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Extreme Pick-Nevanlinna Interpolants

Stephen D. Fisher and Dmitry Khavinson

Abstract. Following the investigations of B. Abrahamse [1], E Forelli [11], M. Heins [14] and others, we
continue the study of the Pick-Nevanlinna interpolation problem in multiply-connected planar domains. One
major focus is on the problem of characterizing the extreme points of the convex set of interpolants of a fixed
data set. Several other related problems are discussed.

Introduction
Let zy, . .., z, be n+ 1 distinct points in a bounded domain € in the complex plane. If n+ 1
complex numbers wy, . . ., w, are given, the classic Pick-Nevanlinna interpolation problem

is to determine whether there is an analytic function f on 2 that is bounded by one and
that interpolates this data: that is,

(1) f(zj))=wj, j=0,...,nand ||f]c < 1.

The linear fractional transformation w — fi—VV“V converts the class of analytic functions
bounded by one on 2 into the class H,(£2) of analytic functions with positive real part
on (2. Hence, the interpolation problem (1) is equivalent to determining if the set M =

M(o, . - . , Cu) defined by

1 .
) M:{gemm):g(z,-):cj:lif;‘,]:o,...,n}
)

is non-empty. If this is the case, then M is both convex and compact.

When () is the open unit disc A = {z : |z| < 1}, there is a simple necessary and
sufficient condition that M be non-empty; moreover, it is also known when there is just one
element in M. For all of this and more, see, for instance, the book [6] by P. Duren or [8].
Under the normalizations that z, = 0 and that g(0) = 1, M. Heins [14] demonstrated
that if Ml has more than one element, then its extreme points are precisely those members
of M that map A onto the right half-plane with constant valence k, where k is any integer
between n+ 1 and 2n + 1.

We also consider the more general case when §2 is a domain whose boundary I' consists
of p + 1 disjoint analytic simple closed curves, I'y,...,I',; the case p = 0 corresponds,
of course, to the unit disc A. For a multiply-connected domain 2 of this type, B. Abra-
hamse [1] determined the necessary and sufficient condition that M is non-empty and, as
well, when there is just one interpolant; see also [8]. F Forelli [11] characterized the ex-
treme points of M in the case when n = 0 (and {, = 1). His result is that the extreme

Received by the editors August 29, 1997.

Research supported in part by National Science Foundation grant DMS 97-03915.
AMS subject classification: 30D50, 30D99.

(©Canadian Mathematical Society 1999.

977

https://doi.org/10.4153/CJM-1999-043-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-043-5

978 Stephen D. Fisher and Dmitry Khavinson

points of M are also functions of constant valence p + 1. We investigate both of these cases
further. Our analysis is most complete and our conclusions sharpest on the open unit disc
and so we devote Section 1 to this. Sections 2 and 3 contain extensions and generalizations
of these results to finitely-connected domains.

The Pick-Nevanlinna theorem in the unit disc has applications in circuit theory [5] and
the theory of n-widths of sets of analytic functions [10], among other places. It would be
interesting to see if the extensions elaborated here for multiply-connected domains have
similar applications.

1 The Unit Disc

A denotes the open unit disc in the complex plane and T its boundary, the unit circle.
H® denotes the space of bounded analytic functions on A with the supremum norm. H'
consists of those analytic functions f on A for which the quantity

2m
sup{/ |f(re®)|df:0 < r < 1}
0

is finite. Each f € H' has boundary values on T and we may equivalently describe H' as
those functions f € L!(T, df) whose negative Fourier coefficients are zero. Yet again, H'
consists of those L!(T, df) functions that have an analytic extension to the open unit disc
A. Hj} consists of those elements of H! that vanish at the origin (or whose mean-value over
T is zero.) The quotient space L' /H} is the pre-dual of H> when all the spaces in question
are viewed on the unit circle T. Finally, a function in H is inner if its boundary values
have modulus one a.e.

Definition A Blaschke product of degree m, m > 1, is an analytic function B of the form

Z—ﬂj .
, A =1, i€ A =1,...,m.
1 —ajz || i J "

(3) Bz) =[]
j=1

By definition a Blaschke product of degree 0 is a unimodular constant. We denote the set of
all Blaschke products of degree n or less by B,,. B, is compact in the topology of uniform
convergence on compact subsets of A.

Proposition 1

(a) LetR > landlet Q) = {z:1/R < |z| < R}. Suppose that G is analytic on Q. Then there
is a unique function h that is the best approximation to G in L'(T, d0) from H}; further, h
is analytic in the disc {z : |z| < R}. Moreover, there is a Blaschke product B of some finite
degree such that B(G+h) > 0 on the unit circle T. Any zero of G+ h on'T has even order.

(b) Suppose u € L'(T,d0) is not in H}. If there is an H} function h and an inner function
I € H* with

(4) Iu+h) >0 aedlonT

then (i) h is the best approximation in L' (T, d) to u from H} and (ii) 1 is the unique
solution to the extremal problem: sup{Re [ufdf: f € H®,|/f|lo < 1}.
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Proof (a) The existence and uniqueness of the best approximation in L' (T, df) to G from
H\} is standard; see [6; Chapter 8]. If I is this best approximation, then there is an analytic
function B € H* with

(5) B(G+h)>0and |B| =1, botha.e. df.

It now follows that both B and G + h are analytic across the unit circle T (see, for instance,
[22; Lemma 4.5]) and hence that B is a finite Blaschke product of some degree. Since G is
analytic in the region {z : 1/R < |z| < 1}, the reflection principle establishes that B(G + h)
is analytic in the region {z : 1 < |z| < R}. But G is already analytic in this same region
and B is rational with no zeros in this same region. Hence, G + h and, therefore h, are both
analytic in this region. Moreover, B(G + h) > 0 on T and hence any zeros of B(G+ h) on T
have even order. But B has no zeros on T and so the zeros of G + h (if there are any) have
even order.
(b) For f € H*® and || f|| < 1, we have

Re/ufd&zRe/(u+h)fd9§/|u+h\d0:/I(u+h)d9:Re/uId9.

