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Abstract

By modifying the inner product in the direct sum of the Hilbert spaces associated with each of two
underlying intervals on which an even-order equation is defined, we generate self-adjoint realisations
for boundary conditions with any real coupling matrix which are much more general than the coupling
matrices from the ‘unmodified’ theory.
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1. Introduction

Partly motivated by applications, in particular [1] (see also [4]), Everitt and Zettl in [2]
developed a theory of self-adjoint realisations of Sturm—Liouville problems on two
intervals in the direct sum of Hilbert spaces associated with these intervals. See [10,
Ch. 13] for an exposition of this theory. This theory was extended in [3] to higher-order
regular and singular equations and any number of intervals, finite or infinite.

As in the one-interval case the characterisation of [3] depends on maximal domain
vectors. These vectors depend on the coefficients of each differential equation and
this dependence is implicit and complicated. In [9] Wang et al. give an explicit
characterisation of all self-adjoint domains for singular problems in terms of certain
solutions for real A for the one-interval case when one endpoint is regular and the other
is singular. In analogy with the celebrated Weyl limit-point (LP), limit-circle (LC)
theory in the second-order case, they construct LC and LP solutions and characterise
the self-adjoint domains in terms of the LC solutions. Following [9], Hao ef al. give a
new characterisation in [5] by dividing (a;, b;) into two intervals (aj, c¢;) and (cy, b;)
for some c; € (a;, by) and using the LC solutions on each interval constructed in [9]
when a; and b, are singular. In [7], Suo and Wang extend the characterisation in [5]
to the two-interval case but the result reduces to the case when one, two, three or four
endpoints are regular.
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University.
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As noted in [2], a simple way of getting self-adjoint operators in a direct-sum
Hilbert space is to take the direct sum of self-adjoint operators from each of the
separate Hilbert spaces. However, there are many self-adjoint operators which are
not merely the sum of self-adjoint operators from each of the separate intervals. These
‘new’ self-adjoint operators involve interactions between the two intervals. Therefore
in [2] the authors develop a ‘two-interval’ theory. Mukhtarov and Yakubov [6]
observed that the set of two-interval self-adjoint realisations can be further enlarged
by using different multiples of the usual inner products associated with each of
the intervals. In [8] Sun et al. use the Mukhtarov—Yakubov modification of the
Everitt—Zettl theory to characterise all self-adjoint realisations of regular two-interval
problems. This characterisation is explicit and involves only the values of solutions
and their quasiderivatives at the endpoints of the intervals and the multiple inner
product parameters. In particular, for the second-order case with coupled boundary
conditions and a real coupling matrix K, the method of [2] requires that det(K) = 1
whereas with the Mukhtarov—Yakubov modification in [8] it is only required that
det(K) is positive.

In this paper we develop a complete analogue of [7] when one endpoint of each
interval (ai, b1), (a2, by) is regular using Hilbert spaces but with the usual inner
products replaced by appropriate multiples. The interplay of these multiples with
the boundary conditions generates self-adjoint problems of even order with real
coupling matrices K which are much more general than the coupling matrices from
the ‘unmodified’ theory. We give a number of examples to illustrate this additional
generality, among other things.

From another perspective, instead of using multiples of the usual inner products,
our approach can be described as using multiples of weight functions.

2. Notation and basic facts for one interval

Although we only consider even-order equations with real coeflicients in this paper,
we summarise some basic facts about general quasidifferential equations of even and
odd order and real or complex coeflicients for the convenience of the reader.

Let J = (a, b) be an interval with —co <a <b < oo and let n be a positive integer
(even or odd). For a given set S, M, (S) denotes the set of n X n complex matrices with
entries from S'.

Let Z,(J) :={Q = (4is); -, }, Where

qii+1 # 0 almost everywhere on J, quIH €Lic(J), 1<i<n-1,
gis = 0 almost everywhereon J, 2<i+1<s<n, 2.1
ql‘SELIOC(J)s s#i+1,1<i<n-1.

Let Q € Z,(J). We define

Vo :={y:J — C, y is measurable}
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and
Y=y (yeVy.

Inductively, fori =1, ..., n, we define

Vi={ye Vi : Y e ACic ()},
i
M =gy (y[’_”’ -2, qisy[“’”) VeV,
s=1

where ¢, 41 := 1, and ACjc(J) denotes the set of complex-valued functions which are
absolutely continuous on all compact subintervals of J. Finally we set

My=Mgyy = i"y[”] (ye V).

The expression M = My, is called the quasidifferential expression associated with Q.
For V, we also write V(M) and D(Q). The function y/! (0 <i<n) is called the ith
quasiderivative of y. Since the quasiderivative depends on Q, we sometimes write y[Q’]

instead of yl'l.
RemMark 2.1. The operator M : D(Q) — Liy.(J) is linear.

Let Z,(J,R) denote the set of matrices Q€ Z,(J) which have real-valued
components.

