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SEMI-EQUATIONAL THEORIES

ARTEM CHERNIKOV“* AND ALEX MENNEN

Abstract. We introduce and study (weakly) semi-equational theories, generalizing equationality in
stable theories (in the sense of Srour) to the NIP context. In particular, we establish a connection to
distality via one-sided strong honest definitions; demonstrate that certain trees are semi-equational, while
algebraically closed valued fields are not weakly semi-equational; and obtain a general criterion for weak
semi-equationality of an expansion of a distal structure by a new predicate.

§1. Introduction. Equations and equational theories were introduced by Srour
[38—-40] in order to distinguish “positive” information in an arbitrary first order
theory, i.e., to find a well-behaved class of “closed” sets among the definable sets, by
analogy to the algebraic sets among the constructible ones in algebraically closed
fields. We recall the definition:

DerFINITION 1.1. (1) A partitioned formula ¢(x, y), with x, y tuples of vari-
ables, is an equation (with respect to a first-order theory T') if there do not
exist M |= T and tuples (a;.b; : i € w) in M such that M |= ¢ (a;.b;) for
all j < iand M = —¢p (a;. b;) for all i.

(2) A theory T is equational if every formula ¢(x, y), with x, y arbitrary finite
tuples of variables, is equivalent in 7 to a Boolean combination of finitely
many equations ¢ (x, y). ..., @,(x, p).

Itisimmediate from the definition that every equational theory is stable. Structural
properties of equational theories in relation to forking and stability theory are
studied in [19-22, 33]. Many natural stable theories are equational; [19] provided the
first example of a stable non-equational theory. More recently it was demonstrated
that the stable theory of non-abelian free groups is not equational [28, 34], and
further examples are constructed in [25]. It is demonstrated in [24] that all theories
of separably closed fields are equational (generalizing earlier work of Srour [37]).
See also [29] for an accessible introduction to equationality.

We propose a generalization of equations and equational theories to the larger
class of NIP theories (see Section 1.2 for a more detailed discussion):
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392 ARTEM CHERNIKOV AND ALEX MENNEN

DErFINITION 1.2, Let T be a first-order theory and M |= 7' a monster model of 7.

(1) A partitioned formula ¢(x,y) is a semi-equation (in T) if there is no
sequence («;,b; i € w) with a; € M¥, b; € MY such that for all i, j € w,
)ch(ai,bj) = i #].

(2) A (partitioned) formula ¢ (x, y) is a weak semi-equationif there areno b € M”
and an (()-)indiscernible sequence (a; : i € Z) with a; € M* such that the
subsequence (a; : i # 0) is indiscernible over b, |= ¢ (a;, b) for all i # 0, but
=~ (a0.b).

(3) A theory T is (weakly) semi-equational if every formula ¢(x, y) € £, with
x, y arbitrary finite tuples of variables, is a Boolean combination of finitely
many (weak) semi-equations y(x. y)..... w,(x.y) € L.

Semi-equations are in particular weak semi-equations, every weakly semi-
equational theory is NIP, and in a stable theory all three notions coincide (see
Proposition 2.10). Some parts of the basic theory of equations naturally generalize to
(weak) semi-equations, but there are also some new phenomena and complications
appearing outside of stability. In particular, weak semi-equationality provides
a simultaneous generalization of equationality and distality, bringing out some
curious parallels between those two notions (see Section 4). In this paper we develop
the basic theory of (weak) semi-equations, and investigate (weak) semi-equationality
in some examples. We view this as a first step, and a large number of questions remain
open and can be found throughout the paper.

In Section 1.2 we provide some equivalent characterizations of (weak) semi-
equationality in terms of indiscernibles. We discuss closure of (weak) semi-
equations under Boolean combinations (Proposition 2.3). reducts and expansions
(Proposition 2.6). In Section 2.2 we discuss how (weak) semi-equationality relates
to the more familiar notions: all weakly semi-equational theories are NIP, distal
theories are weakly semi-equational, and in a stable theory a formula is an equation
if and only if it is a (weak) semi-equation (Proposition 2.10). In Section 2.3
we introduce some quantitive parameters associated with semi-equations. This
parameter is related to breadth (Definition 2.15) of the family defined by the
instances of a formula, and we observe that a formula is a semi-equation if and only
if the family of its instances has finite breadth (Proposition 2.16). The case when
this parameter is minimal, i.e., 1-semi-equations, provides a generalization of weakly
normal formulas characterizing 1-based stable theories (Proposition 2.19). Hence 1-
semi-equationality can be viewed as a form of “linearity,” or “1-basedness” for NIP
theories. We discuss its connections to a different form of “linearity” considered in
[5]. namely basic relations and almost linear Zarankiewicz bounds (see Proposition
2.23 and Remark 2.24), observing that (2, 1)-semi-equational theories do not define
infinite fields.

In Section 3 we consider some examples of semi-equational theories. In Section
3.1 we show that an o-minimal expansion of a group is linear if and only if it
is (2,1)-semi-equational. It remains open if the field of reals is semi-equational
(Problem 3.4). We demonstrate that arbitrary unary expansions of linear orders
(Section 3.2) and many ordered abelian groups (Section 3.4) are 1-semi-equational.
In Section 3.5 we demonstrate that the theory of infinitely branching dense trees
is semi-equational (Theorem 3.12), but not 1-semi-equational (even after naming
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parameters, see Theorem 3.13 and Corollary 3.14). Semi-equationality of arbitrary
trees remains open (Problem 3.17). In Section 3.3 we observe that dense circular
orders are not semi-equational, but become 1-semi-equational after naming a single
constant (in contrast to equationality being preserved under naming and forgetting
constants).

In Section 4 we consider the relation of weak semi-equationality and distality
in more detail. We show that in an NIP theory, weak semi-equationality of a
formula is equivalent to the existence of a one-sided strong honest definition for
it (Theorem 4.8). This is a simultaneous generalization of the existence of strong
honest definitions in distal theories from [10] and the isolation property for the
positive part of ¢-types for equations (replacing a conjunction of finitely many
instances of ¢ by some formula 0 see Fact 4.2).

In Section 5.2 we show that many theories of NIP valued fields with an infinite
stable residue field, e.g., ACVF, are not weakly semi-equational (see Theorem 5.1 and
Remark 5.10). In Section 5.1 we provide a sufficient criterion for when a formula
is not a Boolean combination of weak semi-equations (generalizing the criterion
for equations from [28]). We then apply it to show that the partitioned formula
w(x1, x2: ¥1. y2) == v (x1 — y1) < v(x2 — y2) is not a Boolean combination of weak
semi-equations via a detailed analysis of the behavior of indiscernible sequences. It
remains open if the field Q,, is semi-equational (Problem 5.12).

In Section 6 we consider preservation of weak semi-equationality in expansions
by naming a new predicate, partially adapting a result for NIP from [9]. Namely,
we demonstrate in Theorem 6.7 that if M |= T is distal, 4 is a subset of M with
a distal induced structure and the pair (M, 4) is almost model complete (i.e., every
formula in the pair is equivalent to a Boolean combination of formulas which only
quantify existentially over the predicate; see Definition 6.6), then the pair (M., A4)
is weakly semi-equational. This implies in particular that dense pairs of o-minimal
structures are weakly semi-equational (but not distal by [18]).

§2. Semi-equations and their basic properties. Let 7' be a complete theory in a
language £, and we work inside a sufficiently saturated and homogeneous monster
model M = T. All sequences of elements are assumed to be small relative to the
saturation of M, and we write x, y, ... to denote finite tuples of variables. Given two
linear orders I, J . I 4 J denotes the linear order given by their sum (i.e., I < J), and
(0) denotes a linear order with a single element. We write N = {0, 1,...} and for k €
N, [k] = {1..... k}. Given a partitioned formula ¢ (x, y), we let o* (1, x) := p(x, y).

2.1. Some basic properties of (weak) semi-equations.

ReEmARrk 2.1. By Ramsey and compactness we may equivalently replace w by
an arbitrary infinite linear order in Definition 1.2(1), and Z by I, + (0) + I with
I; . Iy arbitrary infinite linear orders in Definition 1.2(2).

By Ramsey, compactness, and taking automorphisms we also have:

PROPOSITION 2.2. A formula ¢ (x, y) is a semi-equation if and only if there are no
b, infinite linear orders I, Ir, and an indiscernible sequence (a;) In such that

E= @ (a;.b) fori € Iy + Ig. but l= ¢ (ao. D).

i€l +(0)+
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ProrosiTION 2.3. (1) Ifp(x. y) is a semi-equation. then ¢(x. y) is a weak semi-
equation. Hence every semi-equational theory is weakly semi-equational.

(2) Semi-equations are closed under conjunctions and exchanging the roles of the
variables.

(3) Weak semi-equations are closed under conjunctions and disjunctions.

PrOOF. (1) Clear from definitions using Proposition 2.2.

(2) Suppose ¢ (x,y) A w (x.y) is not a semi-equation. By Proposition 2.2, there
are b and an indiscernible sequence (;),., such that = ¢ (a;.b) Ay (a;.b) <=
i #0. Either [~ ¢ (ap.b), in which case ¢ (x,y) is not a semi-equation, or H~
w (ap,b), in which case w (x,y) is not a semi-equation. And ¢(x,y) is a semi-
equation if and only if ¢*(y. x) := ¢(x. y) is a semi-equation by the symmetry of
the definition.

(3) For conjunctions, the same as the proof of (2), but with the stipulation that
(ai); 4 is b-indiscernible added. Now suppose ¢ (x.y) V y (x.p) is not a weak
semi-equation. Then there are b and an indiscernible sequence (a; ), such that
(@i),4 is b-indiscernible, and |= ¢ (a;:.b) V y (a;.b) <= i # 0. Either = ¢ (a1, b)
or =y (aj,b), and then, by b-indiscernibility, either |= ¢ (a;,b) for all i # 0 or
E v (a;.b) for all i # 0. In the first case, ¢ (x, y) is not a weak semi-equation, and
in the second case, ¥ (x, y) is not a weak semi-equation. =

ReMARK 2.4. (1) To see that neither property is closed under negation, note
that x = y is a semi-equation (hence also a weak semi-equation), but x # y
is not a weak semi-equation in the theory of infinite sets.

(2) To see that semi-equations need not be closed under disjunction, note that in
alinear order, x < y and y < x are both semi-equations, but their disjunction
is equivalent to x # y, which is not.

ProBLEM 2.5. Are weak semi-equations closed under exchanging the roles of the
variables, at least in NIP theories? Fact 6.4 can be viewed as establishing this for the
definition of distality; however, the proof is not sufficiently local with respect to a
formula witnessing failure of distality.

PROPOSITION 2.6. Assume we are given languages L C L', a complete L-theory T
and an L'-theory T' with T C T', and a formula p(x.y) € L.

(1) The formula o(x, y) is a semi-equation in T if and only if it is in T".

(2) If ¢ (x,y) is a weak semi-equation in T, then it is a weak semi-equation in T'.

ProoF. (1) Left to right is immediate from the definition (Proposition 2.2). For
the converse, assume that in some model of 7' we can find an infinite sequence
(ai.b;);c; such thatforalli,j € I. |= ¢ (a;.b;) <= i # j. By completeness of T,
we can find arbitrarily long finite sequences with the same property in every model
of T in particular in some model of T’. By compactness we can thus find an infinite
sequence with the same property in a model of 7', demonstrating that ¢ (x, y) is
not a semi-equation in 7",

(2) If ¢ (x,p) € L is not a weak semi-equation in 7", then (in a monster model
of 7’. and hence of T') there are b and an £'-indiscernible (a;),. 1, +(0)+1, Such that
(ai)ier, +1, 1s £'-indiscernible over band = ¢ (a;. b) fori € I + Ir. butf~ ¢ (ao. b).

for infinite linear orders I, Iz. Then, in particular, (a;) il +(0)+1p is L£-indiscernible,
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and (a;);c;, ., 18 L-indiscernible over b, so ¢ (x. y) is a not a weak semi-equation
inT. -

REMARK 2.7. The converse to Proposition 2.6(2) does not hold. Let 77 := DLO
be the theory of dense linear orders, and T its reduct to £ := {=}. Then the
L-formula x # y is not a weak semi-equation in 7 by inspection, but it is a weak
semi-equation in 7" since it is equivalent to a disjunction of weak semi-equations
(x <)V (x> y) (Proposition 2.3).

