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Chern Characters of Fourier Modules

Samuel G. Walters

Abstract. Let Ag denote the rotation algebra—the universal C*-algebra generated by unitaries U, V satisfying
VU = 29UV, where 0 is a fixed real number. Let o denote the Fourier automorphism of Ay defined by
U~ V,V = U"andlet By = Ag X 7./47. denote the associated C*-crossed product. It is shown that
there is a canonical inclusion 7° < Ko (By) for each 6 given by nine canonical modules. The unbounded trace
functionals of By (yielding the Chern characters here) are calculated to obtain the cyclic cohomology group
of order zero HC®(By) when 6 is irrational. The Chern characters of the nine modules—and more impor-
tantly, the Fourier module—are computed and shown to involve techniques from the theory of Jacobi’s theta
functions. Also derived are explicit equations connecting unbounded traces across strong Morita equivalence,
which turn out to be non-commutative extensions of certain theta function equations. These results provide
the basis for showing that for a dense Gj set of values of 6 one has Ko(By) = 7° and is generated by the nine
classes constructed here.

1 Introduction

Let 0 be a real number and let Ay denote the rotation C*-algebra generated (universally)
by unitaries U and V such that VU = AUV, where A = &>, Throughout, we shall write
A = Ay and identify it with its canonical smooth dense *-subalgebra Ag°® coming from the
canonical action of the 2-torus. It is closed under the holomorphic functional calculus so
that modules over A are in one-to-one correspondence with those over Ag® [6].

The objective of this paper is to study the Fourier automorphism o of Ay characterized
by the conditions

cU)=V, oWV)=U"!

and its associated crossed product C*-algebra B = A X, Z, (where Zy = 7./47)). When 6
is irrational, it is a simple C*-algebra with a unique normalized trace and can be character-
ized as the unique C*-algebra generated by unitaries U, V, W satisfying the commutation
relations

(1.1) VU =XUV, WUW'l=Vv, wvwl=U"! w'=1L

In fact, B has the cancellation property (6 irrational), which follows from [10, Proposi-
tion 6.2]. When 0 is rational, B is the universal C*-algebra generated by unitaries satisfying
(1.1). In this case, B has a canonical trace 7 defined (relative to the generators U, V') by the
conditions

(1) =1, =(U"V") =0,

for (m,n) # (0,0).
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The Fourier automorphism is next in order of difficulty to the flip automorphism (U +—
U™, V — V1), which is the square of . The flip was the object of serious study in [1],
(3], [4], [5], [14], and [15]. As was demonstrated in [3, Section 4], [4, Section 5], [14], and
[15], techniques using unbounded traces of modules proved to be useful in studying the
structure of automorphisms and their associated crossed products.

In Section 2 the unbounded traces on B (the Chern characters) are computed and it is
shown that they form a 7-dimensional vector space. Together with the (unique) bounded
trace, one obtains, when 6 is irrational, the zeroth cyclic cohomology group (defined in [7,
Chapter 3]):

HC"(Ag x, Z4) = C°.

(See Theorem 2.3.) Six basic projections and three modules are constructed and their
Chern characters computed, via the natural pairing

Ko(B) x HC*(B) — C.

The three modules arise from the Fourier module & constructed in Section 3. (The author
is indebted to George Elliott for suggesting the use of the Fourier transform to construct
this module from the Heisenberg modules of Connes [6] and Rieffel [12].) The computa-
tion of the Chern characters for the Fourier module is long and takes up most of the paper
(see Sections 4 and 5). One of the goals of this paper lies in showing that this can be done
in the module picture by classical means as well as showing how Jacobi’s theta functions
emerge naturally in such a connection and help in the computation of these characters.
The results of this computation are summarized in the Chern character table at the end
of Section 2 (see Theorem 2.4). Further, obtained are explicit equations linking the un-
bounded traces themselves across strong Morita equivalence (see Theorems 4.2 and 5.2);
such equations generalize some of the many classical Jacobi equations relating theta func-
tions. More specifically, one uses Rieffel’s equation relating traces across strong Morita
equivalence given by

(1.2) T'((f,8),,) = T f)y),

(see [11, Proposition 2.2]) where T and T’ are traces on the strongly Morita equivalent
algebras B and B’ = Endg(F), respectively, given by the equivalence B’-B-bimodule struc-
ture of the Fourier module J. The equation (1.2) is worked out explicitly in our case and, in
fact, when looked at under a microscope (using probability density functions), it becomes
one of the many Jacobi identities relating theta functions. For instance, one such equation
is
1

Z (193(57 Ll) + 194(55 M)) : (193 (t7 Ll) + 194(t7 Ll))
= ¥3(2t — 25, 8u) - ¥5(2t + 25, 8u) + 9,(2t — 2s, 8u) - ¥, (2t + 2s, 8u)

(see the equation (5.6) of Section 5), where the theta functions 9, 93, 94 are recalled briefly
in the Appendix (Section 7) *. Incidently, Boca [2] has recently been able to use theta

*For a good classic treatment of theta functions see [18, Chapter XXI].
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functions to construct projections of trace # in the fixed point subalgebra of Ag under the
Fourier automorphism.

The Chern character table (Section 2) shows that for any € the nine classes constructed
here are independent in Ky(B) and so yield an injection

7° < Ky(Bp).

The Fourier automorphism was studied by Farsi and Watling in [9] in the rational case

= p/q and its associated crossed product By, = A,y % Z4 (as well as the fixed point
algebra) explicitly described as an algebra of continuous matrix-valued functions on the 2-
sphere with 3 singular points. (That is, at such points the functions commute with certain
projections.) In the same paper they showed that Ko(B,/,) = 7° and K, (Bp/q) = 0. Using
this it will also follow that the (numerical) Connes Chern character

T: Ko(Byjq) = R X Z x C* x R?,

which essentially consists of all the traces put together, is injective. (See Theorem 2.4.)
Using the results of the current paper, together with [16], it will turn out that the above
nine modules form a concrete basis for Ko(B,/4), and in fact one which is continuously
dependent on @ (from the point of view of the continuous field of C*-algebras {By}). In
[16], the author uses the results of the current paper and [9] to show that for a dense Gs
set of the parameter # (containing the rationals) one has Ky(By) = 7°, and is generated by
the nine canonical modules given here (so, in particular, it holds for many irrationals). It is
also shown in [16] that one has K;(By) = 0 for a dense G;.

2 Chern Characters and HC®

In this section we shall determine a basis for the vector space of all unbounded traces on
the crossed product B = Ay X, Z4, and show that it is 7-dimensional. The domains of
these traces will be the dense *-subalgebra Af® i, Z,. (Throughout, B will be identified
with this smooth subalgebra.) We shall also summarize one of the main results of the paper
(Theorem 2.4), the proofs of which are given in later sections.

Definition If o is an automorphism of a C*-algebra A, then a (not necessarily continuous)
linear functional ¢ defined on a dense a-invariant *-subalgebra A’ of A is said to be a-
tracial (or is an a-trace) iff

p(xy) = p(aly)x),

Vx, y € A’. We will simply refer to ¢ as a*-tracial if it is o*-tracial for some integer k.
Clearly, an a-tracial map is a-invariant (when A is unital). Therefore, this relation is
equivalent to ¢(xy) = QS( yofl(x)). (In our case, A’ will be the canonical smooth dense
subalgebra of the irrational rotation algebra with respect to the canonical generators U, V.)
Given a C*-dynamical system (A, I', a), where I' is a discrete commutative group (writ-
ten additively) acting on A, the crossed product A X, I' contains canonical unitaries W,
(for g € I') defined by W, (h) = 6,5, and satisfy

ag(a) = WgaW;‘, WWp, = Weip, Wg* =W_,.
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In the present paper I' = 7.

Proposition 2.1 Let T be a trace functional defined on £*(T', A). For eacht € T define the
map @, on A by
wi(a) = T(aW_,).

Then each ; is a-invariant and satisfies the equation
(%) ¢i(ab) = ¢ (o (b)a)

Va,b € A. (That is, ; is ay-tracial).
Conversely, if {¢, : t € T'} is a family of a-invariant maps on A such that @, satisfies (*),
then the functional T defined on £*(T', A) by

(Y aw) =Y v

tel’ tel

is a trace.