DEeriniTiON 2.2, Let Q € Z,(J, R) and let M = M be defined as above. Assume that

Q=-E'Q'E, where E =((=1)'6;ni1-5)} (2.2)

i,5=1"
Then M = M, is called a symmetric differential expression.

Let w € Ljoc(J) be positive almost everywhere on J. We consider the Hilbert space

H=L*J,w)

O VI = f yow.
J

The maximal and minimal operators associated with a symmetric expression Q and
a positive weight function w in the Hilbert space H are defined as follows.

DEeriniTION 2.3. Assume Q € Z,(J, R) satisfies (2.2) and let M = M be the associated
symmetric expression. Let w € Lj.(J) be positive almost everywhere on J. Define

with its usual inner product

Dax = {y € L*(J, w) : y € D(Q), w™' My € L*(J, w)},
Smaxy:W_lMya yeDmax’
Srnin = S:nax’

Dpyin = D(Smin)‘
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LemmMa 2.4. Let S min and S max be defined as above. Then Dy, and D,k are dense
in H, S min and S yax are closed operators in H, S . = S maxs Smin = S max and S min is a
symmetric operator in H.

From Definition 2.3 and Lemma 2.4 we see that every self-adjoint extension S of
the minimal operator is ‘between’ the minimal and maximal operators; that is,

Smin CS =85"C S max-

Thus these self-adjoint operators S are distinguished from one another only by their
domains.

Lemma 2.5 (Lagrange identity). Assume Q € Z,(J, R) satisfies (2.2) and let M = My
be the corresponding differential expression. Then, for any y, z € D(Q),

My —yMz =1y, 7],

where
n—1 ) ] )
.2 = (=D (=1 = Rz ), (23)
i=0
Z
y[ll Z[ 1]
Y = . Z=

[n.—l] Z[n.—ll

Dermition 2.6 (Regular endpoints). Let Q € Z,(J,R), J =(a,b). The expression
M = M, is said to be regular at a if for some c, a < ¢ < b, we have

g el@o), i=1,....n-1;
gis€L(a,c), 1<i,s<n,s#i+]l.
Similarly the endpoint b is regular if for some c, a < ¢ < b, we have
qulHEL(C,b), i=1,...,n—1;
gis€L(c,b), 1<i,s<n,s#i+1.

Note that, from (2.1) it follows that if the above hold for some ¢ € J then they hold for
any c € J. We say that M is regular on J, or just M is regular, if M is regular at both
endpoints.

3. Notation and Basic Assumptions for Two Intervals

Let
Jr=(a,, b)), -o0<a,<b,<oco,r=1,2.

Define two differential expressions with real-valued coeflicients by

M,y=Mpy:=i"y' onJ,r=1,2,n=2k k>1.
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Let
H,=L*J.,wy), w>0,r=1,2.

The two-interval maximal and minimal domains and operators are simply the direct
sums of the corresponding one-interval domains and operators:

Drax = Dimax + Domax, Drin = Dimin + Domin,
Smax =S 1max + S 2max> S min =S tmin + S 2min-

Elements of H, = H, + H, will be denoted in bold face type: f = {f;, f>} with f| € H},
f> € Hy. As usual the inner product in H,, is defined by

£, ) = (fi, 801 + (2, 82)2, (3.1)

where (-, -), is the usual inner product in H,:

(fry gr)r = j]‘ fi’grwr-
In this paper, following [8] we replace the direct-sum inner product (3.1) by

£, 8 =1Uf1,g0)1 +5(f2,82)2 [>0,5>0, (3.2)

and apply operator theory in the direct-sum space
H = (L*(J1, w)+L2(J2, wa), €, ). (3.3)

RemArk 3.1. Note that (3.2) is an inner product in H for any positive numbers / and s.
The elements of the Hilbert space H defined by (3.3) are the same as those of the
usual direct-sum Hilbert spaces H,; thus these spaces are differentiated from each
other only by their inner products. As we will see below, the parameters /, s influence
the boundary conditions which yield self-adjoint realisations of the equations in the
two-interval case. Observe also that the Hilbert space (3.3) can be viewed as a ‘usual’
direct-sum space H, with summands H, = L*(J., w,) but with each w, replaced by an
appropriate multiple.

As in the one-interval case the Lagrange sesquilinear form plays an important role.
It is defined, for appropriate functions f, g, by

£, gl =1If1, g111(b1) = I[f1, g1]i(ar) + s[fa, g212(b2) — sl 12, g2]2(a2), (3.4)

where
I 8r
h !
[f. 81 = “DYGIEF), Fo=|". |, G,=| .
fr[n—lj g&n—l]

Note that the two-interval Lagrange form [ f, g] connects all four endpoints with each
other and depends on the parameters /, s.
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4. Characterisation of all self-adjoint domains for two-interval problems

In this section we assume that Mg (r =1, 2) are generated by Q, € Z,(J,, R)
satisfying (2.2), n = 2k, k > 1. First, we give some preliminary lemmas.