ProBLEM 2.8. Is weak semi-equationality of a theory preserved under reducts?
This appear to be open already for equationality (see [20, Question 3.10]), and fails
for semi-equationality (see Section 3.3).

ProBLEM 2.9. Is (weak) semi-equationality of theories invariant under bi-
interpretability without parameters? Equivalently, if T is (weakly) semi-equational,
does it follow that so is 77°9?

2.2. Relationship to equations and NIP. We provide some evidence that semi-
equationality can be naturally viewed as a generalization of equationality (in the
sense of Srour) in stable theories to the NIP context.

ProrosITION 2.10. (1) Weak semi-equations are NIP formulas; hence, weakly
semi-equational theories are NIP.

(2) Equations are semi-equations.

(3) A formula is an equation if and only if it is both stable and a semi-equation.

(4) In a stable theory, all weak semi-equations are equations. In particular, a stable
theory is equational if and only if it is (weakly) semi-equational.

PrOOFE. (1) If ¢ (x,y) is not NIP, then there are an indiscernible sequence
(a;i);en and b such that = ¢ (a;.b) <= i is even. For any finite set of formulas
A(x1,...,x,, ), by Ramsey’s theorem, there is an infinite / C 2N on which the truth
value of all formulas in A (a;,. ... . a;,.b) is constant for all i} < --- < i, € I. Thus,
by letting a := a; for some sufficiently large odd i, we can find an indiscernible
sequence (a;)i€1L+(0)+IR (using I UIg = I.and a! = a; fori € I') for some infinite
I and arbitrarily large finite /;. such that (a]), el 41 is A-indiscernible over b. By
compactness, it follows that ¢ (x, y) is not a weak semi-equation.

(2) If @ (x. y) is not a semi-equation, then there is a sequence (;. b; ),y such that
E ¢ (ai.bj) < i+# j.In particular, = ¢ (a;.b;) for all j < i, and }~= ¢ (a;. b;).
so this is a counterexample to the descending chain condition, and ¢ (x, y) is not
an equation.

(3) If ¢ (x,y) is not an equation, then by Ramsey and compactness there is
an indiscernible sequence (a;,b;);cy such that = ¢ (a;,b;) for all j <i, and [~
¢ (a;.b;).If o (a;.b;) holds for i < j then ¢ (x. y)isnotasemi-equation. Otherwise,
© (x, y) is not stable.

(4) If ¢ (x, p) is not an equation, by Ramsey and compactness we can choose
an indiscernible sequence (a;.b;);., such that |= ¢ (a;.b;) for all j <i, and [~
¢ (a;, b;). The indiscernible sequence (a;. b;);cz is totally indiscernible by stability
of T hence, we have = p(a;,by) <= i # 0, and also (a; : i # 0) is indiscernible
over by. This shows that ¢ (x, ) is not a weak semi-equation. -
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2.3. Weakly normal formulas, (k. n)-semi-equations, and breadth.

DEFINITION 2.11 (see [32, Chapter 4, Definition 1.1]). A formula ¢ (x, y) is k-
weakly normal if for every by, ..., by € M? such that = Ix @ (x,b1) A -+ A (x, by),
there are some i # j € [k] such that |= Vx ¢ (x,b;) <> ¢ (x. b;). It is weakly normal
if it is k-weakly normal for some k (by compactness this is equivalent to: an infinite
collection of pairwise distinct instances of ¢ (x, y) must have empty intersection).

A formula ¢ (x, y) is normal in the sense of [31] if and only if it is 2-weakly normal.
Weakly normal formulas are special kinds of equations characterizing “linearity”
of forking in stable theories (see [32, Chapter 4, Proposition 1.5, Remark 1.8.4, and
Lemma 1.9]):

Fact 2.12. A stable theory T is 1-based if and only if in T, every formula ¢ (x. y) €
L, with x, y arbitrary finite tuples of variables, is equivalent to a Boolean combination
of finitely many weakly normal formulas wi(x,y).....w.(x,y) € L.

We introduce some numeric parameters characterizing semi-equations, minimal
values of which give rise to a generalization of weak normality.

DEeFINITION 2.13. For k.n €N, a formula ¢ (x,y) is a (k,n)-semi-equation
if, for every by,....b € M7, if =3x @ (x,b1) A+ A (x.by). then for some
pairwise distinct i.....0,. j € [k]. EVx (@ (x.b;) A A (x.b;,)) = ¢ (x.b)).
And ¢ (x,y) is an n-semi-equation if it is a (k, n)-semi-equation for some k. A
theory T is n-semi-equational (respectively, (k, n)-semi-equational) if every formula
p(x,y) € L, with x, y arbitrary finite tuples of variables, is equivalent in T to
a Boolean combination of n-semi-equations (respectively, (k,n)-semi-equations)
wi(x. ). ...wa(x.y) € L.

ProposITION 2.14. (1) If ¢ (x.y) is a (k. n)-semi-equation, then n < k, and
@ (x, y)isalso an (£, m)-semi-equation forany ¢ > k andn < m < £.Ifp (x,y)
is an n-semi-equation, then it is also an m-semi-equation for every m > n.

(2) A formula is a semi-equation if and only if it is an n-semi-equation for some n,
if and only if it is an (n, n — 1)-semi-equation for some n.

ProOF. (1) Clear from the definitions.

(2) If o (x. y) is not a semi-equation, let (a;. b; ),y be such that |= ¢ (a;.b;) <
i # j. Then for any (k,n) we have |= ¢ (ao.b1) A -+ A @ (agp, by ), but for any pair-
wise distinct iy .... 0. j € [k]. = ¢ (a;.bi) A Ao (aj.bi,) A~ (a;.b;); hence,
@(x,y) is not a (k, n)-semi-equation. Conversely, for any k € N, if ¢ (x, y) is not
a (k,k — 1)-semi-equation, then there exist by, ..., by such that for each j € [k],
there is a; such that |= ¢ (a;.b;) for i # j. but (= ¢ (a;.b;). Hence if ¢ (x, p) is
not a (k, k — 1)-semi-equation for any k, then by compactness ¢ (x, y) is not a
semi-equation. And if ¢ (x, y) is not an n-semi-equation, then itisnot an (n + 1, n)-
semi-equation by definition, so a formula that is not an n-semi-equation for any 7 is
also not a (k, k — 1)-semi-equation for any k. o

We recall the notion of breadth from lattice theory.

DEFINITION 2.15 [2, Section 2.4]. Given a set X and d € N>, a family of subsets
F C P (X) has breadth d if any nonempty intersection of finitely many sets in F is
the intersection of at most d of them, and d is minimal with this property.
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PROPOSITION 2.16. A formula ¢ (x,y) is a (k + 1, k)-semi-equation if and only if
the family of sets F, = {p (M. b) | b € M”} has breadth at most k. In particular.,
@(x.y) is a semi-equation if and only if the family of sets F, has finite breadth.

PrOOF. The family of sets {¢ (M. b) | b € M”} has breadth at most & if and only
if every finite consistent conjunction of instances of ¢ is implied by the conjunction
of at most k of those instances. In particular this applies to consistent conjunctions of
(k + 1) instances of ¢, showing that if the breadth of F,, is < k. thenitisa (k + 1.k)-
semi-equation. Conversely, assume ¢ (x, y) is a (k + 1, k)-semi-equation. Given any
consistent conjunction of n > k instances of ¢, any (k + 1) of them contain an
instance implied by the other k instances. Removing this implied instance, we reduce
to the case of a consistent conjunction of (n — 1) instances, and after (n — k) steps
to a conjunction of k instances of ¢ implying all the other ones. The “in particular”
part is Proposition 2.14(2). -

ExampPLE 2.17. Let T be an NIP theory expanding a group, and let a formula
©(x.y) be such that for every b € M, (M. b) is a subgroup. Then, by Baldwin
and Saxl [4], there exists n € w such that for all finite B C M, there is By C B with
|Bo| < n such that (,c5 ¢ (M.b) = (Nyep v (M. D). So @(x, y) is a semi-equation
by Proposition 2.16.

REMARK 2.18. If ¢(x,y) is stable with infinitely many distinct instances
©(M,b).b € M”, then either ¢(x,y) is not a semi-equation, or —p(x, y) is not
a semi-equation (combining [2, Proposition 2.20] and Proposition 2.16).

The following suggests that 1-semi-equationality can be viewed as a generalization
of being 1-based from stable to the NIP context.

PROPOSITION 2.19. A formula ¢ (x, y) is weakly normal if and only if it is stable
and a 1-semi-equation. Hence a stable theory is 1-based if and only if it is 1-semi-
equational.

PrOOF. Clearly every k-weakly normal formula is a (k, 1)-semi-equation and
is also an equation, hence stable. Conversely, suppose that ¢ (x,y) is a (k, 1)-
semi-equation and is stable, or just NSOP: there is some £ € w such that there
is no strictly increasing chain of sets of the form ¢ (M, by) C - C ¢ (M. by).
We will show that then ¢(x.y) is k¢-weakly normal. Let (bﬂ)ne[k]f be such that
F3x N\,epy ¢ (x.by). Foro € [k]=*. we will show by induction on m := £ — |g]|
that there are pairwise distinct 7o, ..., 7, € [k]z extending o (as sequences) such
that ¢ (M. b,,) € ¢ (M. by,) C -+ C ¢ (M. by,,). With m = £, so that ¢ = () is the
empty sequence, this implies by the choice of £ that there are 7 # 5’ € [k]e such that
¢ (M. b,) = ¢ (M. b,). as desired. The base case (m = 0) is trivial, with 7 = o.

Assume the claim holds for m, and let g € [k]H’”“). For each i € [k], there
exist pairwise distinct 7,0, ... 7 € [k] extending 677 such that ¢ (M. b,,,) C
- C ¢ (M. by, ). Among the sets {¢ (M.b,,,) | i €[k]}. one must be contained

in another by (k. 1)-semi-equationality. Say ¢ (M, bnj.()) C ¢ (M.b,,,) for some
i#J. Then (M.by,,) € ¢ (M.by,) C o (Mby,) - Co(M.by,). and
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10.1i0.Mi1. ... Nim are pairwise distinct and extend o, as desired. The “in
particular” part follows by Fact 2.12. -

REmMARK 2.20. It is well known that the family of weakly normal formulas is
closed under conjunctions (but we could not find a direct reference). While semi-
equations are closed under conjunctions by Proposition 2.3(2), this is not the case for
the family of 1-semi-equations. Indeed, in a dense linear order, the formulas x < y;
and x > y, are 1-semi-equations, but the formula ¢ (x: y1, 32) := y» < x < y; is not
a l-semi-equation since we can have any number of intervals with a non-empty
intersection, so that none of them is contained in the other.

We observe a connection to another notion of “linearity” for NIP theories
considered in [5], where various combinatorial results are proved for relations that
are Boolean combinations of basic relations. The following is [5, Definition 2], in the
case of binary relations (using the equivalence in [5, Proposition 2.8 and Remark
2.9).

DEerINITION 2.21. A binary relation R C X x Y is basic if there exist a linear
order (S, <) and functions f : X — S.g : Y — S such that forany a € X,b € Y,
(a.b) € R < f(a) < g(b).

Facr 2.22 [16, Claim 1 in the proof of Proposition 2.5]. Let X be a set and
F C P(X) afamily of subsets of X such that there areno A, B € F satisfying AN B #
0.B\ A+# 0 and B\ A # O simultaneously. Then there exists a linear order < on X
so that every A € F is a <-convex subset of X.

