Adv. Appl. Prob. 41, 469-494 (2009)
Printed in Northern Ireland
© Applied Probability Trust 2009

ASYMPTOTICS FOR THE MOMENTS
OF THE OVERSHOOT AND UNDERSHOOT
OF A RANDOM WALK

ZHAOLEI CUI * AND
YUEBAO WANG,* ** Soochow University
KAIYONG WANG,*** Suzhou University of Science and Technology

Abstract

In this paper we obtain some equivalent conditions and sufficient conditions for the local
and nonlocal asymptotics of the p-moments of the overshoot and undershoot of a random
walk, where ¢ is a nonnegative, long-tailed function. By the strong Markov property, it
can be shown that the moments of the overshoot and undershoot and the moments of the
first ascending ladder height of a random walk satisfy some renewal equations. Therefore,
in this paper we first investigate the local and nonlocal asymptotics for the moments of the
first ascending ladder height of a random walk, and then give some equivalent conditions
and sufficient conditions for the asymptotics of the solutions to some renewal equations.
Using the above results, the main results of this paper are obtained.
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1. Introduction

Assume that {X;, i > 1}is a sequence of independent, identically distributed (i.i.d.) random
variables (RVs) with common distribution F' and finite mean ur = —m < 0. Set Sy = 0 and
S, = Z?:l X;i, n > 1. Then {S,, n > 0} is a random walk generated by {X;, i > 1}. Fora
level x > 0, denote the first passage time over x by

T, =inf{n > 1: S, > x},

where, by convention, inf @ = oo. Then S, —x is the overshoot and x — S, _1 is the undershoot
of the random walk at level x.

It is well known that the overshoot and undershoot are among the main features of random
walks and they have many applications in risk theory, queueing theory, branching process theory,
etc. There is considerable literature on the overshoot and undershoot of random walks. Janson
(1986) gave necessary and sufficient conditions for the existence of moments for the first passage
and last exit times, and related quantities for random walks with positive drift. Borovkov and
Foss (2000) presented estimates for the magnitude of the overshoot over an arbitrary boundary
and the weak convergence of the distribution of the overshoot. Kliippelberg et al. (2004)
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formulated the insurance risk process in a general Lévy process setting, and gave general
theorems for the ruin probability and the asymptotic distribution of the overshoot of the process
above a high level. Doney and Kyprianou (2006) used a new fluctuation identity for a general
Lévy process and gave the asymptotic overshoot distribution of a Lévy process. Tang (2007)
obtained uniform asymptotics of the overshoot of a random walk with negative drift, and the
local uniform asymptotics of the overshoot of a random walk have been investigated in Chen et
al. (2008). Many of the aforementioned works focus on the study of the asymptotics for the
distributions of the overshoot and undershoot of arandom walk. In this paper we will investigate
the local and nonlocal asymptotics for the moments of the overshoot and undershoot of a random
walk. These results indicate the average asymptotics of the overshoot and undershoot of a
random walk. In particular, the asymptotics of the corresponding distribution can be given.

Throughout this paper, we assume that ¢ is a nonnegative function supported on [0, co). For
any0 < T <oo,setAr = (0, T]andx + Ar = (x,x + T];if T = oo then let As, = (0, 00)
and x + Ay = (x, 00). When 0 < T < oo, the asymptotics of

E@(Sr, — ) s, ex+ary and  Eo(x — St —)1(s, ex+ar)

are called the local asymptotics for the ¢-moments of the overshoot and undershoot of a random
walk; when T = oo, they are called the nonlocal asymptotics for the ¢p-moments of the overshoot
and undershoot of a random walk.

We first recall a related result. Using the theory of ascending ladder heights, Cheng et
al. (2002) obtained nonlocal asymptotics for the p-moments of the deficit at the ruin time in the
renewal risk model. In other words, they obtained nonlocal asymptotics for E ¢ (S, —x)1{z, <co}>
where they required the condition that ¢ is nondecreasing, which made it convenient for them
to prove their results using integration by parts. Also, using the nondecreasing property of ¢,
a simple proof of the results of Cheng et al. (2002) for the heavy-tailed case has been given
(see Cui and Wang (2007)). But, in order to extend the scope of applications and also for the
mathematical interest, in this paper we will let ¢ be a long-tailed function (see the definition
below), which may not be nondecreasing. In this paper we will also consider the undershoot
of a random walk, and we will investigate not only the nonlocal asymptotics but also the local
asymptotics for the ¢-moments of the overshoot and undershoot of a random walk with heavy-
tailed increments. Since the overshoot, Sz, — x, and the undershoot, x — Sz _1, may often not
be very large in practice, the latter is more interesting than the former.

Since ¢ may not be nondecreasing, we cannot use the method of Cheng et al. (2002). We
will use the renewal equations to prove our results. Using the strong Markov property, we
find that the moments of the overshoot and undershoot and the moments of the first ascending
ladder height of a random walk satisfy some renewal equations. So we first consider the local
and nonlocal asymptotics for the moments of the first ascending ladder height of a random
walk, and then give some equivalent conditions and sufficient conditions for the asymptotics
of the solutions to some renewal equations. On the basis of the above results, some equivalent
conditions and sufficient conditions for the local and nonlocal asymptotics of the moments of
the overshoot and undershoot of a random walk are obtained. For example, under some mild
conditions, Theorem 2.1, below, presents some equivalent conditions for the following local
asymptotics:

. E‘/’(er - x)l{S,X ex+Ar}
lim — =
X—>00 F ( x)
where C is a positive constant. In particular, when ¢ = 1, the above result can describe the
local asymptotics of the distribution of the overshoot. Thus, it can describe the asymptotics of

Co,
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the local ruin probability in the renewal risk model (see Remark 2.2, below). The results of this
paper can also be applied to other fields of applied probability.

Recently, Park and Maller (2008) considered the nonlocal asymptotics of the 8-order moment
of the overshoot and undershoot of a Lévy process with drifts to —oo almost surely (here 8
is a positive constant). Since a Lévy process is different from a random walk, in forthcoming
papers we will investigate the uniform local asymptotics of a Lévy process and its overshoot
and undershoot, and the local asymptotics of the p-moments of the overshoot and undershoot
of a Lévy process.

The paper is organized as follows. In Section 2 we will present our main results, i.e. equiva-
lent conditions and sufficient conditions for the local and nonlocal asymptotics of the moments
of the overshoot and undershoot of a random walk. In Section 4 we will investigate the local
and nonlocal asymptotics of the moments of the first ascending ladder height of a random walk.
For this, in Section 3, two general results about asymptotics of the moments of a random walk
will be given. In Section 5 we will give some equivalent conditions and sufficient conditions
for the asymptotics of the solutions to some renewal equations. Using the results of Sections 4
and 5, the main results of this paper will be proved in Section 6.

2. Main results

In order to give the main results of this paper, we will introduce some notions and notation,
which will be valid throughout the rest of this paper.