LeEmma 4.1.

(1)  The following equalities hold.
anin = STmin + S;min =S tmax + S 2max = S max»
S;knax = STmax + S;max =S 1min + S 2min = S min-

In particular,
Dpax = D(S max) = D(S 1max) + D(S 2max)»
Dmin = D(Smin) = D(S lmin) + D(SZmin)-

(2) The minimal operator S, is a closed, symmetric, densely defined operator in
the Hilbert space H with deficiency index d given by d = d| + d,.

Proor. The proof given in [2] for (3.1) extends readily to (3.2). O

DeriniTion 4.2. Assume that the endpoint a, is regular and S 1, is defined as above.
Then for each r the deficiency index d, of S i, is the number of linearly independent
solutions of

M,y=iw,y onlJ, i= \/—_1, r=1,2,

which lie in H,.
Lemma 4.3. The number d, of linearly independent solutions of
My=4wy ond, r=1,2, “4.1)
lying in H, is independent of A, € C, provided Im(A,) # 0. The inequalities
k<d,<2k=n

hold. For A=A, € R, the number of linearly independent solutions of (4.1),-1 is less
than or equal to dy, and the number of linearly independent solutions of (4.1),-; is less
than or equal to d,.

Proor. For the proof of the statement in the last sentence see [9, Lemma 5]. The other
statements are well known. m]

Lemma 4.4. Suppose M, is regular at c,. Then for any y = {y1, y2} € Dmax the limits
Wien) =1lim y(@),  y(er) = lim y()
t—cy I—=c

exist and are finite. In particular, this holds at any regular endpoint and at each
interior point of J,. At an endpoint the limit is the appropriate one-sided limit.

Proor. This follows from the one-interval theory, see [9, Lemma 3]. m]
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Lemma 4.5 (Naimark patching lemma). Let Q, € Z,(J», R) and assume that M, is
regular on J,. Suppose that w, € L(J,), w,>0on J,, r=1,2. Let ay, B, 05, ;s € C,
s=0,...,n— 1. Then there is a function y = {y1, y2} € Dmax Such that

Wian=a,, Won=8, Wa)=6, Wkr)=n (s=0,....,n-1).

Proor. This follows from the one-interval theory; see [9, Lemma 4]. m]

CorOLLARY 4.6. Letc, <d, € J,,r=1,2,and ay, B, 5,0, €C, s=0,...,n—1. Then
there is ay ={y1, y2} € Dmax such that y, has compact support in J, and satisfies

Wien=a, M@=, Wien=6, Wid)=n, (s=0,....,n-1).

Proor. This follows from the one-interval theory; see [9, Corollary 4]. O

CoroLLARY 4.7. Letay, <---<ag € J,, r=1,2, where ay, and ay, can also be regular
endpoints. Letajs, 5, €C, j=1,...,k s=0,...,n— 1. Thenthereisay = {y;, y:} €
Dpax such that

y[ls](ajl) =js, ygs](ajz) =B (G=1,...,k,s=0,...,n-1).
Proor. This follows from repeated applications of the previous corollary. O
Lemma 4.8. Suppose a,, r = 1, 2 is regular. Then minimal domains Dy, consist of all
functions y = {y1, y2} € Dmax Which satisfy the following two conditions.
(1) ya)=y"@)=0, j=0,1,...,n-1.
(2) Forall z={z1, 22} € Dmax,

1, z111(b1) = [y2, 22]2(b2) = 0.

Proor. This follows from the one-interval theory; see [9, Lemma 7]. A similar result
holds when the endpoints b, are regular. O

Next we give the decomposition of the maximal domain and the characterisation of
all self-adjoint domains for the case where a; and a, are regular.
Let
ar<c<by, a<d<b,,

and determine functions z; € Dy max, & € Damax, j=1,...,n, such that z;(r) = 0 for
t>cand gj(1)=0fort>d, j=1,...,n,and

[z1,zihi(ar) [z2, z1li(ar) -+ lze-t, 21li(@))  [zn, 21]1ar)
[z1,z2]i(a1) [z2, z2lia@r) -+ [zu-1, 22]1(@1)  [zn, 22]1(ar)
i odi@) [z zadi@) o et zhi@) Lo zdi(@)
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0 o --- 0 -1
0 0 1 0
= . = E,
0 -1 o --- 0
1 0 0 0
[81, 81]2(a2)  [g2,8112(a2) -+ [8n-1,8112(a2)  [gns 8112(a2)
[81, g212(a2) [g2, 8202(a2) -+ [8n-1, 8202(a2)  [gn, 8212(a2)
(81, gnl2(a2) 82, 8nl2(a2) -+ [8n-1, &nl2(a2)  [8ns gnl2(a2)
0 o --- 0 -1
0 e 01
=1: . ‘| =E.
0 -1 o -+ 0
1 o --- 0 0
Such functions exist by the patching lemma and the fact that for eachi=1, ..., n the

values zl[j ! (ay) and gl[j ! (ay) can be assigned arbitrarily.

