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Abstract

A subset Y of the general linear group GL(#, g) is called r-intersecting if rk(x —y) <n — ¢
for all x,y € Y, or equivalently x and y agree pointwise on a f-dimensional subspace of IE‘Z
for all x,y € Y. We show that, if n is sufficiently large compared to ¢, the size of every
such z-intersecting set is at most that of the stabiliser of a basis of a t-dimensional sub-
space of FZ. In case of equality, the characteristic vector of Y is a linear combination of
the characteristic vectors of the cosets of these stabilisers. We also give similar results for
subsets of GL(n, ¢) that intersect not necessarily pointwise in ¢-dimensional subspaces of
IFZ and for cross-intersecting subsets of GL(#n, g). These results may be viewed as variants
of the classical Erd6s—Ko—Rado Theorem in extremal set theory and are g-analogs of cor-
responding results known for the symmetric group. Our methods are based on eigenvalue
techniques to estimate the size of the largest independent sets in graphs and crucially involve
the representation theory of GL(n, g).

2020 Mathematics Subject Classification: 05D99 (Primary); 05E30, 20C33 (Secondary)

1. Introduction and results

One of the most famous results in extremal set theory is the Erd6s—Ko—Rado Theorem [9].
In its strengthened version [27] it states that, for all fixed k and ¢ and all sufficiently large n,

every t-intersecting family of k-subsets of {1,2, ..., n} has size at most (Z:;) and equality
holds if and only if there are ¢ distinct points of {1,2, ..., n} contained in all members of the
family.

There are several analogs of the Erd6s—Ko—Rado Theorem (see [13], for example). Most
notably, following important earlier work [5, 10, 12, 18], a corresponding result for the sym-
metric group S,, was obtained by Ellis, Friedgut and Pilpel in a landmark paper [7]. A subset
Y of S, is t-intersecting if, for all x,y € Y, there exist distinct i1,i3,...,0; in {1,2,...,n}
such that x(iy) = y(ir) for all k. It was shown in [7] that, for each fixed 7 and all sufficiently
large n, every t-intersecting set in S, has size at most (n — #)! and equality holds if and only
if Y is a coset of the stabiliser of a #-tuple of distinct points in {1, 2, ..., n}.

In this paper we consider a g-analog of this problem, namely we study a corresponding
problem for the finite general linear groups. Throughout this paper ¢ is a fixed prime power
and G, denotes the general linear group of degree n over the finite field 'y, namely the group
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of invertible n x n matrices over IF,. We say that two elements x,y € G, are t-intersecting
if there exist linearly independent elements uy, up, . . ., u; in IF‘Z such that xuy = yuy for all
k. Equivalently x, y € G, are t-intersecting if tk(x —y) <n —1t. A subset Y of G, is called
t-intersecting if all pairs in Y x Y are #-intersecting.

A coset of the stabiliser of a ¢-tuple of linearly independent elements of ]FZ has the form

{eeGy:gur=v1,...,8u=v}

for some #-tuples (uy, ua, . . ., us) and (vy, va, . . ., v;) of linearly independent elements of FZ-
We call such a coset a t-coset. It is plain that every ¢-coset is z-intersecting. Note that the size
of a t-coset is

n—1

[T —-4) (11

1=t
The t-cosets are however not the only #-intersecting sets of this size in Gy, as the transpose
of every t-intersecting set is z-intersecting.

We shall often identify a subset Y of G, with its characteristic vector 1y € C(G,,) (where
C(G,) is the vector space of functions from G, to C). It is well known (see [2] or [3], for
example) that, since G, contains a Singer cycle as a regular subgroup, the size of every
1-intersecting set in G, is at most the expression given in (1-1) for t = 1. Meagher and
Razafimahatratra [21] have shown that, if ¥ is a 1-intersecting set of size q2 — g in G3, then
1y is in the span of the characteristic vectors of the 1-cosets. We prove a corresponding
result for all 7 and n for which 7 is sufficiently large compared to z.

THEOREM 1-1. Let t be a positive integer and let Y be a t-intersecting set in Gy,. If n is
sufficiently large compared to t, then

n—1
Y <[] (@ -q)
i=t
and, in case of equality, 1y is spanned by the characteristic vectors of t-cosets.

We also prove a result on cross-intersecting subsets of G,. Two subsets Y and Z are
t-cross-intersecting if all pairs in Y x Z are t-intersecting.

THEOREM 1-2. Let t be a positive integer and let Y and Z be t-cross-intersecting sets in
Gy, If n is sufficiently large compared to t, then

n—1
VIYzi <[] (¢ - 4)
i=t
and, in case of equality, 1y and 1z are spanned by the characteristic vectors of t-cosets.

Theorems 1-1 and 1-2 may be seen as g-analogs of [7, theorems 5 and 6]. It seems
plausible that corresponding g-analogs of [7, theorems 3 and 4] also hold. In the case of
t-intersecting sets, this means that the extremal 7-intersecting sets in G, are the t-cosets and
their transposes whenever n is sufficiently large compared to ¢. In fact, Ahanjideh [1] has
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shown that every l-intersecting set in G, of size ¢> — ¢ must be either a 1-coset or the
transpose of a 1-coset. We therefore pose the following conjectures.

CONIECTURE 1-3. Let Y be a t-intersecting set in G, whose size meets the bound in
Theorem 1-1. If n is sufficiently large compared to t, then Y or Y7 is a t-coset.

CONJECTURE 1-4. Let Y and Z be t-cross-intersecting sets in G, whose sizes meet the
bound in Theorem 1.2. If n is sufficiently large compared to t, then Y =Z and Y or YT is a
t-coset.

A subset Y of the symmetric group S, is t-set-intersecting if, for all x,y € Y, there is a
subset I of {1,2,...,n} containing ¢ elements such that x(/) = y(/). It was shown in [6]
that, for each fixed ¢ and all sufficiently large n, every r-set-intersecting set in S, has size at
most t!(n — #)! and equality holds if and only if Y is a coset of the stabiliser of a subset of
{1,2,...,n} containing ¢ elements.

We also obtain a g-analog of this result. We say that two elements x, y € G, are t-space-
intersecting if there exists a t-dimensional subspace U of ]FZ (or t-space for short) such
that xU =yU. A subset Y of G, is called #-space-intersecting if all pairs in ¥ x Y are ¢-
space-intersecting. Of course in this context it would be more natural to replace G, by the
projective linear group PGL(n, g¢). However results for G, and for PGL(n, g) can be easily
translated into each other and for consistency we prefer to work with G,. A coset of the
stabiliser in G, of a r-space is clearly #-space-intersecting and has order

[ﬁ(q[—qi)}[ﬁ(q"—qi)]- (12)

i=0 i=t

Note that again the transpose of a f-space-intersecting set is f-space-intersecting. The trans-
pose of the stabiliser of a f-space is in fact the stabiliser of an (n — £)-space, so the stabiliser
of an (n — t)-space is an example of a f-space-intersecting set that has the same size as that
of the stabiliser of a #-space.

Using an argument involving a Singer cycle, similarly as that above, Meagher and Spiga
[22] have shown that the size of every 1-space-intersecting set in G, is at most the expression
given in (1-2) for t = 1. We show that this is true for all 7 and all sufficiently large n.

THEOREM 1-5. Let t be a positive integer and let Y be a t-space-intersecting set in Gy,. If
n is sufficiently large compared to t, then

Y| < {Z[Z(q’—q")}[ﬁ(q"—q")}

and, in case of equality, 1y is spanned by the characteristic vectors of cosets of stabilisers
of t-spaces.

Again, we have a corresponding result on cross-intersecting subsets of Gy, in which we
call two subsets Y and Z of G, t-space-cross-intersecting if all pairs in Y x Z are t-space-
intersecting.
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THEOREM 1-6. Let t be a positive integer and let Y and Z be t-space-cross-intersecting
sets in Gy. If n is sufficiently large compared to t, then

< T || o= |

i=0 i=t

and, in case of equality, 1y and 1z are spanned by the characteristic vectors of cosets of
stabilisers of t-spaces.

