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1. Introduction

G denotes a locally compact abelian group and M(G) the convolution
algebra of regular bounded Borel measures on G. An ideal I of M(G) closed
in the usual (total variation) norm topology is called an L-ideal if uel, v < u
(v absolutely continuous with respect to u) implies that ve J. Here we are
concerned with the L-ideals L'(G), L*(G), and My(G) where, as usual, L'(G)
denotes the set of measures absolutely continuous with respect to Haar measure,
L*(G) denotes the radical of L!(G) in M(G) and M,(G) denotes the set of
measures whose Fourier-Stieltjes transforms vanish at infinity.

It has long been known that L!(G) is determined as a subset of M(G) by the
norm continuity of translation. This is perhaps most easily seen by noting that
peL'(G) if and only if | u * §(x)(K)—u(K) |-0 as x—0 for every compact
subset K of G. Goldberg and Simon proved in (3) that the continuity of trans-
lation under the supremum norm of Fourier-Stieltjes transforms characterises
My(G), and they conjectured that L*(G) is determined by the analogous property
with respect to the Gelfand (spectral) norm. We verify that conjecture, give a
simple proof of the M,(G) result and show that in each case norm convergence
can be replaced by an appropriate pointwise convergence. The case of L*(G)
is the more interesting and will be discussed in Section 3 after the more straight-
forward results have been proved in Section 2.

First, however, we need some notation to make our assertions precise.
Elements of the dual space, M(G)*, can be regarded as generalised functions,
i.e. as members f = (f,) of the product [] L*(y) which satisfy the appropriate

e M(G
consistency conditions. Observe that”the (O'EM (G)*, M(G))-topology is realised
in this representation as the product of the a(L® (1), L'(1))-topologies.

Any bounded measurable function on G can be regarded as an element of
M(G)* by the definition f, = f (1 a.e.) (Vu € M(G)). In this way we regard the
dual group G* as a set of generalised functions, while we adopt the usual
representation of elements of the maximal ideal space, A, of M(G) as generalised
characters (cf. e.g. (1)). For fe A, we write u*(f) = {f,du; this, of course,
defines the Gelfand transform of u and, by restricting to the dual group G*,
the Fourier-Stieltjes transform.
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Given a set F of generalised functions we define
T(F) = {pe M(G): xm(8(x)*p)"(f) is continuous for fe F}
T.(F) = {ue M(G): x»(5(x) =u)*(f) is equicontinuous over f in F}.
Our main result is then
Theorem
() IXG) = T() = T,(A);
(i) Mo(G) =T(G") = T(G").

Observe that, since (5(x) * u)*(f) = o(x)*(Nu*(f) for fe A, it is enough
to consider continuity of translation at 0. In particular, for the cases covered
by the theorem, y belongs to T, if and only if || §(x) » u—u |- 0 as x—0, where
|| || denotes successively the Gelfand norm and the Fourier-Stieltjes norm.

A corresponding result characterises L!(G) as T(U) = T, (U), where U is
the unit ball of M(G)*. This is obtained by noting that the characteristic
functions of compact subsets of G can be regarded as members of U, and
applying the result mentioned in the second paragraph. Observe that this can
also be established by noting that U is the closure in M(G)* of the trigonometric
polynomials with supremum norm not greater than 1, and applying the methods
we use in this paper. This is, of course, an absurdly inefficient way to establish
the result—but we did exactly that in a preliminary version. We thank Dr J. W.
Baker who was the first to bring this to our attention.

2. The easy cases

Proposition 1.
My(G) € T(G"), I¥G) < T(4).

Proof. For the first inclusion, fix ue My(G) (1 # 0), x,»0, and £>0.
Choose the compact K in G such that | 4(y) | < g off K and then o, such that

I y(xd)—1]< g ff 1~ uniformly on K for « = «,. Then

sup | (6(x) * ") —pn"P)| = sup | y(xd—=11 [ u(y) I<e
for oo = ay.
For the second inclusion, note that if ye L*(G) then pe My(G) and the
spectral norm of 8(x,) * u— u coincides with the Fourier-Stieltjes norm.

Proposition 2.
T(G") & My(G).
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Proof. Suppose that pe T(G*)\My(G). Then there exists ¢>0 such that

the set
K@) ={reG": | n"() |z ¢}

is not compact in G*. The closure of (the canonical image of) K(¢) in the Bohr
compactification, 6G*, of G* is compact. Any subset of G* whose canonical
image in bG* is compact is already compact in G*, (cf. (2)), so the closure of
K{(e) must intersect bG*\G". This guarantees the existence of ¢ € bG*\G" and
a net {y,} of elements of K(g) such that y,—¢ in bG*. Passing to a subnet, if
necessary, we may also assume that y,—fin A. It is obvious that

)" (f) = ¢(x) (Vx € G).
Now choose x;—0 in G such that ¢(xg)» 1. Then

(6(xg) * " (N)—u* () = (¢(x5)— Du*(f)+0,
which is a contradiction.