Unless stated otherwise, in this paper a limit is taken as x — oo and, for a given func-
tion or distribution, we assume that its support is D = (—o00, 00) or [0, 00). Let f(x)
and f>(x) be nonnegative functions. We write fi(x) ~ fo(x) if lim fi(x)/fo(x) = 1;
fi(x) = O() fo(x) if limsup fi(x)/f2(x) < 00; fi(x) S fo(x) if limsup fi(x)/f2(x) < 1
i) = ) if filx) = 0O) f2(x) and fo(x) = O(1) fi(x); and fi(x) = o(1) f2(x) if
lim f(x)/f2(x) = 0. For a distribution V, let V. = V(0c0) — V and let V! (x) = V(oc0) —
min{V (c0), [ V(y)dy}, x > 0, be the integrated distribution of V. Denote the n-fold
convolution of V by V* ' n = 0,1,2,..., where V*! =V and V*¥ is the distribution
degenerated at 0.

Since asymptotics of the moments of the overshoot and undershoot of a random walk have
a close relation with the corresponding distribution, we will introduce some function classes
and distribution classes. We say that a nonnegative function f € Ld(y) for some y > 0if f
is eventually positive and, for all y € (—o00, 00),

fx—=y)~e flx).

We say that a nonnegative function f € 8d(y) for some y > 0 if

[ e Ld(y), 0<a=/0 f(y)dy <oo, and /Of(x—y)f(y)dy~2af(x).

In particular, we call L£d (0) the long-tailed function class and 84 (0) the subexponential function
class, denoted by L£d and 4d, respectively. For the properties and applications of Ld(y) and
8d(y), we refer the reader to Kliippelberg (1989), Wang and Wang (2006), and Wang and
Wang (2009), among others.

We say that a distribution V € £(y) for some y > 0if V € Ld(y). We say that a proper
distribution V € 4(y) for some y > 0if V € JL(y) and there exists a positive constant ¢
such that V*2(x) ~ 2¢V (x). When V is defective, i.e. V(00) < 1, we say that V € 4(y)
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for some y > 0if V/V(c0) € 8(y). Let gy(—s) = fD e*YV(dy) for any s > 0. Foss and
Korshunov (2007) have shown that ¢ = gy (—y) for the case in which D = [0, co). Recently,
Yu et al. (2009) obtained some corresponding results for the case in which D = (—o00, 00). We
call 8(y), y = 0, the convolution equivalent distribution class. Specifically, we call L£(0) the
long-tailed distribution class and §(0) the subexponential distribution class, denoted by £ and
4, respectively. The class §(y) was introduced in Chistyakov (1964) and Chover et al. (1973a),
(1973b) for distributions on [0, 00), and in Pakes (2004) for distributions on (—oo, 00). Bertoin
and Doney (1996) pointed out that in the definition of £(y), when y > 0 and V is a lattice
distribution, x and y should be taken to be an integer multiple of the span, which we will assume
to be the case in the following. In addition, Kliippelberg (1988) introduced a subclass of 4,
denoted by 8*. We say that a distribution V € 8* if V € 8d. Kliippelberg (1988) showed that
if a distribution V € 8* then V € § and V! € §. But Denisov et al. (2004) pointed out that
the converse proposition is not true, that is to say there exists a distribution V with finite mean
suchthat V € $and V! € 8, but V ¢ §*.

Asmussen et al. (2003) introduced some local distribution classes. For a distribution V, let
g(x) =V + Ar) forsome 0 < T < oo. Wesay that V € L, if g € Ld. For a proper
distribution V on [0, 00), we say that V € 85, if V € L, and V*2(x + A7) ~ 2V (x + A7).
When V is defective, i.e. V(00) < 1, we say that V € 8, if V/V(0c0) € 85,. Asmussen et
al. (2003) called o£ A, the local long-tailed distribution class and 8, the local subexponential
distribution class. Asmussen et al. (2003) systematically investigated the properties of &£ o, and
S, and gave applications to random walks, the key renewal theorem, the compound Poisson
process, infinitely divisible laws, and Bellman—Harris branching processes. Furthermore,
Wang et al. (2005) investigated the closure of the local subexponential distribution class under
convolution roots and gave an application to infinitely divisible laws. Denisov and Shneer (2007)
obtained local asymptotics of the cycle maximum of a random walk with local subexponential
increments. Using the local subexponential distribution class, Wang et al. (2007) studied the
local asymptotics for random sums and gave applications to infinitely divisible laws. Chen et
al. (2008) obtained uniform local asymptotics of the distribution of the overshoot of a random
walk with heavy-tailed increments. Gao and Wang (2009) obtained equivalent conditions for
the asymptotics of the local ruin probability in the random multi-delayed renewal risk model,
among others. In the above studies, these local distribution classes are often not only the
sufficient condition but also the necessary condition for the local asymptotics.

Recall that 7, x > 0, is given in Section 1. In particular, write 7, = 79. We call 7 the
first ascending ladder epoch and S, the first ascending ladder height of the random walk. As
74, we denote the first weak descending ladder epoch of the random walk by

_ =inf{n >1: S, <0},

and call S;_ the first weak descending ladder height. Let F and F_ be the distributions of
S, and S;_, respectively. It is well known (see, e.g. Asmussen (2003, Chapter VIII)) that,
when m > 0, F_ is proper and F, is defective, i.e. « = F,(00) = 1 —e B < 1, where
B=>", n~'P(S, > 0) < oco. In this case we define the proper distribution of F by

Fpy(x) =P(Se, <x |14 <o0)=a 'Fy(x), x>0

For any s > 0, set g (—s) = gF, (—s) and g_(—s) = gFr_(—s).
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In the following we give some equivalent conditions and sufficient conditions for the local
and nonlocal asymptotics of the ¢-moments of the overshoot and undershoot of a random walk.
They will be presented for the heavy-tailed and light-tailed cases.

2.1. Heavy-tailed case

We first give the local asymptotic results, which are the main results of this section.

Theorem 2.1. Assume that ¢ € J[Ld, that ¢ is continuous and satisfies the conditions

o0
/0 P F(G)dy <oo and ¢(x) = 0() inf ¢(y), 2.1
and that, for any a > 0,
Yo = sup ¢(y) < oo. (2.2)
y€l0,a]

Also, let F € L. Then the following assertions are equivalent:
(i) F € 8%
(i) F! e Sar forall0 < T < oo;
(iii) Uy € £, F € £, FI(x) ~ Uy(x), and
E¢(S:, =0 exvan ~ UT M1 =) + Om™ ' Fl(x + A7)
~U1-—a) '+ CcT)ym™'"F(x) forall 0<T < oo,

where

o] T
! =/ Eo(St, — s, ey+arydy and C = T_l/ p(y)dy.
0 0
Here we note that for (ii) to imply (i) we only need F/ € 8n, forsome 0 < T < o0.