Meagher and Spiga [22] conjectured that the extremal 1-space-intersecting sets in G,
must be cosets of the stabiliser of a 1-space or cosets of the stabiliser of an (n — 1)-space.
This was proved by the same authors for n = 2 [22] and n = 3 [23] and by Spiga for all n > 4
[25]. We therefore pose the following conjectures.

CONIJECTURE 1-7. Let Y be a t-space-intersecting set in G, whose size meets the bound
in Theorem 1-5. If n is sufficiently large compared to t, then Y is a coset of the stabiliser of a
t-space or a coset of the stabiliser of an (n — t)-space.

CONJECTURE 1-8. Let Y and Z be t-space-cross-intersecting sets in G, whose sizes meet
the bound in Theorem 1-6. If n is sufficiently large compared to t, then Y =Z and Y is the
stabiliser of a t-space or the stabiliser of an (n — t)-space.

Not surprisingly, as in [6, 7], our proofs are based on eigenvalue techniques, in particu-
lar weighted versions of the Hoffman bound on independent sets in graphs, and crucially
involve the representation theory of G,. We organise this paper as follows. In Section 2 we
summarise relevant background on the representation theory of G,. In Section 3 we recall
versions of the Hoffman bound from [7] and explain how they can be applied in our setting.
In Section 4 we prepare some key steps of the proofs of our main results and in particular
study properties of a matrix related to the character table of G,. Sections 5 and 6 contain
the main arguments of our proofs of Theorems 1-1 and 1-2 and Theorems 1-5 and 1-6,
respectively. In Section 7 we prove some auxiliary ingredients used in our proofs.

We close this introduction by noting that, after a first version of this paper was made
publically available, Ellis, Kindler and Lifshitz [8] independently proved a result that is
slightly more general than Theorem 1-1 and also proved Conjecture 1-3. Their methods are
completely different compared to ours and in particular make no use of the representation
theory of G,,.

2. The finite general linear groups

In this section we mostly recall some relevant facts about the conjugacy classes and the
character theory of G,,.

2-1. Partitions

An (integer) partition is a sequence A = (A1, A2, ... ) of nonnegative integers satisfying
A1 > Ay >---. The set of partitions is denoted by Par. We often omit trailing zeros and
write A = (A, A2, ..., Ax) if A > 0 and Agy; = 0. The size of (A1, A2, ... ) is defined to be
M| =A1 4+ Xy +---. If |[A\]| =n, then we also say that A is a partition of n. We denote the
unique partition of 0 by &.
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The Young diagram of a partition (A1, Ao, ..., Ar) of n is an array of n boxes with left-
justified rows and top-justified columns, where row i contains A; boxes. To each partition A
belongs a conjugate partition ' whose parts are the number of boxes in the columns of the
Young diagram of A. For two partitions A = (A1, A2, ... ) and u = (i1, 12, . . . ) of the same
size, we say that A dominates  and write A > p if

k k
Zkizz,u,- for each k > 1.
i=1 i=1

This indeed defines a partial order on the set of partitions of a fixed size, which is called the
dominance order.

2-2. Conjugacy classes

We shall now describe the conjugacy classes of G, (see [20, chapter IV, section 3], for
example). Let @ be the set of monic irreducible polynomials in F,[X] distinct from X. For
a € Fy (where IFy is the multiplicative group of F,), we shall often write a instead of X —a
when the meaning is clear from the context. We also write |f| for the degree of f € ®. Let A
be the set of mappings A: ® — Par of finite support (with & being the zero element in Par).
We define the size of such a mapping to be

EDBGING

fed

and put A, = {A € A : ||A|| = n}. The companion matrix of f € ® with f = X4 + f;_1 X4~ 4+

e+ fiX 4 fois
_ .
1 —fi
C(f) = I T2 | erix,
i 1 _fdfl_

(where blanks are filled with zeros). For f € ® of degree d and a positive integer k, we write

-C(f) / 5
c)y I

C(f,k): eF/;dxkd,

I
L C(Hd

where I is an identity matrix of the appropriate size. For f € ® and o € Par, we define C(f, o)
to be the block diagonal matrix of order |o| - |f| with blocks C(f, o1), C(f, 02), . . . . Finally,
with every o € A, we associate the block diagonal matrix R, of order n whose blocks are
C(f, a(f)), where f ranges through the support of o. Then every element g of G, is conjugate
to exactly one matrix R, for o € A,, which is called the Jordan canonical form of g. Hence
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A, indexes the conjugacy classes of G,; we denote by C, the conjugacy class containing
Ry . The following result gives an explicit expression for the number of elements in Cy .

LEMMA 2-1 ([26, theorem 1-10-7]). For each g € A,, we have

o ()l mi(a (F)
_1—[ I1 1—[ qlf\s,(o(ﬂ)(l_ m)
Col fed i=1 j=1

where mi(o) = |{j > 1: oj =i}| and s;{(0) = Z}Zl oj for a partition o.

2-3. Parabolic induction

Recall that, given a finite group G, a subgroup H of G, and a class function ¢ on H, the
induced class function Indf,(d)) on G is given by

Indfj(¢)(g) = il HI > plgx ). 1)
xEG
xgx"leH
The character theory of G, crucially relies on the induction of characters from parabolic
subgroups of G,.
A composition is much like a partition, except that the parts do not need to be nonincreas-
ing. Let A = (A1, A2, . . ., Ar) be a composition of n. Let P, be the parabolic subgroup of G,

consisting of block upper-triangular matrices with block sizes A1, A2, . . ., Ag, namely
g1 k ce e sk
gz e *
Py = . |8 €Gy, (- 2-2)
8k

Let ; : Py, — Gy, be the mapping that projects to the ith diagonal block, so that

gl * o« o e *
g2 PR *

T . : — gi. (2-3)
8k

Let ¢; be a class function on Gy,. Then

k
[]@iom
i=1

is a class function on P,. We define the product ¢; © ¢ © - - - © ¢ to be the induction of
this class function to G,,, that is

k k
() ¢i=Indp: (]‘[ (i o m)) : 2-4)
i=1 i=1
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2-4. Character theory of G,

The complete set of complex irreducible characters has been obtained by Green [14].
A good treatment of this topic is also contained in [20, chapter IV]. The complex irreducible
representations were obtained by Gelfand [11] and the irreducible representations over fields
of nondefining characteristic were obtained by James [17]. The approach of [17] is in fact
very similar to the standard combinatorial approach to obtain the complex irreducible rep-
resentations of the symmetric group (see [24], for example) and we mostly follow [17] to
recall some relevant background on the complex characters of Gj,.

The irreducible characters of G, are naturally indexed by A, and, for A € A,, we denote
by x2 the corresponding irreducible character. We shall use the short-hand notation x/—*
for x2 if A is supported only on f € ® and A(f) = A. These are typically called the primary
irreducible characters of G,. It is well known (see [17, section 8], for example) that the
irreducible characters of G, satisfy

XL — O Xf'—d(f)' (2-5)
fed

In order to construct the primary irreducible characters, James [17] constructs characters
of Gy, denoted by £#, where f € ® has degree d and p is a partition of m. Writing
w=(u1, 12, ..., i), these characters satisfy [17, (6-2)]

k
gf'—ﬁl — @ Sf’—>(lii) (2-6)
i=1
and [17, (7-19)]
="K/ @7
A

where A ranges over the partitions of || and K, is a Kostka number, which equals the
number of semistandard Young tableaux of shape A and content . It is well known (see [24,
section 2-11], for example) that the Kostka numbers satisfy

Ky=1land Ky, #0= 1> . (2-8)

Conversely it is readily verified that there are integers H,,; satisfying

xR =Y " Hy 0 2:9)
N

and
HuzlandHM Z0=ul>Ar (2-10)

(see [20, p. 105], for example).
Now, for € Ap, we define the characters

gh=) e, 2-11)

fed

We denote by Xé and Sg the characters x% and £%, respectively, evaluated on the conjugacy
class Cy.

https://doi.org/10.1017/S0305004123000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000075

136 ALENA ERNST AND KAI-UWE SCHMIDT

We now express &% and x2 in terms of each other. To do so, we define the shape of
A € A, to be the mapping s: & — Z given by s(f) = |A(f)| for each f € . We write A ~ 1
if A, u € A, have the same shape. Then ~ is an equivalence relation on A,. For A, u € An
withz ~ L, Write B

Koy = l_[ Ky

fe®
Hu. = [ ] Hupnop-
fed
We then find that
gl = Z Ky x* foreach p e Ay, (2:12)
P
XAZZHMSE for each A € A,,. (2-13)
P~A

An explicit expression for the degree x2(1) (where 1 is the identity of G,,) of x% is given by
the so-called g-analog of the hook-length formula.