PROPOSITION 2.23. (1) Given a formula ¢(x.y) € L. if the relation R, =
{(a,b) € M™ x M¥ :l= @(a. b)} is basic, then p(x. y) is a (2, 1)-semi-equation.

(2) If p(x,p)is (2, 1)-semi-equation, then R, = Ry N Ry for some (not necessarily
definable) basic relations Ry, R, C M* x M.

ProOF. (1) Let (S, <). f.g be as in Definition 2.21 for R,. Given any b, b, €
M, the sets {x € S:x < g(b;)} for i € {1,2} are initial segments of S. Say
g(b1) < g(by). Thenforany a € M. f(a) < g(b1) = f(a) < g(b2).s0 (M. b;) C
(M., by), and the other case is symmetric.

(2)If p(x, y)isa (2. 1)-semi-equation, then the family F,, of subsets of M* satisfies
the assumption in Fact 2.22. Hence there exists a (not necessarily definable) linear
ordering <’ of M* so that for every b € M”, (M, b) is <’-convex. Let (S, <) be
the Dedekind completion of (M*, <’). Consider the functions g, g, : M» — S so
that g (b) is the infimum of (M., b) in S, and g»(b) is the supremum of ¢ (M, b) in
S. Then R, = {(a.b) e M* x M : g;(b) < a}nN{(a.b) e M* x M” : a < g2(b)}.
and both of these relations are basic (see [5, Remark 2.7]). -

ReMARK 2.24. (1) In view of Proposition 2.23(2), if ¢(x,y) is a Boolean
combination of (2, 1)-semi-equations, then by [5, Theorem 2.17 and Remark 2.20]
the relation R, satisfies an almost linear Zarankiewicz bound. In particular, no
infinite field can be defined in a (2, 1)-semi-equational theory (see [5, Corollary
5.11] or [42, Proposition 6.3] for a detailed explanation).

(2) If p(x. ) is a (2.1)-semi-equation, then R, need not be basic. Indeed. the
family of cosets of a subgroup is (2, 1)-semi-equational. If it was basic, then its
complement is also basic, hence (2, 1)-semi-equational by the lemma above. But if
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the index of the subgroup is > 3, the family of complements of cosets is clearly not
(2, 1)-semi-equational.

ProBLEM 2.25. If ¢ (x, y)is a (k, 1)-semi-equation for k > 3, is it still a Boolean
combination of basic relations?

PrOBLEM 2.26. Show that no infinite field is definable in a 1-semi-equational
theory.

ProBLEM 2.27. Isevery 1-semi-equational theory rosy? (Note that dense trees are
not 1-semi-equational by Theorem 3.13.)

§3. Examples of semi-equational theories.

3.1. O-minimal structures. All o-minimal theories (and more generally, ordered
dp-minimal theories) are distal (see [36]); hence, they are weakly semi-equational by
Remark 4.4. Semi-equationality appears more subtle. An o-minimal structure M is
linear if it has the CF property in the sense of [23], i.e., if every interpretable normal
family of curves is of dimension at most 1. This is a weakening of local modularity of
the pregeometry induced by the algebraic closure, and by the o-minimal trichotomy
[30] it is equivalent to no infinite field being definable in M. We will only need the
following fact about linear o-minimal structures from [23]:

Fact3.l. LetT = Th(M), with M = (M; <, +....) alinear o-minimal expansion
of a group. Let L = (<. +....) be the language of T. A partial endomorphism of M
isamap f :(—c.c) — M, for c an element of M or co, such that if a.b.a + b are
all in the domain, then f(a +b) = f(a)+ f(b). Let M’ be the reduct of M to
the language L' consisting of +. <, constant symbols naming acly (), and for each
L(0)-definable partial endomorphism f : (—c,c) — M with ¢ € aclz(0) or ¢ = 00, a
unary function symbol interpreted as f on (— c. c) and as 0 outside of the domain of f.
Let T' := Th, (M’).

(1) [23, Proposition 4.2] A subset of M" is O-definable in M if and only if it is

(O-definable in M'.
(2) [23. Corollary 6.3] T' admits quantifier elimination in the language L'.

PrOPOSITION 3.2. Let T = Th(M), with M = (M ; <, ...) an o-minimal structure.

(1) If T is an expansion of an ordered group and linear, then T is (2, 1)-semi-
equational.
(2) Conversely, if T'is (2, 1)-semi-equational, then T is linear.

Proor. (1) Let £ = (<,+,...). M’ and L’ be as in Fact 3.1. By Fact 3.1(1)
it suffices to show that 7’ := Thy, (M’) is (2, 1)-semi-equational. By Fact 3.1(2),
it then suffices to show that every atomic £'-formula ¢(x, y), with x, y arbitrary
finite tuples of variables, is equivalent in 7’ to a Boolean combination of (2, 1)-
semi-equations. By the proof of Theorem 4.3 in [1], every atomic L’-formula
o(x.y) is equivalent in 7’ to a Boolean combination of atomic formulas of
the form f(x)Og(y) +c. where O € {<.=.>}. f: M¥ — M. g : MI"l — M are
total multivariate £’(@)-definable homomorphisms and ¢ € dcl/(()). Every formula
of this form clearly defines a basic relation on M ¥ x M7l hence is a (2. 1)-semi-
equation by Proposition 2.23(1).
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(2) By the o-minimal trichotomy theorem (see [30] and Remark 2 after the
statement of Theorem 1.7 there), if M is not linear, then it defines an infinite
field. But then Remark 2.24(1) implies that T is not (2, 1)-semi-equational. -

ProBLEM 3.3. Is every o-minimal 1-semi-equational structure linear? A positive
answer would follow from a positive answer to Problem 2.26.

PrOBLEM 3.4. Which o-minimal theories are semi-equational? In particular, is
Th(R, +, x) semi-equational?

3.2. Colored linear orders. Given a linearly ordered set (S, <). a binary relation
R C S?is monotone if (x,y) € R, x’ < x, and y < y’ implies (¥, ") € R.

Fact 3.5, Let M = (M < (Ci)ies - (R-/)jej> be a linear order expanded by

arbitrary unary (C;) and monotone binary (R;) relations. Then Th (M) is (2.1)-
semi-equational.

PrOOF. Let M’ be an expansion of M obtained by naming all £ 1(())-definable
unary and monotone binary relations, then a subset of M" is -definable in M if and
only if it is -definable in M’, so it suffices to show that 7’ := Th (M) is (2, 1)-semi-
equational. By [35, Proposition 4.1], 7" eliminates quantifiers. Note thatif R(x. y) is
monotone, then itis a (2, 1)-semi-equation (given any by < b, € M, forany a € M
wehave = R(a,by) — R(a. by) by monotonicity; hence, R(M, b;) C R(M, b,)). And
any unary relation C;(x) is trivially a (2, 1)-semi-equation; hence, T" is (2, 1)-semi-
equational. =

3.3. Cyclic orders. A cyclic order O(x, y,z) (see, e.g., [6, Section 5] or [41]) is
dense if its underlying set is infinite and for every distinct a, b, there is ¢ such that
O(a,b,c), and d such that O (d.b.a). The theory Tr, of dense cyclic orders is
complete and has quantifier elimination (see, e.g., [7, Proposition 3.7]).

PRrOPOSITION 3.6. (1) The theory Ty, is not semi-equational.
(2) The theory T, expanded with one constant symbol ¢ is (2, 1)-semi-equational.

ProOOFE. (1) We show that w(x;, x2:y) := O (x1, x2; y) is not a Boolean combi-
nation of semi-equations. By quantifier elimination, the formulas O (xj, x; y) and
O (x2, x1; y) each isolate a complete 3-type (over §)). Any Boolean combination of
formulas that is equivalent to O (x1, x2; y) must contain some formula ¢ (x1, x2; )
that is implied by O (x1,x,;y) and is inconsistent with O (x7,x;;y), or vice
versa. Assume the former. Let (c¢;);c, be such that = O (cr.ci.c;) fori < j <k.
Let ai; = ¢2i. ar; = 242, and b; = ¢2;41. Then |= O (ar;.a1;:b;) < i = j and
= O (ari.a2ib;) & i# j.so =@ (ari.ariiby) < i # j.so ¢ (x1,x2:y)is not a
semi-equation. If instead, ¢ (x1, x2; y) is implied by O (x3, x;; y) and inconsistent
with O (x1, x2; ), we switch the roles of x; and x, to get the same result.

(2) Let < be defined by x < y < O(x,y.¢). Then < is a dense linear order
on the complement of {c}, so x <y is a (2,1)-semi-equation. We have that
O(x,py,z)isequivalenttox < y<zVy<z<xVz<x<yV(z=cAx<y)V
(y=cNAz<x)V(x=cAy<z). Hence O(x,y,z)isa Boolean combination of
(2, 1)-semi-equations (with ¢ as a parameter), under any partition of the variables.
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By quantifier elimination, it follows that every formula is a Boolean combination of
(2, 1)-semi-equations (using ¢ as a parameter). -

This example shows that a theory being semi-equational, or 1-semi-equational, is
not preserved under forgetting constants (naming constants clearly preserves k-semi-
equationality). This is in contrast to equationality [20, Proposition 3.5] and distality
[36. Corollary 2.9], which are invariant under naming or forgetting constants. This
is also an example of a distal, non-semi-equational theory.

ProBLEM 3.7. Is weak semi-equationality of theories preserved by forgetting
constants?

3.4. Ordered abelian groups. We consider ordered abelian groups. as structures in
the language Ly introduced in [13]. Given an ordered abelian group (G. +. <) and
prime p, fora € G \ pG welet G,(a) be the largest convex subgroup of G such that
a ¢ G,(a)+ pG. and for a € pG let G,(a) :={0}. Let S, :={G,(a) : a € G}.
Then the Lcy-structure G corresponding to G consists of the main sort G for G. an
auxiliary sort S, for each p, along with countably many further auxiliary sorts and
relations between them. A relative quantifier elimination result is obtained for such
structures in [13], to which we refer for the details (see also [3, Section 3.2] for a
quick summary).

PROPOSITION 3.8. Every ordered abelian group (either as a pure ordered abelian
group. or the corresponding structure G) with finite auxiliary sorts S p» for all prime p is
1-semi-equational (this includes Presburger arithmetic, and any ordered abelian group
with a strongly dependent theory by [12, 14, 15, 17]).

PROOF. Since every auxiliary sort is finite and linearly ordered by a (definable)
relation in Lcy, all auxiliary sorts are contained in dcl(f)). Hence we only need
to verify that every formula ¢(x,y) with x,y tuples of the main sort G is a
Boolean combination of 1-semi-equations in the expansion with every element of
every auxiliary sort named by a new constant symbol (countably many in total).
As explained in [3, Proposition 3.14], it then follows from the relative quantifier
elimination that ¢ (x, y) is equivalent to a Boolean combination of atomic formulas
of the form 7, (f(x)) o4 7a(g(y)) + ko, Where o € {=.<,=,}. k €Z. a is an
element of an auxiliary sort, f, g are Z-linear functions on G, G, is a corresponding
convex subgroup of G, n, : G — G/G, is the quotient map, 1, is the minimal
positive element of G/G,, if it is discrete or 0 € G/G,, otherwise, and k, = k - 1, in
G/G,, and for g.h € G/G, we have g =, h if g —h € m (G/G,) (note that these
relations on G are expressible in the pure language of ordered abelian groups).

It is straightforward from Definition 2.13 that if ¢(x.y) is a (k. n)-semi-
equation and f(x),g(y) are (-definable functions, then the formula w(x,y) :=
o(f(x).g(»)) is also a (k,n)-semi-equation. Using this (in an expansion of G
naming 7., and the ordered group structure on G/G, together with the constants
for k4 ), we only have to show that the relations x = y,x < y,x € y + m (G/G,) on
G/G, are (2, 1)-semi-equations, which is straightforward. —

ProBLEM 3.9. Is every ordered abelian group 1-semi-equational, or at least
(weakly) semi-equational?
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3.5. Trees. In this section we use “A” to denote “meet,” and “&” to denote
conjunction. By a tree we mean a meet-semilattice (M, A) with an associated partial
order < (defined by x <y <= x Ay = x) so that all of its initial segments are
linear orders. An infinitely branching dense tree is a tree whose initial segments are
dense linear orders and such that for each element x, there are infinitely many
elements any two of which have meet x.