Theorem 2.2. Assume that ¢ € Ld, that ¢(x) — a, and that ¢ satisfies (2.1). Also, let
F e ‘ﬁAT] for some 0 < T < 00, and define z1(x) = Egp(x — St+—1)1{5r+EX+Arl}’ x>0
Case 1. If 0 < a < oo, F € 8%, and z|(x) is directly Riemann integrable, then

Eg(x — Se, D5, cxrar) ~ (1 =) ITT +aym™ F'(x + Apy)
~((1 =)' +aT)m™"F(x), (2.3)

where I = [ z1(y) dy.
Case 2. Ifa = oo and z1 € 4d, then

o0
Ep® — Se—D) (s, exvar) ~m~" / ¢(F(y + Ay dy. 2.4)
X

Remark 2.1. If ¢ = 1 in Theorem 2.1 or case 1 of Theorem 2.2, then an interesting result can
be obtained, i.e.

P(S;, € x + Ap) ~ (1 =) ' T+ T))m™"F(x), 2.5)

where I = afOTl Fpr(ydy = fOTl F.(y)dy. From (2.5) we find that the above local
asymptotics are different from the local asymptotics for the supremum of the random walk.
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Denote the supremum of a random walk by M. Asmussen et al. (2002) have shown that if
F € &* then .

P(M € x + Ar) ~ Tym ™ F(x). (2.6)
Foss and Zachary (2003, Theorem 1) pointed out that F € 8™ is also necessary for (2.6). By

(2.5) and (2.6), we know that P(S;, € x + Ar,) is larger than P(M € x + A7) eventually. But
Wang et al. (2008) showed that (2.5) is equivalent to F' € $*. Thus, (2.5) is equivalent to (2.6).

Remark 2.2. In the renewal risk model, assume that in an insurance company the claim sizes
are i.i.d. RVs {&;, i > 1} with finite mean E &, and that the claim interarrival times are also
i.i.d. RVs {n;, i > 1} with finite mean E 5, which are independent of {&;, i > 1}. Let x be the
initial capital of the insurance company. Let the constant ¢ be the so-called premium income
rate that satisfies the safety loading condition cEny —E&; > 0. Let X; =& —cn;, i > 1,
and let M = sup,~. S,. The number of claims in the interval [0, 7] is denoted by

n
N(t):sup{nzl: Znift}, t>0,
i=1

where, by convention, sup @ = 0. Itis well known (see, e.g. Embrechts e al. (1997, Chapter 1))
that the infinite-time ruin probability is

Y(x) = P<sup<
t>0

=P(ty < 0)
=PM > x).

N (1)

Zgi —ct) >x)

i=1

Forsome 0 < T < o0, let
YT (x) =P(Sy, € x + Ap).

Hence, by (2.5) and (2.6), we find that wT(x) is larger than P(M € x + A7) eventually, and
we think that it is reasonable to use ¥’ (x) to define the local ruin probability of an insurance
company. It follows from Theorem 2(B) of Veraverbeke (1977) or (2.8), below, that

Y(x) ~m VFL(x).

Hence, 1//T(x) = o(1)y¥(x). Also, as above, the deficit at the ruin time, i.e. the overshoot
Sz, — x, is often not very large in practice. Therefore, it is necessary to investigate the local

X

ruin probability 7 (x). The results of this paper, especially (2.5), give the asymptotics of the
local ruin probability.

The following results are the nonlocal asymptotic results.

Theorem 2.3. Assume that ¢ € Ld, that ¢(x) — a, and that ¢ satisfies (2.1) and (2.2). Also,
let F' € L, for some0 < T < cc.
Case 1. If 0 < a < oo then the following assertions are equivalent:

() Fles: (i) E@(Sy, — )l <00 ~am™ Fl(x).
Case 2. Ifa = 0o and G € 8, where G (x) = min{1, fooo (W F(x +y)dy}, x >0, then

00
E(p(SrX - x)l{rx<oo} ~ m_l /(; oY) F(x +y)dy. 2.7)
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Theorem 2.4. Assume that ¢ € Ld, that ¢(x) — a, and that ¢ satisfies (2.1). Also, let
Fle L.
Case 1. If 0 < a < oo then the following assertions are equivalent:

G Fles; (i) E@(x — S, 1)lir, <o0) ~ am™ " FI(x). (2.8)

Case 2. Ifa = 00 and G € 8, where G(x) = min{l, fxoo (M F(y)dy}, x >0, then

o0
E@(x — St 1)1 co0) ~ m"! f o(F () dy. 2.9)
X

Remark 2.3. We find that E ¢(S;, — x)1{z, <00} and E@(x — S;,_1)1{z, <00} in case 1 of
Theorems 2.3 and 2.4 have the same asymptotics. But the conditions of Theorem 2.4 are
weaker than those of Theorem 2.3.

2.2. Light-tailed case

It is well known that in the light-tailed case, it is not necessary to investigate the local
asymptotics. Therefore, in this subsection we will give only the nonlocal asymptotics for the
moments of the overshoot and undershoot in the light-tailed case.

Theorem 2.5. Assume that ¢ € JLd, that fooo e()F(y)dy < oo, and that ¢ is continuous.
Also, assume that F has a density f € Ld(y) for some 0 <y < oo, that gr(—y) < 1,
and that F (x)eY* |, i.e. there exists a positive constant C (independent of x) such that, for any
y=x _ _

F(y)e"? < CF(x)e"".

Then the following assertions are equivalent:
i) F e 3(y);
(i) F € L(y) and

Eo(Sr, — 017, <0}

~ <y fo (e dy + I1(1 — g+<—y>)—1)(1 — gr(=y)'F(x),

where I =y [~ e””E@(Sr, — s, >y dy.

Theorem 2.6. Assume that ¢ € Ld, that ¢(x) — a, and that fooo (V) F(y)dy < oo. Also,
let F € L(y) for some ) <y < ooandlet gr(—y) < 1.
Case 1. If 0 < a < oo then the following assertions are equivalent:

(i) Fedy),
(i) F e L(y) and

E@(x — Seo—1) iz, <00} ~ (@ + I(1 — g1 (=) "1 = gr(=y) "' F(x),
where I =y [C e’ Eq(y — St —D1s,, >y} dy.

Case 2. Ifa = 0o and G € 8(y), where G(x) = min{1, fxoo () F(y)dy}, x > 0, then

Eg(x — St )i, <00} ~ (1 = gr (=) " 0(x)F(x). (2.10)
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3. Two lemmas

In order to investigate asymptotics for the moments of the first ascending ladder height
of a random walk, we will give two general results about asymptotics for the moments of a
random walk as lemmas in this section. The first lemma is Proposition 3.1 of Wang and Wang
(2006), which is inspired by Lemma 3 of Asmussen et al. (2003). For any given function u
and some 0 < T < oo, letur(x) = ulx) —u(x+7T), Ux) = fxoou(y) dy, and Ur(x) =
Ux)—Ux+T), x € (—00,00). Recall that the random walk {S,, n > 0} is given in
Section 1. Let A, ={S; <0: 0< j <n},n>1and Ay = Q.