Moreover, forany g € Hj), [ |u+g|d0 > [I(u+g)d0 = [I(u+h)dd = [ |u+ h|d6.

The following result, which characterizes the boundary points of A when the domain 2
is the open unit disc A is well-known; see [18] and the references therein. We give a proof
that highlights the role of the number of zeros of particular functions associated with the
solution that will be important in Theorem 3.

Theorem 2 Let zy, . . ., z, be n + 1 distinct points in A \ {0} and set

A= {(f(20)7~~-7f(zn)) : ||f||oo S 1}

A point P = (F(zo), e ,F(zn)) lies in the boundary of A if and only if F is a Blaschke product
of degree n or less.

Proof P isin the boundary of A if and only if there are complex scalars ¢, . . . , ¢, not all of
which are zero with

Re Z ¢;F(z;) > Re Z ¢if(zi) forall fin the unit ball of H*.
i=0 i=0

By replacing f by unimodular multiples of itself, we see that the quantity Re ., ¢;F(z;)
is positive. Set

(6) G =Y a—
i=0

Z—2Z

so that the inequality in the third line of the proof may be rewritten as

/ F(e”)G(e") df > Re / f(€)G(e?)dh, forall f in the unit ball of H>.
T T
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The kernel G is analytic in an annular region ry < |z| < 1/ry, 1o = max|z]|. Let h be
the best approximation to G in L'(T, df) from H} and let B be the Blaschke product from
Proposition 1(a). Proposition 1(b) implies that F = B. Let Ay, ..., A, be the distinct zeros
of G+ hon T of respective orders 2m,, ..., 2m,; let m = Zf;l m;. Finally, consider

R(2) = B(2)(G(2) + h(2)) H(m) -

Ris rational on a neighborhood of the closed unit disc and positive on the unit circle T. The
argument principle then implies that R has equally many zeros as poles in A. However, R
has as many poles as there are non-zero coefficients ¢; and so certainly no more than n + 1.
G + h has at least one zero at the origin and s zeros on A \ {0}. Hence, R has at least
m + 1 zeros at the origin and s other zeros on A \ {0}; B has d zeros on A. This gives
stm+1+d<n+1lor

(7) s+m+d<n.

Evidently, (7) implies that d < n. This shows that each point in the boundary of A arises
from a Blaschke product of degree at most n.

To prove the converse, let B be a Blaschke product of degree # or less. Suppose that the
point P = (B(zo), .. ,B(zn)) lies in the the interior of A. Then there is a scalar p > 1 so
that pP € OA. By the first part of the theorem, there is a Blaschke product C of degree n
or less with C(z;) = pB(z;), j = 0,...,n. However, |(C — pB) + pB| = 1 < p = |pB| on
the unit circle T. By Rouché’s theorem, C — pB and pB have equally many zeros in A. But
C — pB has at least n + 1 zeros while B has at most n. This contradiction establishes that
P € OA.

Theorem 3 Let Tp be the set of supporting hyperplanes at a point P = (B(z), . .., B(z,)) €
OA. The degree of B is n if and only if Tp has a single element (up to scalar multiples). If B has
degree d, d < n, then ¢ € Tp is an extreme point of Tp if and only if G + h has no zeros on A
and 2(n — d) zeros on the unit circle T.

Proof We note first that if the degree of B is precisely n, then (7) shows that G + h has
no zeros in A \ {0} and none on the unit circle T and all the coefficients ¢; must be non-
zero. Suppose now that B has degree exactly n and that ¢, d € C"*! both give supporting
hyperplanes at P with Z?:o ¢jB(zj) = Z;l:o diB(zj) = p > Re Z?:o ¢jf(zj) forall f in
the unit ball of H*. Let

- z
Gi(a) = ¢ —
=0

and Gy(2) =

Let hy, h, be the best approximation to Gy, G,, respectively, from H}. Then B(G; + h;) > 0
on the unit circle T, i = 1, 2, all the scalars ¢y, . . ., ¢, and dy, . . . , d, are non-zero, and both
G| + h; and G, + h; are zero-free in A. Hence, (G; + h1)/(G, + h,) is analytic on A (their
poles cancel) and positive on the unit circle T. Thus, this function is identically constant.
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The constant must be one since G; + h; and G, + h, have the same L' norm. From this, it
follows easily that ¢; = dj, j = 0,...,n. Suppose that P = (B(zo), ... ,B(zn)) where B has
degree d, d < n. Assume first that G + h has 2(n — d) zeros on the unit circle T (and hence
nonein A). If G+ h = %(Gl +hy) + %(Gz + h,) where G; + h; € Tp,i = 1,2, then G; + h;
and G, + h, have the same argument on T and simple division shows that both G, + h; and
G, + h, vanish at the zeros of G + h on T to at least the same order as G + h. Hence, the
zeros have exactly the same order (since s+ m +d = n) and so (G, + h;) /(G + h) is analytic
on A and postive on T. Thus, this rational function is constant and because the L' norms
of these functions are the same, the functions coincide. Therefore, G = G, = G, and G+ h
is an extreme point of Tp.

Suppose next that B has degree d < n. Let &,...,&; be any d + 1 points from among
Zg, . .., 2y. By Theorem 2, there are scalars ¢, . . ., ¢; (none of which are zero) such that

d d
> ciBE) = Re Y cif(€))
j=0 j=0

n

for all f in the unit ball of H*. Since the points &, ..., £; may be chosen in (dﬂ) ways,
there are many different supporting hyperplanes at (B(zo), e ,B(zn)).