FAcT 3.10 (see, e.g., [7. Lemma 3.14] or [27, Section 1]). The theory of infinitely
branching dense trees is complete and eliminates quantifiers in the language {N\}.

LemMA 3.11. Inany tree M = (M, \) with no additional structure, if every formula
of the form ¢ (x; y1.y2) with x, y, y, singletons is a Boolean combination of semi-
equations, then every formula is a Boolean combination of semi-equations.

PrOOF. By [35. Corollary 4.6] (using that x <y <= x Ay = x), in any tree
M = (M. A) we have: two tuples @ = (a; : i € [n]).b = (b; : j € [n]) € M" have
the same type if and only if (a;.a;. a;) and (b;. b;. b ) have the same type for every
i, j.k € [n]. Hence for any a, b. tp (di)) is implied by the set of formulas satisfied by
three-element subtuples of ab. So if every partitioned formula with three total free
variables is a Boolean combination of semi-equations, then tp cH;) is implied by

a Boolean combination of semi-equations. In view of this, it is sufficient to assume
that every formula of the form ¢ (x;y;.)2) is a Boolean combination of semi-
equations, because then by symmetry, every formula of the form ¢ (x1, x; y) is as
well, and every partitioned formula with one of the parts empty (i.e.. ¢ (: 1. y2. »3)
or ¢ (X1, X2, x3;)) is automatically a semi-equation. =

THEOREM 3.12. The theory of infinitely branching dense trees is semi-equational.

ProOF. Let M = (M, A) be an infinitely branching dense tree. By Lemma 3.11, it
is enough to check that every formula ¢ (x; y;. y2) is a Boolean combination of semi-
equations, and, by Fact 3.10, it is enough to check this for positive atomic formulas
© (x:y1,y2). Using the fact that A is associative, commutative, and idempotent,
each such formula is equivalent to a formula of the form A\ 4 = /\ B for non-empty
A, B C {x, y1.y2}. By a direct case analysis (see [7, Theorem 3.16] for the details)
every such formula is either a tautology, or does not mention x, or an equality
between two variables, or is equivalent to a Boolean combination of the following
formulas (possibly replacing y» by y1):

(1) x = x Ay, i.e., x < y;—a semi-equation: given (@i, b;i);cq such that = a; <
by <= i#j.a; <bhyfori#0,so (a,-)i#0 forms a chain. This is not consistent
with a; < by, ay < by, ay £ by, ay £ bs.

(2) x A y1 A ya = y1 A ya.ie.. x > y1 A yo—a semi-equation for the same reason.

(3) x A y1 = x A yr—a negated semi-equation: given (a;,b;. b]),., such that |=
ai\Nb; =a; /\b;. < i =j. for every i # 0 we have: either a; A by > ag N by or
a; A b > ap A by. By pigeonhole, there are i; # i, such that the same case holds for
both. Without loss of generality, a; A by > ag A by and a; A by > ag A by. But then
ay Nay > ag Nby=ayp A ay, so a; and a, meet strictly closer to each other than
to ag. But, since a; A by < ag A by and a; A by < ap A by, it must also be true that
ap N ay > ay ANby = ai A ay, so ap and a meet at least as closely to each other as to
ai. These are inconsistent.
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4) xAy1=xAy1Ayy (e. x Ay; < yr)—a negated semi-equation: given
(ai.bi.b]); -y such that = a; Ab; < b} <= i = j.in particular ag A by < bj and
a; Nby £ b}, for i # 0. Since the initial segment below by is totally ordered, it
follows that ag A by < a; A by fori #£0.a; Na; > (a1 /\bo) A (az /\bo) > ag N\ by =
ap N ay. That is, a; and a; meet strictly closer together with each other than with ay.
But. by switching the roles of the indices 0 and 2 in that argument, ay and a; must

meet strictly closer together with each other than with a, as well, a contradiction.

THEOREM 3.13. In an infinitely branching dense tree M = (M, A), the formula
X < y is not a Boolean combination of 1-semi-equations (without parameters).

ProOF. By quantifier elimination, there are four complete 2-types over ()
axiomatized by {x =y, x >y, x <y, x L y}, where L denotes incomparable
elements. Thus, up to equivalence, there are only 16 formulas ¢ (x, y) with x, y
singletons without parameters. By a direct case analysis (see [7, Theorem 3.17] for
the details) the only 1-semi-equations among themare x # x, X = x, X = y, X > J,
x > y. None of them separate x < y from x L y, so any Boolean combination of
1-semi-equations implied by x < y must also be implied by x L y, so x < y is not
equivalent to a Boolean combination of 1-semi-equations. -

COROLLARY 3.14. In any expansion of an infinitely branching dense tree M =
(M. N) by naming constants, the formula x < y is not a Boolean combination of
1-semi-equations.

PrOOF. Suppose x < y is equivalent to a Boolean combination of I-semi-
equations with parameters ¢ = (¢1,....¢,). Say x <y <= O(p1(x,p.¢)..... 01
(x,y.¢)), where @ isa Boolean formula in k variables, and ¢ (x, y,¢) . ..., @k (x, y.¢)
are 1-semi-equations. Let d be an element such that 4 L A,_, ¢;. For each i, let
wi (x.y) be the formula 3z (tp(z) =tp(c)& (x ANy L N\i<, zi) & ;i (x. . z)) As
tp(c) is isolated by quantifier elimination, this is indeed a first-order formula.
For a.b > d, if =, (a,b,c), then = y; (a,b). By quantifier elimination and
[35, Lemma 4.4], the converse also holds. Thus, for a,b>d, Fa<b <~
E®(p(a.b,c),....or(a,b,¢c)) < EDO(y (a,b),...,wi (a.h)). Since all
singletons have the same type, it follows that this holds for all @, b. It thus remains
to show that each w; (x.y) is a l-semi-equation, contradicting Theorem 3.13. If
this were not the case for some i < k. then there would be (b;),. and a such
that |= y; (a.b;) for all j € N, but such that for every j # ¢ € N, there is a;, such
that = w; (aje.b;) but ¥ w; (aj¢.b). But, again because all singletons have the
same type, and every finite set of elements has a lower bound, it is consistent that
furthermore all of these elements are above d. But then this would also provide a
counterexample to ¢; (x, y) being a 1-semi-equation. =

REMARK 3.15. Since x > y is a (2,1)-semi-equation and x < y is not, this
shows that being an (n, k)-semi-equation for fixed n, k (or even being a Boolean
combination of them) is not preserved under exchanging the roles of the variables
(while being a semi-equation is preserved).

REMARK 3.16. Note also that every tree admits an expansion in which x < y is
a Boolean combination of (2, 1)-semi-equations. In a tree, let <« be a linear order
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refining < such that for a,b,b’ suchthata L band bAD >bAa,a < xb
a <jex b'. Then let <ieyiex be given by x <ieviex ¥ ' <= x <y V (x L p&y <jex X).
Then <,eyiex satisfies the same conditions as <je (so both are (2, 1)-semi-equations
as both are linear orders), and x < y <= x <jx &YX Zreviex V-

ProBLEM 3.17. Is every theory of trees semi-equational? Is every theory of trees
(expanded by constants) not 1-semi-equational?

§4. Weak semi-equations and strong honest definitions. In this section we
discuss how (weak) semi-equationality naturally generalizes both distality and
equationality.

DErINITION 4.1. Given a formula ¢ (x, y) € £ and a type p, we denote by pJ :=
{@ (x,b) : ¢ (x.b) € p} the positive p-part of the type p.

Given small sets 4, B, C C M, let A \L”C B denote that tp (4/BC) is finitely
satisfiable in C. We recall the following characterization of equations from [24,
Lemma 2.4], which in turn is a variant of [38, Theorem 2.5]. Note that Fact 4.2(3) is
equivalent to [24, Lemma 2.4(3)] since in stable theories non-forking is symmetric
and equivalent to finite satisfiability over models. Existence of k in Fact 4.2(2) is not
stated explicitly in [24, Lemma 2.4(2)]. but is immediate from the proof.

Fact4.2. Givenaformulap (x,y)inastable theory T, the following are equivalent:

(1) ¢ (x.,y) is an equation (equivalently, o*(y, x) := p(x. y) is an equation).

(2) There is some k € N such that for any a € M™ and small B C M, there is a
subset By of B of size at most k such that tp}, (a/Bo) t- tp} (a/B).

On the other hand, we recall one of the standard characterizations of distality
(see, e.g., [3, Corollary 1.11]), which we use as a definition here:

DeriNITION 4.3. A theory is distal if and only if every formula ¢ (x.y) is
distal, that is, for any I; and Iy infinite linear orders, b € M” and indiscernible
sequence (a;);¢y, 4 (0)+1, With a; € M such that (a;) is indiscernible over b,
= (ap.b) < E¢(a;.b)fori eI + Ig.

ielp+1g

There is a straightforward relationship between weak semi-equationality and
distality:

REMARK 4.4. A formula ¢ (x, y) isdistal if and only if both ¢ (x, y) and - (x, y)
are weak semi-equations. In particular, every distal theory is weakly semi-equational.

ProBLEM 4.5. Is there an NIP theory without a (weakly) semi-equational
expansion? We note that while the theory ACF, for p > 0 is known not to have
a distal expansion [11], it is equational, and hence semi-equational.

An NIP theory is distal if and only if every formula admits a strong honest
definition:

FAcT 4.6 [10, Theorem 21]. A theory T is distal if and only if for every formula
o (x,y) thereisaformula 0 (x; y. ... yi), called a strong honest definition for ¢ (x, y),
such that for any finite set C C MY (|C| > 2) and a € M*, there is b € C* such that
=0 (a:b)and 0 (x:b) - tp, (a/C).
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‘We now show that in an NIP theory, weak semi-equationality is equivalent to the
existence of one-sided strong honest definitions, which is also a generalization of
Fact 4.2 (replacing a conjunction of finitely many instances of ¢ by some formula
0). We will need the following (p. k )-theorem of Matousek from combinatorics:

Fact 4.7[26]. Let F be a family of subsets of some set X. Assume that the VC co-
dimension of F is bounded by k. Then for every p > k € N, there is N € N such that:
for every finite subfamily G C F. if G has the (p. k)-property, meaning that among any
p subsets of G some k intersect, then there is a subset of X of size N intersecting all
setsinG.

THEOREM 4.8. Let T be NIP, and let ¢ (x,y) be a formula. The following are
equivalent:
(1) The formula o* (y, x) := @(x, y) is a weak semi-equation.
(2) For every small B CM” and a € M with |= ¢(a,b) for all b € B there
are 0(x:y1.....yx).c € (M}’)k such that c J/; a, E=0(a,c) and 0(x,c) -
tp,, (a/B).
(3) There is some formula 0 (x; y1. ..., yi) and number N such that for any finite
set B C MY with |B| > 2 and a € M*, there is some By C B with |By| < N
such that tp; (a/Bo) - tp} (a/B).
Proor. (1) implies (2). We follow closely the proof of [10, Proposition 19].
Assume that @, B are such that = ¢(a,b) for all b € B. Let M < M contain a, B,

and let (M’, B’) = (M, B) be a x := |M| "-saturated elementary extension (with
B named by a new predicate). We may assume M’ < M is a small submodel. Take

p(x) :=tp(a/B’).