Now we have T(G") € My(G) < T,(G"), hence equality throughout and a
generalisation of the Goldberg-Simon result.

3. The radical ideal

Before tackling T(A(G)) we must first establish some properties of L¥*(G).
The most basic, which we give in the next lemma, was proved by Taylor (5)
but we prefer to give a proof in the framework of generalised characters.

Lemma 1. Let N be an L-ideal of M(G) and N* the radical of N in M(G).
Then N* is the L-ideal {ue€ M(G): e N*,n=1,2,...}"

Proof. N? is clearly a closed ideal so we check the L-space property by
showingye G*, pe N*=y.ue N*. Let ® denote the hull of N. Now suppose
yeG*, pe N* and (y.p)"(f) # 0. Then y.fe A\®@. Hence v*(y.f) # 0 for
some ve N. But y.ve N by hypothesis so fe A\®.

Now suppose uLv where v" € N* for all n. We choose w # 0 absolutely
continuous with respect to both u, v. Then w" LN for all n, and so

inf || "2 |47 = | &" [ 0.

AeN
Hence the spectral norm of the image of w in M(G)/N is non-zero and thus
w ¢ N* which forces u ¢ N*.

Conversely suppose ¢ N* and choose v « g, v = 0, such that v1N?%,
There exists fe ® such that v*(f) # 0. Clearly f, # 0, so for all £>0,
v*(f19 # 0. Let g be a limit point of (| f|?) as £-0.

Then g is an idempotent, g, = 0 (VAe N), g.v is a positive non-zero
measure and (g.v)" = g.v" for all n. Hence (g.v)" LN for all n, and the proof
is complete.

Lemma 2. Let A be an L-subalgebra of M(G) such that A ¢ L*(G) then
there exists a probability measure u in A such that > « p and pLL*¥(G).
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Proof. Apply Lemma 1 with N = L*(G) to derive
}G) = {ueM(G): y" LI¥G) n=12,.}.
Hence there exists Lle 4, A = 0, | A || = 1, such that 2" L L*(G) for all n. Set
u= § 2
Lemma 3. Let ¢: G- H be a continuous surjective homomorphism with
compact kernel K. Let ¢*: M(G)—»M(H) be the induced homomorphism of

measure algebras, and let my be the Haar measure of the group K. Then ¢*
induces an isomorphism between L*(G) » my and L*(H).

Proof. Note that ¢* preserves both algebraic and L-structure, in particular
¢*(LY(G)) < L*(H). Also ¢* induces an isomorphism between M(G)*myg and
M(H). Thus L'(G)*my is isomorphic to L'(H). There are various ways to
complete the proof. For example the assumption ¢*(L¥(G)) ¢ L*(H) would
lead by the previous lemma to the existence of some u * mg € L¥(G) all of whose
powers were singular to L'(G), thus contradicting Lemma 1. Also

(%)M (LAHH)N(M(G)*my))
is clearly the radical in M(G) * n1; of L¥(G)*my. and is a fortiori contained in
L¥G).
In view of this result we will eventually prove that ¢*(T(A(G))) = T(A(H)),
at the moment we require only:

Lemma 4. With the notation of Lemma 3,
P*(T(A(G))) = T(A(H)).

Proof. In the contrary case we may suppose that there exist ue T(A(G)),
fe A(H), >0 and a net y,—~0 in H, such that for all «,

| 6y * o*()— d* N (N | 2 & ¢))
Choose z, arbitrarily such that ¢(z,) = y, and some compact neighbourhood ¥V
of 0 in G. Then there exists o, such that z, € V+ker ¢, for all « = a,. Since
ker ¢ is compact there is some subnet (z;) such that zz—z.

Then y; = ¢(z5)—>¢(2), so, of course, z € ker ¢. Now write x; = z;—z, to
obtain ¢(xz) = y; and x;—0 in G. Observe next that, since fe A(H), fop* is
a well-defined member of A(G). Because u belongs to T(A(G)), this gives

[(6(xp)* )" (fo ¢*)—p*(fo ¢*) |-0,
equivalently
[ 6(¢(xp)) = * ()" (f)— ¢*()*(f) |0,
and this contradicts (1).