To see the assertion about the extreme points, let B have degree d, d < n, and suppose
that ¢ gives an extreme point of Tp. The function R = B(G+h) is rational and non-negative
on the unit circle. Hence, it has the form

[Tz = ¢ = 2 TTE (2 — wo (1 — zim)

® Rie) = Az M — 200 — )

where (1, ..., (y are the zeros of B, wy, ..., w,_, are some points in the closed unit disc,
and A > 0. For a polynomial P = Az™ szl (z — zj), z; # 0, we introduce the notation

d
(9) P*(z) = 2""P(1/z) = A" [ (1 - 2z)).
j=1

Let Q(z) = Hz;ld(z — w); we write Q = Q;Q, where all the zeros of Q; lie on T and all
the zeros of Q; lie in A. Suppose the degree of Q, is r > 0; consequently, there is a positive
number & so that |Q,> — § > 0 on T. Let 7(e"") = ay + a, cos rt where ay, a, are real, not
both zero, and chosen so that

(10) Q)P £72>0 onTand/T\Q1|2 ID| =0
T

where B
M5, (z— ¢ —2C))

D@ =Aemm 0=z
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By the Riesz-Fejer theorem, there are polynomials (in z) S; and S, of degree r with all their
zeros in A such that |Q,|* + 7 = [$1]* and |Q,|* — 7 = [S,|* on T. Hence,

(11) Si1(e")S1(e") = e"[Si(e")]P = Qu(e") Q5 (e") + e r(e")
and
(12) $,(e")S5(e") = e™[Sy(e")[* = Qu(e") Q5 (e") — €7 (e").

Define Ry = DQ;Q}S$,ST and R, = DQ,Q}S,S5. Then R, and R; both give supporting
hyperplanes at P, %(Rl +R;) = R,and R; = B(G;+h;), j = 1,2 for appropriate coefficients
and functions hy, h, € H}. This contradiction shows that Q, must be constant; that is, all
the zeros of G + h lie on the unit circle if ¢ is an extreme point of Tp. To complete the proof
we note that if Q; has r < n — d zeros on T, then there is a non-constant polynomial S of
degree n — d — r with 1 & |S|> > 0 and so (just as above) there are polynomials S, S, of
degree n — d — r with all their zeros in A so that |S;|*> = (1 + [S]?) and [S,]* = (1 — |S]?);
set Ry = DQ1 Q7S ST and R, = DQ;Q7S,S;; then %(Rl + R,) = R. This contradicts the
fact that R is an extreme point.

Conversely, suppose that G + h has n — d zeros on T (and hence no zeros in A \ 0). If
G+h= %(Gl + hy) + %(Gz + h,) where both Gy + hy and G, + h, produce supporting
hyperplanes at P, then B(G; + hy) > 0 and B(G, + h;) > 0 on T and thus the zeros of both
G1 + hy and G; + h; lie at the zeros of G + h. This also implies that G; + by and G, + h; have
no zeros in A. The quotient (G; + h)/(G, + h) is therefore analytic in a neighborhood
of the closed disc and real (in fact, positive) on the unit circle. Thus, it is constant and so
G1 + h; and G, + h; are both multiples of G + h.

2 Finitely-Connected Domains

Let Q2 be a bounded domain whose boundary I' consists of p + 1 disjoint analytic simple
closed curves. We fix a point ¢, € §2 and let w denote harmonic measure on I for t5. On T’
we have

(13) dw = LQ'(Z) dz
21

where Q = G + iH, G is the Green’s function for {2 with pole at ¢y, and H is the harmonic
conjugate of G; see [8, p. 89]. Q' has precisely p zeros in ) at, say, {(1,...,(,}; these
are called the critical points of G. Q’ has a single pole of order one at #,. H> denotes the
space of bounded analytic functions on €2 with the supremum norm. Each function in H*
has boundary values a.e. w on I'. H! consists of those analytic functions f on Q whose
modulus has a harmonic majorant on 2. The norm of f is the value of its (unique) least
harmonic majorant at the point t,. Each f € H' has boundary values a.e. w on I' and
the mapping from f to its boundary values is an isometry of H' onto a closed subspace
of LI(T', w). Hence, we may equivalently describe H' as those functions f € L'(I',w) that
have an analytic extension to 2. H] consists of those functions f € H' that vanish at
to; equivalently, the mean-value of f over I' with respect to w is zero. Here a significant
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difference between A and (2 appears: there is a linear space N of dimension p that consists
of all bounded measurable functions u on I" that satisfy

(14) /uRe(h)dw:O
r

forall h € H'. N is the Schottky space of ) and is spanned by p functions Qy,...,Q,
called the Schottky functions. Each Qj; is real on I' and has a meromorphic extension
to a neighborhood of the closure of 2. Indeed, we can be more specific. Set Py(z) =

Hle (z —(;) where {1, ..., (,} are the critical points of the Green’s function with pole at
to. Then
(15) Qk:Hk/Po, kZl,...,p

where Hj is analytic on the closure of {2 and vanishes at t,. The predual of H* is
LY(T,w)/(N + H}) when all these spaces are considered on T'.

Definition A Blaschke product of degree r on € is a bounded analytic function B whose
modulus satisfies

(16) —log|B(2)| = g(zwi)

k=1

where g(z; w) is the Green’s function for 2 with pole at w € 2. We let B, denote the set of
Blaschke products of degree r or less.

In contrast to the open unit disc A, the location and number of the zeros of a finite
Blaschke product on €2 are not arbitrary. The radial Cauchy-Riemann equations imply that
the argument of finite Blaschke product is an increasing function on each component of
the boundary of Q. Hence, the argument must increase by an integer multiple of 27. Thus,
it is necessary that r > p + 1. Next, the increase in the argument of B along a component
[ of I'is 2w 22:1 w;(wy) where w;(w) is the harmonic measure for I'; relative to w € §;
that is, the value at w of the harmonic function whose boundary values are 1 on I'; and
zero on the other components of I". Hence, in order to be single-valued it is necessary (and
evidently sufficient) that

r
(17) ij(wk) is a positive integer, j=0,...,p.
k=1
Quite clearly, (17) can not hold for all selections of points wy, ..., w, in Q even when r >
p+1.