Cram 4.9. Assume that q (y) € S, (B’) is a type finitely satisfiable in B. Then
p(x)Uq(y)F e (x.y)

ProOF. Let § € S,(M) be an arbitrary global type extending ¢ and finitely

satisfiable in B. and form the Morley product ¢ (y1.ya....) := @,y q(3i) €
S(y,.7,..) (M), also finitely satisfiable in B. For any set C C M. we let ¢|¢c := ¢ [c¢

(respectively, ¢'®)|¢ := §'®) ) be the restriction of § (respectively. of §(®)) to
formulas with parameters in C. As T is NIP, by [10, Lemma 5] there is some D
with B C D C B’,|D| < & such that for any two realizations I, I’ C B’ ofq(“’)|D we
have al =p al’. Fix some I |= ¢®)|p in B’ (exists by saturation of (M’, B’) and
finite satisfiability of ¢®)|y; in B) and J = ¢®|y; (in some larger monster model
M’ =~ M).

We claim that I + J is indiscernible over a B. Indeed. as ¢(©) | 1s finitely satisfiable
in B. by compactness and saturation of (M’, B’) there is some J' = ¢')|,p; in B’.
If I + J is not aB-indiscernible, then I’ + J' is not a B-indiscernible for some finite
subsequence I’ of I. As by construction both I’ 4+ J’ and J' realize ¢“)|p in B’. it
follows by the choice of D that J’ is not indiscernible over a B—contradicting the
choice of J'.

Now let b* € M be any realization of ¢, then the sequence I + (b*) + J is Morley
in ¢|p over B, hence indiscernible (even over B). And I + J is indiscernible over
a (even over aB) by the previous paragraph. Note also that = ¢(a,b) for every
b € B’ (by assumption we had |= ¢(a.b) forallb € B, buta € M and (M', B") -
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(M, B)). Hence |= ¢(a,b) for every b € I + J. And since ¢*(y, x) is a weak semi-
equation, this implies = ¢(a,b*). That is, for any a = p and b* = ¢. we have
= p(a,b*), as wanted. =

Now let S’ be the set of types over B’ finitely satisfiable in B, then S’ is a
closed subset of S,(B’). By the claim, for every ¢ € S’ we have p(x)Uq(y) -
@(x. y): hence, by compactness 0, (x) U w,(y) F ¢(x, y) for some formulas 6,(X) €
p.wy(y) €q. As {y,(y) : g € S’} is a covering of the closed set S, it has a finite
sub-covering {w,, :k € K}. Let 0(x) := A\ cx 04, (x) € p(x). As in particular
tp(b/B) € S’ for every b € B, we thus have 0(x) € L(B’) (and B’ \LZ a), = 0(a)
and 0(x) - tp/ (a/B).

(2) implies (3). Let a, B be given. We either have that = —p(a, b) holds for all
b € B, in which case tp; (a/Bo) = tp}, (a/B) = 0. and § - { trivially. Or we replace
Bby {b € B : | p(a.b)}. and follow the proof of (1) implies (2) in [10, Theorem
21].

We provide the details. By (2), given small B C M” and a € M~ such that &=
@ (a,b) for all b € B, there exist 0 (x; yy,...,y¢) and ¢ € (M«”)Z such that ¢ L'; a,
=0 (a.c). and 0 (x,c) - tp} (a/B). Then given any finite By C B. there is d €
B* such that tp,(d/aBy) = tp,(c/aBy). so in particular |= 0 (a.d) and 0 (x.d) -
tpy, (a/Bo).

Now fix an arbitrary function f : £ — N and let ny := f (6 (x:y1...., y¢)) for
every partitioned formula 0 € £ with x the same as before and ¢ arbitrary. Let
T, be a theory in the language £ U {P(x).a} with P a new unary predicate
and a a new constant symbol, so that T, expands T with the following axioms:
Vx € Py (a.x)and, for every formula 0 (x: y1..... y¢) € L, an axiom 3by, ..., b,, €
PYc € Pt (=0 (a.c))VIx (H (x.) A Vi<, 0 (ab,)) By the previous para-
graph, the theory 7' is inconsistent. By compactness, there is a finite inconsistent
subset of T’y only requiring finitely many of these formulas ¢, ... , 0.

Thus there are finitely many formulas 0y (x: y1..... ye,) . .... Ok (x: y1..... yg,) € L
such that: given B C M and a € M~ such that = ¢ (@, b) for all b € B, there is
i < k such that for all By C B with |By| < ny,. thereis ¢ € B% such that |= 0; (a:c)
and 0; (x:¢) - tp;, (a/By).

For each formula 6 (x; y1. ..., ye) € L, let pg (x, y:z) =0 (x;z) AVw 0 (w;z) —
¢ (w,y), and ny := VC(py) + 1 in the above argument (where VC is the VC-
dimension), and let 0, ..., 0 be as given by the previous paragraph for this choice
of the ny’s. Then for an arbitrary ¢ € M~ and finite B C M” such that |= ¢ (a: b) for
b € B.thereisi, p < k suchthat: forall By C B with |By| < ngiaB,there isc € BYias

with = 0;, ; (a:c) and 0;, , (x:¢) - tp] (a/Bo). For b € B. consider the set
Flp = {c € Blias =0, (aic), 0, , (xic)F o (x;b)} .

Note that F/ , = [c € Blias ;= po; (a,b;c)],andletfu,g :={F’p:b e B}.By

Fact4.7 applied to F, g, with p = k = ng, .- thereis N; , (dependingon i, g butnot

(
a,.B
otherwise depending on a. B) such that if every ny, , Sets from F, p intersect, then

there is By C Bias with |Bo| < N, , intersecting all sets from F, g. Furthermore,

B
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by choice of i, p. the condition that every ny, 5 sets from F, g intersect holds. And

there are only k many possible values of i, 3, so we let N := max<;<k Ni.

We thus found N € Nsuch that: for all ¢ € M~ and finite B C M” with = ¢ (a;b)
for all b € B, thereis i, 5 < k and B) C Blias with |Bi| < N intersecting all sets
from F, p. meaning that for every b € B thereis ¢ € B such that =6, , (a:c) and
0,5 (x:¢) - @ (x:b). That s, tp(zw (a/B1) - tp} (a/B).

ia.B

Finally, let 6 (x:y1..... y;) be a formula that can code for any 0; (x: y1..... ye,)
when parameters range over a set with at least two elements. For all ¢ € M* and
finite B C M with |B| > 2, for which |= ¢ (a: b) for all b € B, thereis By C B with
2 < |By| < €N + 2 (consisting of the coordinates of B; from the previous paragraph,
and two points for coding) such that tp, (a/By) & tp} (a/B). as desired.

(3) implies (1). This follows almost verbatim from the proof of (2) implies (1)
in [10, Theorem 21]. Let I +d + J be an indiscernible sequence in M”, with
and J infinite, and 7 + J indiscernible over ¢ € M*, and suppose = ¢ (a,b) for
bel+J.Letl; CIwith|l;] =N + 1. Then there is some Iy C I; such that |[j| <
N and tpj (a/ly) & tp} (a/I). Let b € I\ . By indiscernibility of 7 +d + J.
there is some o € Aut (M) such that o (I;) C I +d +J and o (b) = d. We have
o (Ip) C 1+ J. so by a-indiscernibility of I +J. =6 (a.0 (c)) for every ¢ € If
for which = 6 (a,¢). and hence a |= o (tp} (a/I)). And ¢ (x.b) € tp} (a/I,), so
¢ (x.d) € o (tp} (a/I1)). and hence |= ¢ (a.d). =

PrOBLEM 4.10. Can the assumption that 7 is NIP be omitted? (Note that the
proof of (3) implies (1) does not use it.)

Proposition 2.16 immediately implies an analog of Fact 4.2 for semi-equations,
telling us that ¢ (x: y) is a one-sided strong honest definition for itself:

COROLLARY 4.11. A formula ¢ (x, y) (equivalently, p*(y, x)) is a semi-equation if
and only if there is some k € N such that: for every finite B C MY and a € M* there
is some By C B with |Bo| < k such that tp;(a/Bo) - tp); (a/B).

§5. Non weakly semi-equational valued fields. In this section we demonstrate that
many valued fields are not weakly semi-equational. By an ac-valued field field we
mean a three-sorted structure (K, k, I, v, ac) in the Denef-Pas language, where K
is a field, v : K — T is a valuation, with (ordered) value group I' and residue field
k, and ac : K — k is the angular component map. As usual, O = O, denotes the
valuation ring of v, and for x € O, x denotes the residue of x in k. The following is
the main theorem of the section:

THEOREM 5.1. Let K be an ac-valued field for which the residue field k contains a
non-constant totally indiscernible sequence ( for instance, if k is infinite and stable), and
which eliminates quantifiers of the main field sort ( for example, a Henselian ac-valued

field of equicharacteristic 0 with an algebraically closed residue field). Then K is not
weakly semi-equational.

Before presenting its proof, we need to develop some auxiliary results. First
we provide a general sufficient criterion for when a formula is not a Boolean
combination of weak semi-equations in Section 5.1. Then we discuss valuational
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independence in Section 5.2. In Section 5.3 we describe a particular configuration of
elements in a valued field indented to satisfy this sufficient criterion with respect to
the formula w (x1, x2: y1, y2) := v (x1 — y1) < v (x2 — »2), and reduce demonstrating
that it has all of the required properties to Claims 5.7 and 5.8 which express a
certain amount of indiscernibility of our configuration. We also explain how both
claims can be proved by induction on the complexity of the formula and reduce to
several essential cases that have to be considered; and show in Claim 5.9 valuational
independence of some elements of our configuration which will be helpful in the
proof of the claims. We then prove Claim 5.7 in Section 5.4 and Claim 5.8 in Section
5.5, concluding the proof of Theorem 5.1. Finally, in Section 5.6 we discuss some
further applications of Theorem 5.1 and examples.

5.1. Boolean combinations of weak semi-equations. We provide a sufficient
criterion for when a formula is not a Boolean combination of weak semi-equations
(analogous to a criterion for equations from [28]).

LemMA 5.2. If ¢ (x,y) and y (x,y) are weak semi-equations, then there are no
b € MY and array (ai ), ;c, with aij € M* such that:

e Everyrow (i.e., (a;j : j € Z) for afixed i € Z) and every column (i.e.. (a;j : i €
7Z) for a fixed j € 7) is indiscernible (over 0).

o Rows and columns without their 0-indexed elements (i.e., (a,gj)/.?éo for fixed i,

and (a,-_, f)i 40 for fixed j) are b-indiscernible.

° }: © (a,;jvb) N~y (ai,j,b) — i=0Vvj#0.

PROOF. Assume there exist an array (a;; : i, j € Z) and b with these properties.
For any fixed i # 0. we have |= ¢ (a;;. b) forall j # 0. (a; ;) ;, is indiscernible. and
(a;. j)j 40 is b-indiscernible, so, by weak semi-equationality of ¢. = ¢ (a;0,b). But £
@ (aio.b) N =y (aio.b).s0 = w (aio.b). Now the sequence (a; ), is indiscernible.
(@i0);4 is b-indiscernible, and [ y(a;0.b) for all i #0, so, by weak semi-
equationality of w, = v (ag . b)—contradicting = ¢ (aoo.b) A =y (aoo. b). o

LeMMA 5.3. Ifp (x, y) is a Boolean combination of weak semi-equations, then there
areno b € M and array (ai;); ;c, with a;; € M such that:

e Rows and columns of (a;, /)i ez are indiscernible.

e Rows and columns without their 0-indexed elements (i.e., (ai»/)j7é0 for fixed i,
and (al /)i £0 for fixed j) are b-indiscernible.

° \:(p(al;j,b) — i=0Vvj#0.

o All a; j withi = 0 or j # 0 have the same type over b.

PROOE. Any conjunction of finitely many weak semi-equations and negations
of weak semi-equations is of the form w (x,y)A -0 (x,y) for some weak
semi-equations y (x,y) and 6 (x,y). because weak semi-equations are closed
under conjunction and under disjunction (Proposition 2.3(3)), so negations
of weak semi-equations are also closed under conjunction. Thus any Boolean
combination of weak semi-equations is equivalent, via its disjunctive normal
form, to \/;c; (Wi (x.y) A =0k (x. y)) for some finite index set / and weak semi-
equations wy (x, y) and 6y (x, y) for k € I. Given b and (allj)i,jez as above, since
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i=0Vj#0 < |=¢l(aij.b) <= Vies (wi(aij.b) A0 (ai;.b)). and all
a;; with i =0 or j # 0 have the same type over b. there is some k such that
= wi (aij.b) N=0 (a;;.b) <= i =0V j #0, contradicting Lemma 5.2. 4

5.2. Valuational independence.

DEerINITION 5.4. Let K be a field with valuation v.