Lemma 5. It suffices to prove L}(G) = T(A(G)) for metrisable groups.
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Proof. Evidently T(A(G))=T(cl G*), so by Proposition 2 we have
T(A(G))= My(G) in the general case. Now given u e T'(A(G), there is a o-
compact subgroup A of G* such that g = 0 outside of A. Then G/A* is
metrisable but A, the annihilator of A need not be compact. Therefore take
some compact ¥, subgroup, K, of At so that A'/K is metrisable (cf. (4), Section
64) and H = G/K is metrisable. Writing ¢ for the quotient map as in Lemma 1,
we have ¢*(u) € T(A(H)) = L¥*(H). Thus, by Lemma 3, u+ mg belongs to
my * L¥(G)< L*(G). By the choice of K, u = u * mg, and the lemma is proved.

Lemma 6. T(A(G)) is an L-ideal.

Proof. T(A(G)) is clearly a linear subspace, and is seen to be (variation)
norm closed from the formula

[« (N =1 D =20 po—p [+ ) * )" (N —p () 1,
which is valid for u, u,e M(G), xeG, fe A(G).
To complete the proof that T(A(G)) is an L-space it is sufficient to check that
1 € T(A(G)) implies y.u € T(A(G)). This follows immediately from the fact that
A(G) is a semigroup containing G*.
It remains only to check that T(A(G)) is an ideal. In fact, suppose that
1 € T(A(G)), ve M(G), fe A(G), and note that

LX) 2 v ) " (=) (D= v 1= () —p" ()]
The result now follows.
We consider now one of the few cases in which there is a universal extension
theorem for generalised characters.

Lemma 7. If H is an open subgroup of G then every element of A(H) extends
to A(G).

Proof. Given fe A(H), we let y be the character of H, (the group H with
the discrete topology) induced by f; in other words we define

7(x) = 6(x)*(f) (VxeH).
Let y* be any extension of y to the group G,. Now define f’ in A (G) as follows:
given u € M(G) then p is of the form

kZI 0(x;) * 1y, 2

where each u, belongs to M(H) and the x, belong to distinct cosets of H.
Now write

M) = kzl Y (xoui (f)- 3)

(Observe that (3) is the only candidate for the definition of /7, so that, once its
validity has been checked, we will have shown that A(G) is determined by A(H)

E.M.S.—18/4—E
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modulo the extension Hf to G;'.) Any other representation of u of the type
a0
given in (2) takes the form Y 8(x;)# uy, where x; € x,+ H, and since the closed
k=1

cosets are mutually disjoint we have 8(x,) * u, = 6(x;) » yj, for all k. Hence the
first consistency check requires simply that y'(x)u () = y' () ud)*(f), and
this is seen to be true by applying f to the relation (x,—x;) * u, = p;, which is
expressed in M(H). Therefore (3) is a good definition but it remains to check
that f” is a complex homomorphism of M(G). In view of (2) the relations which
occur in checking f'(u+v) = f'(W)+f'(v), f'(u = v} = f'(u)f'(v) can be broken
down into countably many relations each of which involves only measures
supported by some fixed coset. These ““ elementary ” relations must then take

the form
e 2]

DIEICATERES i COTT

J =
where 4,, o; belong to M(H); y,, z; belong to x+ H, say, for all k, j.
Multiplying both sides of (4) by d(—x) we obtain a relation in M(H) and
therefore ' respects (4). This completes the proof.

Lemma 8. If H is an open subgroup of G and T (A(H)) = L*(H) then
T(A(G)) = L¥G).

Proof. If T(A(G)) # L*(G), then using the fact that both these spaces are
translation invariant we can find g supported by H such that u e T(A(G)) but
u L L¥G). If now x,—x in H and fe A(H) we simply extend f to f’ in A(G)
by the previous lemma to see that (6(x,) * w)*(f") = (6(x,) * W (f) tends to
u(f) = pu"(f). Thusue T(A(H)). On the other hand L*(G)nM(H) = L*(H)
so we have a contradiction.

The problem is now reduced to the study of non-discrete groups of the form
R7x K where K is compact, and can be reduced stiil further by means of the
open subgroup property. In fact either mg-almost all elements of K have in-
finite order or for some positive integer n the kernel of the homomorphism
n: K- K defined by n(x) = nx has positive my measure. In the latter case,
normalising the Haar measure of K as 1, we have my(Ker n) is the reciprocal of
the index of Ker n in K. This shows that Ker n has finite index and hence is
open. Now choose # to be minimal with respect to this property—then almost
all elements of Ker n have order n. In this way we may define ¥(X), the
essential exponent of K, to be oo or the least positive integer # such that K has
an open subgroup almost all of whose elements have order n. Moreover, as
far as proving the theorem is concerned we may as well restrict attention to the
groups G = R?x K described above, where, in addition, K is of reduced form in
the sense that all elements of K have order < W(K) and almost all elements of K
have order W(X).