Proof (=) If T is tracial, then T(aW_,bW_;) = T(bW_,aW_,) becomes

pern(aa_g(b)) = pein(ba_n(a))

since I' is commutative. Takinga = 1 and h = t — g in this equation shows that ¢ is
a-invariant for all £. So this equation can be written as

Pg+h (ag(a)b) = Pg+h (a;,(b)a) ;

and taking ¢ = 0 shows that ¢y, is an «a;-trace.
(<) Conversely, suppose {¢; : t € I'} are given with the desired property. From the
definition of T, one has T(aW_g) = ¢,(a). Thus,

T(@W_bW_p) = T(aa_g(hW_g_1)
= pgin(aa_g(b))
= @gsn(a_p(@)a_g_4(b))
= @gen(ba—n(a))

= T(bW_haW_g)
which completes the proof. ]
Consequently, if t; € I is fixed and ¢ is oy, -tracial on A, then by letting
o ift=—1
A 0 otherwise
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then the family {¢, : t € T'} satisfies the conditions of Proposition 2.1 so that ¢ induces
the trace functional T on £!(T", A) defined by

T(Z atwt) = ¢(a7tg)'

tel’

For convenience, write A(n) = \".

Now fix a matrix &« = [9 Y] € SL(2,7Z) which implements a natural automorphism of

A= A;o. Thus, a(U) = U*V?, a(V) = UV Let ¢ be a-tracial on A. Then
(2.1) dUMV'UPVI) = ¢(a(UPVHUV"),
and using

a(UPV) = A(abp(p — 1)/2 + cdq(q — 1)/2 + bepq) U1y bp+da
equation (2.1) becomes
A(np)p(U™ V™) = A(abp(p — 1)/2+ cdq(q — 1)/2+ bepq) - U1V IPHy™y™)

= A(abp(p — 1)/2 + cdq(q — 1)/2 + bepq + mbp + mdq)
 p(Uepreatmybprdginy
and so we have
(22)  @(U™PV™) = A(abp(p — 1)/2 + cdq(q — 1)/2 + bepq + mbp + mdq — np)
 p(uaptearmy bprdarny
Upon replacing p by p — m and g by ¢ — n equation (2.2) becomes
(2.3) p(UPVT) = A(ab(p —m)(p—m—1)/2+cdlg—n)(q—n—1)/2
+be(p —m)(q — n) +mb(p — m) +md(q —n) — n(p —m))

A (b(Ua(p—m)+c(q—n)+mvb(p—m)+d(q—n)+n)'

Now using the notation
G(m,n) =U™V"

which satisfy the relations
G(m,n)G(p,q) = Anp)G(m + p,n+q),
equation (2.3) can be re-written as

(2.4)
¢(G(p,q)) = A(ab(p — m)(p —m —1)/2 + cd(q — n)(q — n — 1)/2 + be(p — m)(q — n)

+ mb(p — m) + md(q — n) — n(p — m)) - ¢(G((p, Do+ (m, n)(I — a)))
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Hence for a given pair (p,q) € 72, the other pairs that depend on it are exactly (p, q)a +
(m, n)(I—a) for variable integers m, n. In fact, the following defines an equivalence relation
on7% (p,q) ~ (p',q") iff

(p's9") = (p,9)a + (m,n)(I — a),
for some (m,n) € 7?. In fact, this is equivalent to saying that (p’,q") — (p,q) €

Range(I — ).

The o-Traces

Now let us apply this to the Fourier automorphism o = o = [_01 (1)] sothat | — o =
[17']. Thus a given (p,q) is equivalent to (p,q)o + (m,n)(I — o) = (—q + m + n,
p — m+n). Now we take n = g — mand m = [(p + q)/2] (the greatest integer function)
so that p + g — 2m = m’ = 0, 1. Hence (p, q) is equivalent to (0, 0) or (0, 1), depending
on whether the parity of p + q is even or odd, respectively. This implies that a ¢(G(p, q))
depends on QS(G(O, m’)) = ¢(V’”/) and that equation (2.4) becomes
(2.5) ULV = A(—(p — m)(q — n) + m(p — m) — n(p —m)) - p(V"™)

= A(—(p — m)ym+ (m —n)(p —m)) - (V")

- A(f(q —m)(p — m)) . ¢(Vp+q*2[(p+q)/2])

where m = [(p + gq)/2]. Thus we have two independent o-trace functionals, 119 and 1,
normalized as follows

Y1) =1, (V) =0, ¥u(1)=0, ¢n(V)=1.

Using equation (2.5) one can obtain full equations for these functionals. So if x =
> xpqUPV 1 is a smooth vector, then

Pro(x) = prql\(—(q — m)(p — m)) - 1y (VIO
[

(here, m = [(p + q)/2]), which becomes

(2.6) Y10(0) = D AP (g 0 + X2 1.291)-
p’q

Proof Since ¢;9(V) = 0, (2.5) will be non-zero only when p + g is even, in which case
m=[(p+q)/2] = (p+q)/2s0 (2.5) becomes

Yio(UPV) = A(—(q = m)(p — m)) = A=/,
Thusifx =) xpqUPV1is a smooth vector, then

Pro(x) = Z qu/\(p_q)z/4

ptqeven
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and since p + q is even we split the sum according to when p, g are both even or both odd

= S S g A

)2
= Z A@=p) (%2p2q + X2p—129—1)

p?q
which gives (2.6). ]
Similarly, for 11, one gets
(2.7) P (x) = Z A(q_p)(q_pﬂ)(xzpq,zq + X2p—229-1)-
p'rq

At this point observe the following connection between o and 1;;. Let v denote the
automorphism of A given by

YU) = NPU, V) =27
One can easily check the following equation
P11(x) = 1o (’Y(XV)),

using the relations

iUV = A= g (U = Ao NG

where k is k reduced modulo 2 (so k = 0, 1). One also has

yoo=Ad(U)oogon.

The o2-Traces

Since ¢ is the flip automorphism, the o>-traces are four in number and have already been
found in [3] and [14]. However, two of them are o-invariant and the other two can be
added together to get one o-invariant trace. So we shall end up with three o-invariant
o2-traces. From [14], they are given by

Gijlx) = Y AT CmIC I gy,

mn
where x = Y x,,UPV9and i, j = 0, 1. Or, for the generic vectors U™ V", one has
¢ij(U™V") = )\_mn/zfsi,mfsj,ﬁ'

It is easy to verify that ¢, ¢11, and g1 + ¢y are o-invariant o-traces on A. So, adopt the
following notation for consistency:

Y = oo, Y1 = 11, Y = do1 + ¢ro.
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The o3-Traces

The o-traces turn out not to yield new K-theoretical data which the o-traces don’t already
provide. This is because there is a one-to-one correspondence between the two given as
follows. Given a o-trace ¢, the map

P(x) = P(x*)

defines a o>-trace. (And conversely.) To see this,

By = 307x) = 6(0)y*) = 6(x () = #((* (1)) = (o ().

Therefore, using the equations for the o-traces, one easily obtains equations for the o°-
traces and can summarize the results as follows. In fact, using the definitions of 13y and 13,
given in the following proposition, one easily verifies that 139(x) = ¥10(x*) and 13 (x) =

P (x*).