The double of (2, denoted by Q, is formed by gluing a second copy 2* of Q2 to 2 along
their common edges. Qisa compact Riemann surface of genus p. A meromorphic function
h on ) that is real-valued on I extends to be meromorphic on Q by f(z*) = f(z). Likewise,
if ¢ is meromorphic (or analytic) on a neighborhood of the closure of 2 and unimodular
on T, then g has an extension to Q given by the rule g(z*) = 1/g(2).
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The following theorem is a partial analogue of Theorem 3. Its main result is well-known;
see [13], [18], and [8, Theorem 5.4.1, p. 130].

Theorem 4 Let z, . ..,z,,n > 1 be distinct points in Q\ {(y,...,(,} and set

(18) A={(f(z0), .- f@) : [ flloo < 1}

A point P = (wy, . .., wy) lies in the boundary of A if and only if there is exactly one function
in the unit ball of H* that interpolates the data wy, ..., w,. If this is the case, then P =
(F(zo ) R F(z,,)) where either F is a unimodular constant or F is a Blaschke product of degree
at most n + p. If the degree of F is p + n, then there is a unique tangent functional to the
boundary of A at P = (F(zo), .. ,F(z,,)).

Proof The first equivalence is Theorem 5.4.1, p. 130 of [8]. Let us assume that P is not

the same unimodular constant repeated n + 1 times. If P = (F(zo), .. ,F(z,,)) lies in the
boundary of A, then there are scalars ¢, . . . , ¢, not all of which are zero, with
n n
(19) Re > ¢F(zj) > Re Y cif(z)), |lfllo < 1.
j=0 j=0
Let

. 1
G(z) = ch —.
P

Use the Cauchy integral formula and the relationship Q'dz = —27i dw, to rewrite this as

(20) /F (GF/Q')dw > ‘ /F (GF/Q') dw

v fllee < 1.

Let u be the best approximation to G/Q’ in L' (', w) from H} + N. Then

(21) F(G/Q'+u) >0ae. dvonT.

However, we know that u = h/Q’ where h € Hj. Thus, we learn that

(22) F(G+h)/Q" > 0ae. dwonT.

It is standard that (22) then implies that h and F are analytic in a neighborhood of the
closure of € and that F is unimodular on T; that is, F is a finite Blaschke product of some
degree d. Let G + h have 2m zeros on I" and s’ zeros on 2. Let n’ be the number of non-
zero coefficients ¢;, so that n’ < n + 1 and n’ is the degree of the rational function G.

Then R = (G + h)/Q’ has n’ + p poles, s’ zeros on 2, and 2m zeros on I'. Because FR is
meromorphic on the double (2, a compact Riemann surface, we find that

(23) 2m+2(s" +d) =2(n" + p).
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Hence, s’ +d+m < p+n+1. Welet s be the number of zeros of R on Q\ # so that s’ > s+1
and we obtain

(24) s+d+m< p+n.

Evidently, this implies that d < p + n. Since a Blaschke product on (2 is single-valued only
if its degree is p + 1 or more, we see that each boundary point of A arises from a Blaschke
product of degreed, p+1 <d < p +n.

Suppose now that the degree of F is exactly p + n. Then (23) implies that m = 0, s’ = 1
and n’ = n + 1. If there is another supporting hyperplane at P, then the corresponding
rational function R; has no zeros in {2 \ # and, as well, none on I". The ratio R/R; is then
analytic on 2 and positive on I and therefore constant.

Example 1 When p > 1, the converse implication of Theorem 4 may fail; that is, it is pos-
sible to find a Blaschke product B of degree p + n so that the point P = (B(zo), ... ,B(zn))
lies in the interior of A rather than on the boundary. For instance, on €2 there is a Blaschke
product B of degree p + 1; one such Blaschke product is the Ahlfors function; see the end
of Section 3 or [8, Section 5.1]. Take n = p and let the points z, ..., z, be the zeros of B.
Then the degree of Bis p+1 < 2p = n+ p while P = (B(zo), ... ,B(zn)) =(0,...,0) lies
in the interior of A. (Recall that the origin is always interior to A since, for instance, it has
many different interpolants from the unit ball of H*; ¢f. Theorem 4.)

Remarks 1. It would be very interesting to give an intrinsic characterization of those
Blaschke products B of degree n + p or less for which the point P = (B(zo), cee B(zn)) lies
in the boundary of A.

2. Suppose that n > p + 1. A simple application of Rouché’s theorem shows that if B
has degree 7 or less, then P = (B(zo), .. ,B(zn)) lies in the boundary of A.

3. A different way of formulating the Pick-Nevanlinna interpolation problem on mul-
tiply-connected domains is explored in [9].

The convex compact subset A of C"*! defined in (18) is carried homeomorphically onto
a closed (unbounded) convex subset A’ in C"*! by the map

1+ 1+w,
CI)(WO,...,WH)—< i W>.

1—wy 1 —w,

Moreover, each point of A’ arises from an analytic function g whose real part is positive
on Q and, conversely, each such function gives a point of A’. The homeomorphism carries
the boundary of A onto the boundary of A’. Thus, investigating those Blaschke products
that give rise to boundary points of A is equivalent to investigating those analytic functions
with positive real part that give rise to boundary points of A’. This is what we now set out
to do.