(1) We say that ay,....,a, € K are valuationally independent if, for every
. aj g Qi . .
polynomial f (x1.....x,) = >; ¢;x; " ...x,"" (where i runs over some finite
index set, ¢;. a1, ..., € Z, and (a1 . .... ;) # (1. .... ) for i # j)
we have

v(f (ar,....ay)) = miinv (cial™ ...ap™).

That is, if the valuation of every polynomial applied to «j,...,a, is the
minimum of the valuations of its monomials (including their coefficients).
(2) An infinite set is valuationally independent if every finite subset is.

ExaMPLE 5.5. (1) A set of elements with valuation 0 is valuationally independent
if and only if their residues are algebraically independent.

(2) In a valued field of pure characteristic, every set of elements whose valuations
are Z-linearly independent is valuationally independent. In mixed characteristic
(0, p), every set of elements whose valuations, together with v (p), are Z-linearly
independent, is valuationally independent. In an ac-valued field, this is the only way
for a set of elements with angular component 1 to be valuationally independent.

5.3. Reducing the proof of Theorem 5.1 to two claims. We will show that the
partitioned formula y(x1, x2: y1, y2) := v (x1 — y1) < v (x2 — y2) is not a Boolean
combination of weak semi-equations.

Without loss of generality we may assume that K is a monster model. By Lemma

5.3, it suffices to find b, b” and (a; ), - (a}) , in K such that the sequences (4;),,
j€

and (a}) , are mutually indiscernible (so that rows and columns of the array
Jje

(aia’,) are indiscernible), (a;), 4 is indiscernible over bb’ (a’,) , (a’,)
1)ijen 1/ jez 7/ j#0
is indiscernible over bb’ (a;),., (so that the rows and the columns of the array

(a,-a;) with their 0-indexed elements removed are indiscernible over bb’), =
ijET

v (ai—b) <v (a;. fb’> = i #0V /=0, and all pairs (a,»,a}) with i # 0 or
j = 0 have the same type over bb’.

To find these elements, first let 0 < yp < y1 <y < p3 <74 < ps < 6 € ' be an
increasing indiscernible sequence of positive elements of the value group (exists by

Ramsey and saturation).

CLAIM 5.6.  The elements yo. 1. V2. y3. V4. s are Z-linearly independent (in T viewed
as a Z-module). If K has mixed characteristic (0, p), then v (p) , 0. 1, 72, 73. V4, ys5 are
Z-linearly independent.
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PrOOF. If ngyy + -+ + nsys = 0 with ng, ... . ns € Znotall 0, let i < 5 be maximal
such that n; #£ 0. Now ngyy + --- + n;9; =0, and n; # 0. By indiscernibility of
the sequence (y1, ..., 7). Hoyo + - + ni1yi-1 + niye = 0, but then n; (y; — y6) = 0,
contradicting that n; # 0, y; # ys, and I is ordered and thus torsion-free. In mixed
characteristic, the same argument can be repeated starting from ngyg + --- + nsys =
mv (p) with ng, ..., ns,m € Z. =

Next let ac,al, € K be such that v (as) = y0. v(al,) =y1. and ac(as) =
ac(al,) = 1. Let (d;);cq + (l;) and (d}) - + (l;’) be arbitrary mutually totally
indiscernible sequences in the residue ﬁek]l k. Such sequences exist by assumption
on k and saturation, e.g., splitting a totally indiscernible sequence into two disjoint
subsequences. We define a; := aoo + alift (@;) and a} := a;, + plift (d}) fori,j e
Z, for some a. ff € K with v (a) =72, v(f) =73, and ac(a) = ac(f) = 1. Here
lift (x) is some arbitrary element of O such that lift (x) = x. Let b, b’ be such that
v (a0 —b) = pa.v (af - b') = ys.ac(ag — b) = b — G, and ac (a — b') = b’ — a}. All
of these elements are fixed for the rest of the section.

It is clear that [=v(aq;-b)<v (a; —b’) <= i #0V =0, because

v(ag—b) =74, v(a;—b) =1y, for i #0, v(a(’)—b’) =ys, and v(a} —b/> =
for j # 0.

We will prove the following two claims. Given a sequence (x;);c; and J C I, we
will write x; to denote the subsequence (x; : i € J).

Cramv 5.7. (1) Let ¢ (x:z:w:b'.a}) be a formula with parameters b’ and a,
for some J C Z, tuples of variables x of sort K, z of sort k, and w of sort T .
Let Iy, I, be tuples of distinct indices from Z, with |I,| = || = |x|. Let 0 € Aut (k)
be such that o (5111) = ay, (preserving the ordering of the tuples). o (El",) =aj, and
o (13’) = b'. Then for any tuples ¢ € k*.d € T, we have |= ¢ (ay;c:d:b':a}) =
o (a0 (O)id: i),

(2) Likewise, let o (y:z:w: b, ar) be a formula with parameters b and a; for some
I C Z, tuples of variables y of sort K, z of sort k, and w of sort U',. Let Jy, J, be
tuples of distinct indices from Z, with |Ji| = |J2| = |y|. and let ¢ € Aut (k) be such
that o (d}l) = d}z, o(dr)=ady,ando (13) = b. Then for any tuples ¢ € k*.d € re
we have

E o (a}l;c;d;b;cn) = Ep (a}z;a(c);d;b;al).

Cramm 5.8. Let ¢ (x:y;z;w;b:b") be a formula with parameters b.b’', where
x and y are single variables of sort K. and z and w are tuples of variables of
sort k and T, respectively. Let o; € Aut (k) be such that o;(d;) = b, o; (dy) =
dy. O (d(’]) =a(. and o; <l~)’) —=b'. Let 0} € Aut (k) be such that Jj’- (i)’) = d},
) (af) = aj. o (a;) = a;., and o', (5) —b. Let m € Aut (T's) be such that 7 (y,) =
va, T (p0) =70, m(y1) =1, and w(ys) =ps. and let v € Aut (I's) be such that
T (ys) =73, T(p0) = %0, T(p1) =7p1, and t(y2) = y2. Then, for i,j #0, ¢ € k*,
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and d €TY, = ¢ (a:al:oi (¢):n(d):b:b) < ¢ (aiafic:d:bib) —

/

® (ai;a_/;a‘; (c);r(d);b;b’).

Assuming these two claims, from the |z| = |w| = 0 case of Claim 5.7, we get that

., and (a;)
jez 1/ jen

In particular (;), ., and (a}) . are mutually totally indiscernible.
je

(a;);¢y s totally indiscernible over b’ (a;) is totally indiscernible

over b (a;);cy-

In describing (a; ),y - (a ;) . b, b’, we have made exactly the same assumptions
j€

about @y as about b, and the same assumptions about a(’) as about 4/, in the

sense that if we replace ay with b or replace a; with ', the resulting elements

(ai)iez - (a;) ez’ b, b’ could have come from the same construction. Thus, as Claim

5.7 implies that (a;), is totally indiscernible over aob’ (a})jez, and (a})#o is

totally indiscernible over agb (a;); 7. it must also be the case that (a;), 4, is totally

indiscernible over bb’ (a})‘/ez’ and (a})#o is totally indiscernible over b’b (a;)
From the |z| = |w| = 0 case of Claim 5.8, we get that

tp (a;.a}/b.b") = tp (a;.ay/b.b") = tp (ap.ay/b.b")

icZ:

for i, j # 0; hence, all (ai, a}) with i # 0 or j = 0 have the same type over bb’.
Thus these two claims establish the conditions needed for Lemma 5.3 to imply
that v (x; — y1) < v (x2 — y2) is not a Boolean combination of weak semi-equations.
Both claims will be proved by induction on the parse tree of the formula ¢
(without parameters). There are five cases that must be considered:

Case 1. The formula ¢ is of the form ¢; < ¢, where ¢;.¢, are terms of
sort I'oo. Such terms are N-linear combinations of variables of sort I'o, and
valuations of polynomials in variables of sort K: i.e., of the form n-x +m -
v (f (¥)). where x = (xj.....x;) is a tuple of variables of sort I's,. y is a
tuple of variables of sort K. f is a tuple of polynomials (f1(»)..... fe,(»)).
n=(n....ng) € NM. m=(m....my) € NVI. v (f(y)) is an abbreviation for
the tuple (v (/1(»)).....v (fe(»))). and “-” is the dot product.

Case 2. ¢ is of the form t| = t,, where ¢, t, are terms of sort k. Terms of sort k
are polynomials applied to variables of sort k and angular components of terms of
sort K; i.e., of the form f (x,ac(g (y))). where f is a polynomial, g = (g1, ....g¢)
is a tuple of polynomials, x is a tuple of variables of sort &, y is a tuple of variables
of sort K. and ac (g(y)) is an abbreviation for the tuple (ac(g(»)). ....ac(ge(»))).
Since t; =, 1, if and only if #; — 1, =, 0, every formula of this form is equivalent to
a formula of the form f (x,ac(g (y))) =« 0.

Case 3. ¢ is a Boolean combination of formulas for which the claim holds.

Case 4. ¢ is of the form Ju y, with u a variable of sort k, and the claim holds
for .

Case 5. o is of the form Ju y, with u a variable of sort I',, and the claim holds
for y.

https://doi.org/10.1017/js1.2023.28 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2023.28

412 ARTEM CHERNIKOV AND ALEX MENNEN

There are four more cases for how ¢ could be constructed, but they follow from
the previous five cases: ¢ is of the form ¢, =r ;. where ¢, t, are terms of sort
I'o—this is equivalent to #; < #, A t, < #1, and is thus redundant with Cases 1 and
3; ¢ is of the form #; =g t,, where #1, t; are terms of sort K—this is equivalent to
v (t1 — ) = v (0), and is thus redundant with Cases 1 and 3: ¢ is of the form Vu v,
where u is a variable of sort k or I'o,—this is redundant with Cases 3-5; ¢ is of the
form Ju v, or Yu y, where u is a variable of sort K—this case can be neglected by
quantifier elimination, since we can always pick a formula equivalent to ¢ which
has no quantifiers of sort K.

The following auxiliary result will be used in the proof of the claims.

CLaM 5.9, The elements aoo,ago,(alift(d,-))iez,<ﬁlift<€z}>> b a
c

j
b" — af, are valuationally independent.