Proposition 2.2 One has the following 7-dimensional basis of the vector space of all un-
bounded traces on the fixed point subalgebra A°. More specifically, {1)10,%11} is a basis of
a-traces on A, {10, V1,102 } a basis of o®-traces, and {130, 3} a basis of o> -traces, and
are given by

2
Pro(x) = Z)\(p D (xap,2g + X2p—129-1)
P
P (x) = Z )\(qu)(quﬂ)(xzp_l’zq + X2p-229-1)
p’q
Pa(x) = Z )\_zmnxzm,zn
m,n
¢21(x) = Z)\7(2m71)(2n71)/2x2m7172n71
m,n
P (x) = Z)\fm(znfl)xzm,zn—l + Af(zmil)nxm—l,zn
m,n
_ 2
P3p(x) = Z)\ (p+a) (%2p,2q + X2p+1,29—1)
pq
Par(x) = ATEHOP e+ x0p0g1)
P4

wherex = xp,UPVis in A.
One also has the relations
Yro(UMV") = X gy (U = Al g
(2.8) P (UMV") = )\_m"ﬂdm,odﬁ,o P (U™V") = A_m"/ztsm,l(sﬁ,l
¢22(Umvn) _ )\7rm1/2(5m7m

Yao(UTV") = AT G UV = AT
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The unbounded traces T;; on B = A X, Z4 are now given by
(2.9) Tij(ao + a1 W + mW? +a;sW?) = Yij(as—i),

fori = 1,2,3 and j goes from O to n;, where n; = 1, n, = 2, n3 = 1. Therefore, using
Proposition 2.2, one obtains all the traces on B giving its cyclic cohomology group of order
zero.

Theorem 2.3 For any irrational 0, one has the cyclic cohomology group of order zero
HC"(Ag %, 74) = HC(A]) = C*.

The group on the left is generated by v and T;;, while the middle group is generated by T and
Wij (restricted to A7), where T is the canonical bounded trace in each case.

Bracket Notation

It will ease notation and computation to write the %;;’s in terms of what we shall call
“bracket” functionals defined as follows. For fixed arbitrary integers v, r, t, and real a4,
G let [v,a,c 1, t] denote the linear functional defined by

2. 2
[V7 a, G, t] (X) = Z AU(P 4 )*2pq+up+th2p_n2q_t
plq

wherex = Y x,,UPV1is a smooth vector. Here we adopt the convention that for real s

P4

P e27ri95

The seven o*-traces in Proposition 2.2 can be written in terms of these functionals as fol-
lows:

10 = [1,0,0;0,0] + [1,0,0; 1, 1]
Y =[1,-1,1;1,0] + [1,—1,1;2,1]
a0 = [0,0,0;0,0]

Yy = A7Y?0,1,1;1,1]
1y =10,1,0;0,1] 4+ [0,0,1;1,0]
Y39 = [—1,0,0;0,0] + [—1,0,0; —1,1]
s =[—1,1,1;1,0] + [—-1,1,1;0,1].
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Basic Projections

If § is any unitary of order four, consider its associated projections

piS) = 1+

o L (s (1)

p3(S) = i(l +S5+8+8°).

In our case, it is easy to see that we have the order four unitaries
S = A ATy Y,
However, most of these are unitarily equivalent to each other (by a unitary of the form

UPVIWT). In fact one can show that S, is unitarily equivalent to either Soo = W or to
Sio = A/AUW. Thus, one gets the following six basic projections

p(W) = %(1+W2>
= (e (e

ps(W) = i(l + W+ W2+ W3

1
pAAUuw) = S+ N2Uuvw?)

1 1+1 1—1
pz()\1/4UW) = _ + (i))\l/‘lUW + ( l))\fl/4vw3
2 4 4
1
PAAUW) = i MAUW + AN2UVvw? + X~ VAvw?),

By computing their Chern characters it will follow (see table below) that these projections
yield six independent classes in Koy (B).

Second Order Chern Character

Now consider the unital *-embedding

U: By — My(Ay)

given by
[ZN) as ap ap
_ o (ay) o*(ag) o3(az) o3(a
\I’(ao + a1W + a2W2 + a3W3) = [U l(aifj)]?yj:o = Uzga;; Uzga(:; O'ZEIZZ; Uzgaji

o(az) olay) o(a) o(ap)
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where i — j is reduced mod 4 and where a; € Ay. This shows that the range of the canonical
(normalized) trace on Ky(By) is contained in %(Z + 70). The Fourier module Fy has trace
%, by Proposition 3.3 below, and since p3(W) has trace i one obtains the equality

7. (Ko(By)) = 1(Z+129).
The embedding ¥ induces the map
V.t Ko(Bg) — Ko(Ag)

such that if e is a projection in a matrix algebra over By, then one takes the class of ¥U(e) in
Ko(Agp). So, for example, the identity 1 of By goes to the 4 x 4 identity matrix in My (Ayp),
so that W, [1] = 4[1]’ in Ky(Ayg). (For the sake of clarity, we shall write [e]’ for classes in
Ky(Ap) and unprimed brackets [e] for classes in Ky(Bp).) Thus, it is not hard to obtain

T, [p1(W)] = U [py A\ UW)] = 2[1)
©) T, [p2(W)] = W [po(\/*UW)] = 2[1)
. [ps(W)] = T.[ps(\*UW)] = [1]".

(These are clear for ¥ (p;(W)) since it is a scalar 4 x 4 matrix and one just looks at its rank;
for the three other projections one observes that the order four unitary W’ = A/*UW
together with U’ = A2U, v = A2y satisfy the same commutation relations (1.1) so,
under a suitable automorphism of By, one gets the same result.)

Now recall Connes’ canonical cyclic 2-cocycle ¢ which gives a non zero class in the cyclic
cohomology group HC?(Ay) (for the smooth rotation algebra)

P, 3 = (X (0,(6)502) — 5,018 () )

(see [7, II1.2.3]) where §; are the canonical derivations of Ay under the canonical action of
T2. It induces the canonical (second order) Chern character map

a: Ky(Ag) = 7
given, using the cup product, as follows: if E is a projection in M,,(Ay) then
a(E) = (¢t Tr)(E, E, E)
where Tr is the usual (nonnormalized) trace on M,,(C) and ¢f Tr is the unique cyclic cocycle

such that
(P Tr)(° ® a®,x' @ a', x* @ a®) = p(x°, x', x*) - Tr(a’a'a?)
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where a/ € M,,(C) and x/ € Ay. If e is a projection in Ay, then

cilel = ple, e e) = T (e[di(e), 62(e)]).

As Connes showed in [6, p. 601], ¢| has the property that if [e]’ = m[1]’+n[eg]’ (in Ko(Ag))
for some integers m, n, then ¢ [e] = —n. (The power of this group homomorphism is that
it picks out the “label” of a projection in an invariant way.) Although Connes assumed that
6 € (0, 1) is irrational, this is not necessary so long as one uses the canonical trace on Ag.
(Note that the computation in [6, p. 601] for ¢;(eg) is off by a negative sign, a fact pointed
out by Elliott and which is used here.) The invariant that is of interest for our purposes is
the composition

Ci:=coW,: Ky(Bg) = 7.

For 0 in (0, 1), the map C; has the property that if [e] € Ky(Bp) is such that ¥, [e] =
m[1]" + nleg]’ (in Ky(Ap)), so that its trace in By is i(m + nf), then Cy[e] = —n. This
follows immediately from the above since

Cile]l = /(¥ le]) = a(m[1]" + nleg]’) = —n.

(In other words, one can write the trace of a projection as 7(e) = i(m — Cq[e]6).)

Therefore, the values of C; on the nine classes are as follows. For j = 1,2,3and S =W,
M/4UW one has

Cilpi(S)] =0,

which follows from (f). For the Fourier module ¥y constructed in section 3 (and whose
trace is g by Proposition 3.3 below) one has

Ci[Fpl = -1

This clearly follows for 6 irrational by the above property. For the rational case it can be
shown to follow from the construction of the Fourier module Fy since, considered as an
Ag-module, it is a Heisenberg module whose ¢;-character value is —1, as can be seen from
Connes’ computation [6; Theorem 7 and the following sentence].