THEOREM 4.9. Let the endpoints a, be regular while the endpoints b, are singular, let d,
be the deficiency index of the minimal operator S , nin, and let m, = 2d, — 2k, r =1, 2.
Assume there exists 1) and A € R such that (4.1),=1 has d, linearly independent
solutions lying in Hy and (4.1),=, has d, linearly independent solutions lying in
H,. Then there exist solutions uj, j=1,...,my, of (4.1),=1 lying in Hy and vj,
j=1,...,my, of (4.1),= lying in H, such that the my X m; and my X my matrices

U=(u,ujli(ar), 1<i,j<m, V=(vivjhi(a)), 1=<i, j<my,

are nonsingular and

D1 max = D1min + span{zy, 22, . . . , 2o} + span{uy, ua, . . ., thy, },
D3 imax = Do min + spanf{gi, g2, . - ., gn} + span{vy, va, ..., v, }.
Proor. This follows from the one-interval case; see [9, Theorem 3]. m]

CoroLLARY 4.10. Assume that a, is regular, r = 1,2. Let d, be the deficiency index of
the minimal operator S, nin and let m, =2d, — 2k, r=1,2. Assume that there exist
Ay and A; € R such that (4.1),=1 has d, linearly independent solutions lying in H,
and (4.1),=3 has d, linearly independent solutions lying in H,. Then there exist d and
d, linearly independent real solutions uy, . . ., ug, of (4.1),=1 and vy, . .., vg, of (4.1),=»
for Ay and A, satisfying the following three conditions.

(1)  The my X my and my X mp matrices

U=up,ujli(@)), 1<i,j<my, V=(~vi,vjha)), 1<i,j<m,,
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are given by
U = (_1)k+1 Em1><m1 ’
V= (_ 1)k+1 Emzxmz s

and are therefore nonsingular.
(2) Foreveryy, € Dymax,

[ujs yili(b1) =0 for j=my +1,....di,
vi, y210(b2) =0 for j=my+1,...,d>.
(3) Further,
[wi, ujli(ar) = [, ujl1(b1) =0 fori=1,...,di,j=m+1,...,di,
i, vila(az) = [vi, vjla(b) =0 fori=1,...,dr, j=my +1,...,d>.
Proor. This follows from the one-interval case; see [9, Corollary 6]. O

Next we give the Everitt and Zettl [3] extension of the Glazman, Krein, Naimark
theorem from the one-interval to the two-interval case.

Lemmva 4.11. Let Smin be the two-interval minimal operator in H and let d be the
deficiency index of S min. A linear submanifold D(S) of Dyax is the domain of a self-
adjoint extension S of S win if and only if there exist vectors Wi, Wy, ..., Wg in Dpax
satisfying the following conditions.

(1) Wy, Wy, ..., Wy are linearly independent modulo Dyy,.
() [wi, wil =1wi, wili(by) = llwir, witli(ar) + slwip, wipla(ba) — slwip, wipla(a2)
=0,i,j=1,...,d

(iii) D(S) ={y ={y1,y2} € Dmax : [y, W;1 = l[y1, wirl1(b1) — l[y1, wir]1(ar) + s[y2,
wila(b2) = sly2, wipla(az) =0, j=1,...,d}.

Proor. See Theorem 3.1 and Corollary 3.3 in Everitt and Zettl [3] for the case with
inner product (3.1); the adaptation to inner product (3.2) is routine. O

RemMARK 4.12. As mentioned in the Introduction, the characterisation of Lemma 4.11
depends on the maximal domain vectors w;, j=1,...,d. These vectors depend
on the coefficients of each differential equation and this dependence is implicit and
complicated. Based on Theorem 4.9, we next give more explicit equivalent conditions
for (i)—(iii) of Lemma 4.11.

The next theorem is our main result in this paper.

THEOREM 4.13. Assume that a, is regular, r = 1, 2. Let d, be the deficiency index of the
minimal operator S yin and let m, =2d, — 2k, r =1,2. Let the Lagrange form [-, -]
be given by (3.4). Assume there exist 1y and A, € R such that (4.1),-1 has d, linearly
independent solutions lying in H, and (4.1),—, has d, linearly independent solutions
lying in H,. Then there exist d, linearly independent real-valued solutions in Hy and d;
linearly independent real-valued solutions in Hy. A linear submanifold D(S) of Dmax
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is the domain of a self-adjoint extension S of S min if and only if there exist two complex
d X n matrices A| and Ay and two complex d X m; and d X my matrices By and B, such
that the following three conditions hold.