We begin with a discussion of the Poisson kernel for a point z € . Let dw be the
harmonic measure on I' for the point ¢y; then the harmonic measure dw, for a point z € )
has the form

du,(€) = P(€,2) dw(€) = (L " 1@(5)) 3
&E—z 2mi
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where F, is analytic on a neighborhood of the closure of §2; for this, see [8]. We now apply
(13) to obtain

PE,2) = —— (L +Fz(s>> .

Q') \§—z
This implies that P({, z) has a meromorphic extension to Q with a zero at ty and poles at
z and the critical points of the Green’s function {(;, ..., (,} and corresponding zeros and

poles at the reflections of these points.

Let u(z) be a positive harmonic function on 2. Then there is a unique positive measure
1 on the boundary I of €2 such that

(25) u(z) = / P(¢,2) du(é).
I

If u = Re g where g is analytic on €2, then there is another restriction on u. Because g is
analytic on €, u has a single-valued harmonic conjugate on all of 2 and so we must have

(26) [ Q@ e =ok=1.....p

where Qy, ..., Q, are the Schottky functions described earlier. The function g therefore
has the representation

27) g = [ 2.2 due)

where

(28) P(&,2) = P(§,2) +iP(§,2)

and P(¢, z) is the real-valued function on I' satisfying

(29) /(Re f(f))ﬁ(f,z) dwy(§) =1Im f(z), f€ H*(Q) and Im f(t) =0.
r

The function ﬁ(g , ) has the form:

(30) P(&,2) =

1 1
© (E +H(5))

where H is analytic on the closure of 2. To see this, note that (29) gives
/ h(E)P(E,2) dw(€) = —ih(z), he H3(Q)
r

and so P — iP is orthogonal to H2 and therefore has the form

p
P/—l.P:g-f—ZCij

=1
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where g lies in H?. When we use (15) and the known form of P, we obtain (30). In particu-
lar, we learn that ﬁ({, z) has a meromorphic extension to Q with polesat {z,(i,...,¢p}»a
zero at tg, and corresponding poles and zero at the reflections of these points, since P(¢, z)
isrealonT.

Notations and Remarks (1) M{ denotes the convex cone of those non-negative measures
on I that satisfy the p homogeneous conditions (26). We shall henceforth assume that all
the analytic functions g with non-negative real part on 2 are normalized by the condition
Im g(t;) = 0. With this assumption, every analytic function on 2 whose real part is positive
is obtained from an element of M by convolution with the family of Poisson kernels and
visa versa.

(2) We shall assume that the first interpolation point z, coincides with the base point
to; this does not reduce the generality of our results but does simplify some of the notation
since the Poisson kernel for ¢, is identically 1. This assumption and (1) imply that the first
entry in the (n + 1)-tuple used in determining A’ is a positive real number.

(3) Recall again that the points z, . .., z, liein Q \ {(;,...,(,}. We define 8 to be the
real span of the 21 + p + 1 linearly independent functions

17P(£7zl)7 R 7P(£azn)7ﬁ(§azl)a R 7§(§azn)7Q1(§)a . 7Qp(§)

Every function in 8§ is real on I" and has a meromorphic extension to {2 with at most simple
poles among the points zy, . . ., 2,4, (1, . . ., { and their reflections. Conversely, if / is mero-

morphic on Q with simple poles among z, ..., z,, (1, - - ., {, and their reflections and A is
real-valued on T, then h € 8.

The following result is a special case of Lemma 2 of [18].

Proposition 5 There are p + 1 points x, . . ., X, in I' with this property: each p-tuple of real
numbers (ry, ..., 1p) has the form

p
=Y aQj), j=1,...,p
k=0

or some choice of non-negative scalars cy, . . . , ¢,. There is a constant M with the property that
24 P Y

Yo <MY

Theorem 6 A point P = (£o,&1,...,&u), & > 0, lies in the boundary of A’ if and only if
there is a unique g with positive real part on Q with g(z;) = §;, j = 0, ..., n. If this is the case,
then the measure A € M corresponding to g is supported in the set of zeros in I" of a function
h € 8 that is non-negative on I'. Conversely, suppose that the measure A € M is supported
in the zero set of a function h € § that is non-negative on I'; let g(z) = fr P(&,z) dN(E) be the
analytic extension of X to Q. Then P = (g(zo)7 ... 7g(zn)) lies in the boundary of .

Proof Recall that the function P(&; z) is the complex Poisson kernel, defined in (28). Sup-
pose that the measure A € M{ produces a boundary point of A’. Then there is a non-zero
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vector (cg, . . ., ¢,) € C" such that

(31) Rech/(Pkd)\gRech/?kdp
k=0 T k=1 7T

for all measures p € M. Since M{ is a cone, we evidently learn that the lefthand side
of (31) is zero. Let G = Re ), &Pk so that [, Gdp > 0 forall p € M. We now show
that the hypotheses of Theorem 2.6.2 of [7] are valid. Let E be the space of real measures
on I in the weak-star topology; E is an ordered vector space using the cone of non-negative
measures to determine the partial order. Let M be the subspace of those measures that are
orthogonal to the Schottky functions Q, ..., Q. The linear functional £(u) = f Gdu is
non-negative on M by (31). Let p € E; by Proposition 5 there is a non-negative measure v
such that p + v € M. Hence, by Theorem 2.6.2 of [7], £ may be extended to a non-negative
linear functional on all of E; that is, there is a non-negative continuous function 4 on I' so

that

/Gd,u = /hd,u, forall u € M.
Thus, G — h is a real linear combination of the Schottky functions Q, . . ., Q,; equivalently,
h = G + H where H is a linear combination of Qy, ..., Q, and

/(G+H)dl/20, forally € M*
r

with equality when v = \. Moreover, h(§) = Z?ZO (ajP(E, zj)+a~j13(§, zj)) +Zf:1 brQi(€)
for some real scalars aq, . .., a,, Ao, ..., b1,...,b, so h € 8 and supp(A)is a subset of

the zero setof honT.