All the traces and Chern character invariants can be put together to form the Connes
Chern character

T = (7,Cy; Tho, Ti1; Taos To1, T22)

where 7 is the canonical (bounded) trace, C; the canonical second order Chern character,
and Tj the unbounded traces. It defines a group homomorphism Ko(B) — RXZxC*xR>.
(Note that unlike T}, the traces Ty are real on self-adjoint elements.)
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The results for the Chern character values are as follows:

Chern Character Table

Projection 7 C; Tio M/ATy Ty Ty Txn
pwW) 3 0 0 0 o o
p2(W) o 0 0 0 0
p3(W) o 1 0 i 0 0
pAtUW) 3 0 0 0 o 1 o0
pOMAUW) Lo 0 0 0 0
ps(A\fUW) L0 0 ! o 1 0

S
O B I
e e e - N B

The values in this table for the first six projections are easily verified using (2.8) and (2.9).
(Their C, values having just been found above.) The last three rows give the values for the
Fourier module F := &, and its transforms, F(i) and F(—1), under the dual automor-
phism & (which fixes U and V and sends W to iW); its unbounded traces are computed
in Sections 4 and 5. The fact that C; of &, F(i), and F(—1) are all equal holds since they
are all related by the automorphism & which is the identity on Ay and hence induces the
identity on Ko(Ap).

Remark 1 Given a B-module E, the dual automorphism & induces another B-module
structure on E where the new action of W on a vector £ is given by iW. This new module
is here denoted by E(i) (as in the above table). It is not hard to see that

Tu([E()]) = iTw([E]), and Ty ([E()]) = —Tu([E])

which explains how the T;; values of the modules F(i) and F(—1) in the table were obtained
from those of .

It will be shown in this paper that this table is valid for all real § € (0, 1]. It is now
straightforward to check that the above nine vectors are independent over the integers (for
any ), thus showing that there is an injection

72 — Ko(By).

In [16] it will be shown that the nine modules form a basis for Ky (By) in the rational case,
an important fact used in showing that they form a basis for Ky (By) for a dense G; set of the
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parameter . Therefore, it will follow that the above injection is actually an isomorphism
Ko(By) = 77

for at least many irrationals.
The main result can now be stated as follows.

Theorem 2.4 For any 0 in (0, 1], there exists an injection
7’ — Ko(Ag X, Z4)

implemented by the nine classes given in the table. When 0 = p/q is rational the Connes
Chern character
T: Ko(Byjy) = RXxZx C x R

is injective.
The injectivity in the rational case follows from the fact that the nine classes (and their
T-images) are independent and Ky(B,,/4) = 7° (see [9]).

Remark 2 The first six projections in the table are clearly given by continuous projection-
valued sections of the field of C*-algebras {By : 6 € [0,1]}. The Fourier modules Fy
(and the other two), as a function of the parameter 6, can also be shown to be part of a
continuous section of the field (or of a matrix algebra over the field) and this is shown in
[16]. More specifically, if I is the C*-algebra of continuous sections of the field, then there
is positive class £ € Ko(I') such that Fj is its image under the evaluation map

evgs: Ko(I') = Ko(By).

3 The Fourier Module
The Heisenberg Module

Let S(R) denote the Schwartz space of rapidly decreasing smooth functions on the reals.
The Fourier transform of a function £ € 8(R) is defined by

£t = / £(s)e(—st) ds

where for convenience we shall write e(¢) := e*™. It maps S(R) bijectively onto itself [13,
Theorem 7.7] and defines a unitary operator on L?(R). We will use the Fourier transform
to turn the Heisenberg right Ap-module S(R) (constructed by Connes [6] and Rieffel [12])
into a right B-module, where B = Ay X, Z4. The Heisenberg module is defined for any 6 €
(0, 1] and is in fact an equivalence bimodule under suitable inner products [12, Section 1].
This will be recalled below in detail.

First, recall that the right actions of the unitaries U,V (generating Ag) can be repre-
sented by

(EV)(1) = e(®)€@), (EU)() =&t +0),
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where £ € S(R). They satisfy VU = AUV, where A = e(#). From [12, p. 289], recall that
C4 := Endy (S(]R{)) & Ag, where 3 = 67!, The algebra Ay is generated by unitaries Uy, V;
such that V,U; = pU;V; where p = e(3), and can be realized as operators on 8(RR) by the
left actions

Vi) = e(—t/0)§(t), U(Q@) =& +1).

The module §(R) becomes an equivalence C4-A bimodule [12, Theorem 1.1] with Cx-
valued and A-valued inner products given by

<5»77>A = Z<€777>A(m’ 7’1) : UmVn?

m,n

where -
&,m),(m,n) = 0/ E(t + mO)n(t)e(—nt) dt,
and
(€ me, = D _(&m),, (mym) - UV,
where

<€777>(:A (1’7171’1) = / f(t - m)%e(nt/@) dt.

The last of these follows from the equation 7((£, 7)., ) = (§,7) ., [12, Lemma 1.6] where
7 is the normalized trace on C4 = Ag, and the first inner product follows from Lemma 1.5
of [12]. Below, this bimodule is extended to an equivalence A%-B bimodule.

The Fourier Module

To extend the Heisenberg bimodule, define the right action of W on 8(R) by

1

\/55(_t/9)7

(EW)(1) =

where ¢ is the Fourier transform of €. It is straightforward to verify that the relations in
(1.1) are satisfied. It is easily checked that (§W?)(t) = &(—t), which corresponds to the
flip automorphism, and that (EW*)(t) = ﬁ{ (t/0). We shall denote this right B-module
by F = Fy. In Proposition 3.2 it is verified that it is projective and yields an equivalence
bimodule.

Let Cy = Endp (S(R)). One clearly has an injection Cp < C4 = Ag. It is natural to
expect that Cp turns out to be the fixed point subalgebra of Az under the Fourier automor-
phism on it. In fact, this can be realized as follows.

Let us also denote by o the Fourier automorphism of Ag, so that

o) =V, oVy)=U;"

Proposition 3.1 We have a C*-isomorphism Cp = A7,
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Proof A simple computation shows that if L € Cg, say

L= cual"V},

m,n

where {c¢;,,} is rapidly decreasing, then the condition L(EW) = L({)W implies that the

coefficients c,,, satisfy ¢, = ¢, —mp™, which exactly says that L is in the fixed point
subalgebra of Az under the Fourier automorphism o. By symmetry, the converse follows.
|

Next, define a B-valued inner product { , ), by symmetrization with respect to W,

3

(Em)y =D _(EnwW ), W

=0

Also, define the Cp-valued inner product as follows. For £, 1 € 8(R), let (£, 7)., denote the
operator on 8(R) given by

<£7 77>CB(C) = 5<777 C>B'

It can be easily expressed in terms of the C4-valued inner product by

3
(Eme, = D o' (&m)e,).
i=0

Proposition 3.2 The space S(R) is a projective right Hilbert B-module under the B-valued
inner product , ), and a left Hilbert Cg-module under (, ). . This turns the Fourier module
F into an equivalence Cg-B bimodule.

Proof Given the exact diagram of B-modules
N
s
M —— 8(R) —— 0

then, considered as an A-module diagram, the map ¢ lifts to an A-linear map ¢’: N - M
such that ¢’ = . Then the map

11 _1 / —i i
@0 = 7 DWW,

is B-linear and satisfies wp’’ = ¢, as required. The rest is straightforward.
As in [12, p. 291] choose vectors fi, ..., f, € S(R) (as a C4-A-bimodule, where C4
Ag) such that

12 m

n

Z<fk,fk>cA = l¢,-

k=1
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Letting g, = % fr> one gets

n

Z<g’<’ gk>c5 = lg;-

k=1

To see this, apply the sum to any vector £ € 8(R):

D (88, (6) = ng 8> &
k
= ng(z g, EW ), Wj)
= glge EW ), W
ik

= (g &), (EW W

jik

-1 Z (Z fis fide, ) (EW W
=1 S ew hw
j
= 5.
This shows that the B-module JF is represented by the #n X # matrix projection

€= [<gjagk>3] € M,(B).

Proposition 3.3 For the Fourier module F one has

(vs). (5] = 16,

where [F] € Ko(B) and Ty is the canonical trace of B.

Proof Follows easily as in the proofin [12, p. 291]. ]

As this takes care of the (bounded) trace of the Fourier module, we now turn our atten-
tion to finding its unbounded traces and prepare a program for doing so. This is done in
the remainder of this section.