LEMMA 2-2 ([14, theorem 14]). We have
L ﬁ (qi - = 1_[ ; 1_[ <qlf\hi,i@(f)) _ 1) (2-14)
x2(1) gV 1) ’
i=1 fed @iper)

where, for each partition A = (A1, A2, ... ),

b(A) = Z (i — DA

i>1
and h; j() is the hook length of A at (i, j), namely
hijO)=hi+x—i—j+1
and the corresponding product over (i, j) is over all boxes of the Young diagram of A(f).

It can be readily verified from Lemma 2-2 that the linear (degree-one) irreducible char-
acters of G, are precisely the primary characters /"~ where |f| = 1. These are the only
characters of G, that we shall need explicitly. Let & be a generator of the multiplicative group
IFZ‘I of Iy, let w =exp(2m V—1/(g — 1)) be a complex root of unity, and let 6 : IFZ — C be
the linear character of IF‘Z given by G(ai) = w'. The following result is essentially given in
[14, pp. 415 and 444].

LEMMA 2-3 ([14]). For all g € G,,, we have

Xx_aiH(”)(g) =0 (det (g)i) .

In particular x*~'7" is the trivial character.
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In what follows we consider certain characters of G, related to the permutation character
of G, on the set of ¢-tuples of linearly independent elements of ]FZ. For t <n, let H,; be the

stabiliser of a fixed ¢-tuple of linearly independent elements of ]F’q’. We define 9 to be the
character obtained by inducing the linear character

H,; — C

. (2-15)
gr— 6(det(g)")

to G,. Then ¢®9 is the permutation character of G, on the set of t-tuples of linearly
independent elements of IFZ. These characters are related to each other in the following
way.

LEMMA 2-4. For each g € G, we have

() =6 (det (8)) ¢ (o)

Proof. Since similar matrices have the same determinant, we find from (2-1) that

, 1 ,
¢(g) = 6 (det (rgx~"))
|Hp | Z
xeGy,
xg)Fl €Hy,
1 .
- 0 (det (g)’
[H ZG: (det (27)
xg)Fl €Hy,

=6(det (g)") ¢“V(g).

We shall also need the following information about the decomposition of ¢ into
irreducible characters of G,,.

LEMMA 2-5. We have
9= Y

AEA,
where m;;, # 0 if and only if&(a")l >n—t.

Proof. We may choose H,,; to be

I x
H,,= :8€Guy ¢,
8

so that Hj,; is a subgroup of the parabolic subgroup P, given in (2-2). Let 71 and 7> be
the projections onto the diagonal blocks of orders # and n — ¢, respectively, as given in (2-3).
Using Lemma 2-3, the character (2-15) can be written as

(1o77) (XX—“’H"—” 0712). (2-16)
where 1 is the trivial character of the trivial subgroup of G;. By Frobenius reciprocity, 1

induces on Gy to the character
> X .

KEN;

https://doi.org/10.1017/S0305004123000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000075

138 ALENA ERNST AND KAI-UWE SCHMIDT

Since P ,—n/Hy: = Gy, it is then readily verified that (2:16) induces on P ,—p to the
character

> W Eem) (X om)

KEN;

Hence, by transitivity of induction, we have

C(t’i) — Z Xﬁ(]) (Xﬁ@ XX—ail—>(n—t)> .

KEN;

It is well known [20, chapter IV, section 4] that, for each fixed f € ®, characters Xf =2 form
an algebra with multiplication © that is isomorphic to the algebra of symmetric functions
and the images of the characters x/"* are the Schur functions. We then find from Pieri’s
rule (see [20, chapter I, (5-16)], for example) that

XXfoz"}—n( o XXfaiH(nft) _ Z Xxfalﬁx’

A

where A runs through all partitions whose Young diagram is obtained from that of « by
adding n — t boxes, no two of which in the same column. Using (2-5) the statement of the
lemma is then readily verified.

3. The Hoffman bound

Henceforth we use the following notation. For a field K and finite sets X and Y, we denote
by K(X, Y) the set of |[X| x |Y| matrices A with entries in K, where rows and columns are
indexed by X and Y, respectively. For x € X and y € Y, the (x, y)-entry of A is written as A(x,
y). If |[Y| =1, then we omit Y, so K(X) is the set of column vectors a indexed by X and, for
x € X, the x-entry of a is written as a(x).

The adjacency matrix of a graph I' = (X, E) is the matrix A € R(X, X) given by

1 for{x,y}eE

0 otherwise.

Alx,y) = {

Then A is a real symmetric matrix, which of course has an orthonormal system of |X]|
eigenvectors forming a basis of R(X). All eigenvalues of A are real and referred to as the
eigenvalues of I'. Note that, if I" is d-regular, then d is an eigenvalue of I' and the all-ones
vector is a corresponding eigenvector.

Our starting point arises from the following generalised versions of the Hoffman bound
[15], stated and proved by Ellis, Friedgut, and Pilpel [7, section 2-4] in the following form.

PROPOSITION 3-1. Let " = (X, E) be a graph on n vertices. Suppose that g, "1, ...,y are
regular spanning subgraphs of I, all having {vo, v1, ..., vy—1} as an orthonormal system of
eigenvectors with vy being the all-ones vector. Let P;(k) be the eigenvalue of vy in I';. Let
w0, W1, . . ., wy € R and write P(k) = Y_;_, wiPi(k).

(1) IfY C X is an independent set in T, then

|Y| |Pmin|
<

|X| - P(0)+ |Pmin|,
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where Pin = ming.o P(k). In case of equality we have

ly € ({vo} U {vk : P(k) = Pmin}).
(1) IfY,Z C X are such that there are no edges between Y and Z in T, then

1Y 1Z] _ P
XI 1X] = PO) + Prnax

where Prax = maxy.o|P(k)|. In case of equality we have
ly, 1z € ({vo} U {v : |[P(k)| = Pmax})-

In order to study graphs induced by G, and their eigenvalues, we shall bring the theory
of association schemes into play. We refer to [4] and [13] for background on association
schemes. Every finite group gives rise to an association scheme (see [4, section 2-7] or [13,
section 3-3] for details). We shall recall relevant background about this association scheme
and its symmetrisation for G,,.

For each o € A, we define B, = C(G,, G,) by

-1

By(x,y) = 1 forx .ye Cs
0 otherwise.
The vector space generated by {B, : o € A,} over the complex numbers turns out to be
a commutative matrix algebra A, which contains the identity and the all-ones matrix and
is closed under conjugate transposition. The collection of zero-one matrices B, there-
fore defines an association scheme. Since A is commutative, it can be simultaneously
diagonalised and therefore there exists a basis {F : A € A,} of A consisting of primitive
idempotent matrices. These matrices are given by [4, theorem I1-7-2]

(1
Fy = )TG( |) > X Bs. (31

gen,

Using the orthogonality of characters of the second kind, it is readily verified that

1Col _a
Bo= Y — % X5 Fu (3-2)
ren, X=D

where %2 is the character of G, whose values at g € G, are the complex conjugates of x2(g).