The strategy is to employ induction on the essential exponent. In particular
the base of the induction is when W(KX) = 1, hence G = R?% In order to accom-
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modate this case in the statement of the next lemma we find it a technical
convenience to introduce the quantity ®(K) defined by

O(K) = Y(K), for ¥(K) # 1; ®(K) = o0, otherwise.

Let us recall here that a subset X of G is independent if

k
Y mx;=0, meZ, xeX,

i=1
implies mx; = O for all i, and that gp(X) denotes the subgroup of G generated
by X.

Lemma 9. Let G be a non-discrete group of the form R?x K, with K compact
and metrisable. Suppose that ye M(G) satisfies u 1 LY(G) and is such that,
Jor all y in G and for all positive integers p such that p(K) is infinite,

oY) xmygy* p L p.
Then there exists a sequence (x,) in G with the following properties:
(i) x,—0as n—oco,
(i) X = {x,: n=1,2,...} is an independent set,
(iii) the order of x, equals ®(K) for all n,
(iv) for all non-zero y in gp(X), 6(y) * u L p.

Proof. 1t is straightforward to check that we may assume, without loss of
generality, that u is a probability measure and that X is in reduced form. This
we do and consider three cases.

(a) Suppose that ¥(K) = . We define the sequence (x,)n =1, 2, ... by
induction, starting by introducing the auxiliary element x, = 0. Fix a sequence
(V,) of symmetric neighbourhoods of zero in {0} x X such that diam (¥,)—0.
Suppose that x,, Xy, ..., X, have been chosen, for some n = 0, such that x; € V;
and x; has infinite order forj = 1, ..., n; theset X, = {x,,..., x,} is independent
and for all non-zero y € gp(X,), 6(¥) * n L u. (The conditions are, of course
vacuously true when n = 0.) It will be possible to continue the induction
provided the (measurable) set

N(p, y, m)={xeV,iy: | 8(px+y)#pu—p | <2}
is mg null for all non-zero integers p and all elements y of the (countable)
group gp(X,). In the contrary case we have the existence of a positive integer p
and a (possibly zero) y egp(X,) such that mg(N(p, y, n))>0. Define the
probability measure A (= A(p, y, n)) to be the normalised restriction of my to
N(p, y, n). Observe that p*(4) is again a probability measure. Now for any
JeCo(G), | fllo = 1, we have

L (p*(2)*6() =+ )" (N) =1 | = 1] * ")~ p" (N Ndp*(D(x) |

S J1EW) * W™ (S ) — () | dA(x).
where . f(y) = f(x+y) (x, ye G).

https://doi.org/10.1017/50013091500010105 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500010105

314 GAVIN BROWN AND WILLIAM MORAN

Since the last quantity is strictly less than two, we see that u is not singular
to 8(y) * p*(A) » p which is in turn absolutely continuous with respect to
O(y) * mygy * . Therefore p L 6(y) # myky * p. But p(K) is infinite because
¥(K) is infinite, so the assumption of the lemma is contradicted and the inductive
construction proceeds without hindrance.

(b) Suppose that ®(K) is finite. Here W(K) = ®(K) = k, for some posi-
tive integer k. Since K is in reduced form ak(K) = {0} for all integers a and
b(K) is infinite for 0<b<k. Hence p(K) is infinite unless p is a multiple of k_
In the analogous construction to that given in (4) we choose each x,, n = 1,
to have order k and hence ignore the case where p is a multiple of k in the dis-
cussion of N(p, y, n). This means that we obtain the required contradiction as
before. (Observe that in neither of these cases did we make explicit use of the
assumption that u is singular to L'(G), but in the next case this will not be a
consequence of the other assumption which is vacuously true.)

(¢) Suppose O(K) = oo, Y(K) = 1. Since Kis in reduced form this implies
that G = R%. Accordingly we choose the neighbourhoods ¥, in R? and add the
hypothesis that they are compact. The induction proceeds as in case (a).
N(p, y, n) has the same formal definition but 1 is now the normalised restriction
of mg, to N(p, y, n). One obtains as before that y is not singular to

o(y) = p*(2) * p
but on this occasion p*(1) € L'(G), hence u is not singular to L'(G). This is the
required contradiction which justifies stage n+1 of the induction in case (c),
and the proof of the lemma is now complete.
The next lemma is the last (conceptually the first!) step required to establish
the machinery of an inductive attack on the theorem. G is assumed to be of the
form R?x K.