Remark A close examination of the proofs of Propositions 2.1 and 2.2 of [11] shows that
they still hold if the C*-algebras there are replaced by dense *-subalgebras closed under the
holomorphic functional calculus (and containing the identities of the C*-algebras). (All the
unbounded traces here are finite on these dense subalgebras.) Modules over such smooth
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subalgebras are in one-to-one correspondence with the modules over the underlying C*-
algebra (in view of Lemma 1 of [6]). This smooth version of Rieffel’s result (particularly his
Proposition 2.2) will be used freely below. For convenience, we quote his result as follows.

Proposition 3.4 ([11, Proposition 2.2]) Let C and D be C*-algebras with identity ele-
ments, and let X be a C-D-equivalence bimodule. Then there is a bijection between the (non-
normalized) finite traces on C and those on D, under which to a trace T on C there is associated
a trace T’ on D such that

’L'/(<X, y>[)) = ’L'(<}’, x>L)
forallx, y € X.

In the next result we show that o*-traces on A are related to those on Ag in essentially
the same way as ordinary traces are related by Proposition 3.4.

Proposition 3.5 Fix r. For each o"-trace ¢ on A (= Ay), there is a uniquely associated o* " -

trace ¢’ on Ca (=2 Ag) such that
¢,(<fvg>c,\) = o((g, fW"),).

Proof The map ¢ naturally defines a trace map & on B by setting

o(DaW’) = oar.
By Proposition 3.4 there is a unique trace ¢’ on Cp such that
(5/(<f’g>cg) = (5(<g’ f>B) = ¢(<g’ fW_(4_r)>A)'

Now we can extend ¢’ to a map ¢’ on Ag simply by symmetrizing,

0'(x) = é'(f} o),
=0

« __»

where here “o” is the Fourier automorphism of Ag. It is clear that ¢’ is o-invariant and

¢'((f.8)c,) = (g, fW=477),) = o(g, fW'),).

To see this, one has

O'(f,8)e,) = &' (30 (f,8)e,)) = 8'((f18)e,) = 9(g; f1.) = Bllg, fWE7),).
j=0

To show that ¢’ is o*~"-tracial, i.e.

¢'(ab) = ¢/ (0" (b)a),
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it suffices to assume that a and b have the form a = (f,g). and b = (h, k), since these
elements span C4. We have

¢,(<f7g>cA : <

!’

((f CA(h) k)¢ )
(flg.h)ask)c,)

k £(g, 1) aW’) )

k, fo (g ha)),)
k, fW"), - o' ((g,h),))
"((k, fWT),) - (g, b))
(g, hy, - (k, fW"),)
((g hlk, fW")a),)
"((h{k, fW)AW ", 8) )
"((hW " ((k, fW")A),8)c,)
"((BW T RW T, ), 8)e,)
(¢
((hW
(

!’

(
(Cf¢
(
(
(

(
(
(
(o

(W W e, () &), )

!

WLEW ™) - (f8)e,)

¢
¢
¢
¢
¢
0
¢
¢
¢
¢
0
0
¢
¢' (0" ((hk)e,) - (£ 8)c,) u

Our next objective is to compute the unbounded trace functionals T;; on . Recall that
these functionals are defined on Bby (2.9). Proposition 3.5 implements a unique o*~*-trace
P! ; on Ag such that

wij(<g7 fWi>A) = wi/j(<f7g>cA)
This gives
(Tij)«F] = (T;j)sle] = Z Tij (g, &),

= ii((ggWh),)
k

= > ¥l((goge)e,)
k
1

= D Wi foe,)

k

1 I
= Zwij(l)a
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where 1 = 1¢,. We thus obtain the result:

Proposition 3.6 The unbounded traces of the Fourier module are given by
1 !
(Tij)[F1 = (1),

where wi’j is the unique o*~'-trace on Ag associated with the o -trace 1;; on A (according to
Proposition 3.5).

Clearly, our next goal is to find ¥/;(1). To do this, we shall find explicit equations linking
the )/ f with the analogues of 1;; on Ag. Such a result will contain the values of ¢i’j(1). (See
Theorems 4.2 and 5.2 below.) First, we need some notation.

Notation

Let ¢ jk denote the o-traces on Ay (relative to its generators U; and V; given in Section 3).
They are given by the same formulas as in Proposition 2.2, except where A is to be replaced
by i = e(8). Similarly, denote the bracket functionals on Ag by [v, a, c; 1, t], so that one
can use these same formulas given for them in Section 2 (but with A replaced by p). Thus,

T, A £ 2 +q?)—2pg+ap+
[Voa,crt] (x) = Y 0 =2parer i, oy,
pq

where x = ZM xp,qUT V1 is a smooth vector in Ag.

4 Computation of Ty ([F])

In this section and the next we shall consider the Schwartz functions
T 2
fra(x) = e(bx) exp(—g(x —d) )
of the real variable x, where b, d € C. Its Fourier transform is easily checked to be
fod = VBe(bd) - e(—dx)e ™0
where e(t) := ™, Hence

(4.1) fb,dW = e(bd)fg,—ba and fb,dW2 = f,b7,d.

Notation Henceforth we shall write f = f; 4.
The objective of this section will be to calculate 15, (1) by explicitly working out the
equation

(4.2) wzlk(<f’ f>AJ) = ka(<f7 fW2>A)
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for k = 0, 1, 2. In doing so, observe that all the bracket functionals [v, a, ¢; k, t] involved in
2k (and their counterparts 1),, on Ag defined at the end of Section 3) are such that v = 0,
¢ = k, a = t. Thus one need only find [0, ¢, k; k, ] on the inner product (f, fW?),. This
will facilitate the computation of both sides of (4.2).

Proposition 4.1 With f = f,, 4 and letting

vf%i, w = T7b, uzi
one has
) 1 /6
Y ((f, fW?),) = 5\/;93(‘% u) - J3(v, u)
5 1 /6
Y ((f, fW?),) = 5\/;94(W, u) - Da(v, u)
0
Yo ((f, fW2>A) = ;\/Z(W(W, u) - 93(v, u) + I3 (w, u) - 94w, “))
and

EZO(O() f>A‘{,) = \/2193(21"/’ 41/1) : 7-93(21/7 4”)
¥y (f, f>Aﬁ) = \/gﬁz(zwa 4u) - 9,(2v, 4u)

Un((f, ) = \/g (932w, 4u) - 92(2v, 4u) + 022w, 4u) - 93 (2v, 4u1))

Proof The result basically follows from Lemma 6.2 (of Section 6). Applying this lemma
with b’ = —b,d’ = —d, and withv = 0, a = t, ¢ = k, one has (as in the notation of
Lemma 6.2) E = F = 0,K = 2bf, L = —2d. Thus, since fW? = f_;, _; one gets

3/2
[0, ¢, k; k,t]((f, fW2>A) _ 4 - /\tk/2e—7r(4d2+4b2o92)/(26’)e—7r9(k2+t2)/267r(—2dk+2bo9t)

93 (—mifk — 27id, 2i0)95(—7ift + 2mibh, 2i6)

3/2
_ 0 / Ak/2 o= (4 +40°0)/(20) . —TO(K +1) /2 ge( —2ddk+ 2b00)

V2
1 ( (—mibfk — 27mid)* + (—mift + 27Tib9)2>
259

27l

-5 (V+ gk, u)z% (W — gt, u)

= %\/g)\’k/zl% (v+ %k, u) -5 (W — %t,u)
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where in the second equality we have used the double inversion formula (A7) (of the Ap-

pendix) for a product of two ¥3’s, used that ¥J; is even in the first variable, and in the third
equality noted that all the exponential factors cancel out. Now since

3 (x + gt, u) = V34, (x, u)

by (A12), where t = 0, 1, one gets

[0,t,k: k, t]((f, fW?),) = é\/gxk%ﬂw, )35 (v, 1)

where k,t = 0,1. This gives the first three equations of the proposition in view of the
bracket notation of Section 2. The last three follow in a similar but simpler way from
Lemma 6.2 which gives

0.8,k k,t1 ({f, f),,) = \/g,u'“/ze(bk — dr/g)e T/

s (Zwb + i%k, gi)ﬁa (zwg - i% %1)

_ g kt/2 2. d 2 .
=0, (2 2o (20, 2
0
= \/;ukt/ 205 (2w, 4u)d3 . (2v, 4u)
where the second equality follows from (A8) and (A9). [ |

Derivation of 1},(1) = 1

Since 1/}, must be a linear combination of the 1, s (by Proposition 2.2), say

(4.3) Y3 = Ctbyg + Dy + Etpy,

for some constants C, D, E, we need to calculate C = t},(1). So, equation (4.2) becomes,
by Proposition 4.1 in the case k = 0,

1
EﬁS(W’ u)93(v, u) = CI3(2w, 4u)93(2v, 4u) + DI, (2w, 4u)9,(2v, 4u)
+ E{93 (2w, 4u)3,(2v, 4u) + 9, (2w, 4u)95(2v, 4u) }
where the constants C, D, E are independent of v, w. It is not hard to see that this equation
holds forC = D = E = % This is because in this case it factors out as a product of two

equations of the form

(4.4) Y3 (w, u) = V32w, 4u) + 9,(2w, 4u)
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which is known to hold (and not hard to verify). To see that C = D = E = % is necessary,
put w = v so that

1
(4.5) 5193(1/, u)? = CY5(2v, 4u)® + D, (2v, 4u)? + 2EV5(2v, 4u)9,(2v, 4u).