For each f € @, let f* € ® be its reciprocal polynomial, namely the monic polynomial
whose roots (in an algebraic closure of ;) are precisely the inverses of the roots of f. For
each A € A, define A* to be the element of A, given by A*(f) = A(f*) for all f € ®. We
record the following lemma, in which we write C_ l=(g7l:ge Cy)foro € Ay

LEMMA 3-2. Let o, A € Ay. Then we have:
(i) Cor=C;1;
(i) x* =%

X
¥
(i) xg =x

Q

|[>

’

121>

*
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Proof. Statement (i) is a basic fact in linear algebra, (ii) is essentially [17, (7-32)], and (iii)

can be deduced from (i) and (i1).

Let €2, be the subset of A, that contains all A € A, satisfying A = A* and precisely one of
A or A* for all A € A, satisfying A # A*. For A € Q,, we define the character

Yt = x* for A = A*
x:+ XA* otherwise,

and, for o € Q,, we define Dy = C; U Cy+. Lemma 3-2 implies that /% is constant on Dy,
We write

1/;% =1%(g), where g is an arbitrary element of Dy. (3-3)

For o, A € 2, write

and E, =1 = (3-4)

. Bs + By otherwise = | Fr+ F)x otherwise.

_{Ba foroc =c* {Fk for A = A*

Note that A, is symmetric, so all of its eigenvalues are real, and that £ has only real entries.
Let Vy, be the column span over the reals of E), and, for o, A € 2, write

_ 1Dgl 5

(ho)= i Ve (35)

The following lemma, containing essentially standard results, will be crucial in the
following.

LEMMA 3-3. We have the following orthogonal direct sum decomposition
R(Gw) = EP V.
AEQ,
Moreover, for all o, A € Qp, every element of V), is an eigenvector of Aq and the correspond-

ing eigenvalue is P(&, g).

Proof. Since F), is a primitive idempotent in C(G,, G,,) for each A € A, it is readily ver-
ified that E} is a primitive idempotent in R(G,, G,) for each A € 2,,. Therefore the E, are
pairwise orthogonal, namely we have E, E}, = §,, E) for all A, u € €2,. Since E, is idempo-
tent, rk(E}y ) is just the trace of Ej. It follows from (3-1) that the trace of F, equals x2(D)2.

Hence we have
D dimV, =) rk(E) =Y x*1)* =G
reQ, reQ, AEA,

by standard properties of the degrees of irreducible characters. This proves the first
statement. We have x2(1) = )(A*(l) by Lemma 2.2, from which together with (3-2) and
Lemma 3-2 it is readily verified that

As =) P(ro) Ep

AEQy

Since the E; are pairwise orthogonal, we obtain the second statement.
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In fact the proof of Lemma 3-3 shows that {A; : 0 € ,} is a symmetric association
scheme with primitive idempotents given by {E) : A € ©,}. However we will not exploit
this further.

Note that A, is the adjacency matrix of a |D |-regular graph for each o € €2, except for
o given by g (1) = (1"), and that P(A, g) =|Dgs|if A € 2, is given by X — 1 (n).

The strategy to prove Theorems 1-1 and 1-2 is as follows (Theorems 1-5 and 1-6 will
be proved using slight modifications). We call an element x € G a t-derangement if there
is no t-tuple of linearly independent elements of IFZ that is fixed by x. Equivalently x € G,
is a t-derangement if rk(x —I) > n — ¢. It is readily verified that either all elements of D,
are f-derangements or none of them. We wish to identify an appropriate subset X of €2,
such that D, consists of #-derangements for all o € ¥ and then apply Proposition 3-1 to the
graph I' with adjacency matrix ) .5 A, and | Dy |-regular spanning subgraphs I'; having
adjacency matrix A, foro € ¥. In view of Lemma 3-3, we wish to construct some w € R(XZ)
such that both the minimum value and the negative of the second-largest absolute value over
all A € @, of

> w@)P(r. ) (3-6)

ogeX
equals

1
@ -D@ - (T —g) -1

n= (37

and such that w is normalised in the sense that (3-6) equals 1 if ¥ is the trivial character
(or equivalently A € 2, is given by X — 1 + (n)). This will ensure that Proposition 3-1 will
give the bounds of Theorems 1-1 and 1-2.

4. An invertible matrix

This section contains some key preparations for our main proofs. We first identify relevant
conjugacy classes of G, whose elements are either t-derangements or do not fix a #-space.
We then use these conjugacy classes to identify a matrix related to the character table of G,,.
A key step is to show that this matrix is invertible.

We call an element of G, regular elliptic if its characteristic polynomial is irreducible.
The following lemma shows that regular elliptic elements in G, play the role of an n-cycle
in the symmetric group S,,.

LEMMA 4-1 ([19, proposition 4-4]). Each regular elliptic element of G, fixes no proper
nontrivial subspace of IFZ.

Note that, for each f € ® of degree d, its companion matrix satisfies det(Cf) = (=14 (0).
It is well known [16] that, for each a € FZ there exists an irreducible polynomial f € F[x]
of degree d such that f(0) = a. Hence we can always find a polynomial in ® with prescribed
degree and prescribed nonzero determinant of its companion matrix. Also note that, for each
f € @, we have f(0)/*(0) = 1 and therefore

det(Cy) det(Cp+) = 1.
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‘We now continue to use « to denote a fixed generator of FZ. For all integers Z, j satisfying
0<f¢<nand0<j<qg—2, we fix an irreducible polynomial & ; € ® of degree n — £ such
that its companion matrix has determinant o and such that /j j = he.—j. We define

Ypj={o e Ap:ahe) = (D}

and
q—2 t
EZZUEM and ESIZUEZ'
=0 =0

Note that, for each o € X<, the conjugacy class C, consists of elements that do not fix a ¢-
space of IF";. In addition, for each o € X, with the g — 1 exceptions o € X; satisfying o (X —
1) = (1"), the conjugacy class C, consists of elements that do not fix a z-space pointwise.
Next we define

Mji={re€Ap:A(e), =n—k}.

and
q—2 t
M= M and M=)
i=0 k=0

Note that, for k < n/2, we have |1 ;| = |Z,;| and |2, N T ;| = |2, N X
We define Q € R(L2,, 2,,) by

O(r0)=vyy foreachi o e,

and let Q; be the restriction of Q to R(€2, N I1<;, 2, N X<;). We emphasise that Q; is a
square matrix. A key step in our proof is the following proposition.

PROPOSITION 4-2. For n > 2t, the matrix Q; has full rank and is independent of n.

In the remainder of this section we essentially only prove Proposition 4-2. The reader who
is interested in maintaining the flow of the proof of our main results may wish to skip to the
next section at first reading.

We define R € C(A,,, Ay) by

R(&, g) = Xé foreach A, o € A,

and let R, be the restriction of R to C(Il<;, ¥<;). We shall prove a counterpart of
Proposition 4-2 for the matrix R;.

PROPOSITION 4-3. For n > 2t, the matrix R; has full rank and is independent of n.

Note that Qy is obtained from R; by first applying elementary row operations, then deleting
some rows, and then (in view of (3-3)) deleting duplicate columns. Hence Proposition 4-2
follows from Proposition 4-3.

We now prove Proposition 4-3. We let S € C(A,,, A,,) be the matrix defined by

S(E’ o)= ggﬁ for each n,0 € Ay 4-1)
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and let S; be the restriction of S to C(I1<;, £<,). Now recall the equivalence relation ~ on
A, and the numbers KA& from Section 2-4. Define T € C(A,, A,) by

Ky fori~pu
T(wo=1 = -
0 otherwise

and let 7; be the restriction of T to C(I1<,, I1<;). We first prove the following.

LEMMA 4-4.

(i) We have S =TR and T has full rank.
(i1) For n > 2t, we have Sy = T;R; and T; has full rank and is independent of n.