Lemma 10. Suppose that u is a positive measure in M(G) which has the
property u* < u and satisfies the conclusion of Lemma 9 for some sequence (x,,).
Then p does not belong to T(A(G)).

Proof. We simply prove the existence of a generalised character f such that
(O(x)* )" (f)+>p"(f) as n—> 0.

To do this first construct a generalised character g on the L-subalgebra 4

generated by p and {6(»): y egp{x,: n = 1,2,...}} as follows. Using the

independence of (x,) choose ye G, such that y(x,)+1. Every v in 4 is
absolutely continuous with respect to some measure w of the form

= .21 (y)+ .21 3(z)) * 1, yis 2:€gP{Xa}-
Define go(y) = y(¥)s gu() =9(z) (6(z)*p)ae). Since d(z)*pLd(z;)*p

unless z; = z; this is a consistent definition and it is easy to see that g is, indeed,
a generalised character of A.
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By construction | g, | = 1 (w a.e.) for all w in 4, hence, by Theorem 1.2 of
(1), g belongs to the Silov boundary of 4. This, in turn, guarantees the existence
of some fin A(G) whose restriction to A4 is g, and the lemma is proved.

We can now complete the proof of the theorem.

Proposition 3. Let G = Rix K, where K is compact and metrisable. Then
T(A(G)) = L¥G).

Proof. We assume that X is in reduced form and proceed by induction on
Y(K). Note by Lemmas 2 and 6 that if the conclusion fails for any group G
then there exists a probability measure u in T(A(G)) such that u? « pu and
u L L¥G). 1In the case G = RY the last statement ensures that Lemma 9
applies; we obtain a contradiction via Lemma 10. Accordingly we have
proved the result when W(K) = 1. Next suppose that # is a positive integer
and the result is known for W(K) < n. Consider G such that W¥(K) = n+1.
If the result fails for G, there exists u = 0, || u| = 1, with u®> « u, and
e T(A(G))NL*G)*. Let p be a positive integer such that p(K) is infinite.
As we saw in the proof of Lemma 9, p(K) = b(K) for some O<b<n+1.
Consider now the canonical epimorphism ¢: G—G/p(K) = H. Note first that
H ~ R?x(K/p(K)), and ¥(K/p(K)) < n (since b(K/p(K)) = {0}). By the
inductive hypothesis we have T(A(H)) = L*(H). By Lemma 4, ¢*(u) belongs
to T(A(H)), hence to L*(H). Now Lemma 3 shows that y * m,, € L*(G) and
hence 8(y) * p * m, k) € L*(G) for all y in G. But y is singular to L*(G) so that
the conditions of Lemma 9 apply. Once more we arrive at a contradiction using
Lemma 10.

The result is now established whenever W(K)<oo. Consider therefore G
with W(K) = oo for which the result fails, There exists a positive u with
w2 < u, ueT(AG)), p L L*G). For any positive integer p consider the
canonical epimorphism ¢: G- G/p(K) = H. p(K/p(K)) = {0} so ¥(K/p(K))<
and we have T(A(H)) < L*(H)—this leads to a contradiction as before.

We have now completed the proof of the theorem.

The same methods give us a slightly stronger result, i.e. T(OM(G)) = L*G)
where dM(G) is the Silov boundary of M(G). To see this, first note that in the
proof of Lemma 10 it is possible to choose the extension f of g in the Silov
boundary of M(G). For the analogous result to Lemma 4, let ¢: G—H be a
continuous surjective homomorphism with compact kernel K.  Since
¢*: mg + M(G)->M(H) is an isomorphism, fe dM(H) implies fo¢* when
restricted to mg * M(G) is in the Silov boundary of that algebra. This being so,
the complex homomorphism has an extension to a member of the Silov boundary
of M(G). However mg * M(G) is an ideal and so such an extension is neces-
sarily unique. Thus fo¢p* € IM(G). The rest of the proof of Lemma 4 for
OM(G) is as for A(G). Finally for ye G*, u—y.u is a Banach algebra auto-
morphism of M(G), so that yfe dM(G) if and only if fe dM(G). This supplies
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the information necessary for the proof of the result corresponding to Lemma 6.
The adaptation of the remaining lemmas is straightforward.
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