Now take 2v to be a zero of 9, (2v, 4u). (One such zero can be obtained from any of the zeros
of ¥;—given by (A5)—and using equation (A8) of the Appendix. For example, 2v = 7.)
Thus (4.5) becomes

1
5193(1/, u)? = CU3(2v, 4u)?
and since (4.4) implies that 95 (v, u) = ¥5(2v, 4u), one gets

1

wMD:C=2

(Noting that ¥3(2v, 4u) # 0.) Similarly, one obtains D = E = %

Derivation of ¢}, (1) = 1

In a similar fashion, for the case k = 1 equation (4.2) becomes

1
5194(W, w)¥, (v, u) = CO32w, 4u)93(2v, 4u) + D, (2w, 4u) P, (2v, 4u)

+ E{93 (2w, 4u)9, (2v, 4u) + ¥, (2w, 4u)93(2v, 4u) }

where the constants C, D, E are independent of v, w. Taking w = v it becomes

1
(4.6) E194(v, u)? = CY5(2v, 4u)* + DY, (2v, 4u)? + 2E95(2v, 4u)9,(2v, 4u).
This holds for C = D = % and E = —% since it just becomes a product of two equations of
the form
(4.7) Ya(v, u) = 93(2v, 4u) — 9,(2v, 4u).

To see that C = %, choose v so that, as before, ¥,(2v,4u) = 0. Then (4.7) gives ¥4(v, u) =
¥3(2v, 4u) and hence (4.6) yields

1
Yu()=C= .

B [—

Similarly, one obtains D = %, E=—:.
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Derivation of ¢},(1) =1

Here, k = 2 so equation (4.2) yields

040w, 000, 10) + 03 o, )0, 1))

= C9;(2w, 4u)95(2v, 4u)
+ DY, (2w, 4u) 3, (2v, 4u) + E{93 2w, 4u)F,(2v, 4u) + 9, (2w, 4u)95(2v, 4u) }

which with w = v becomes
(4.8) Pa(v, 1) - O3(v, u) = C93(2v, 4u)? + DY, (2v, 4u)? + 2E05(2v, 4u) 9, (2v, 4u).

This equation holds with C = 1, D = —1, E = 0 since then it is just the product of
equations (4.4) and (4.7). To check that C = 1 is necessary, once again choose v such that
9,(2v, 4u) = 0. Then, for such v, (4.4) and (4.7) give

Pa(v, 1) = 93(v, u) = 93(2v,4u) # 0

so that (4.8) entails
(1) =C =1,

as required. Similarly, one gets D = —1, E = 0. B
One can now deduce explicit equations that connect the ;s with the v, s, and which
generalize some of the Jacobi equations relating theta functions and which arose above.

Theorem 4.2 The Chern characters of the Fourier module & which arise from o*-traces have

the values . .
T[Tl =TalFl =g, TulF]=.
8 4
Furthermore, we have, for all f, g € S(R), the equations relating the o*-traces on A with those
onAg:

1— 1— 1—
o ((g, sz>A) = E¢20(<fag>/;{,) + E¢21(<fvg>/a,,) + E¢22(<fag>4{,)

(g, fW?),) = %E20(<f7g>/\d) + %E21(<f7g>43) - %Ezz«fag)%)
w22(<g7 fW2>A) = E20(<f7g>/\3) - E21(<fvg>/\g)'

5 Computation of T ([F])

In this section we compute the traces T1o[F] and T1;[F] of the Fourier module F. (The
computation here is longer than those of the previous section.) To do this, we shall calculate
¥{,(1), for r = 0, 1. Our goal will also be to find other related constants that would give
explicit equations connecting the o-traces on A = Ay with the o’-traces on C4 = Ag
(Theorem 5.2).
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Since 1), is o-tracial on Ay, Proposition 3.5 yields a unique -trace 1{, on Az such that

U1, ((g: b)) = i ((h, gW),).

Taking ¢ = h = f (where f = f; 4 is as defined in Section 4), this becomes
(5.1) VL (fs ) = v, fW),).

Now 9{,, being a o°-trace on Ag, is a linear combination of the two basic ¢’-trace func-
tionals on Ag, namely 15, and 5, (given by Proposition 2.2 but with ¢z = e(#) in place of
A):

Y1, = Ctyo + Dy,
where C and D are constants (depending only on r and ) to be determined. Clearly, C =
¥{.(1), which we need to find. So equation (5.1) becomes

(5~2) CESO(U(? f>/\6) + DE31(<f7 f>/\6) = 77L'lr(<f’ fW>A)

We shall compute both sides of this equation quite explicitly using Lemma 6.2.

The Right Side of (5.2)
Using f, 4W = e(bd)fgy_bg one gets

wlr(<fv fW>A) = [13 - T,O](<f, fW>A) + [17 -1, rr+ 17 1](<f7 fW>A)
= e(bd)[1, =1, 151, 01((f, fa __yp)s) + e(bd)[1, =r, 157+ 1, 1]((f, fa _pp).)

and now we shall compute each of these bracket expressions separately. Let us denote them
by B; and B, respectively. For the first, using the notation of Lemma 6.2, with b’ = % and
d’ = —bl, one has

K=b0—d, L=—d—bb, E:%L, F:%K,

and
Bl = [17 —-nr rao](<f7 fW>A)

/
= e(bd)%e(Kz/ZG)e(—rL/Z) exp(—7r(L2 + Kz)/ze) exp(mLr) exp(—mr/2)

-3 (—7rr9 +7m(—d — bl) +im(—d — b0 — r0),20(i + 1))
-3 (7r(—d + b0) + im(—d + b0),20(i + 1))

Now let us consider the first of these 15 expressions and call it ©;; (and the second call
©1,). One has

Oy = V3(—7r0 + m(—d — bf) + im(—d — b — 16),20(i + 1))
=V5(—md(i+1) — wbf(i + 1) — rr6(i + 1),20(i + 1))

https://doi.org/10.4153/CJM-2000-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-028-9

658 Samuel G. Walters

and now let

1 . 1 . 1 .
v=—§ﬂ'd(z+l), w= 571'179(1+1), u= 10(z+1)
so that by (A8)

O = 9;(2v — 2w — 4rmu, 8u)
— e27rirueir(2v72W7r7n9(i+1))193_r(2V o ZW, SM)

_ e—27rirueir(2v—2w)193ir(2v _ 2W, 8M)
(Note that this is trivial when r = 0, and when r = 1 it holds by (A8).) Similarly,
O, =1; (7r(—d +b0) + im(—d+ b0),20(i + 1)) = 9;(2v + 2w, 8u).