Lemma 3.1. (Wang and Wang (2006, Proposition 3.1).) Assume that U (0) < oo and Ut €
Ld; that u on (—o0, 00) is an eventually positive, nonincreasing function for some < T < 00;
and that u(x) = u1(x)uz(x), x € (—00,00), for T = 00, where uy € Ld and uy is an
eventually positive, nonincreasing function. Then

oo
I(x) =Y Eur(x — S)la, ~ (1 —a)m ™' Ur (x). (3.1)
n=0
Now we give a light-tailed version of Lemma 3.1.

Lemma 3.2. For some y > 0, let gr(—y) < 1. Assume that the function | on D belongs to
Ld(y) and that [ 1(y)dy < co. Then

1) =Y El(x = $)14, ~ (1 = g—(=y) 1), (3.2)
n=0
and, thus, I € Ld(y).

Proof. Tt follows from [ € £Ld(y) for some y > 0 and Karamata’s theorem that
oo
10~y [y, (33)
X

‘We consider the taboo renewal function H(B) = ZZO:O H,(B) forthe set B C (—o0, 0], where
Hy(B) = 1jpep) and H,(B) = P(A,, S, € B) forall n > 1. It follows from Theorem 2.3(b)
of Asmussen (2003) that

H(B) =) (F-)"(B). (34)

n=0

Since gr(—y) < 1, by Wiener—Hopf factorization, we obtain g_(—y) < 1. Hence, by (3.4)
we know that

gu(=y) =1 —-g_(—y»~" (3.5)

By (3.4) and the Blackwell renewal theorem, we have, for m > 0 and each a > 0,

H(—x+a)— H(-x) > m'a(1 — a). (3.6)
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Now we deal with 7 (x). For any fixed positive integer N, by Fubini’s theorem we have
40
10=3 [ 1=y PGS, edy A
=0 —o0

0
- / I — y) H(dy)

([ Y-

= 1,(x) + L(x). 3.7)

Byl € Ld(y) and the dominated convergence theorem,

0
I (x) ~ l(x)/ e’y H(dy). (3.8)
-N

By (3.6), [ € Ld(y), Karamata’s theorem, and (3.3), when N is sufficiently large, for any
x>0,

=i
L(x) = Z/{ [ =y)H(Ey)
j=NTTIT
% 40
=D IREEEETLIEE
Nl

Zl(x+])f e’*dH(z — j)

Ix + )H(=)j)—H(=j—-1)

'Mg i

I
=

J

<3m~ ' —a) Y I+ )

Jj=N

Jj+1
<4m™'d —a)yy(l—e7)” IZ/ I(x +y)dy
J

=4m~'1 — )y (1 — 67”)71/ [(y)dy
x+N

<sm ‘1 —a)1 —e ") Ux + N). (3.9)

By (3.5) and (3.7)-(3.9), first letting x — oo and then letting N — oo, we know that (3.2)
holds.

4. Asymptotics for the moments of the first ascending ladder height

In this section we will investigate the local and nonlocal asymptotics for the moments of the
first ascending ladder height of a random walk for the heavy-tailed and light-tailed cases.
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4.1. Heavy-tailed case
Theorem 4.1. Assume that ¢ € Ld. Then the following assertions hold.

G) IfF' e Ly for some 0 < T < oo then
x+T

E@(Se)ls, exvary ~ (1 — Oé)m_I/ () F(y)dy. 4.1

X

(i) IfF! € Ly, for some 0 < Ty < oo and fooo () F(y)dy < oo, then

E@(Se)lis, >x ~ (1 — Ot)m_I/ () F(y)dy. (4.2)

X

Taking ¢ = 1 in Theorem 4.1(i), we can obtain Lemma 3 of Asmussen et al. (2002), i.e.
x+T o
P(S;, € x+ A7) ~ (1 —aym™! / F(y)dy.
X

Theorem 4.2. (i) If F! Ly forsome 0 < T < oo, ¢ € Ld, and ¢ satisfies (2.1) and (2.2),
then

E@(Se, — )5, »x) ~ (1 —cym™! /0 () F(y +x)dy. (4.3)

() IfFl e L A, Jorany 0 <t < oo and ¢ is Riemann—Stieltjes integrable on every compact
subset of [0, 00), then, forany 0 < T < 00,

T
E@(Se, — Olis,, cxtar) ~ (1—aym™! / 0()F(y +x)dy. (44)
0
Theorem 4.3. Assume that ¢ € Ld. Then the following assertions hold.
G) If FI € £ and (2.1) is satisfied, then

B = Se)lis, - ~ (=™ [ o0IF)dy, “5)

(i) If F € £AT1 for some 0 < Ty < 0o and fooo e(Y)F(dy) < oo, then

(0.¢]
Eg(x — Se, - )1s,, extag) ~ (1 —a)ym™! / eMF(y +Ar)dy. (4.6)

X

Taking ¢ = 1 in Theorem 4.3(i), we can obtain the following result of Theorem 10 of
Borovkov (1976, Chapter 4):

P(Sy, > x) ~ (1 —a)ym ™' FI(x).
Proof of Theorem 4.1. (i) Taking u = F in Lemma 3.1, we obtain U (x) = F(x), Ur(x) =

Fl(x + Ar),and ur(x) = F(x + Ar). Since F! € £, then the conditions of Lemma 3.1
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are satisfied. It follows from ¢ € £d that

o
E@(Sc s, cxrar) = Y E@(S)ls,, extar, ry=n)

n=1

x—y+T
_Z/ / @z +y)F(dz2) P(Sp—1 € dy, Ay—1)
x—
:Z/ f ox + D F(x —y+dr)P(S, € dy, Ayn)
n=0Y—00J0
0 0
~ p(x) Z/ F(x —y+ Ar)P(S, €dy, Ap). 4.7
n=0"Y
By Lemma 3.1 and Fl e LA, we obtain

Z/ F(x—y+Ap)P(S, €dy, Ay) = ZEuT(x ~ Sla,
n=0
~A—am ' Fl(x + A7), (4.8)
So, by (4.7), (4.8), and ¢ € Ld, we know that (4.1) holds.

(ii) It follows from Lemma 3.1 that (4.8) still holds for 0 < T} < co. So, by Fubini’s theorem,
¢ € Ld, and (4.8), we have

o
E@(Sr+)1{ST+>x} = ZE¢(S )1 {Sy>x, Ty=n}
= Z f / 9z + Y)F(d2) P(S, € dy, An)
X—

/

<x+kT1>Z/ F(x =y + (k= DTy + A7) P(S, € dy, A,)

Mg I MS I

x—y+kTi
/ @(z+ y)F(d2) P(S, € dy, Ay)
X—

0 —1 y+(k—1)Ty

k

I
—_

~ (1 —am™! Zw(x +KT)F (x+ (k= DTi + A7)
k=1

: S x+kTy _
~(U—am 'y / ¢(MF(y)dy
=1 Y Hk=DT

— (1o / eOIF() dy,

that is, (4.2) holds.
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Proof of Theorem 4.2. (i) For any fixed positive integer N,
E (P(Sr+ - x)l{Sur >x}

00
= ZE ©(Sp — x)1{5,1>x, T4 =n}

n=1

x—y+kT

[ee} 0 N o0

= Z/ <Z+ > )/ @(z+y — x)F(dz) P(S, € dy, A,)
n=0""%N=1  k=N+1/ JxyHE=DT

=: E1(x) + E2(x).

