ and thus, fori =2,...,n we have

E[Qnil* =E|Xy; +-+ Xy ;1
= (i—DE| X))
6V -1

n2my,

mp
EIZ/gj(X1,¢q)gj(Xz,¢q)dq!2
j=1

My

3 / Elgj (X, 0008/ (X, 0)) (¢, 4"

JJ'=

180(1 —-1)
n2mpy

26 —1)
n2 '

Thereby, we conclude

n—1

n _1 l
2 ElQuil = 22 n(n U (A.11)

n

which proves (A.8).
Proof of (A.9). Using relation (A.11) we observe

E[> 02 -1 ZEQ +2> EQ2 0%y —1+0(1) = Iy + 11, —1+o(1).

i<i’

Consider I;. Observe that

i—1
EIQni|4=E’ZXi’i|4</E
i'=1

< — 5 sup IIf@(w)II4((i—I)Ellf@(W)Il4+3(i—1)(i—2)(E||f@(W)II2)2)
n w

my we

6\/5 mpy i—1 4
(X, Xy 00)| d
nmgg, i wq)iég, i9q)| dq

where we used that E[g; (X, ¢4)] =0 for 0 < g < 1. Since Z?:l 3 —1D(@E=2)=n(n-—

1)(n —2) we conclude

n(n—1)
2n4

n(n— 1)(n 2)

< ¢( E | fim, W)1I* + E fim, (W)IH?) = 0(1)

since (B || fin, (W) 12)? < E|| fin, W)[I* < Cm,%. We calculate for i < i’

i—1 i'—1 i—1 i’ —1
0408 = (Z %) (Z48) + (Z48) (X terter)
= k=1 k=1 kk!

i'—1

( Z X Xy )(Zl kz,/) + ( li inXk’i)( > in’Xk/i’)

k#k' k#k' k#k'
=t A;jir + By +C;yr + Djpr.
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Consider A;;/. Exploiting relation (A.11) and using >*; (i —=1) =>5_, (' = (' -
2)/2 =n(n—1)(n—2)/6 and further >*; _; (i — (' =3) =25 _, (@’ =3)(@’' =2)(’ -
1)/2 = n(n —1)(n —2)(n — 3)/8 we obtain

2> EAyy =4EXLX5 D> (i —D+2EXH)? D (-G’ —3)+0(1)
—D(n-2
nn= D=2 < [ElG& e nldta.4)

4
nmn =t

N nn—1)n-2)(n-3)

- +o(1)

since [ Elg;(X,pq)gj:(X,94)1d(q,q") = 1{j = j'}/90. Moreover, applying Cauchy
Schwarz’s inequality twice gives

>3 Bl X 006 X 00100 < s0p i @I < O,

=1 weWV

Thereby, it holds 23", _.» EA;;» = 14 0(1). Now consider B;;s. Since { f;};>1 forms an
orthonormal basis on the support of W we obtain

i—1 i'—1 i—1
2
E(Zin)( > X Xy ) =23 EXZ X X
k=1 k;ék’ k=1
C(i —1)
g Z /E‘g,(& 00)8j"(X1.09)8) (X2, 04)8j/ (X2, 047)
n : / 1
Mn
xq(1=9) > g7 (X1,09)|d(¢.q"q")
=1
C(z C@i —)ym
<= Z /Elg,(X 981 X, 09)1%d(q.q )) T"

JJ'=

This, together with relation (A.11), yields >*; ;s E B;;» = o(1). Furthermore, it is easily
seen that >°; _.»EC;;» = o(1). Consider D;;s. Using twice the law of iterated expectation
gives

i-1 i'—1 i-1
ED;y=E ( z inXk’i) ( z in’Xk’i’) =4 z E Xyi Xy i X X iv
K K <k
i1
=4 B[ X Xy Bl Xeir Xorir| (Ve Ze Wi), (Vi Zio, W), (Y, Zi, Wi
k<k'
C

nmy,

i—1
D[ ELA X (Ve Z, W), Ve, Ze, Wi
k<k'

<

x Z / 157 (X.00)87 (X, )18 (X 00) 7 (X 0,1 5.4
Jsj'=
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C mpy 2 ) )
< n4m? /E‘ z Elg; (X, 048X, 04)18; X1, 04)8j" (X2, g7) d(q,q")(i =1 —2)
n J’//:l
C
< (i—DG—-2).
n'my

again using that E[g; (X, ¢4)g;/ (X, ¢4/)] is only different from zero whenever j = j ’. Con-
sequently, we obtain

—Dm-2)(n-3
Crn=DO-D@w=3) _

S EDi < —— 3 (-Di-2)=

— — mpn
i<i’ i<i’

and hence 23 ; E Qizu. Qizu./ =14o0(1).

Proof of (A.10). Note that P(supi>1 |Onil > g) < Z?:l IP’(Q%I. > 82) and, hence the
assertion follows from the Markov inequality. |

https://doi.org/10.1017/50266466619000288 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466619000288


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