Conversely, if a non-negative function h lies in § and the measure A € M is supported
within the zero set of h on I, then

(32) /hdp >0, forallpeMj
r
and equality holds for A = p. Since h € § there are real numbers ay, ..., a,, dy, ..., d,
and by, ..., by sothath =Y, (apP + axPy) + Z:[;:l b;Q;. Let ¢t = ax — iai. Thus, (32)
implies that
(33) Re ) erglz) >0
k=0

for all analytic functions ¢ whose real part is positive on 2. Moreover, equality holds for
the function gy determined by the measure A. Evidently, (33) implies that P = (go(zo), ey
go(z,,)) lies in the boundary of A’.

Pick Bodies and Interpolation Let z,...,z, be distinct points in the open unit disc A
and let

A={(f(z),..., fz) : f € H(A),[If] < 1}.
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A has been termed a Pick body by B. Cole, J. Lewis, and J. Wermer. In a series of papers
[2], [3], and [4], these authors studied Pick bodies from the perspective of Banach algebras
and operator theory. They note that a Pick body X is hyperconvex; that is, for every positive
integer m and every polynomial P of m complex variables that is bounded by one in the
unit polydisc in C” and every set of m points z,, . . ., z,, in X, the point

(P(Z117-'-7Zml)7P(Z217-'-7Zm2)7-"7P(Zml7'-'7zmm))

lies in XK. They characterized Pick bodies as compact, hyperconvex subsets of C"*! with the
property that 9K contains some pointw = (wy, ..., w,) with

(34) (a) |wi| < 1foralli; (b) wi #wj, ifi # j; () w? ... W' e K.

Specifically, what we mean by this is that if K is a convex compact subset of C"*! that
satisfies the conditions listed in (34), then there are points z, . . ., z, in A so that

K ={(f(0),---, flza)) : f € HZ(A), || fI| < 1}.

J. Wermer asked if a similar sort of characterization holds when the unit disc A is replaced
by a domain 2 of the type we have considered here. The answer to this is no. Indeed,
consider the case p = 1,n = 2, that is, 3 point interpolation on an annulus. Theorem 4
shows that any non-constant boundary point of A arises from a Blaschke product of degree
atleast p+1 = 2 and at most n+ p = 3. The Cole-Lewis-Wermer condition would say that
there is some (non-constant) point w = (wy, wy, w;) in A such that w?> = (w3, w?, w3)
lies in OA, too. But boundary points of A are characterized by having unique interpolants.
Hence, if ¢ is the unique interpolant from the unit ball of H* of the data (wg, w;, w,),
then ¢? must be the unique interpolant of the data (w3, wi, w?). However, ¢ is a Blaschke
product of degree at least 4, contradicting the fact that boundary points of A come from
Blaschke products of degree at most 3.

It would be most interesting to characterize Pick bodies in the multiply-connected case;
in particular, is the boundary a subset of the zero set of a real analytic function?

3 Interpolation of Fixed Data

Because of our assumptions that the first interpolation point is #y and that all analytic func-
tions with non-negative real part are strictly real at #;, the first interpolating condition
g(tg) = (o involves only a real datum ¢,. With this in mind, let {(o, . .., (,} be given data
and suppose that there is at least one analytic function g on €2 with positive real part sat-
isfying g(z;) = (j, j = 0,...,n. We denote the set of all such interpolating functions by
M = M((y, - - . , (s). Evidently, Ml is a convex compact set. Each function in M arises from
a unique positive measure 4 on I' via the representation (27) and we use the same letter
M to denote the corresponding set of positive measures on I'. We wish to determine the
extreme points of M. This was done by Heins [14] when (2 is the open unit disc A. He
demonstrated that if M has more than one element, then its extreme points are precisely
those functions that map A onto the right half-plane with constant valence k, where k is
any integer between n+1 and 2n+ 1. Of course, if M has just one element, then it also maps
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A onto the right-half plane with constant valence k, 0 < k < n. We shall obtain analogs of
these results in some cases and point out significant differences in other cases.

Remark The similar problem of determining the extreme points of the convex compact
set
B={feH*):|flloo <land f(zj) =wj, j=0,...,n}

is actually far less interesting than the one we consider. A moment’s thought shows that a
function f € B is an extreme point of B if and only if it is an extreme point of the unit
ball of H* (and lies in B, of course). The sets B and M are homeomorphic under the
correspondence f — % and so their boundaries are sent one to the other under this
mapping, but the extreme points of the sets B, Ml are not preserved by this (non-linear)

correspondence.

Theorem 7

(a) Each extreme point of Ml arises from a discrete measure with at most 2n + p + 1 points
of support. A discrete measure in M that is not an extreme point of M has at least 2n + 2
points of support.

(b) A discrete measure p with 2n + p + 1 or fewer points of support gives rise to an extreme
point of Ml if and only if the restriction of S to the support of  is linearly independent.

(c) Adiscrete measure (1 € M is an extreme point of M if and only if it has minimal support;
that is, if 3 € M and supp(8) C supp(p), then B = p.

(d) If M has just one element, then the number of points in the support of the corresponding
measure is at most n + p.

Proof (a) Suppose that u is an extreme point of M and that there are 2n + 2 + p disjoint
sets in I' of positive ;¢ measure. A simple linear algebra argument then shows that there
is a real-valued piecewise-constant function v that is not identically zero supported on the
union of these sets that satisfies the 2n + p + 1 real conditions:

SO duE) =0, k=1,...,p,
v ©OPE, zp)duE) =0, j=1,...,n,
Jp du(&) =o.

Thus, the measure (1 + ev)p lies in M for all small ¢, € positive or negative. This clearly
contradicts the extremality of ;1. Consequently, 21 + p + 2 such sets do not exist and so 4
must be the sum of at most 2xn + p + 1 point masses.