We first deal with E; (x). Since F! € L, and ¢ € Ld, by the proof of Theorem 4.1(i) we
find that (4.8) still holds. So, by Fubini’s theorem, (2.2), (4.8), and F e g Ay, We obtain, for
sufficiently large x,

N oo 0
E\(x) < @yr ZZ/ F(x—y+ (k=T + Ar)P(S, € dy, Ay)
k=1n=0""%°

~@nr (1 —aym™ (FI(x) — FI(x + NT))
= o(D)F (x). 4.9)

Now consider E>(x). Again, by ¢ € £Ld, (4.8), and Fubini’s theorem, for any 0 < ¢ < 1,
first letting N be sufficiently large and then letting x be sufficiently large, we obtain

0

Ex(x) < (1+s)2/
n=0""

00 ) 0
=(+e) Y (p(kT)Z/ Fx —y+ (k= DT + Ar)P(S, € dy, An)
n=0"Y "

oo
Y @UT)F(x —y+ (k= DT + A7) P(S, € dy, Ay)
© k=N+1

k=N+1
<(U+e* 1 —m™ Y gkT)F'(x+ (k= DT + A7)
k=N+1
00 x+kT o
sse’d-an 3 [ g -nFo
kN1 X HE=DT
e’} X+NT o
=(+&*(1—aym™! (f —/ )go(y —x)F(y)dy
= (1431 —a)ym ' (E21(x) — Exn(x)). (4.10)
By (2.2)and F! € £4,,
Exn(x) < @yp(FI(x) = FI(x + NT)) = o(1)FI (x). (4.11)

Since ¢ € JLd, by (2.1), there exists a positive constant C; = C1(N, T') such that

Ez(x) = C1F1(x). (4.12)
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Hence, by (4.10)—(4.12), we obtain

Ex(¥) < (1 —aym™! / o(y — F(y)dy

X

=0- Oé)m_lfo () F(y +x)dy. (4.13)

Similarly, we can prove that

o
(d=am™ [ oFG+0dy S B (4.14)
0
So, by (4.9), (4.13), and (4.14), we know that (4.3) holds.
(ii) For any positive integer [, let

D1k = sup (), k=1,2,...,1.
ye(l‘l(k—l)T,l—lkT]

Since ¢ is Riemann—Stieltjes integrable, then, for any 0 < ¢ < 1, there exists a positive constant
lp (independent of x) such that, when [/ > [,

)
S @ (Flx+17" (k= DT) — FI(x +17'kT)) (4.15)
k=1

L pxi=lkT B
sa+oy [ oy - DF () dy
1 YT k=T

x+T o
_ +e>f o(y — OF() dy. (4.16)

For the above given ¢ and [ > [y, since F Ie g A, for any r > 0, by (4.8) we know that there
exists an xg > 0 such that, when x > xg,

E (p(SrJr - )C)I{S,+ ex+Ar})

)
= ZE(p(Sn - x)l{ST+€x+AT, . =n}

n=1
© 0 L ey

- Z/ Z/ oz +y—x)F(dz) P(S, € dy, Ay)
n=0"" X

00 j—1 Ja—yH 1 k—=1)T

l 00 0
<Y P Z/ (Fx—y+1""k=1DT) = Fx —y+1""kT) P(S, € dy, Ay)
k=1 n=0" "~
!

<+ —aym 'Y g (FI(x +17"(k = DT) — FI(x +17'kT)).
k=1

Combining the above with (4.16), we obtain

T
E@(Se, — Olis,, cesar) S (1 — ™! fo pOIF(x + ) dy.
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Similarly, we can prove that

T
(1 —am! /0 POF(x + ) dy SE@(Se, — Olis,. cxsar)-
So (4.4) holds.

Proof of Theorem 4.3. (i) Taking T = oo, u; = ¢, and u = F in Lemma 3.1, then
u1 € JLd and u, is nonincreasing. It follows from (2.1) that U(co) = u(oo) = 0 and
Uso(x) = U(x) = [ ¢(y)F(y)dy, x € (—00, 00). We will prove that Us, € o£Ld.

By (2.1) we know that there exists a positive constant C such that, for sufficiently large x,
infy>y, @(y) > Co(x). Hence,

Uso(x) = / e(NF () dy = Co(x)F(x). (4.17)

The following fact is well known: F! e £ if and only if
Fx) = o(1)FI (x). (4.18)
Now, by ¢ € Ld, (4.17), and (4.18),
0<Us(x) —Uso(x+1)

x+1 o
= / () F(y)dy

x+1
~ g(x) f F(y)dy
X
< p(x)F(x)
= o(1)Uso(x),
that is, U € £d. Therefore, by Lemma 3.1 and Fubini’s theorem, we obtain

00
EQO(X - Sr+—l)1{Sr+>x} = ZEQD(X - Sn—l)l{S,,>x, Ty=n}

n=1

© 0
= Z/ P(x — Y F(x — y)P(Sy—1 € dy, Ap—1)

n=1%"
o0

= Buso = Si)1a,
n=0

~(—am™! / o()F() dy.

(ii) Taking T = oo, u1(x) = ¢(x)F(x + A7), and up = 1 in Lemma 3.1, then u = u; € £Ld.
Combining this with fooo eV F(dy) < oo, we have u(co) = 0, Up(x) = Ux) =
fxoo o) F(y+ A7) dy, x € (—00,00), and U (co) = 0. In fact, for sufficiently large x,

U(X)Z/ u(y)dy

o0

x+(k+1)Th
=) f u(y)dy
k=0 x+kTy
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x+k+1)Ty

~n Y gt ity [ F(dy)
k=0 x

+kTy

00 ax(k+ DTy
~ny [ () F(dy)
k=0 x+kTy

= T1/ p(y)F(dy)
< OQ.

Byu € Ld, fooo ¢(y)F(dy) < oo, and Karamata’s theorem, we obtain

x+1
Uso(x) = Usg(x + 1) = / u(y)dy ~ux) = o(1)Uso(x).

X

Thus, Uy € £d. Again, using Lemma 3.1, we know that (4.6) holds.
4.2. Light-tailed case

483

Theorem 4.4. Assume that ¢ € Ld and that fooo (V) F(y)dy < oo. For somey > 0, let

F e L(y)and gr(—y) < 1. Then

E@(x = Se,—D s, =) ~ (I = g- (=) 9(x) F (x).

(4.19)

Letting ¢ = 1 in (4.19), we can obtain another result of Theorem 10 of Borovkov (1976,

Chapter 4), i.e.

o 0
P(Sr, >x) =) / F(x —y)P(S, € dy, Ap)
n=0" "

~ (1 —g_(—y) "Fx).

By (4.20) and F € L(y), y > 0, we can obtain, forany 0 < T < oo,
0 10
PGSe cx+an=Y [ Fa-y+ 0P, €dy A
n=0" "

~(1 =g =y M1 —e"TF(x).