(1) rank(Ay, By, Ay, By) =d.
2) SA]EHAT - SBlEm] BT + lAzEnA; - leEszz =0.
(3) D(S)Z{)’: {yl,yZ}EDmaX}: where

yi(ar) i, urli(br)
Ay : + B :
Wlay) V1, thy 11 (B1)
y2(a2) 2, vil2(b2) 0
+ A, : + B, : =
W) V2, Vi 2(62)) \0

Proor. Necessity. Let D(S) be the domain of a self-adjoint extension S of S piy.
By Lemma 4.11 there exist w; = {wy1, Wiz}, . . ., Wg = {wg1, Wi} € Dpax satisfying the
conditions (i)—(iii) of Lemma 4.11. By Theorem 4.9, each w;; and w;, can be uniquely
written as

n ny
wir =Yyi1 t+ Z TisZs t Z ejjlj, 4.2)
s=1 Jj=1

nmy

n
Wi =Yy + Z Oisgs t+ Z hijvij,
=1 =

where Y € Di min, Yi2 € D2 min, Tij» €ij» Oij, hij € C. From (2.3),

yr(ar)
(e will@ a1 = COVIE, [0 |,
')
where '
wira) - wpay)
V:: : r=1,2,
Warlay) - W@

(1> witli(b1))ax1 = ([yp’y} + Z TisZs + Z eij”j]l(bl))
s=1 j=1
= (@) axm (Y1, uj11(D1))myx15

(2, wiala(b2))ax1 = ([)&5’7’2 + Zn: Ois8s + i hijVjL(bZ))
s=1 j=1

dx1

dxl

= (hijasms ([y25 Vi12(52))mox1 -
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Let
Ay =(=D"YUVIE,, By =1@i)asm> Ar=(DSVEE, By = s(hij)asm,-

Hence the boundary condition (iii) is equivalent to part (3) of Theorem 4.13.
Next we prove that A|, By, A;, B; satisfy the conditions (1) and (2) of Theorem 4.13.
Clearly rank(Aj, By, Az, By) <d. [If rank(A;, By, A, By) <d, then there exist
constants Ay, . . ., hg, not all zero, such that

(hy -+ hqg)(Ayr, B, Az, By) = 0. (4.3)
Hence (hy - - - hg)Ay = (=1)**'(hy - - - hy)IV;E, = 0 and
(h1 -+ ha)Ay = (=D (hy - - - hy)sVZE, = 0.
Note that, since E is nonsingular and [ > 0, s > 0,
}_11 ill
Vil |=0, V| :|=0.
]jld Ijld
Let f = {fi, o} = X, hiw;, thatis, fi = X% hwi, fo = 39, hiwip. Then
fila) hy frlaz) hy
iay) ha 1" U(ay) ha
From (4.2),

Similarly,

For any y = {y1, y2} € Dax,
[fi,m11(61) =0, [f2, y2]2(b2) = 0. 4.5)

By (4.4) and (4.5), fi1 € D1 min>f2 € Damin- Thus f ={fi, f} € Dmin- This contradicts
the fact that the functions wy, wy,...,w, are linearly independent modulo Dyy-
Therefore rank(A, B;, A,, By) =d.
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Now we verify part (2). By (4.2),

ni nmi

lwir, winl1(b1) =1 [Z ekl Z ejsus:| (b1)
k=1 1

s=1
mp - m

1Y) el uiy), i j=1,....d.

k=1 s=1

Hence

1 . 1 .
Uwi, winli (1) = 7BIUTB’; = (—1>k7BlE,mB,,

where the matrix U is defined in Corollary 4.10. Note that (E,)* = —E,, (E,)"' = -E,,,
and A = (-1)"*'IVYE,, and we have

(wit, wili(@)hyy = (“DMVE, Vi = (-DNIV]E,E,'E, V)
* * 1 *
= (-D'U(V;E)(=E)(—(E,)*Vy) = (—1)k7A1EnA1.

Similarly,
T il *
(sIwiz, wp12(D2)) gy = (1) ;BzEszz’

1 .
(slwiz, w12(@2))gg = (=1 < A2 Ep A3,
Hence condition (ii) of Lemma 4.11 becomes
SAlEnAak — SBlEmIBT + lAzEnA; — leEsz; =0.

Sufficiency. Let the matrices A, By, A, and B, satisfy the conditions (1) and (2).
We prove that D(S) defined by (3) is the domain of a self-adjoint extension S of S ;.
Let

By = 1bi)axm> (=D ELAT = 104))nxds (4.6)

ni

silzzbijuj, i=1,...,d. 4.7)
=1

By the Naimark patching lemma, we may choose functions wyy, ..., wy; in Djpax
such that
[j—11 [j—11 [j-11
W,’{ ((11) = Pij» W,'{ (C) = S,’{ (C)»

and
wit(x) = s;1(x), x2c, (4.8)
where a; <c<by,i=1,...,d,j=1,...,n.
By (4.6) and (2.3),
yi(ar) yi(ar) My, withi(ar)
—A| | =ED N E = : :
Uay) Wla)) iy, wali(an)
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By (4.7) and (4.8),

b, wlibn)) (s I2% b)Y (fyy, winly(by)
B : = : = : :
1, U, 11(b1) [yl,ZZ’"‘l baju;li(b1) y1, warli(b1)

j:
Similarly,
ya(az) s[y2, wizla(a2)
—-Ay : = : ;

Uay)  \slyz warla(ar)

2, vila(D2) s[y2, wizla(b2)

B, : = :
2, Vi, 12(B2)) \s[y2, wanla(b2)
Therefore the boundary condition (3) becomes the boundary condition (iii), that is,

My, wanli(br) = Uy, winli(ar) + sly2, wla(b2) = sly2, wnlo(a2) =0, i=1,...,d.