Suppose that g € M is a discrete measure with support at the points x; € I', j =
1,...,m. If p is not an extreme point of M|, then there are measures vy, v, € M, v; # 1,
with p = %(1/1 + 1,). The support of both v; and v, lies in that of u. Let g;, g be the
analytic functions on €2 determined according to (25) by v, 1, respectively. The function
g = g1 — & is not identically zero and is meromorphic on Q with at most m poles and at
least 21 + 2 zeros: at the points z, . . . , z, and their reflections. Hence, m > 2n + 2.

(b) Letxp,...,x, € I be the support of p € M. p is an extreme point of M if and
only if there is not a (non-zero) measure v supported on xy,...,x, with p £ v € M.
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This is equivalent to saying that there is not a measure v supported on xi, ..., X,, that is
orthogonal to 8.

(c) Suppose that p is an extreme point of Ml, € M, and supp(3) C supp(u). Then
v = p — (s orthogonal to § and the support of v is a subset of that of 1. By (b), v = 0.
Hence, p has minimal support. Conversely, suppose that ¢x € M has minimal support. If
W= %(,ul + ) where py, p1o € M, then evidently the support of both y; and p; is a subset
of that of y. By the minimality assumption, pu; = u, = p.

(d) If M has just one element, then this function must be the unique interpolant de-
scribed in Theorem 4 and so the measure p has no more than n + p points of support.

Example 2 There are non-extreme points in M with as few as 2 + 2 points of support. To
see this, let ¢ be an analytic function on € that is a p + 1-fold covering of A; the Ahlfors
function (see [6, Section 5.1], for instance) is one such function and others may be obtained
from Proposition 8 below. We may assume with no loss of generality that ¢ has p+1 distinct

zeros in (), say at 2o, ...,z, and we take n = p. Let A;, A, be distinct points on the unit
circle and set g;(z) = ’;ﬁ:—z((;), j = 1,2. Then g; has positive real part on €); in fact, Re g; is
)

the Poisson extension of a positive measure £; on I' with exactly p + 1 points of support.
Moreover, g1(zx) = g(z) = 1,k = 0,...,p. The function g = %(gl + &) is then not
an extreme point of the set M of functions with positive real part that interpolate the data
1,...,1 at the points z, ..., z,. Moreover, g is the Poisson extension of discrete measure
on I" with at most 2p + 2 points of support. Since 2p+2 < 2n+ p +1 = 3p + 1 as soon as
p > 1, we see that there are measures with as few as 2n + 2 points of support that are not
extreme points of M.

The following is another example of the phenomena displayed in Example 2.

Example 3 Let (2 be the annulus {z : R < |z| < 1} so that p = 1; we shall take n = 1
and consequently 2xn + p + 1 = 4. We shall construct a measure p supported on four points
in I that is not an extreme point of M. We take the four points on the boundary to be
x1 = i, % = iR, x3 = —iR, x4, = —i; we let y; be the measure determined by placing
masses at the points x;, x3 with weights w; = 1, w3 = R, respectively, and let p, be the
measure determined by placing masses at the points x, x; with weights w, = R, wy = 1.
The (single) Schottky function Q for €2 is

1 : _
Q) = {R_";gR =

ek if |x| = 1.

Thus, both p; and p, are orthogonal to Q. Let v = p; — pp; clearly, v is orthogonal to
the function that is identically 1. Let u, u;, u, denote the Poisson extensions to {2 of v,
11, [, respectively, so that u = u; — u,. Symmetry considerations show that u(t) = 0,
R < |t| < 1. Let v be a harmonic conjugate of u in  and set ¢ = u + iv. Then g is purely
imaginary on the real axis and so by Schwarz reflection satisfies g(z) = —g(Z), z € Q. In
particular, g(z) = 0 if and only if g(Z) = 0. Next,

u(iy) »ooasy 11 and u(iy) > —ocoasy | R.
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Therefore, there is a yo, R < yo < 1 at which u(iyp) = 0. We now specify that the
harmonic conjugate v of u be chosen to be zero at iyy. Hence, g(iyy) = 0 and g(—iy,) =
— (g(i )/0)) = 0, as well. We denote by g, g, the analytic functions on {2 whose real parts
are uy, Uy, respectively, and whose imaginary parts vanish at iy,. Evidently, g = g1 — g. Set
z1 = iy and z; = —iy,; we then have

81(21) =oz) =G and g1(22) = gz(Zz) = (.

Therefore, the function f = %(gl + g2) is not an extreme point of MI((1, (;) but yet is the
Poisson integral of a measure 1 = %(,ul + up) on I' with just 4 = 2n + p + 1 points of
support.

The case when n = 0 can be worked out fully. We shall need the following simple result.

Lemma 8 If p is any non-negative discrete measure on I' that is orthogonal to Qy, ..., Q,,
then p has support on each component L'y, ..., Iy of I'. In particular, if ju is discrete, then it
has at least p + 1 points in its support.

Proof Let g be the analytic function on 2 obtained by extending the measure y accord-
ing to (25); g has non-negative real part on (2. Moreover, g extends analytically across any
component I'y of I' on which p has no support and Re g vanishes identically there. The
function f = 5;%11 is analytic on 2 and is bounded by one. Moreover, f extends continu-
ously to I'y and has unit modulus there. The Cauchy-Riemann equations then imply that
the argument of f is (strictly) increasing on I'y. Since f is single-valued, this means that
the argument of f must increase by an integer multiple of 27 on I'y and so f must take on
the value 1 on I'x. However, f(x) = I at some point x € I'y only if the function g has a

discontinuity at x. That is, ¢4 has a point of support at x.

Proposition 9 A measure i € MG lies in an extremal ray of M§ if and only if pu has p + 1
points of support.