(4.20)

4.21)

Theorem 4.5. Assume that the conditions of Theorem 4.4 hold and that ¢ is Riemann-Stieltjes

integrable on every compact subset of [0, 00). Then

E@(Se, — )]s, > ~ (1 —g-(—=y)™" / p(y —x)F(dy)

X

and, forany 0 < T < o0,

x+T
E@(Se, —01s,, exvar) ~ (1 —g-(—y) ! / (v — x)F(dy).

Theorem 4.6. Under the conditions of Theorem 4.4, we have, for any 0 < T < 00,
x+T
B lis, evian ~ (=g [ omF@
X

and [;° ¢(y)F(dy) < oc.
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Proof of Theorem 4.4.. Equation (4.19) can be obtained by taking /(x) = go(x)f(x) in
Lemma 3.2.

Proof of Theorem 4.5.. For any ¢ > 0 and a fixed positive integer N, we obtain

E‘p(Sm. - x)l{ST+>x}
00 0 N

-2 (-
n=0" "% M=1

=: E1(x) + E2(x). (4.25)

0 x—y-+ke
Z )/ p(z+y—x)F(dz2)P(S, € dy, Ay)

k=N-+1 —y+(k—1)e

We first deal with E>(x). By ¢ € Ld, for any 0 < § < 1 and sufficiently large N,

[e¢) [ee) 0
Ex(x) < Y (k= 1)) Z/ F(x —y+ (k= De + A P(S, € dy, An)
k=N+1 n=0" "
<A+ —g- (=¥ Y @k = De)(F(x + (k — De) — F(x + ke))
k=N+1
<(1+8)*A—g_(—=yn! / L PO DF@y). (4.26)
x+Neg

Now consider Ej (x). Let @ = Supyc-1(k—1)ne,1-1kne) 9(), Where [ is a positive integer
andk =1,2,...,1. For the above fixed ¢ and N, by Fubini’s theorem, (4.20), and the fact that
¢ is Riemann-Stieltjes integrable, we know that, when x and / are sufficiently large,

o 0 x—y+Ne
E\(x) =) / / ¢z +y =) F(d2) P(S, € dy, An)
n=0 —o0 Jx—y

x—y+l"'kNe

00 o !

Z/ Zf 0(z+y —x)F(dz) P(S, € dy, A,)
n=0""%k=1"*

l

—y+~1(k—1)Ne

0
< Dk Z/ Fx—y+ l‘l(k —DNe+ Ay P(S, € dy, Ay)
k=1 n=0" "

I
<U+8U =g (="' Y G (Fx+17"(k — )Ne) — F(x +17'kNe))

k=1
x+H1kNe

l
<SU+8°0—g(=yn'Y] / 9(y — x)F(dy)
k=1Y"

-1 (k=1)Ne
x+Neg
— (14821 — g ()" / o(y — x)F(dy).

Hence, for sufficiently large x,

E@(Sr, —0)s,, >0 < (14870 — g (=y) " / o(y — x)F(dy). (4.27)
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Similarly, we can obtain

E(Se, =05, »x = (1 =871 —g_(=y)~! / p(y — x)F(dy). (4.28)

It follows from (4.27) and (4.28) that (4.22) holds.
The proof of (4.23) is similar to that of (4.22) and, thus, we omit the details.

Proof of Theorem 4.6. We first give a proof for the case 0 < T < oo. By ¢ € [Ld,
F € L(y),and (4.21),

Mg

Eﬁo(su)l{SurEx—t-AT} = ¢(Sn)1{ST+Ex+AT,r+:n}

n=1

8

= Z (X, + Snfl)l{fo,,_l<Xn§x+T7S,1_1,r+=n}

8”

x—y+T
= Z / f ¢(y + 2) F(d2) P(S, € dy, A)

~ o(x) Z/ F(x =y + A7) P(S, € dy, Ay)
n=07Y"®
~(1 =g (—yN 11 —e"px)F(x)

x+T
~ (1= g (=) / o) F(dy),

i.e. (4.24) holds for0 < T < oo.
Before giving a proof for the case T = 0o, we need to prove that fooo o(y)F(dy) < co. By
F € L(y), itis easy to show that, for any positive constant C,

x+C C -1 ,x+4+C .
f (p(y)F(dy)N(l—e_”C)(/O e—”dy) f oOF() dy.

Hence, N .
fo p(MF(y)dy <oco /0 e(F(dy) < co.

For the case T = oo, by Fubini’s theorem, ¢ € Ld, and the above proof for the case
0 < T < oo, we have, forany 0 < T7 < o0,

o0
E@(Se)1s,, x) = Y _E@(S)l(s,>x. 7,=n)

n=1
X—y+kT)
= ZZ / / 0(z + y)F(d2) P(S, € dy, A,)
k=1 n=0 y+k—=1T;
x+kTy
S [ ey
k=1 x+(k71)T1

= (=g =y / o) F(dy),
i.e. (4.24) holds for T = oo.
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Remark 4.1. If ¢ is nondecreasing, using integration by parts, all the above results can also be
verified. Combining this with Theorems 5.1 and 5.2, below, different proofs can be given for
Theorems 3.2 and 3.4 of Cheng et al. (2002).

5. On the solutions of renewal equations

In this section we will give some equivalent conditions and sufficient conditions for the
asymptotics of the solutions to some renewal equations. For this, we will introduce some
notions and notation.

We consider the renewal equation Z = z +gW * Z, i.e.

Z(x) =z(x) + q/ Z(x —y)W(dy), x =0, (5.1
0

where W is a proper distribution on [0, 00), z(x) > 0 is a known and locally bounded function
on [0, 00), and g > 01is aknown constant. Throughout this section, we suppose that0 < g < 1.
In this case, Z = (1 — q)_1 Up x z,1.e.

Z=1-q)! /O 2(x = y)Un(dy), (5:2)

where -
Uo)=(=q) Y q"W" @),  xz0. (5.3)

n=0

Since in most cases it is not easy to calculate (5.2), attention is paid to asymptotics of the
solution Z(x). Asymptotics of Z(x) have a close relation with the properties of z(x). There are
some existing results. For z = W, see Embrechts et al. (1979), Embrechts and Goldie (1982),
Cline (1987), among others. For the case in which z is a proper distribution, see Cai and
Garrido (2002) and Cai and Tang (2004). For the case in which z is a subexponential density,
see Asmussen (1998) and Asmussen et al. (2003). Recently, Yin and Zhao (2006) investigated
the case in which (z(0))~!z(x) is a tail distribution and obtained some new results. For the
purpose of this paper, we will discuss asymptotics of Z(x) for the new case

2(x) ~ cL(x), (5.4)
where c is a positive constant and L is a proper distribution on [0, 0co0). The results will be given
for the cases in which W is heavy tailed and light tailed.

5.1. Heavy-tailed case

Theorem 5.1. For the renewal equation (5.1), assume that (5.4) is satisfied.
Case 1. Assume that Up(x) =~ L(x), L € L, and Uy € L. Then the following assertions
are equivalent:

i) L e 4, i) W e s, (i) Zx) ~c(l— q)_lz(x).