Proof. From (2-12) we have S = TR and T is block diagonal, where the blocks are induced
by the equivalence classes under ~. Each diagonal block corresponds to one equivalence
class. If s: ® — Z is the shape of such an equivalence class, then the corresponding block
can be written as a Kronecker product

R KO,

fed

where K" e C(Par,,, Par,,) is a Kostka matrix given by K" (u, 1) = K;, x with the con-
vention K© = (1) and Par,, is the set of partitions of m. By (2-8) the Kostka matrices are
invertible. Hence T is a block-diagonal matrix whose blocks are Kronecker products of
matrices of full rank and so 7 itself has full rank. This proves (i).

From (2-8) we find that S; = T;R;. Note that T is still block diagonal with one diagonal
block for each equivalence class of A, under ~ whose shape s: ® — Z satisfies s(ai) >
n — t for some i. The corresponding block can be written as

R g R KO, (4-2)
fed\(o)

where K@) is the matrix K“®) restricted to partitions A of s(ai) satisfying
> (n —1, 15(“i)*<"*’>) .

From (2-8) we find that, after a suitable ordering of rows and columns, all matrices occuring
in the Kronecker product (4-2) are upper-triangular with ones on the diagonal. Again 7; is a
block-diagonal matrix whose blocks are Kronecker products of matrices of full rank and so
T; itself has full rank. 4

From the proof of [7, theorem 20] we know that K' o(@)) g independent of n. Moreover all
other matrices occuring in the Kronecker product (4-2) are also independent of n. Hence T
itself is also independent of n. This proves (ii).

Next we shall show that the matrix S; has full rank. Recall that, for a composition A,
we denote by P) the parabolic subgroup of Gy;| given in (2-2). We start with the following
lemma.
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LEMMA 4-5. Let m and n be positive integers satisfying m < n and let ¢ and  be class
functions of G, and Gy, respectively. Let 7w\ : Py ) — Gy and 73 : Py ) — Gy, be the nat-
ural projections onto the corresponding diagonal blocks. Let g € Py, ny be such that m2(g) is
regular elliptic. Then we have

(@ © ¥)(g) = d(m1(8)) ¥ (m2(g)).

Proof. From (2-4) we have

@O V)= m > o(me))v(m(e ™). @y

x€Gpmin
xgx’l €P(nn)

Since 72 (g) is regular elliptic and m < n, we find from Lemma 4-1 that g stabilises a unique
m-dimensional subspace U of FZ’”. Hence the number of x € G, such that xgx_1 € Ponny
is the number of ordered bases {uy,..., Uy, wi,...,wy} of IF;”JF” such that {uy, ..., u,}

spans U. This number equals [P, ;)|. Since xgx~! € P, for each x € P;,), we conclude
that

{x € Guan cxgx e P(m,n)} = P(nn).

Since mi(xgx~") is conjugate to 7r;(g) for each i € {1, 2} and each x € Py, ), the statement of
the lemma follows from (4-3).
We use Lemma 4-5 to prove the following lemma on the structure of the matrix S.

LEMMA 4-6. Let k, £ be integers satisfying 0 <k, ¢ <n/2 and let p € Tly; and g € Zy.

If k > ¢, then we have SQ& =0. For k < ¢, let v be the partition obtained from u(X — a') by
replacing the part n — k by £ — k and define v,t € Ay by

v forf=X—a!
p(f)  otherwise

%] forf=hy;
a(f) otherwise.

y(f)={ and z(f)=:

If k < ¢, then we have ég = “g‘f Y.,
Proof. Let g € Cy. Define k € Ag by
)= (E(ai)z ,E(ai)3 .. ) forf=X—ao!
- ©() otherwise,
so that by (2-6) and (2-11)
Aol (44)

For £§£(g) to be nonzero, g must be conjugate to an element of P ,—k). Each such element
fixes a k-dimensional subspace of FZ. If k > £, then by Lemma 4-1, g fixes no k-dimensional
subspace of IFZ and hence ££(g) = 0.

https://doi.org/10.1017/S0305004123000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000075

Intersection theorems for finite general linear groups 145

Henceforth assume that k < £. We shall frequently use & = /" which follows
from (2-7) and (2-8). Since k < £ we have

EY = gk @ gX—a'm (b, (4-5)

Write

E— U Cp.
BeAnfk
plhe)=(1)
We claim that
SX—aiH(n—k)(e) — (EX—O/'—’(K—") 0 gX—“i'_’(”_e)> (e) foreache€E. (4-6)

Indeed, each e € E is conjugate to an element of P ,—¢) With blocks e; € G¢—x and e; €
G;,—¢ on the main diagonal, where e is regular elliptic. Hence we find from Lemma 2-3 that,
for each e € E, the left-hand side of (4-6) equals

0(det (e)) =0 (det (e1)') - 0 (det (e2))

_ gX—oz".—>(z—k)(el) ) sX—a"H(n—Z)(ez)’

which by Lemma 4-5 equals the right hand side of (4-6). From (4-4) we have

£R(g) = - > $£<ﬂ1 (ng_l» gX-alm = (772 <ng_1)> :

|Pkesn—io)| o

xgx ' €Pgen-n)

where 71 : P n—k) — Gk and 72 : P y—k) — Gu—x are the natural projections onto the diag-
onal blocks. Since k, £ <n/2, Lemma 4-1 implies that each m5(xgx~!) occuring in the
summation is forced to lie inside E. Hence by subsequent applications of (4-4), (4-6), and
(4-5) we then find that

£ = (£ 0 80P (g)
_ <§g® §X—air—>(e—k) o SX—otil—>(n—€)> (9)
= (20"~ 00) ).

Without loss of generality, we may assume that g € P ,—¢) and that the diagonal blocks of
g are g1 and g, where g1 € C; and g is the companion matrix of &g ;. Since g; is regular
elliptic, we may apply Lemma 4-5 once more to obtain

El(g) = E%(g)) X4 0(gy),

Since g1 € C¢, we have £%(g1) = 5%, and since g is the companion matrix of &g j, we find
from Lemma 2-3 that

gX0 =005y = 0(det (g2)') = oV,

Hence we obtain ££(g) = SLE oY, as required.
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We can now prove the required property of the matrix S;.
LEMMA 4-7. For n > 2t, the matrix Sy has full rank and is independent of n.

Proof. To indicate dependence on n, write S for the matrix S given in (4-1) and SE") for
the corresponding restricted matrix S;. Let n > 2¢. From Lemma 4-6 we find that all entries
in S§") are independent of n, which proves the second statement of the lemma.

To show that S;") is invertible, we view S;") as a block matrix, where the blocks are
indexed by Iy and X, for k,£ € {0, 1,...,t}. Let Br¢ be the block corresponding to ITj
and X,. Lemma 4-6 implies that By ¢ is zero for k > £ and, for O < k <, the block By is the
Kronecker product of S® and the Vandermonde matrix (a)"j)osi Jj<q—2- Since the character
table of irreducible characters of every finite group is invertible, Lemma 4-4 implies that S®)
is invertible and so By is invertible. Hence S;") is block upper-triangular and all diagonal
blocks are invertible. Therefore Sﬁ") itself is invertible.

Finally, by combining Lemmas 4-4 and 4-7, we obtain a proof of Proposition 4-3.

5. Proof of Theorems 1-1 and 1-2

Now recall the definition (3-5) of the eigenvalues P(L, g) and the definition (3-7) of the
prescribed extremal eigenvalue 7. As a first step in constructing the required weight function
w occuring in (3-6), we prove the following result.

PROPOSITION 5-1. Let n and t be positive integers satisfying n > 2t. Then there exists w €
R(Q, N T<;) such that w(o) =0 for o (1) = (1") and

1 forieQ,NTIlpp

Z w(@)P(ho)=1{n forreQ,NMpand 1 <k<t (5-1
OGN 0 forreQ,NI;and0<k<tandl1<i<qg-—2
and
W) <2 forallo € 2, N S, (5-2)
|Dy | N

for some constant y; depending only on t.

Proof. From Proposition 4-2 we know that Q; has full rank. In view of (3-5) there exists a
unique w € R(€2, N X <) satisfying (5-1).