It remains to show that w;, i=1,...,d, satisfy the conditions (i) and (ii) of
Lemma 4.11.
The condition (i) holds. If not, then there exist constants cy, ..., ¢4, not all zero,

such that .
Y= Z Ciw; € Dmin-
i=1
that is,
d d
Y= Z ciwil € Dimin, Y2 = Z ciwip € Do .
i=1 i=1
Hence
vi(ar) 1 | 1 0
= (ixa |+ |= (=D TEAT| 1=
Y ay) Cd ca) \O

Since E, is nonsingular and [ > 0, we conclude that

(c1---cpA; =0.
Similarly,
(c1---cpAy=0.
By (4.7) and (4.8),
d d - m
Y1(x) = Z ciwir(x) = Z Ci Z bijuj(x), x>c.
i=1 i1 =1
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Since y| € Dy min, it follows that [y, y1]1(b1) = 0 for any y = {y;, y2} € Dpax. Hence
O---0) =Ly, urli(b1) - - - [y1, i, 11(b1)) = (c1 - - - ca)(Dij)asem, U,

Since U is nonsingular, (¢ - - - ¢4)B; = 0.
Similarly, (¢ - - - ¢4)B> = 0.
Hence
(c1---ca)A1, By, Az, By) = 0.
This contradicts the fact that rank(A, B;, A>, By) =d.
Next we show that (ii) holds. By (4.7) and (4.8),

fwir, wirli(by) = 1[2 bisus, Z bjkuk]l(bl) =1 2 Z bish jus, uli(by).
s=1 =1 s=1 k=1
Hence
Uwit, winli (b)) jg = %Bl U'B; = (—l)k%BlEmlB’f.
Similarly,
(slwia, winla(b2)) ooy = éBzVTBZ = (—l)kiBzEsz;
Moreover,
1w, winli(@ )y = (DM0i) " En0ij)nxa = (—1)k%A1EnAT-
Similarly,
(sIwi, wpla(@2)) oy = (-1 §A2EnA;-
Therefore
Uwir, winli(br) = Lwi, witli(@r) + slwia, wila(b2) = slwi, winla(az))"
= (—1)"%3115,"13’; - (—1)’<%A1E,1A*;
+ <—1)"§BzEsz; - (—l)kéAzEnAz = 0.
By Lemma 4.11, we conclude that D(S') is a self-adjoint domain. O

ReEmark 4.14. We call uy,...,u,, and vi,...,v, LC solutions at b; and by,
respectively. They are used to characterise the self-adjoint boundary conditions
at the singular endpoints b; and b, while the remaining d; —m; and d, — m;
LP solutions u, +1,...,us and vy, 41, ...,vs do not contribute to the singular
boundary conditions. In fact, for any y = {y1, y2} € Dax, we have [y, u;]1(b1) =0,
j:m1 + 1,...,d],and[yz,Vj]z(bz)ZO,jZMQ+ 1,...,d>.

In Theorem 4.13 it is assumed that the endpoints a; and a, are regular and by, b,
are singular. The proof of Theorem 4.13 can easily be modified to prove analogues
of Theorem 4.13 as long as at least one endpoint of each interval (ay, b;), (az, b;) is
regular. Thus we have variants of Theorem 4.13 for a; singular, b, regular, a, singular,
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b, regular as well as for a; singular, b, regular, a, regular, b, singular and a; regular,
by singular, a, singular, b, regular. In the next theorem we state one of these cases
explicitly as an illustration.

THEOREM 4.15. Assume that a, is singular, by is regular, a, is singular and b, is regular.
Then a linear submanifold D(S) of Dyax is the domain of a self-adjoint extension S of
S min if and only if there exist a complex d X my matrix Ay, a d X n matrix By, a d X my
matrix A and a d X n matrix B, such that the following three conditions hold.

(1) rank(Al, Bl, Az, Bz) =d.

(2) SsAEn A} - sBIE,B] +IAE, AL - IBE,B; =0.

(3)  D(S)={y=1{y1,y2} € Dmax}, where

1, urli(ar) y1(b1)
Ay : + B :
Y15t 11 (a1) Wby
2, vila(a2) y2(b2) 0
+A; : + B, : =|:1.
[y2, Vi, I2(a2) Wlby) o

In (2), E; is the symplectic matrix (2.2) of order j.