Case 2. Assume that Up(x) = o(1)L(x) and L € 8. Then (iii) still holds.

Proof. Case 1. We first show that (i) implies (ii) and (iii). By L € 4, Ug(x) ~ L(x), and
Up € £, we know that Uy € 4. Hence, W € 4 by (5.3) and Corollary 3 of Embrechts et
al. (1979). Now we prove that (iii) holds. For any fixed positive constant N and any x > 2N,
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N x—N X
(1 —q)‘(/ +f +/ )z(x—y)Uo(dy)
0 N x—N

$Z1(x) + Za(x) + Z3(x). (5.5

by (5.2),

Z(x)

By (5.4), L € £, and the dominated convergence theorem,
Zi(x) ~ c(1 = )~ "LE)Uo(N). (5.6)
Again, by (5.4), since Uy € § and Uy (x) &~ L(x), it is easy to show that

/XN Uo(x — y)
N Up(x)

V4
lim sup lim sup _2((x)) = lim sup lim sup Up(dy) = 0. 5.7

N—oo X N—o00
For the above given N, since Zy = SUP [0, N] z(y) < 00, by Up € £ and Up(x) ~ L(x), we
obtain
Z3(x) < (1 = @) 'zyWo(x — N) = TUp(x)) = o(DL(x). (5.8)
Hence, (iii) holds by (5.5)—(5.8).

We will prove that (iii) implies (i). It follows from L € £, Uy € £, and Up(x) ~ L(x)
that (5.6) and (5.8) still hold. Hence, (iii) tells us that the second limitation of (5.7) holds.
Combining this with Uy € £, we know that Uy € 8. So, L € 4§ follows from L € L,
Up(x) ~ L(x), and Uy € 8.

Finally, we prove that (ii) implies (iii). By W € 4 and Theorem 1 of Veraverbeke (1977),
we know that Uy € 4. Hence, L € 4, i.e. (i) holds. By the above implication of (iii) by (i),
(iii) holds.

Case 2. It is obvious that (5.6) and (5.8) still hold. Using integration by parts,

x—N x—=N
/N L(x = y)Up(dy) = L(x — N)Up(N) — L(N)Up(x — N) +/N Uo(x — y)L(dy);

combining this with Up(x) = o(1)L(x) and L € 4§, we know that the first limitation of (5.7)
holds. Hence, (iii) holds.

If L = W then we can cancel some conditions of Theorem 5.1 and obtain the following
result.

Corollary 5.1. For the renewal equation (5.1), assume that (5.4) is satisfied for L = W. Then
the following assertions are equivalent:

i) Wes; i) WedLand Z(x) ~c(l — q)_IW(x). 5.9

Proof. We only need to prove that (ii) implies (i). Since W € L, then (5.6) still holds for
L = W. Combining this with (5.9), we obtain

/ TNW(x —y)
N W(x)
Since Up(dy) = (1 —q) >_p2; ¢"W*'(dy), it is obvious to show that

lim sup lim sup Up(dy) = 0.

N—o0

x—N x—N
/N W — »W(dy) = 0(1)/N Wix — »Us(dy).

Combining this with W € £, we know that W € §.
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5.2. Light-tailed case

We primarily discuss the case in which L = W in this subsection.

Theorem 5.2. For the renewal equation (5.1), assume that (5.4) is satisfied.

Case 1. Assume that L = W € L(y) for some y > 0 and that gw(—y) < 1. Also,
suppose that z is continuous almost everywhere with respect to the Lebesgue measure. Then
the following assertions are equivalent:

@ Wedy):
(i) Z(x) ~ (c(l — ggw(=y) ™" +1q(1 — qgw(—=y) W (x),

where I =y [ z(y)e?” dy.
Case 2. Assume that Ug(x) = o(1)L(x) and that L € 8(y). Then

Z(x) ~ c(1 — ggw(—=y) ' Lx). (5.11)

Proof. Case 1. We first prove that (i) implies (ii). It follows from (5.3), W € 4(y), and
Theorem 1 of Veraverbeke (1977) that Uy € 4(y) and

(5.10)

Uo(x) ~ q(1 —g)(1 — ggw (=) "W (x). (5.12)
Since Uy € 4(y) C L(y), then there exists a nonnegative function /(x) on [0, co) such that
h(x) — —
h(x) 1 oo, —— — 0, and Uy(x —1) ~e’"Uy(x)
x

uniformly for |f| < h(x),

Up € 8(y) <= Up € L(y), 8Uy(—y) < 00,

x—h(x) o
and /h() To(x — y)Uo(dy) = o(1)T(x).

Now we deal with Z(x) using h:

h(x) x—h(x) X
Zx) =1 —¢g)! (f +[ +/ )z(x — ) Uo(dy)
0 h(x) x—h(x)

=: Z1(x) + Za(x) + Z3(x). (5.13)
By W € 8(y) C L(y), (5.4), and the dominated convergence theorem,

Z1(x) ~ c(1 = @) guy (=)W (x) = c(1 — ggw (=) "' W(x). (5.14)
It follows from Uy € $(y), (5.4), and (5.12) that

x—h(x) x—h(x) __
/h 2 — V) Up(dy) ~ ¢ / Wx — v Us(dy)

(x) h(x)
x=h(x)
~eqg ' A -g)7 ' - qgw(—V))th( ) Uo(x — y)Up(dy)
= o(1)Up(x)
=o()W(x). (5.13)
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For Z3(x), we use a different approach to that given in Theorem 5.1. We first show that
e’*z(x) is directly Riemann integrable on [0, co). For this, we need to prove that e”*W(x) is
directly Riemann integrable. Since gw(—y) < 1, e¥*W(x) is integrable on [0, c0). So, for
any § > 0,

> e W((n - 1)8) < oo. (5.16)
n=0

Equation (5.16) and Proposition 4.1(ii) of Asmussen (2003, Chapter V) show that eV W (x) is

directly Riemann integrable. Using (5.4) and the result that, for two nonnegative functions fj

and f> on [0, oo) such that fj(x) ~ f2(x), f1 is directly Riemann integrable is equivalent to f>

being directly Riemann integrable, we can show that e”*z(x) is directly Riemann integrable.
Forany 0 < ¢ < 1, let

Ze(x) = sup z(y), x > 0.
ye(x,x+¢€]

Hence, by W € 8(y), Up € 8(y) C L(y), and (5.12),

e~ h(x)
Z30) = (1 —g)7" Y Zeke)Uolx — (k+ De, x — kel
k=0
e’lh(x)
~(U=g)™h Y Zelke) (@@ *HVE — R T ()
k=0
e~ lh(x)
~q(l—qgw(=y) 7 Y Zelke)(@ "D — e )W ().
k=0
Hence,
tim lim sup 222 < 41 — gew (—y) 2L (5.17)
el0 Wx) ~

Similarly, writing z,(x) = infye(x,x+e) 2(¥), x > 0, it can be proved that

z
lim lim inf W3((;C)) > q(1 — qgw(—y) 21 (5.18)

So (5.10) holds by (5.13)—(5.15), (5.17), and (5.18).
In the following we prove that (ii) implies (i). Since W € L(y), by (5.4), (5.14) still holds.
It follows from (5.3), W € £L(y), and Fatou’s lemma that, for all k > 1,

lim inf

(1 —g) "Uo(x — ke, x — (k — 1)e] thinf W (x —ke, x — (k — 1)e]
CIW(X) 1 qW(x)

o0
>
i=
> (1 — qgw(—y)) 2(er*® —er®=Dey,

Hence, by the fact that e”*z(x) is directly Riemann integrable and Fatou’s lemma, we have

gl (1 —qegw(=y) W) S Z3(x).
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Combining this with (5.10), (5.13), and (5.14), we obtain
Zy(x) = o()W (x). (5.19)

By Up(dy) = (1 —q) Zgil q"W*'(dy) and (5.19), we obtain

x—h(x) x—h(x) _
/h( : W —y)W(dy) = 0(1) o W(x — y)Up(dy) = o(1) W (x).

