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Introduction

Throughout this note A denotes a ring with identity, and ‘‘ module *” means
“left unitary module ”. In (2), C. Yohe studied elemental annihilator rings
(e.a.r. for brevity). An e.a.r. is defined as a ring in which every ideal is the
annihilator of an element of the ring. For example, a semi-simple, Artinian ring
is an e.a.r. A is a le.a.r. (left elemental annihilator ring) if every left ideal
is the left annihilator of an element of the ring. A r.e.a.r. (right elemental
annihilator ring) is defined similarly.

C. R. Yohe has proved (2, Theorem II): Let A4 be a semi-prime ring. Then
the following properties are equivalent:

(i) Ais both ale.ar. and ar.c.ar.

(ii) A is a l.e.a.r., and has ascending chain condition on right annihilators.

(ii) 4 is a direct sum of matrix rings over division rings.

This short note answers the following question raised in (2, p. 1348): what
are the consequences of removing the e.a.r. condition from one side in the
statement of the above theorem? We prove that the theorem is valid with the
e.a.r. condition on one side only. We also prove that a regular le.a.r. is
semi-simple Artinian,

Let us recall:

(a) A submodule N is essential in a module M if, for any submodule P
of M, NnP =0 implies P = 0. We write L(M) for the lattice of
essential left A-submodules of M.

(b) Z(A) = {x € A | the left annihilator (0 : x) is essential in 4} is the (left)
singular ideal of 4.

(c) A is semi-simple Artinian if and only if every 4-module is injective.
(See, for example (1).)

We say that 4 is a *‘ L.s.a.r.” if every essential left ideal of A is the annihilator

of some subset of A. Thus a l.e.a.r. is a l.s.a.r.

Theorem 1. Let A be a ls.ar. with Z(A) = 0. Then A is semi-simple
Artinian.

Proof. Let M be an arbitrary module with injective hull £. For x e E,
(M : x)e L(4). For if J is a non-zero left ideal of A4, then either Jx =0,
which implies J = (M : x)nJ, or Jx # 0, in which case MnJx # 0. Therefore
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(M : x)nJ # 0 which proves that (M : x)e L(4). By hypothesis, (M : x)
is the left annihilator of some subset S of 4. Thus (M :x)=(0:S). Ifte S,
then (M : x) £ (0 : t) which shows t € Z(4) = 0. Hence S = 0 which proves
that x e M and M is therefore injective. A is therefore semi-simple Artinian.
Corollary. A (von Neumann) regular, lLe.a.r. is semi-simple Artinian.
Proof. Since A4 is regular, Z(4) = 0. We now prove our main result.
Theorem 2. If A is a semi-prime l.s.a.r., then A is semi-simple Artinian.

Proof. Itis sufficient to show that Z(4) = 0. Theorem 1 then applies. We
assume Z(A4) # 0 and derive a contradiction. Let 7 be maximal in the family
of left ideals whose intersection with Z(A4) is zero. Then Z(4)@Ie L(A).
Now Z(A)@I = (0: T) for some subset T of A. If T =0, Z(A)I = A.
Since Z(A4) is a direct summand of A, Z(A4) = Ae, where e = e. Then
(0 : e)nAe = 0 which contradicts e € Z(A). Hence T s 0. If 0 # we T, since
(Z(aI) = (0 : w), we Z(A4) which implies

(Aw)? < Z(A). Aw = Z(A) .w = (Z(A)DI) . w = 0,
which contradicts 4 semi-prime. This proves Theorem 2.
Corollary. A semi-prime, l.e.a.r. is semi-simple Artinian (see (2, Theorem 2)).

Remark. If A is a le.a.r. and r.e.a.r., then A is a principal ideal ring in
which every regular element (i.e. every non-zero-divisor) is invertible.

Proof. The fact that A is principal is implicit in the proof of (2, Theorem 1).
Let ¢ be a regular element of 4. Then Ac = (0: b), some be A. Since ch = 0,
b = 0 which proves Ac = A. Similarly, c4 = A which proves c¢ is invertible.
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Note added in proof

This problem has also been considered by J. K. Luedemann, Math. Ann.
185 (1970), 309-314.
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