We now show that w(o) =0 for the |g/2] + 1 elements o € 2, N X<, satisfying o (1) =
(1)). Without loss of generality we may assume that €2, contains X — & and &, jforalli,j=
0,1,...,1q9/2]. Accordingly we define o; € X;; by o(1)= (1" for j=0,1,...,q/2].
Recall the definition of the character ¢ ) from Section 2-4 and write gg ) for this character
evaluated on the conjugacy class C,. We evaluate the sum

5= Y wolDdl (ét,i)_l_cg,*i)) (53)

geQNE<

in two ways. Since "% is the permutation character on the set of #-tuples of linearly inde-
pendent elements of F”, we find by Lemma 2-4 that the summand in (5-3) is nonzero only
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when the elements of C, fix a f-tuple of linearly independent elements of IFZ, hence only

when o = o j for some j. By the definition of o i each element in ng has determinant o/.
Hence by applying Lemma 2-4 twice we obtain

(09 = o100 = g0

and therefore

L4/2] -
S = 2680 X(; w(gj) Dy, | cos <ﬁ> (5-4)
j=

On the other hand, since ¢®? 4 ¢®=9 js a real-valued class function, we find from
Lemma 3-2 that it is a linear combination of % for A € ©,. Hence by Lemma 2.5 there
exists numbers n;;, such that

: _i A
G = ) s
AEQ,
M) =n—t
and hence
A
Si= Z ni Z w(a)|Dg | Y5 (5-5)
reQ, QEQHOZS[

Ha')zn—t

Since (5-1) holds, we conclude that S; = 0 for each i satisfying 1 <i < |g/2]. Since ¢
is a permutation character, it contains the trivial character with multiplicity 1 (this can be
seen by Frobenius reciprocity, for example). Hence we have ng; =2 for A € Q,, satisfying
A(1) = (n). We therefore find from (5-5) and (5-1) that

So=24n Y. mouvr =242y (¢ - 1).
AEQ,
n—t<A(l)1<n

Since ¢ “9(1) equals the number of #-tuples of linearly independent elements of F”, we have

(OM=" - q" 9 (¢ —¢7). (56)

Therefore Sp =0 and so S; =0 for each i satisfying 0 <i < |q/2]. Since each element of
Co, fixes a t-tuple of linearly independent elements of Iy, we have §g (;0) #0. Thus (5-4)
implies

Lg/2] i
E w(gj) |ng| cos (—1) =0 for each i satisfying 0 <i < |q/2]
. - q—

j=0

and it is readily verified, using that (w’j)oii j<q—1 is a Vandermonde matrix, that this in turn

implies that w(g j> =0 for all j satisfying 0 <j < |g/2], as required.
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Now, for each A € 2, satisfying n — t < A(1); < n, we find from Lemma 2-5 that

nl w0 =l (¢4 1) =1,

using (5-6). Since ¥2(1) = x2(1) = 1 for A € Iy, we conclude from (5-1) that

Y w@IDs| vy

oeQNE<,

<1 foreachAe Q,NIl.

By Lemma 4-2 all entries of Q; (which are precisely the values of 1//% occuring in the sum)
are independent of # and so are uniformly bounded by some value only depending on ¢. The
same also holds for the inverse of Q;, which establishes (5-2).

In what follows we treat the remaining eigenvalues.

LEMMA 5-2. Let n and t be positive integers satisfying n > 2t and let w e R(Q2, N X <;)
be such that

Vi
w(o)| <
|Dg |

forallo € 2, N X<

for some constant y; depending only on t. Then
> w@P(ra) | <Inl forallre @\,
0€Q,NE <
provided that n is sufficiently large compared to t.

In the proof of the lemma we use the usual scalar product on class functions of G,,, which
is given by

eV =— Y x@V @) (57)

|Gl ocCy
where x, ¢ are class functions of G,.
Proof of Lemma 5-2. By the definition (3-5) of P(&, g) and (3-3) we have

G
P2 =

(v% 1p,). (5-8)

Since % is irreducible, we have (%, yr%) = 1 or 2 and therefore we obtain, by an application
of the Cauchy—Schwarz inequality,

9210 = Rl )= [
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From (5-8) and our hypothesis on w we then find that

> w@P(r0)

0eQ,NY<

< > W@IIP( o)l

0eQ,NX<

Z Ve 1Gal 2|Dg|
IDg| Y21\ |Gyl

geQNE<

Yt |2§t| 2|Gyl
< max
Y2A(1) oe@unz< | |Dg]

< Vi 12l 2|Gy

i max .
x2(1) eex4 | |Gy

Note that | X ;| is independent of n. Using Lemmas 7-1 and 7-2, to be stated and proved in
Section 7, we find that there is a constant y,/, depending only on ¢, such that

/

vi 1
qn/2 qnt

> w@P(0)

oeQNE<,

=

for all A € 2, \ I1<; and all sufficiently large n. The right-hand side is certainly strictly
smaller than 1/¢™ for all sufficiently large n and the proof is completed by noting that

Inl > 1/4".

Recall that V}, is the column span of Ej. Define

U= Y WV

AeQy,
Al =n—t

Now we obtain the following.

THEOREM 5-3. Let t be a positive integer. Then, for all sufficiently large n, the following
holds:

(1) every t-intersecting set Y in G, satisfies

n—1
Y <[] (¢"—4)
i=t

and, in case of equality, we have ly € U;;

(i) every pair of t-cross-intersecting sets Y, Z in G, satisfies
n—1
VIYzi <[] (¢ - 4)
i=t
and, in case of equality, we have 1y, 1z € U,.
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Proof. As explained at the end of Section 3, we apply Proposition 3-1 to the graph with
adjacency matrix
> A

0e€QNX<;
a(D#(1")

and the |Dy |-regular spanning subgraphs with adjacency matrix A, for those o occuring in
the above set union. Since none of the elements in D, for such o fix a ¢-space pointwise,
every f-intersecting set in Gy, is an independent set in this graph. Recall from Lemma 3-3 that
every element of V), is an eigenvector of A, with eigenvalue P(A, g). Letwe R(22, N X<)
be the vector given by Proposition 5-1 and write

PR= Y woP(o).
oeQNE<
a(DA(1")

Proposition 5-1 and Lemma 5-2 imply that, for all sufficiently large n, we have

1 forA(l);=n
P =
n forn—t<A(l);<n

and |P())| < |n| for A(1); <n —t. Hence, writing A, for X — 1+ (n), we have P(A,) =1
and

= min P(L d = PO
n g& (A) and 7] gﬁegl (L)

Then the required result follows from Proposition 3-1 and the decomposition of R(G,) given
in Lemma 3-3.

Our proof of Theorems 1-1 and 1-2 is completed by the following result.
THEOREM 5-4. Uy is spanned by the characteristic vectors of t-cosets.

Proof. Let A, be the set of r-tuples of linearly independent elements of IFZ. Define the
incidence matrix M; € C(G,,, A; x A;) of elements of G, versus t-cosets by

1 forxu=v

0 otherwise,

Ml‘(-x’ (I/l, V)) = {

so that the columns of M, are precisely the characteristic vectors of the z-cosets. Let ¢’ =
¢ be the permutation character of the set of t-tuples of linearly independent elements of
IFZ and define C; € C(G,,, G,,) by

Gl =¢" (7).
Denoting by 1,,—, the indicator of the event that x € G,, maps u to v, we have

(MMT) () = > MyCx, ()M, (e, v)

u,v
= § ]lxu:v]lyu:v
u,v
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= Z ﬂxu:yu
u
= Z le‘lyu:u
u
=¢' (x'y) =Gy

Hence we have C; = M,MtT and so the column span of C; equals the column span of M; or
equivalently the span of the characteristic vectors of the 7-cosets.
From Lemma 2-5 we have
=) mx*

RSV
A(D)1=n—t

for some integers m;, satisfying m, # 0 for each A occuring in the summation. Since ¢’ is
real-valued, we find by Lemma 3.2 that m,» = m,,_ and therefore have

f'= Y myt (5-9)
rLEQ,
MDi=n—t

Lemma 2-2 implies that x2(1) = XA*(I). We therefore obtain from (3-4) and (3-1) that

21
Ei(x,y)= )TG( l)w* (x“y)

and thus find from (5-9) that

my,
C =G —— k. 5-10
i =1Gyl géi a0 Br (5-10)
M) =n—t

Hence the column span of C; is contained in U;. Conversely, let v be a column of E, for
some k € €2, satisfying k(1); > n — t. Since E), is idempotent, we have Eyv=v for k =1
and Lemma 3-3 implies £, v =0 for « # A. Hence from (5-10) we find that

Crv=|G,|—x
tv_ n Xﬁ(l) V,

and, since m,. # 0, we conclude that v is in the column span of C;. This completes the proof.