Hence, together with W € L(y), this implies that W € §(y) .
Case 2. Its proof is similar to the proof of case 2 of Theorem 5.1. We omit the details.

Remark 5.1. In case 2 of Theorem 5.2, if W(x) = o(1)L(x) and L € $(y), it is easy to show
that Up(x) = o(1)L(x). Hence, (5.11) still holds.

6. Proofs of the main results

In this section we will use the results of Sections 4 and 5 to prove the theorems of Section 2.
Using renewal equations and the strong Markov property, we first investigate the relationships
between the moments of the overshoot and undershoot and the moments of the first ascending
ladder height of a random walk.

Let T be any positive constant. If we write

Z(x) =E@(Sr, —x)lis, ex+ar) 2(x) =E@(Se, — )5, extar), and W= Fpy,
then, by the strong Markov property,
Z(x) = E@(St, — 015, ex+ar), oy >3} FE@(Se, — 015, ex+ar), Soy <)

X
— E(Se, — Olis,, cxsar) + /0 E(Se, — (6= s, ya Fa(dy)
X
=z(x) + oz/ Z(x —y)W(dy). 6.1)
0

Similarly, if we write

Z(x) =E@(x — Sr,—1)1s, ex+ar)s 2(x) =B — Se, 0D lis,, extar)s
and W = Fp;
Z(x) = EQD(STX - x)l{tx<00}7 2(x) = E(/)(St+ - x)l{ST+>x}’ and W = Fp+§

and
Z(x) =Eqp(x — er—l)l{rx<oo}, z(x) =Eop(x — Sr+—1)1{ST+>x}: and W = Fp+7

then we obtain three renewal equations similar to (6.1), denoting them by (6.2), (6.3), and (6.4),
respectively.

Proof of Theorem 2.1. We use the renewal equation (6.1). Since F € £, then F! ¢ Ly
for all 0 < T < oco. Hence, by Theorem 4.2(ii), the dominated convergence theorem, and
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Lemma 3 of Asmussen et al. (2002), we have, forany 0 < T < oo,
2(x) =E@(Se, — 05, extar)

~ (1 —aym™! fOT @) F(y+x)dy

~ (1= aym™! /0 ) &yF o)

~ (1 —a)m™! /OT 9() dyT'F'(x + A7)
~17! /OT @) dyFy(x + Ar).

Hence, by (6.1), Theorem 5(ii) of Asmussen et al. (2003), and Theorem 2.2 of Wang et al.
(2008), it follows that (ii) is equivalent to (iii). The assertion that (i) is equivalent to (ii) follows
from F € £ and Lemma 4.2 of Wang et al. (2007).

Proof of Theorem 2.2. We use the renewal equation (6.2). By Theorem 4.3(ii) we know that
(4.6) holds.

Case 1. By (4.6),0 < a < oo, Fl e 3a, forall0 < T < oo, and Lemma 3.3 of Asmussen
et al. (2002), we obtain

2x) =Eo(x — S, Dis,, exrar) ~ (I —aym™'aF (x + Ar)
~aFy(x + Aq).

Hence, by Theorem 5(ii) of Asmussen ef al. (2003) and (5.4), (2.3) can be proved.
Case 2. It follows from (4.6) and ¢(x) — oo that

Fl(x + A1) = o(Dz(x).
Hence, by Theorem 5(iii) of Asmussen et al. (2003),
Z(x) =E@(x — St Dlis, extar) ~ (1 —a)"'z(x)
~m”! /xoo ¢MF(y+ Ar)dy,

i.e. (2.4) holds.

Proof of Theorem 2.3. We use the renewal equation (6.3).
Case 1. It can be immediately proved by Theorem 4.2(i), Corollary 5.1, and (6.3).
Case 2. For any N > 0, since a = 00, there exists a b > 0 such that

G = / eOF(x +y)dy = NFI(x + b).
b

Since F! € £, then we have F/(x) = o(1)G (x). Hence, Up(x) = o(1)G (x). So (2.7) can be
obtained from (6.3), Theorem 4.2(i), and case 2 of Theorem 5.1.
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Proof of Theorem 2.4. We use the renewal equation (6.4).
Case 1. By Theorem 4.3(i), (4.5) still holds. By (4.5) and ¢(x) — a, 0 < a < oo, we
obtain

2(0) =E@(x — Se,—Dis,, >y ~ (I — 0)m™'aF7 (x)
~ aaF pt(x)
= aaW(x).
Hence, it follows from Corollary 5.1 and (6.4) that (i) is equivalent to (ii).

Case 2. By Theorem 4.3(i) and F' € .£, (4.5) still holds.

It follows from a = oo that F(x_) = o(1)G(x). Since G € 4, by Theorem 2(i) of
Asmussen et al. (2003), Up(x) = o(1)G(x). Hence, (2.9) can be shown similarly to case 2 of
Theorem 2.3 using (6.4).

Proof of Theorem 2.5. We use the renewal equation (6.3). Since ¢ € Ld, then it is easy to
show that fooo @(y)e 7Y dy < oo. It follows from F(x)e¥*| that, for x > 0,

/0 9(F(x +y)dy < C/o @(e " dyF (x).

Hence, by Theorem 4.5, f € Ld(y), and the dominated convergence theorem,

z(x) =E@(Sy, — 05, >x)
o

~ (=g =y~ / o0y — ) () dy

X

~y(1—g_(=y»" /0 o(V)F(x 4 y)dy
~ V/O p(y)e 7V dyF 4 (x).

Hence, the result can be proved using case 1 of Theorem 5.2.

Proof of Theorem 2.6. We use the renewal equation (6.4).
Case 1. By Theorem 4.4,
2(x) =B — S, Dlis,, >} ~ (1 — g (=) 'aF (x)
~ aafp+(x).

Hence, by case 1 of Theorem 5.2, the result can be obtained.

Case 2. It follows from a = oo that F 1 = o(1)G(x). Also, by G € $(y), Ug(x) =
o(1)G(x). Hence, (2.10) can be shown using case 2 of Theorem 5.2.
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