Proor. The proof is similar to that of Theorem 4.13 and therefore omitted. O

5. Examples

To illustrate the self-adjoint boundary conditions given by Theorem 4.13 and its
variants we give a number of examples. Here we give some examples for

n=4, 4<d<8.

Similar examples can easily be constructed for all higher-order cases n = 2k, k > 2.

ExawmpLE 5.1. Assume the endpoint a; is singular, b is regular, a; is regular and b, is
singular. In the minimal deficiency case d =4, we have d; =2,d, =2, my =2d; —4 =
0, my = 2d, — 4 = 0. Suppose that the boundary conditions at by, a, are coupled:

yi(b1) y2(a2)
Wby Wia)
2] R e ’ .

1 (b1) Yy (a2)
Blby) Play)

K=(kij), kjeR,i,j=1,2,3,4, M- Nis<0, My —Ny>0,

ki ki3 |k ka C .
M;j = kn k|’ N;j= P E i<ji=1,2,3,j=2,3,4.
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Let
-1 0 0 O ki ki kiz ki
0 -1 0 O kot ko koz koa
Bi=lio o =1 o 27Kk ke ke kel
0 0 0 -1 kyr ki kaz o kay
Then rank(B), A;) = 4. From a straightforward computation, it follows that
0 0 0 -1
" N 0 0 1 0
sB1EB] = IAyEA;, E= 0 -1 0 0
1 0 0 0
is equivalent to:
(1) M =N
(2) Mz =Nis;
(3) Moy = Naa;
(4) My = N3

(5) M4 — Nig)=-s;
(6) (M3 — Np3) = s.

Therefore, if I=1and s > 0so M4 — Ni4 = —s, Mr3 — N3 = s, and (1), (2), (3), (4)
are satisfied, then the boundary conditions (5.1) are self-adjoint.

Remark 5.2. Note that s>0 is needed to preserve the positivity of the inner
product (3.2). Using appropriate multiples of the usual inner product, or changing
the weight function w, to sw;, we can generate self-adjoint operators for any real
coupling matrix K satisfying M4 — Nj4 = —s <0, M3 — Np3 = s > 0 and (1), (2), (3),
(4). This contrasts with the results in [7], where using the weight function w, requires
My — Niy=—-1, My3 — N3 =1 and (1), (2), (3), (4) for self-adjointness. We see that
the parameter s plays a role in establishing the self-adjoint boundary conditions.

ExampLE 5.3. Let the endpoint a; be regular, b, singular, a, regular and b, singular.
Assume d; = 3,d, =2. Thend =5 and m; =2, my = 0. Consider a separated condition
at b, and coupled conditions at ay, a;:

Cily1, u1l1(b1) + Co[y1, u2l1(b1) =0, C1,C2 €R, (Cy, Cr) # (0, 0),

y2(a2) yi(ay)
I
[2] = 2] > 5.2)
y; (@) yi (ap)
[23](a2) y[13](al)
K:(k[/)a kijER,i9j=1,2,3,4, M14—N14>0,M23_N23<O,
_ k2 ki3 |k ka o o
Mlj_ k]Z k] 5 Nz]— k/l k] , 1<y l_1’2’3,]_2’3’4.

https://doi.org/10.1017/5S0004972711002991 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002991

[17] Self-adjoint domains 257

Let
ki ki kiz ki 0 0 -1 0 0 O
kot ko kas kpg 0 O 0O -1 0 O
A1=K=|ks1 ks ksz ksq|, B =[{0 O], A= 0 0 -1 0].
kav koo kaz kas 0 0 0O 0 0 -1
O 0 0 o0 c1 O 0 0 0

In this case rank(Ay, By, A2) = 5 and By E; B} = 0. Then in terms of Theorem 4.13, we
obtain the equivalence of the conditions for self-adjointness:

(1) My =Ni;

(2) Mi3=Ni3;

(3) Moy = Na;

(4)  Ms4=Niy;

(5) s(My4—Nu) =1

(6) s(Ma; — Np3)=-L.

Therefore, if s=1and [ >0 so M4 — Ni4 = and M>3 — N»3 = —1, and (1), (2), (3),
(4) are satisfied, then the boundary conditions (5.2) are self-adjoint.

Note that by studying the two-interval theory in direct-sum spaces with inner
product multiples we obtain self-adjoint operators for any real coupling matrix K
satisfying M4 — N1y =1>0, M3 — No3 = -1 <0 and (1), (2), (3), (4). This contrasts
with the results in [7] which require M4 — Nja =1, M3 — Nyz =—1 and (1), (2),
(3), (4).

ExampLE 5.4. Assume dy =3,d» =3. Then d=6, and m; =2,my =2. Let a; be
regular, b, singular, a, singular and b, regular. Consider two pairs of coupled

conditions:
([)’2, V1]2(02)) _ ([)’1, u1]1(b1)) (5.3)
[y2, v2]a(az) 1, u2l1 (b))’ '
G= (g,'j), gij € R, i,j= 1,2, detG>0,
y2(b2) yi(ar)
[1] [1]
Yy (b2) ¥y (a1)
o =K b ] (5.4)
Y5 (b2) yi (ar)
Dby Bliay)
K=(kij), kij€eR,i,j=1,2,3,4, M- Nis<0, My —Ny>0,
ki ki3 |k ki C .
M”_ka ksl 0k kel i<ji=1,2,3,j=2,3,4.