6. Proof of Theorems 1-5 and 1-6

Our proofs of Theorems 1-5 and 1-6 follow along similar lines as those in the previous
section and therefore our proofs will be less detailed.
Since the parabolic subgroup P ,—y is the stabiliser of a t-space of IFZ, the character

gX—1~ (=t s the permutation character of the set of 7-spaces of [Fg. From (2-7) we obtain
its decomposition

t
gx-l.—>(n—t,t) — Z XX—I»—>(n—s,S)' (6-1)
s=0
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Let [Z]q denote the g-binomial coefficient, which counts the number of k-spaces of IE‘Z. Then

we have
gX*lH(nft,t)(l) _ |:n:| (6-2)
l’ b
q
and so (6-1) implies that
XX—h—)(n—s,s)(l) _ |:7’l:| _ |: n :| ‘ (6-3)
P s—1 q
Also note that X ~17* = yX=1=2 for all partitions A. Throughout this section, we define
1
€

(1,1
which will be our prescribed extremal eigenvalue.
We begin with the following counterpart of Proposition 5-1.

PROPOSITION 6-1. Let n and t be positive integers satisfying n > 2t. Then there exists w €
R(2, N X <;—1) such that

L for A(1) = (n),
e forA()=m—s,s5)withl <s<t,

> w@P(o)= (64)
ceQrT | 0 forhe2,NI<,—y, where
AMD#Em—s,5)with0<s<t—1
and
forallo € Q, N X< (6-5)

ID |
for some constant y; depending only on t.

Proof. From Lemma 4-2 we know that O, has full rank. In view of (3-5) there exists a
unique w € R(2,, N ¥ <;_1) satistying (6-4) except for A of the form A(1) = (n — ¢, 1).
Next we show that (6-4) also holds when A(1) = (n — ¢, f). By Lemma 4-6 we have
X ==t _ 0 for each o € X<;—1. Hence we have

0= > w@)IDgley "t

T€QNY <

t
Z Z W(O’)|DG|XX I—(n— ss) (6-6)

s=0 0€Q,NE<—1

using (6-1). Since (6-4) holds with the only exception A(1) = (n — ¢, t), the inner sum equals
1 for s =0 and & xX~!1~("=$9(1) for each s satisfying 1 <s <t — 1. Assuming that this is
true also for s = ¢ and using (6-3), the right-hand side of (6-6) is indeed

e (O[] (0 )

Hence (6-4) also holds when A(1) = (n — 1, ).
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It remains to prove (6-5). For each s satisfying 1 < s < ¢, we find from (6-1) that
|8| XX—]I—)(II—S,S)(]) < |8| (%-X—IH(H—I,I)(l) _ 1) — 1’

using (6-2). Since xX~ 1~ (1) = 1, we conclude from (6-4) that

Y w@IDo| vy

0N

<1 foreachA e Q,NII<_1.

By Lemma 4-2 all entries of Q;_; are independent of n and so are uniformly bounded by
some value only depending on ¢. The same also holds for the inverse of Q;, which establishes
(6-5).

The bound (6-5) and Lemma 5-2 ensure that the right-hand side of (6-4) is small in mod-
ulus for each A € @, \ I1;. It therefore remains to deal with the case that A € €2, N I1; except
for A € ,, given by A(1) = (n — ¢, t), which is the subject of the following lemma.

LEMMA 6-2. Let w € R(2, N X<;_1) be given in Proposition 6-1 (so that n > 2t). Then,
forall A € Q, NT1; with A(1) # (n — t, 1), we have

Y. woP(o)

0eQNi< g

<|lel,

provided that n is sufficiently large compared to t.

Proof. By slight abuse of notation, we view w as an element of R(G,,) by setting w(x) = 0 if
XEQ,NE<_1and wx) =w(o)ifx € 2, N X< and x € D, . Recalling the scalar product
on class functions of G, from (5-7), the statement of the lemma is equivalent to

|Gyl
Yi(1)
for all A € @, N I1; with A(1) # (n — ¢, t), provided that n is sufficiently large compared to ¢.
Pick A € @, N I1; such that A(1) # (n — ¢, ). Then A(ai)l =n — t for some i. First assume

that |A(1)| # n. Denoting by Re x the real part of a complex number x, we find from
Lemma 3-2 and (2-13) that

[(w, v )| < el 67)

> HpuRe(w, &%)

laes

1
S 1w vE)] < IRe fw, )] =

Lemma 4-6 implies that ggﬁ: 0 for each I & I1<;—1 and each g € ¥;_. For I E Ap, we
have

Re (w, &) = Z Ky Re (w, x%).

K~

By (2-8), the summation can be taken over all ¥ such that « (ai) > E(ai). Hence if p e
IM<;—1, then k € [1<,_;. By the assumed properties of w given in Proposition 6-1, we have
(w, <) =0 for each « € Q, N1« satisfying |«(1)| # n. Since |A(1)| # n we conclude
that (w, %) =0.
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Now assume that |A(1)| = n and write A(1) = A. From (2-9) and (2-10) we have

<w, 1//X—IH)L) — Z Hy, (w, SX—l»—m)’

uBA
M1>n—t

since by Lemma 4-6 in the case u; =n — t we have SX = p

(2-7) and (2-8) we then find that
( wX h—))» Z H[/L)x Z KKpL 1)//X—ll—ﬂc)

=0 foreach o € ¥<;_1. From

uBa kD>

;L1>n t
Z Ho+ Y Huo Y Ke(wy* 7%, 638
> u>a m>c>u
n1>n—t wy>n—t

using that |G,| (w, X~ 1~®) = 1 by the assumed properties of w given in Proposition 6-1
and K, = 1 for each partition p of n. We first show that the first sum is zero. We have

Z H/LA = Z K(n)/tH;M - Z K(n—t,t)//.H;Un (6-9)
uba uBa w2
M1>n—t

using that A1 = n — ¢ and that, for each partition u of n, we have

1 forpui=n—t

K — =
(n=rim 0 foru;>n-—t.
It is readily verified that
Z KKuH;LA = (SKX- (6-10)
n>a

Since A is neither (n) nor (n — ¢, t), we conclude that (6-9) equals zero. Hence (6-8) becomes

Mu;tnk . (m>c>p
1 —

By the assumed properties of w given in Proposition 6-1, the inner summand is nonzero
only when k = (n — s, s) for some s satisfying 1 <s <t — 1. In particular, for « of this form,
Proposition 6-1 and (6-3) give

SO P 1 O N PR
Gl |(w, ¥ |=—= <= < :
[[]q - 1 [[]q qn_["l‘l - 1 ql’l

By Lemma 4-4 the Kostka numbers K., occuring in (6-11) are independent of n and it is
readily verified from (6-10) that the numbers H,,; occuring in (6-11) are also independent of
n. Moreover the number of summands in (6-11) is also independent of n. From Lemma 7-2,

https://doi.org/10.1017/S0305004123000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000075

Intersection theorems for finite general linear groups 155
to be stated and proved in Section 7, we have YX1I=A (1) > 8, g" for some constant 8,1

only depending on 7. Hence there is a constant ¢;, depending only on ¢, such that

|Gl - €t
W‘T'i*(l) 2 | = PGS

Since |g| > 1/4", this shows that (6-7) holds provided that n is sufficiently large compared
to .