Thus,

/
B, = e(bd)%e(Kz/ZQ)e(—rL/Z) exp(—7r(L2 + Kz)/29) exp(mLr) exp(—mr/2)

e 2T V=2 gL (DY — 2w, 8u) - 95 (2v + 2w, 8u)

which we shall write as

93/2
By = —MY;_,(2v — 2w, 8u)¥3(2v + 2w, 8u)

V2

where

M := e(bd)e(K?/20)e(—rL/2) exp(—7r(L2 + Kz)/29) exp(mLr) exp(—m0r/2)

. exp(fZﬂ'iru +ir(2v — ZW)).
Now let us look at B,, using Lemma 6.2 again
B, = [17 —nrr+l, 1](<f7 fW>A)
93/2
= e(bd) A J20)e(~ (K +(r+DL)/2)
-exp(—m(L* + K*)/20) exp(nL(r + 1) + 7K) exp(fﬂﬂ((r +1)%+ 1)/2)

03 (=70 — 70+ 7L+ i (L~ (r+1)9), 8u)

-3 (r7r0 —7m0(r+1)+ 7K +in(K — 0), Su).

https://doi.org/10.4153/CJM-2000-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-028-9

Chern Characters of Fourier Modules 659

Again, let ©,; and ©,, denote the last two theta function expressions, respectively. The first
becomes

O = 03 (16 — 70+ (~d — b6) + im(—d — b0 — (r-+1)6), 8u)
= VY3(—nr — w0 — wd — wh0 — ind — iwhl — iwrh — iwh, 8u)
=O3(—md(i + 1) — wb0(i + 1) — (r+ 1)7d(i + 1), 8u)
=15 (21/ — 2w —4n(r+ 1)u, 8u)
— 2RO G2 g (9 0 8y
where the last equality holds by (A8) when r = 0 or by (A10) when r = 1. Similarly,
Oy = V5(rmf — m0(r + 1) + w(—d + b) + im(—d + b0 — 0), 8u)
=13 (—ﬂ'd —iwd + 7bO + iwhh + rn — wO(r + 1) — iwh, Su)
= 93(2v + 2w — 47u, 8u)
_ dmigi2viaw o —dtin g (01 4 9y 81)

= e 2V 9. 2y + 2w, 8u).

Hence B, becomes
93/2
By = e(bd)= XK /20)e(~ (K + (r+ L) /2) exp(—m(L* + K*)/26)

. exp(ﬂ-L(r+ 1)+ 7TK) exp(fﬂ-g((H_ 1)+ 1)/2)
-exp(—2miu(l +3r) +i(2v — 2w)(1 + 1))

. exp(—27riu +i(2v + 2W)) - %y (2v — 2w, 8u) P, (2v + 2w, 8u)

which we shall write as

93/2
B, = —N%,,(2v — 2w, 8u)Y,(2v + 2w, 8u)

V2

where
N i= e(bd)\ ™D 2e(K2/20)e(~ (K + (r+ L) /2) exp(—(I? + K*)/20)
. exp(ﬂL(r—i- 1)+ 7TK) exp(—w@((r+ 1%+ 1)/2)

. exp(fZﬂ'iu(l +3r) +i(2v — 2w)(1 + r))

. exp(—Zﬂ'iu +i(2v + 2w)).

https://doi.org/10.4153/CJM-2000-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-028-9

660 Samuel G. Walters

Therefore, we obtain

wlr(<f7 fW>A) =B +B;

93/2
(5.3) = %M%_,(Zv — 2w, 8u)¥3(2v + 2w, 8u)
93/2
+ WN%H(ZV — 2w, 8u)¥,(2v + 2w, 8u)

It is in fact not hard (but a little tedious) to verify that
—N= 0+ T (1207 + 2V —
M—N—exp( Tirf + 2 (0207 + dP)(i 1)).

The Left Side of Equation (5.2)

Next, let us work out the left side of (5.2) by first computing the term ), ({f, fl,)- In
terms of the bracket notation of Section 2, we have ‘

¥ = [-1,0,0;0,0] + [-1,0,0; —1,1],

¥y = [—1,1,151,0] + [-1,1, 150, 1].
Computation of 95,((f, i)
We have

E30(<f’ f>AJ) - [_17030;070] (<f7 f>Aﬂ) + [_13070;_17 1] (<f7 f>Ad)

Let us call the latter two terms Ag; and Ay, respectively. By Lemma 6.2 we have

AOl = [_17070;070] (<fa f>AJ)

0 2. d 2 .
- \E : 193(—27rh, i = 1))193 (2775, i = 1)).
Here, one applies (A7) to this product of thetas. But first put
t= g(i —1) sothat t7!= —g(i +1) = —u.

Then it is easy to verify the following simple relations (which will be used freely below):

27'('; = —W, 27'('% =",
™ s s ™
T T+, “i-1n=".
ot 4( ) 9t( ) 2
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In terms of these, one gets
2. d 2 .
193(—27717, =i 1))193 (zwg, i 1))
— fg(i +1) exp(iw(bze2 +dH6 + l)/0)
0. 0. d.. 0.

s (wbi(z +1), G+ 1)) .193<77T5(z 1), G+ 1))

= Z(l —1) exp(iw(b292 +d)G+ 1)/9) - 95(w, u) - ¥3(v, u)

so that
3/2

42

In the same way we find A,

Agp = —=(1 — i) exp (i (b67 + d*)(i +1)/0) - I5(w, u) - D5 (v, u).

Agy = [-1,0,0,—1, 1] ({f, f>Aﬁ)
_ \/gu—lﬁe(—b)e(—d/wexp<—7f/9)

-ﬁs(fg 727rb+i%,§(i _ 1))%(% +27rg _ i%, %(i _ 1))

- \/f,ul/ze(b)e(d/ﬂ) exp(—7/6) .193(72@ + gr,r)q% (271'; _ gt, t)

= \/gu_l/ze(—b)e(—d/ﬂ)exp(—n’/@)
. % exp([(—Zﬂ'b +mt/2)* + (2nd /6 — 7rt/2)2]/(7rit))

ebe g5

- \/ful/ze(—b)e(—d/ﬂ) exp(—/6)

. % exp([(—27rb +mt)2)* + 2nd/6 — 7rt/2)2]/(7rit))

~193(W+ g,u)193<v— g,u)

_ ;\/gu—l/ze(_b)e(_d/e) exp(—7/0)
5 2

b t d d t
exp<—47ri7 +2omib+ % — dmi g+ 2y i%) 4w, 1) - 04 (v, 1)
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where use was made of (A7) in the fourth equality and (A12) in the last equality to go from
93 to ¥4. It is not hard to check that several of the exponential constants appearing in this
last expression cancel out and so reducing to

3/2

W2

Ap = (1 —1) exp(iﬂ(b292 +d*)G + 1)/9) -0y (w, )P4 (v, u).

Putting together Ay; and Ay, yields

(54) ¥s0((f, ).,) = An +An

3/2 o o
- fﬁ(l TR0 (19, (195 (v, ) + D4, 10)av, 1)
Computation of ¥, ({f, i)
Here, we have
s (f, ) = L LELOIS, f),)+ =11, 50,11 ({f, f),)

and call these two bracket terms Ay, and A5, respectively. For the first (by Lemma 6.2)
An ==L, 1L, LL0I(f, f),)
= \/ge(b) exp(—m/20) -193(% —27mb — z%, %( ))193 (ng, %( 1))
\[e(b) exp(—m/20) - 95 (27rb+ Ttt)ds (2773 ()
_ \/ge(b) exp(—7/26) - % ~exp([(27rb+ %t)z + (27%)2} / (m‘t))
-193(27% +2, )m( ;t %)

_ \/ge(b) exp(—/26) - ; ~exp<[(27rb+ gt)2 + (27%)2} / (m’t))

- O4(w, )93 (v, u).