Proceeding as in the previous example we obtain the equivalence of conditions for
self-adjointness:
SGEZG* = lE2 and SKE4K* = 1E4,
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s(det G) = [ and the following equations.

(1) My =Nyp,.
(2) M3 =Nis.
(3) Moy = Ny.
4)  M34 = N3y.

(5) s(Myy—Nu)=-L
(6)  s(Mx — Nx) =L

If we choose s=1and[>0sodetG=[1>0and M4 — N4 =—-1<0, My3 — N3 =
[>0, and (1), (2), (3), (4) are satisfied, then boundary conditions (5.3) and (5.4) are
self-adjoint.

Remark 5.5. Using appropriate multiples of the usual inner product, we establish
self-adjoint operators for any real coupling matrix K satisfying detG =1[> 0 and
Mgy — Nig=-1<0, M3 — N3 =1>0 and (1), (2), (3), (4). This contrasts with the
results in [7] which require det G = 1 and M4 — N4 = —1, M3 — Npz = 1 and (1), (2),
(3), 4.

ExampLE 5.6. Assume d; =3,d, =4. Then d=7 and m; =2,mp, =4. Let a; be
regular, b; singular, a, regular and b, singular. Consider separated conditions at a;
and at b, and coupled conditions at a;, b;:

yita) +itlan =0,  Wa)+yPa) =0,
Cily1, u1li(b1) + Ca[y1, u2l1(b1) =0, C1,C2 €R, (Cy, Cr) # (0, 0), (5.5)

y2(a2) V2, vi1(b2)
[1] b
X y[gz](flz) +B, 2, v212(b2) o 56
Y, (a2) 2, v3la(b2)
Pl(ay) [y2, vala(b2)

Then sAE4A] — sB1E;B] =0 for any s since AjE4A] =0=BE>B]. In terms of
Theorem 4.13, the boundary conditions (5.5) and (5.6) are self-adjoint if and only
if rank(A», B;) =4 and

A2E4AS — BLELB;, = 0.
Note that these conditions are independent of / and s and are simply the one-interval
self-adjointness conditions for each of the two intervals separately. Thus the above

example just gives the two-interval self-adjointness conditions which are generated by
the direct sum of self-adjoint operators from each of the two intervals separately.

ExampLE 5.7. Assume a; is regular, b; is singular, a, is regular and b, is singular.
In the maximal deficiency case d =8, we have d; =4, d, =4 and m; =4, m; =4.
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Consider separated conditions at @, and at a, and coupled conditions at by, b;:

yilar) +iyia) =0, i@ + @) =0, 57
ya(az) + iy (@) = 0, iyH(ay) + y5a) = 0, '
1, u1l1(by) [y2, vil2(b2)
[y1, uali(by) _x [y2, v212(b2) 5.8)

D wshGD| [ el |

1, ualy (b1) [y2, val2(b2)
K =(kij), kjeR,i,j=1,2,3,4, Mi4—Niy>0, M — Ny <0,
kip ki3 kit ki . ,
Mi‘: ) ij= ) < s :1,2$39 :2’3,4'
Ik kj Pk Kt S /
Let

0 0 0 O -1 0 0 0

0 0 0 O 0 -1 0 0

0 0 0 O 0 0 -1 0

0 0 0 O 0 0 0 -1
A=l oo BTlo o o ol

0 0 i 1 0 0 0 0

0O 0 0 O 0 0 0 0

0O 0 0 O 0 0 0 0

0 00O kit kio kiz ks

0 00O kor ko ks koa

0 00O k31 k3 kaz ka4

A 0 0 0O B kar kap  kaz kas
27loo o off 270 0 0 0

0 0 0O 0 0 0 0

1 ¢ 0 O 0 0 0 0

0 0 i 1 0 0 0 0

In this case rank(Ay, By, Ay, By) =8 and sA|EA] +1A2EAS =0 for any s,/ since
A1EA] =0=AEA;. Therefore the boundary conditions (5.7) and (5.8) are self-
adjoint if and only if:

(1) M2 =Ni;

(2) Mi3=Nis;

(3) Moy = Na;

(4)  Ms4=Nsy;

(5) UMy4—Nig)=s;

(6) My — Nx3)=-s.
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If we choose [=1 and s >0 so M4 — Ni4=s5>0 and My; — N3 =—s5<0, and (1),
(2), (3), (4) are satisfied, then the boundary conditions (5.7) and (5.8) are self-adjoint.
Note that the matrices generating this self-adjoint operator are nonreal.

(1]

[10]
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