PrOOF. Define a valuation v* : Z[u,v. x, y, z,w] — T'so (With |u| = Jv| = |z| =
|lw| =1, |x]|, |p| arbitrary), by, for monomials (which in case of mixed characteristic
is taken to include its coefficient),

* Foo .F1 "Ix|, Soo 4,51 Syl 1y zz)
% n-u X ... X v zZ'w
( 1 x| VY Yy

=v (1) + reoyo + Sooy1 + (rl + -+ r‘x|) V2 + (S1 + -+ s|y\) V3 + t1y4 + Lays,

and the valuation of a polynomial is the minimum of the valuations of its monomials.
That way. for any 7,J C Z with |I| = |x| and |J| = |y| we have

Vv(f (wv,x.y,z.w)) = v (f (aoo. aly. o - lift (ay) , B - lift (a}) . b — ap. b’ — af))

when f is a monomial (where o - lift(a;) := (a lift(@;)),, ). and we need to prove
that this holds for all polynomials /. Given a polynomial f (u, v, x, y, z, w),

v (f) = v (n) + moyo + miyr + mays + mzys + mays + msys

for some n, mg, my, my, ms3, my, ms € N (with v (n) , mg, my, my, ms, mg, ms unique
by Claim 5.6). Let f (u,v,x,y,z,w) be the sum of monomials in f of the same
valuation as f, so that every monomial appearing in f (u.v, x, y, z, w) has degree my
in u, degree m; in v, total degree m; in x, total degree m; in y, degree my in z, degree
ms in w, and has leading coefficient with valuation v (n), and v* (f - f) > v*(f).
Thus

S (wv,x,p,z,w)
n- uﬂlovl‘)1lzl714wn15

is a non-zero polynomial in x, y, all coefficients having valuation 0, so it reduces
under the residue map to a nonzero polynomial in x, y. Since the set of elements in the
tuples a;. @’ is algebraically independent (they come from an infinite indiscernible
sequence), it follows that

f(u,v,d;,d},z,w)

n - Moy zMaw™Ms

# 0.
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and thus a lift of it,

£ (w. v, lift (@) 1ift (@) . z.w)

n - umoyM zMags

has valuation 0. Thus

~ !/ . ~ . ~/ / /
v (f (aoo, aco. lift (ay) . lift (aJ> .b—ag. b - a0>) = v (n) + myyy + myy1 + myy4 + msys
and, by homogeneity of f ,

y (f (doo. d'y. o - Lift (7). B - Lift (@) . b —ao,b'—aé))
= v (n) + moyo + myyr + mays + msys + mays + msys = v (f).
We have

() (e 03 o30(55) 5 a0 ) 207 (5 ) >0

(the first inequality holds by the ultrametric property, combined with the fact that
it holds for monomials), so it follows that

v (f (aoo.aly.a - lift (ay), B -lift (ay).b —ap, b’ — a})) = v* (f). 4
We are ready to prove the two claims.

5.4. Proof of Claim 5.7. Let ¢ (x:z:w:b":a)) with x = (xi.....xy) and
I, I;,0,c,d be as in the statement of the claim, and we analyze the five cases
described above. We will assume without loss of generality that j; = 0, where
J = (ji..... jjs) (since if 0 appears somewhere else in J, J may be re-ordered. and if
0 does not appear in J, it may be added). The proof for the part regarding a formula
@ (y:z:w:b:ay) is identical, switching the roles of (a;),

¢z and (a;)jez, replacing

b’ with b’ and replacing ys with y;.

Case 1. ¢ (x:z:w:b";a}) is of the form ny - w +my v (g (x.0".a})) <mp-w+
my v (h (x,b/, a})).

It is enough to show that for any polynomial f (x.q.y) (with |x| = |[
gl =1).wehave v (f (ar.b’.a})) = v (f (an.b'.a})). because then

s

|J

s

mi v (g (ay.b'.a})) =my-v(g(an.b'.a})) and
my v (h(ap.b'.a))) =my-v(h(ap.b'.a})). so
Eni-d+mv(g(ay.b.a)))<ny-d+my-v(h(ay.b' a))) <
En-d+my-v(g(ay.b'.ay)) <ny-d+my-v(h(ay.b'. ay)).
Given a polynomial f(x,q, ), let
[ (uv.x.y.q9):=f (x1 U Xy UG VLUV Yy +v),
with |u| = |v| = |¢| = 1. |x| = |11]. |y| = |J]. so that

[ (aoo,aéo,a -ift (d,l.) B lift(ay) . b’ fa(’)) =f (aIi,b',a})
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for i € {1.2} (using that &; = awe + o - lift (;) and o = al, + f - lift (a_;) and
Jj1=0).

Since v(n alz (alift (@) (etife (a,)) ™ (2l

(pin ()" (s (a, )" o - aé)’)

=V (1) + 1o + Syt + (114 rx) 72+ (814 A+ 5py0) 73+ 15,
regardless of iy, ..., ix|» if we let

Foo 91800 11 Tlxl |51 Syl ¢
n-u>cviex! . x
1 el Y1 oY 4

be a monomial in f* (u, v, X, y, ¢) minimizing

V(1) 4 roo¥o + Sooy1 4 (11 4 -+ rpx)) 72 4 (514 4 81) 73 + 175,
then by Claim 5.9,

v (f (aIi,b’, a",)) =v (f* (aoo, al, . a - lift (d,i) B lift(ay) . b a(')))

= (1) + Fooo + Sooyt + (114 A xg) y2 (514 spy) 73+ 15
fori e {1,2}.

Case 2. ¢ (x:z:w:b'; a}) is of the form f (z.ac (g (x.b.a}))) =« 0.
It is enough to show that f(o(c).ac(g(ap.b’.da}))) =0o(f(c.ac(g(as.b'.
ay)))). for which it is in turn enough to show that ac(g(as.b’.a})) =

a(ac(g(ay.b’.ay))). Since a; = a + - lift (@;) and a = al, + f - lift (&;) there

is a polynomial 4 (u,v, x, y,q) (with |u| = |v| = |q| = 1, |x| = |L]. |y| = |J]) such
that

h(aoo. aly. o - Nift (ay,) . - lift (ay) . b' — ap) = g (ay,. b'. a})

for i € {1,2}. As in the proof of Case 1, there are n, mgy, m;, my, m3, ms € N such
that

v (h (. aly. o - Lift (ay,) . B - 1ift (a}) . 0" — af))
= v (n) + mopo + miy1 + myys + mzys + msys

fori € {1,2}. Let h (u, v, x, y, q) be the sum of monomials in /z with degree my in u,
degree my in v, total degree m; in x, total degree mj3 in y, degree mis in ¢, and whose
coefficient has valuation v (n). That way

v (i (aoer a0 ift (ar) . B - it (a)) .5’ — a))
= v (n) + moyo + miy1 + myy + mzy; + msys, and
(h - iz) (o alo. - 1ift (f,) . B - Tift (@) . b - aé))
> v (n) + moyo + myyy + mayy + mzys + msys.

v

N
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Then h* (x,y) := ”(L‘an)ls is a non-zero polynomial in x, y. all coefficients having

n~um01)mlq

valuation 0, so it reduces under the residue map to a nonzero polynomial in x, y.
Since dy,.a’, are algebraically independent (by indiscernibility). it follows that
h* (ay,.ay) #0. so h* (lift (a;,) . lift (a})) has valuation 0, and hence its angular

component is its residue, h* (dy,. a}). We have

W (@, a5) =+ (o (@) .0 (a))) = o (A (a,. a) ) . thus

ac (I (ace. abo. o ift (dr) . B - ift (d7) ' - aj))

h (doo. al  Nift (g, 1ift (@) . b" — a!
T R e s e )
oo oo 0

=ac(n) (d(') - b')m5 h* (dr,.a}) = ac(n) <d6 - 5’)’115 o (F (ar,. d}))
= o (ac(n) (a5 -b') " 1 (. )
) J(ac (- a2 (af )™ o™ s (B~ ag)™) -

(/Z (@oo. aly Nift (ay,) . Tift (@) . b" — a6)> )
-ac

w-d (a5 ag)

= o (ac (I (ace. alo. - lft (ay) . B -lift (7). b’ - af)) ).

Since v ((h - iz) (oo ale. o - Tift () . B - Tift (@) . b - ag))
> (h (a0 dy. - 1ift (@) . B - lift (@) . b — af)) .
we have ac (g (ay,.0".ay)) = ac (h (ase. aly. o - lift (ay,) . B - lift (@) . 0" — ag))
= ac ( (dwe. aly. o - ift (1) . B -1t (a)) . b’ — af) ) hence
ac (g (a.b'.a7)) = ac (h (o, ale. o 1ift (ar) . B -1ift (7). b — aj) )
= (ac ( (doe. alo. o - ift () . f - 1ift (a5) b~ af) ) ) = o (ac (g (a5, 2. a5))
Case 3. Clear.

Case 4. ¢ (x:z:w:b':a)) is of the form Ju y (x:z.u;w:b’:a}). where u is a
variable of sort k, and the claim holds for w. If = ¢ (all;c;d;b’;a}), then &
w (an:c.e:d:b':a)) forsome e € k. Then we have = (ar,:0 (¢) .0 (e):d:b":a}).
so = (ap:o(c):d:b':aj)).

Case 5. ¢ (x:z:w:b':a}) is of the form Juy (x:z:w.u:b’:a}). where u is a
variable of sort I's. and the claim holds for y. If |= ¢ (aj,:c:d:b': a}). then =
w (ar:c:d.e:b’;a}) for some e € T'oo. Then we have |= v (ap,:0 (¢):d.e;b':a}).
s0 = ¢ (a0 (¢):d:b': a}). This concludes the proof of Claim 5.7.

5.5. Proof of Claim 5.8. Let ¢ (x:y;z;w;b;b’), 0;, a}, 7. T be as in the claim.

Case 1. ¢ (x:y;z;w:;b;b") is of the form ny-w+my-v(g(x,y.b,b")) <
ny-w-+my-v(h(x,pb,b")). It is enough to show that for any polynomial
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S (xpu ),

n ' (v (f (a0.ap.b.b")) = v (f (ai.ap.b.b")) =7 (v (f (ai.a}.b.b")))
for i, j # 0, because then

n -n(d)+my-v(g(ap.ap.b.b'))=n(n;-d+my-v(g(a;a).b.b))) and
ny-t(d)+my-v(g(ai.aj.b.b"))=1(n-d+m-v(g(a.apb.b")))

for i, j # 0, and likewise for n,, m», 1, and, as 7 and 7 preserve order, this implies

F e (ao:agoi(c):n(d):b:b") <= | (aiagc:d:b:b’)
— o (a:d] O’; (¢):1(d):b:b").
To show this, let f* (x, y.u,v) := f (x +u,y + v, u, v). By Claim 5.6 and the choice
of these elements, for i, j € Z, the valuations of a; — b, a;— —b’.b,and b’ are Z-linearly
independent (together with v (p) if the characteristic is mixed), and hence these are

valuationally independent. Let nx® y2u®v® be the monomial in f* (x, y,u,v)
minimizing v (n) + e;y2 + e2ys + e3yo + eay1, so that by valuational independence,

v(f" (@i =b.ag—b".b.b") = v (n) + e1pa + exps + espo + eapr.

This monomial is unique by linear independence (Claim 5.6). Since = and 7 preserve
order, this monomial also minimizes

n (v (n) + ey + exys + e3ypo + eayr) = v (n) + e1ya + eays + €30 + ea
=v(f*(ao—b,a,—b'.b.b")). and
T (v(n) +e1y2 +exys +e3po +eapr) = v (n) +e1y2 + exps + e3po + eay
=y (f* (ai fb,a_; fb’,b,b’)) fori. j #0.

Case 2. ¢ (x;y:z;w; b;b’) is of the form f (z,ac (g (x,y.b.b"))) = O.
It is enough to show that

01 (f (c.ac (g (ar.a b.5')))) = £ (o1 (¢) . ac (g (a0, b.5'))) and
o (f (c.ac(g (a;.ap.b.b")))) = f (a‘; (¢).ac(g (ai,a},b,b’))),

for which it is in turn enough to show that

a; (ac (g (ai.ap. b, b"))) = ac(g (ao. ay. b, b")) and
o} (ac (g (a;.ag.b.b"))) = ac (g (a;.a}.b.b")).