Recall that V}, is the column span of Ej . Define

W= Y

AEQy,
A (n—1.1)

Now we obtain the following.

THEOREM 6-3. Let t be a positive integer. Then, for all sufficiently large n, the following
holds:

(i) every t-space-intersecting set Y in G, satisfies
t—1 n—1
M= [H(qf—q’)}[l'[ (q"—q’)}
i=0 i=t

and, in case of equality, we have 1y € Wy;
(ii) every pair of t-space-cross-intersecting sets Y, Z in Gy, satisfies

t—1 n—1
VIYT-1z) < [1‘[ (q’—q")M]_[ (q”—q")]
i=0 i=t
and, in case of equality, we have 1y, 1z € W;.

Proof. We apply Proposition 3-1 to the graph with adjacency matrix

X A

0eQNE<

and the |Dy |-regular spanning subgraphs with adjacency matrix A, for those o occuring in
the above set union. Every r-space-intersecting set in G, is an independent set in this graph.
Let w e R(2, N £<;_1) be given by Proposition 6-1 and write

PM= Y w@P(ho).

0eQNE<

Proposition 6-1 and Lemmas 5-2 and 6-2 imply that, for all sufficiently large n, we have

1 for A(1)=(n)
e forA(l)=(n—s,s)withl <s<t

P() = {
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and |P(1)| < || for A(1) # (n — s, 5) with some s satisfying 0 < s < t. Hence, writing A, for
X — 1+ (n), we have P(Ay) =1 and

e=min P(A) and |e¢| =max |P(}L)|.
Ak A#hy

Then the required result follows from Proposition 3-1 and the decomposition of R(G,) given
in Lemma 3-3.

Our proof of Theorems 1-5 and 1-6 is completed by the following result.

THEOREM 6-4. W, is spanned by the characteristic vectors of cosets of stabilisers of
t-spaces.

Proof. The proof is almost identical to that of Theorem 5-4 with A, replaced by the set
of t-spaces and ¢’ replaced by the permutation character £X~17>"=%0 of t-spaces and the
decomposition of ¢’ replaced by the decomposition given in (6-1).

7. Estimates on conjugacy class sizes and character degrees

In this section we provide bounds on the size of certain conjugacy classes and degrees of
certain irreducible characters of G,, which are used in the proof of Lemma 5-2.

LEMMA 7-1. Let n and t be positive integers satisfying n > 2t and let o € X.<;. Then we
have

|Gl <
1Cs |

Proof. From Lemma 2-1 we find that (with the same notation as in Lemma 2-1)

lo ()]
l_[ 1_[ qlﬂ SI(U(f))mt(U(f)) (71)

ll fed i=1

Since o € ¥<; and f < n/2, there is exactly one polynomial & € ® of degree at least n — ¢
in the support of o. This polynomial must satisfy ¢ (k) = (1) and the corresponding factor
in (7-1) is at most ¢". There are at most ¢ other polynomials in the support of o. Each such
polynomial f has degree at most ¢ and satisfies |o (f)| < ¢ and hence the corresponding factor

in (7-1) has a crude upper bound of q’4. As there are at most ¢ such factors, the proof is
completed.

LEMMA 7-2. Let t be a positive integer. Then there is a constant §; such that, for all
sufficiently large n and for all . € A, \ Tl<;, we have

x2(1) = 8 ¢"FD.

Proof. Let A € A, \ I1<;. Using elementary calculus we find that

1—x>47" for0<x<1/2
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and therefore

I (GE RIS [

qz

Substitute into (2-14) of Lemma 2-2 to give

< 4gV®- MH)—1 pnn+D) (7-2)

D =
where
NW=Y"Ifl Y hij(),
fe®  (iHer(f)
M) =Y _If1 b))

fe®
and b and h;; are as in Lemma 2-2. Note that for each partition A, we have

2]

D hij) <) k= —I)\I(If\l +1). (7:3)

(ij)er k=1
First assume that there exists a polynomial 4 € ® such that |4| = 1 and A(h)/l >n — t. In this
case we have

n—t—1

M) = b(A(h) = Z k——(n—t)(n—t— 1)
and by (7-3)

1
Ny =3 S RO + 1)

fe®

n+1
< —— D _IflIA()
fed
_ nn+1)
=0

Therefore (7-2) implies that

1
x2(1) ~

46] 2(n t)(n—t— l)

so that we have x2(1) > ¢"*+1 for all sufficiently large n by very crude estimates.

Hence we can assume that A(f)] <n —¢—1and A(f); <n—1t— 1 forall f € ® satisfying
|f| = 1. Note that the second assumption is implied by the hypothesis A ¢ I1<;. In what
follows we use the trivial bound M (1) > 0. We distinguish two cases.

In the first case we assume that |A(f)| <n —t — 1 for all f € ® satisfying |f| =1. Let £
be the maximum of |A(f)| over all f € ® satisfying |f| =1, hence £ <n —t— 1. By (7-3) we
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have

1
NG = 5 D VIIAOIAN] + 1)

fed

_n. ! 2
=5 +5 2 AP

fed®

If £ <n/2, then we have |A(f)| <n/2 for all f € ® and so N(A) <n®/4 +n/2. From (7-2)
we then find that x2(1) > ¢"*D for all sufficiently large n, again by very crude estimates.
If £ > n/2, then

1 2 2
N@)gz(mz +(n—z))
§%<n+(n—t—1)2+(t+l)2>
_n2+n

—n(t+ 1)+ (t+ 1)%,

where we have used that x2 + (n — x)? is increasing for x > n/2. Hence in this case we obtain
1/ x%(1) < 4g70FDHED by (7.2),

In the remaining case we assume that there exists # € @ such that |k| =1 and [A(h)| >
n — t. Recall that we also assume that A(h); <n—1t— 1 and &(h)/1 <n—t—1.Since N(})
depends only on the hook lengths of A(f) for f € ®, we may replace A(k) by its conjugate
A(h). Assuming that n is sufficiently large, namely n > (¢t + 2)?, we have A(h); >t +2 or
&(h)’1 >t+2 and we assume without loss of generality that A(h); > ¢+ 2. Write A(h); =
n — r, so that our assumptions imply ¢+ 1 <r <n —t — 2. Then, writing s = |A(h)|, there
exist nonnegative integers c; satisfying

D hjam) =" (+c), where Y ¢=s—(n—r).
J=1 Jj=1 j=1
Hence
n—r _ 1
3 hyja(h)) = (” ;+ ) +(s—n+r).
j=1

Application of (7-3) with A = (A(h)2, A(h)3, ... ) gives

3 b < (s_n—;r—i_l)+(n_;+1)+(s—n+r)

(iy)er(h)
2
3
:%+Es+n2—sn—n+r(r—(2n—s—1))
23
N N 2
=5 t5+tn —sn—n+ @+ D)((+1)—2n—s—1)),
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since the term depending on r is maximised for » = ¢ + 1 over the interval [t + 1,n — t — 2].
This last expression equals

%+%s(s—2(n—t—2))+n2—n+(l+1)((t+1)—(2n— 1)).

The second summand is increasing for s >n — ¢ and so is at most %n(n —2(n—1t—2)).
Hence we obtain

2
Y R =5+ T —nl+ D+ D),
(i)er(h)

Invoking (7-3) once more, we obtain

1
N® = 3 b+ 5 Y FIRAOIANN+ 1.

(i)erh) fed
f#h

We have

s 1 1 n

—+ =Y IO =2 Y A =5

2 2 2 2

fed fed
f#h
and
2
1 , 1 =
PGS DG IS

fed fed

J#h #h
Collecting all terms, we find that

nn+1) 12
N@) < — —nt+ D+ @+ DE+2)+ 7
From (7-2) we then obtain
xl < 4q—n(t+1)+(t+1)(t+2)+%tz’
x*(1)

which completes the proof.
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