Proof Suppose first that p1 € M lies in an extremal ray of M. If there are p + 2 disjoint
sets of positive y-measure, we may construct a bounded piecewise constant function v that
is not identically 1 such that v d is orthogonal to Q1 . . ., Q,. Thus, for a sufficiently small
€, we have 1 = %[(1 + ev) + (1 — ev)] and so p fails to be extremal, a contradiction. Hence,
the support of p has at most p + 1 points. Since the support has at least p + 1 points, it
must have exactly p + 1 points. Conversely, suppose u € Mg has p + 1 points of support. If
= %(l/l +1,) where vy, v, € Mg, then the support of v, v, is a subset of that of i and so
is the exact same set of p + 1 points. Suppose that v, # p. Then there is a constant A with
u— Avy > 0 and p — Av, has p or fewer points of support. But this contradicts Lemma 7.
Hence, u is extremal.

Ahlfors’ Functions Let () be a domain in the complex plane that supports non-constant
bounded analytic functions. Fix some point z; € €2 and consider the extremal problem

(35) v = sup Re f'(z).
feH

https://doi.org/10.4153/CJM-1999-043-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-043-5

Extreme Pick-Nevanlinna Interpolants 993

It is known (cf. [8, Theorem 5.1.1]) that there is a unique solution F to this problem, called
the Ahlfors function for Q and z; and F(z;) = 0. In the case when (2 is bounded by p + 1
disjoint smooth simple closed curves, the Ahlfors’ function may be extended analytically
across I' and maps each component I'; of I" one-to-one onto the unit circle. As a conse-
quence, itis a p+ 1-fold cover of the unit disc A and the associated function G with positive
real part G = (1+F)/(1 — F) is the (complex) Poisson integral of a positive measure p; on
I" with precisely p + 1 points of support, one in each I';.

We now demonstrate that the converse of this statement does not hold. That is, there
is an analytic function on 2 with positive real part determined by a positive measure
on I' with exactly one point of support in each component I'; that is not of the form
(14 F)/(1 — F) where F is the Ahlfors function for some point in 2. Equivalently, not
every Blaschke product on 2 of degree p + 1 is an Ahlfors function. To see this, we suppose
the contrary. Let zj, z; be distinct points of {2. Theorem 4 tells us that each point in the
boundary of

A={(f), fz) : f € H®,|If] < 1}

arises from a Blaschke product of degree p + 1, unless f(z)) = f(z1) € T, the unit cir-
cle. In particular, if we (forever) fix two non-zero complex numbers ¢y, ¢; with different
arguments, then the solution to the extremal problem

(36) supRe{cof(z0) +c1f(z1): f € HZ, | f|| < 1}

is a Blaschke product of degree exactly p + 1. Suppose that for each choice of zy,z; € €,
there is some point z, € €2 so that the solution of the extremal problem (36) is the Ahlfors
function F for z,. Let Ry be the kernel for the extremal problem (36) and let R; be the
kernel for the extremal problem (35); that is, for the Ahlfors function. We know that Ry
has poles of order 1 at zy, z; and at the critical points of the Green’s function for ty; further,
from (23), Ry has no zeros on 2 U I" except at #;. Likewise, R; has a pole of order 2 at z,,
poles of order one at the critical points of the Green’s function for y, and no zeros on QUT
except at t. Finally, we also know that

RyF >0 and RF>O0onT.
Hence,
(37) R=Ry/Ry =FRy/FR; > 0onT.

R has poles of order one at zj, z; and a double zero at z,. R extends to be meromorphic
on the double ) since it is real on T'; thus, it is a 4-fold cover of the Riemann sphere with
poles at zy, z; and their reflections z;, z{ across I'. We now show this can not be the case
for arbitrary z, z;.

Qisa compact Riemann surface of genus p. Let wj, j = 1,..., p, be the harmonic
function on 2 whose boundary values are identically one on I'; and identically zero on
I'\T'j; see the material preceding (17). Let j; be the (multiple-valued) harmonic conjugate
of wj, sj = w; +iwj and b; = 51’- dz. Then by,...,b, are a basis of the holomorphic
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differentials on the double §) that are real on T. According to Theorem 18.2 of [12], we
must have

(38)

D Res[R(2)bj(2)] =0, j=1,...,p

where the sum is taken over all points in Q. Near the point z, the 1-form b; has the
expansion

bj(z) = ajdz+ O(z — z)dz, k=0,1; j=1,...,p.

By symmetry at the points zj, z{, we have

bj(z) =adz+O0(z—z{)dz, k=0,1; j=1,...,p.

Let wy, wy be the residues of R at zy, z;, respectively. Thus,

(39)

Res[Rbj; zx] = wiaxj and Res[Rbj;z ] = wiag;, k=0,1; j=1,...,p.

Using (39) in (38) we find that

(40)

Re(woag; + wiay;) =0, j=1,...,p.

This implies that

(41)

Res]’-(zl) =Re cs;(zo), j=1,...,p

where ¢ is a complex number depending on zy, z;. Fix z; and set z = zy,. Define V; =
(Re si(z1),...,Re 51/,(21)) and V, = (Im si(z1)y...,Im 51/,(21))- We then note that equa-
tion (41) implies that the vector (Re si(2),...,Re sl’,(z)) € R? lies in the two dimensional
plane spanned by V,, V;, for every z € (). Therefore, this continues to be true when
z — & € I'. If welet £ be in turn a point & € I'y, k = 1,..., p, we obtain p vectors
Wi = (s{(fk), ey sl’,(ék)), k =1,..., p that lie in the span of V;, V,. However, on T" we
have s} = 0w;/On, j = 1,..., p, which s purely real. Moreover, these p vectors are linearly
independent; see [18, Lemma 1]. This is surely a contradiction if p > 3.
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