Leth(x,y,u,v) =g (x +u, y +v,u,v). Let nx™ y™2y™3y™4 be the (unique, by
Claim 5.6) monomial in % (x, y, u,v) minimizing v (n) + my, + mays + mayo +
myyy. so that by valuational independence. v (h (a; —b.aj—b'.b.b')) =v (n) +
myys + myys + msyo + mygy;. Since w and t preserve order, this monomial also
minimizes v (n) + myys + myys + msyo + may; and v (n) + myy, + mays + msyyo +
may1.
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Fori #0. ac(n(a; —b)"™ (aj—b")" 6™ (b')"™)
— ac (n) (ac (@) (d@ — do))™ (13’ - a())mz ac (as0)™ ac (a’,)™

=ac(n) (a; — ap)™ (b’ ~’)m2 .
Similarly, ac(n (ao—b)™ (aj—b")" b (b")™)
=ac(n) (13 - do)ml (13’ - dé)mz ac (as0)™ ac (al )™
—ac(n) (b~ ao)"” (- a())mz = o (ac () (@ — o)™ (' - )2) .
And for i, j # 0 we have ac (n (a; = b)" (a} - )" b (b’)m4)
= ac (n) (ac (a) (@ - d))™" (ac(B) (@} - @)™ ac (as0)™ ac(al,)™
= ac(n) (@ - )" (a) - &)™ = o} (ac (n) (@ - G)" (b' a)").-
Since v (h (a; —b.ag—b'.b.b") —n ( —b)™ (af — b")"™ b™ (b’ )m4)
>v(h(a; —b,al—b'.b.b")).
ac(h (a; —b.ag—b'.b.b")) =ac(n ( —b)" (ag—b")" b™3 (b')"™)
=ac(n) (@ - do)" (' - &
Likewise, v (h (ao — b.ag —b'.b.b") —n (ag—b)™ (af —b")"™* b™ (b)"™)
> v (h(ay—b,a,-b".b,b")), so
ac(h (ag — b.af—b'.b.b")) = ac(n (ag - b)™ (aj - b")"™ b (b")"™)

=0 (ac (n) (a; —aop)™ (b’ ”)mz) .
And v (h (a; —b.aj —b'.b.b") = n (a; — )™ (]~ b')" b™ (b')"™)
> v (h(a ~b.a] —b'.b.b")). so
ac (h (a; —b. a; - b'.b.b")) =ac (n (a; —b)™M (a; _ b’)m2 U (b’)m4>
= o} (ac (n) (@ ~ do)™ (B' - ~5)m2).

Since g(ai, a('), b, b/) = h(ai — b5 a6 — b/, b, b/), g(ao, aé, b, b/) — /’l(ao — b, (l(/) - b/,
b.b), and g (a,-,a;.,b,b') —h (a,» —b.d! —b’,b,b’), this is what we wanted to
show.

Case 3. Clear.

Case 4. ¢ (x:y;z;w;b;b") is of the form Ju v (x; y; z, u;w; b; b’), where u is a
variable of sort k, and the claim holds for .

For i, j #0. if = ¢ (a;zal:c:d:b:b). then = y (a;:al:c.e:d:b:b’") for some
e € k. Then =y (ao:ag ai(c).ai(e):n(d):b:b') and |= yl(a;:aj:al(c). a)(e):
t(d):b:b').s0 = ¢ (ag:afioi (¢):m(d):b:b')and = ¢ (ai;aj’.;o;. (¢):t(d) ;b;b’).
Note that each of these implications is reversible.
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Case 5. ¢ (x;y;z;w:b:b") is of the form Juw (x:y;z;w,u;b:b"), where
u is a variable of sort 'y, and the claim holds for w. For i,j #0, if
= ¢ (aiafic:d:b:b'), then =y (a;al:c:d.e:b;b’) for some e € I'n,. Then

=y (ao:al:oi (¢):m(d) .7 (e):b:b') and = l//(ai;a};aj’- (c);r(d),r(e);b;b’);

hence. = ¢ (ao:aj:oi (¢):n(d):b:b') and = ¢ (ai;a};aj’. (c):t(d) ;b;b’). Since
7 and 7 are bijective, each of these implications is reversible. This concludes the

proof of Claim 5.8, and hence of Theorem 5.1.
5.6. Some further applications of Theorem 5.1 and examples.

REMARK 5.10. Our proof of Theorem 5.1 also applies to any reduct of an
ac-valued field K whose residue field has a non-constant totally indiscernible
sequence to a language £ C Lpeper.pas Such that £ contains the relation v (x; — y1) <
v(xy—y2), and every L-formula is equivalent to a Boolean combination of
Lpenet-pas-formulas with no quantifiers of the main sort. This gives us further
examples of NIP theories that are not weakly semi-equational, such as:

(1) a Henselian valued field of equicharacteristic 0 whose residue field is
algebraically closed;

(2) an algebraically closed valued field (of any characteristic);

(3) the reduct of either of the above to a valued vector space or valued abelian
group;

(4) a generic abstract ultrametric space: a two-sorted structure (M, I'y.), with a
linear order < on I'y, that is dense with maximal element co € I'y, and no
minimal element, and a function v : M? — T'.. such that v (x, y) = oo <=
x=y,v(x,y)=v(y.x), and v(x,z) > max (v (x,y).v(y.z)), and such
that for every y € I' and a € M. there are (b;);. in M such that v (a.b;) =
v(bi.b;)=yfori,jeN.

ExaMPLE 5.11. Let K be a valued field (viewed as a structure in the language of
rings with a predicate for the valuation ring O), d € w and let F be the family of all
convex subsets of K¢ in the sense of Monna (equivalently, the family of all translates
of O-submodules of K¢). Then F is a definable family. and a formula defining it is
a semi-equation by [8, Theorem 4.3] and Proposition 2.16.

PrOBLEM 5.12. Is the field Q, semi-equational? It is weakly semi-equational by
distality.

§6. Weak semi-equationality in expansions by a predicate.

6.1. Context. We recall the setting and some results from [9] (as usual, below
x.y.z denote arbitrary finite tuples of variables). We start with a theory T in
a language £, and let £p := LU {P(x)}. where P is a new unary predicate. Let
Tp :=The, (M, A), where A is some subset of M (interpreted as P). We fix some
monster model (M', A") = (M, A) of Tp. An Lp-formula w(x) is bounded if it is
of the form Qyyo € P... Oy, € P (x.y), where Q; € {3.V} and ¢ (x,y) € L. We
denote the set of all bounded Lp-formulas by £5 and say that the theory Tp is
bounded if every Lp formula is equivalent modulo 7p to a bounded one. Finally, for
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L C L' C Lp(M) we denote by Ajyq(zry the £'()-induced structure on 4. i.e.. the

structure (A; (Rw(x))w(x)eﬁ,) with R, = {a € AN . (M. A) |= p(a)}.

REMARK 6.1. (1) Thestructures 4, (£hae) and Ajq(c) have the same definable

subsets of A", for all n € w. Indeed, given w(x) = Qoyo €P...0,y, €
Py (x.y) with (x.y) € £3%. Then R,(A) can be defined in Ajng(z) by

Q0y0 - Onyu Ry (x. ).
(2) If Tp is bounded. then clearly Ainq(z,) and 4, a( b have the same definable

subsets of 4", for all n.

Fact 6.2. (1) [9. Corollary 2.5] Assume that T is NIP, Aing() is NIP. and Tp
is bounded. Then Tp is NIP.

(2) [9, Corollary 2.6] In particular, if T is NIP, A < M, and Tp is bounded, then
Tp is NIP.

Some results on preservation of equationality under naming a set by a predicate
are obtained in [24]. As pointed out in [18], the exact analog with distality in place
of NIP is false:

Fact 6.3 ([18, Theorem 5.1] and the examples after it). The theory of dense pairs
of o-minimal structures expanding a group is not distal (even though it is bounded and
the induced structure on the submodel is distal). Their proof shows that the formula
¢ (x,y)=-3u € P(x =u+y) is not a weak semi-equation in the theory of dense
pairs.

In this section we show that at least weak semi-equationality of 7p can be salvaged.
We will need the following properties of indiscernible sequences and definable sets
with distal induced structure.

Fact 6.4 [3, Proposition 1.17]. Let T be NIP, and let D be an (-definable set.
Assume that Ding is distal. Let (¢; : i € Q) be an indiscernible sequence of tuples in M
and let a tuple b from D be given. Assume that (c; : i € Q\ {0}) is indiscernible over
b, then (c; : i € Q) is indiscernible over b as well.

LEMMA 6.5. Assume T is NIP and D is an (-definable set with Dy,g distal.
Let (a; ;i € Q) be an 0-indiscernible sequence, b such that (a; : i € Q\ {0}) is b-
indiscernible, and ¢ € D arbitrary. Then we can find a sequence (¢; : i € Q) such
that:

e ajc; = ajc foralli € Q\ {0},

e (ajc;i 1 i € Q) is O-indiscernible, and

o (ajci : i € Q\ {0}) is b-indiscernible.

PrOOF. By b-indiscernibility of (¢; : i € Q\ {0}), Ramsey, compactness, and
taking automorphisms we can find a sequence (¢; : i € Q\ {0}) in D such that
(ajc; : i € Q\ {0}) is b-indiscernible and a;c; = a;c foralli # 0. It remains to find
a ¢o € D such that (a;¢; : i € Q) is (-indiscernible. Let I C Q \ {0} be an arbitrary
finite set and let ao:= (a; :i € I). Let ¢ > 0 in Q be such that I CQ\ (—¢,¢).
For each i € Q, let a! := (a;. dp) and consider the sequence (a! :i € (—e.¢)). Itis
(-indiscernible since the sequence (a; : i € Q) is, and moreover (a/ : i € (—e.e) \ {0})
is indiscernible over (¢; : i € I) C D (since the sequence of pairs (a;¢; : i € Q \ {0})
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is indiscernible). Then by Fact 6.4 we have that (a! :i € (—e.€)) is indiscernible
over (¢; : i € I'). In particular, there exists an automorphism ¢ sending a% to
2

and fixing (¢; : i € I'), hence sending as to ag and fixing (a;c; :i € I). As by
assumption (a;c; i € Li<—¢g)+ (a%c%> + (ajc; 11 € Li > ¢) is indiscernible,

applying ¢ we have that there is ¢y := ¢ (c%> € D such that (a;¢c; ;i € Li<—¢)+

(apCo) + (ajc; i € I,i > ¢) is indiscernible. As I was arbitrary, we can then find ¢
as wanted by compactness. -

DEFINITION 6.6. A theory Tp is almost model complete if, modulo Tp, every Lp-
formula y (x) is equivalent to a Boolean combination of formulas of the form
Jyo € P... 3y, 1 € Py (x.y). where ¢ (x, p) is an L-formula.

THEOREM 6.7. Assume that T is distal, Aina(r) is distal, and Tp is almost model
complete. Then Tp is weakly semi-equational.

PrOOF. We know by Fact 6.2 that Tp is NIP. As 7p is almost model complete, so
in particular bounded, by Lemma 6.1(1) and (2) the structures Aina(zp) and Aing(z)
have the same definable subsets of A", for all n. Hence the full structure induced on
P in Tp is distal, so Lemma 6.5 can be applied to Tp with D := P.

Let (M’, A") be a sufficiently saturated elementary extension of (M, A) = Tp. As
Tp is almost model complete by assumption, it is enough to show that every formula
in Lp of the form

p(x,y)=3z0€P...3z, 1 €EPy (x,y.2).

where v (x, x, z) € L, is a weak semi-equation in 7p.

To check Definition 1.2, assume (using Remark 2.1) that we are given an Lp-
indiscernible sequence of finite tuples (¢; : i € Q) and a finite tuple b, both in M’,
such that the sequence (a; : i € Q \ {0}) is Lp (b)-indiscernible and |= ¢ (a;, b) for
all i # 0. In particular, there is some tuple ¢ in P such that |= w (a;, b, ¢) holds.
By Lemma 6.5 applied in Tp with D := P, it follows that there is a sequence
(¢; 1 i € Q) with ¢; € P such that (a;c; : i € Q) is Lp-indiscernible, (a;c; : i # 0)
is Lp (b)-indiscernible and a;¢; z}f*’ ayc for i # 0. In particular | v (a;, b, ¢;) for
i #0.Buty’ (x,z;y) :=w(x,y.z) € Lisasemi-equation in 7T as T is distal, hence
E v (ao, b, ¢p), and so = ¢ (ag, b) holds—as wanted. -

COROLLARY 6.8. Dense pairs of o-minimal structures, as well as the other examples
discussed after [18, Theorem 5.1], are weakly semi-equational.

ProBLEM 6.9. (1) In Theorem 6.7, can we relax the assumption to “T and
Aing(c) are weakly semi-equational?”

(2) Is there an analog of Theorem 6.7 for semi-equationality? Even a general
result for equationality seems to be missing (the argument in [24] for belles
paires of algebraically closed fields is specific to algebraically closed fields).
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