After expanding and simplifying the exponentials this becomes

3/2

A = Z%(l — i) exp(;—ei + %(#02 +d?)(i — 1)) 4 (w, )95 (v, ).
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Similarly, for A;, one has
A12 = [717 17 1;07 1] (<fa f>AJ)
0 2 . T d 7w 2 .
- \/;e(—d/é’)exp(—w/ZG) : 193<—27rb, Sl - 1))%(5 +2me g, (i - 1))

_ \/ge(—d/ﬁ)exp(—ﬂ/Zﬁ) - 05(—27b, 1)0; (27r§ )
N/zé(d/H)exp(ﬂ/20)’i'exp<{4w2b2+»(2wz Zt)z}//(ﬁiﬂ)
e

5
_ \/je( d/0) exp(—n/20) - - exp< AP + 27r— - —t) } /(m))
- U3(w, )04 (v, u)
which when simplified as before becomes
3/2
42
Putting together A;; and A;; one has

. 3/2
(5.5) V3 ((f, ) = fﬁ(l — )P(9a(w, )93 (v, u) + V3 (w, u)D4(v, )

Ap = ——(1—1) exp(ii + %(b%ﬂ + (i — 1))193(w, W)a(v, 1),

20

where

P= exp<%1 + f(bzaz + )i — 1))

Therefore, equation (5.2) becomes, after inserting the expressions in (5.3), (5.4), and (5.5),

3/2 3/2
%M Y35, (2v — 2w, 8u)¥5(2v + 2w, 8u) + %M - % (2v — 2w, 8u) P, (2v + 2w, 8u)
93/2
= Cm(l —1) exp(iﬂ'(bzﬂ2 +dHG + 1)/0) (193(w, u)V3(v, u) + Dy(w, u)94(v, u))
93/2
+ Dm(l — i)P(194(W, w)ds (v, u) + 93 (w, u)d4 (v, u))
or

M (93—, (2v — 2w, 8u)03(2v + 2w, 8u) + V24 (2v — 2w, 8u)»(2v + 2w, 8u))
= %(1 —1) e)<p(z'7r(l1202 +d*)(G+ 1)/0) (193(W, )95 (v, u) + g (w, u)d4 (v, u))

+ 200 = DP(Balow, )50, 0) + D30, )04, )
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where . -
M= exp(—iire + (007 + )i - 1)).

Noting the cancellations, one has
e Ti)/2, (193,,(21/ — 2w, 8u)I3(2v + 2w, 8u) + Uy, (2v — 2w, 8u) 9, (2v + 2w, 8u))

= %(1 — ) (93(w, )93 (v, u) + D (w, u)04(v, u))

D .
+7 0= 1)e™/2 (94 (w, )03 (v, u) + I3 (w, 1) V4(v, u))
or
(5.6)
B3, (2v — 2w, 8u) I3 (2v + 2w, 8u) + ¥4, (2v — 2w, 8u)¥,(2v + 2w, 8u)
= A(93(w, w93 (v, u) + D4 (w, )04 (v, ) + B(Ia(w, w)5(v, u) + I3 (w, u)V4(v, u))

where c b

A= Z(l . i)em'rH/Z’ and B= Z(l 7 i)ewi/ZGeﬂ'irG/Z

are constants depending only on r and 6, but not on v nor w. In the following lemma we
take w = v in (5.6) in order to find the constants A and B.

Lemma 5.1 If 0 is fixed (and hence u) and if A and B are constants depending only on r and
0 such that

193—r(07 8”)193(41/, 81’{) + 192+r(05 8“)192(41/7 8”)

(5.7) = A(193(1/7 1)+ 94(, u)z) + 2BY5 (v, u)d4 (v, u)
for all complex v, then A = } and B = %. In fact, this equation holds, a priori, for these
values of A and B.

Proof It is not hard to see that (5.7) holds a priori with A = i and B = %. To see that
these values are necessary choose v such that ¥5(v, u) = 0. Then (5.7) becomes

¥3_,(0, 8u)V5(4v, 8u) + V,4,(0, 8u)I, (4v, 8u) = AJ4(v, u)2.
But we also know (from the a priori equation (5.7)) that

U3-1(0, 8u)3(4v, 8u) + ¥24,(0, 8u)dr (4v, Bu) = 2794(1/, u)?

so by comparison, and since 94(v, u)? # 0 (by our choice of v), it follows that A = i. Ina
similar fashion one obtains B = %. ]
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From this lemma it follows that
c(1— i)eﬂ'irG/Z =1, D(1 _i)eﬂ'i/20e7rir0/2 — (_l)r

hence ) .
C = 5(1 + i)efﬂ'irG/Z, D= E(*l)r(l + i)efﬂ'i/20e77rir9/2‘

In particular,
1 . 1
Yl (1)=C= S+ i)e mir0/2 — S+ AT

from which one obtains the Chern character values
1 1.,
(T1)«([F]) = wa,(l) = g(l +i)A

Also note that after the constants A and B are substituted back into (5.6) one actually gets
some of Jacobi’s identities relating theta functions. For example taking r = 0 in (5.6) it
becomes

1
Zw3(5’ u) + Dy (s, u) HO3(t, u) + 04(t, u)}
= V32t — 25, 8u) - ¥5(2t + 25, 8u) + V,(2t — 25, 8u) - ¥, (2t + 25, 8u).

We can now substitute the values for C and D found above into (5.2) to obtain the explicit
relations connecting the unbounded traces across Morita equivalence (which was promised
in the Introduction). All these results can now be summarized follows.

Theorem 5.2 The Chern characters of the Fourier module & which arise from the o-traces
have the values

TiolF) = é(l vy, TalF] = é(l LAY

Furthermore, we have, for all f, ¢ € S(R), the following equations relating the o-traces on A
and the o -traces on Ag:

Dol fW),) = 50+ Dd((f,8),,) + 30+ De ™20, ((£,2),.)
¢11(<g7 fW>A) = %(1 + i)e_mg/zawa.ﬂ g>A5) o %(1 T i)e—ﬂi/29—wit9/2w31(<f’ g>A‘{7)
Yaallg, W) = 30— DT0((f,8),,) + 51 = DT, ((£,9),.)

Yalg, W) = 30— D0 ((f,8),) — 5 (1= DTG, (), )

for all f,g € S(R). These are non-commutative generalizations of some of Jacobi’s theta
function equations.

TThe author wishes to thank Jonathan Borwein for pointing out to him that this equation actually follows
from Example 1 on page 464 of 18] combined with Exercise 2 on page 488.
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6 Proofs of Lemmas

The proof of the following lemma is straightforward, but we have included it for the sake
of clarity. The function J; appearing in Lemma 6.2 is the third theta function recalled in
the Appendix (Section 7)—the notation there is being used here. In both lemmas we have
used the function f; 4 defined at the beginning of Section 4.

6.1 Lemma We have
( ) = 67 N 2e(—bmb) 1 (b—1b"6 1(b bYd+d)
(fo.ds forar)(m,n) = W e(—bm e<zm — )e(—z — + )
1 ! !
. e<f§n(d+ d )) exp(f%(mﬂ —d+d )2>

. exp(—%a(b —-b'+ n)2>

and

(fo.d, fod)c,(m,n) = \/gum"/2e<—bm + %l) exp(—%mz) exp(—%nz)

Proof We will use the Fourier transform of the function
2
g(t) = exp <— §t2>

which is easily checked to be

To establish the first equality, one has

(fo.ds forar),(m,n)
= Q/Wfbgd/(t)e(—nt)dt

= e/e(—b(t +m0) exp(— (¢ +m — d)?)
9
(b T a2 . e(—
e(b t)exp( G —d) ) e(—nt) dt
— m 2 \2 /
= 0e(—bm0)/exp<—§[(t emf = dP + (e = ) - e((~b+ b me) de
and after completing the square becomes

— fe(—bmb) - exp<f%(m9 —d+ d’)z)

-/exp(—%r(t+ me—fd—d’)? -e((—b+b’ —n)t) dt
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which, after translation and using g above, becomes
= Oe(—bm) - exp (20 (m0 — d+ d’)2>e<%(b b ) —d— )
2
. /exp<f?t2>e((—b £ b — m)t) dt
1
— Ge(—bmf) - exp(—%(me —d+ d’)z)e(i(b b ) (mb —d — d’))
-$(b—b"+n)
™ IAVA 1 / !
— Ge(—bmf) - exp(—ﬁ(me —d+d) )e(i(b b m)mb—d—d ))

. \/gexp(—%a(b —-b'+ n)2>,

giving the first equality. For the second equality,
(fo.s foa)c, (m,n) = /fb,d(t —m) fra(t) e(nt/0) dt
_ /e(h(t —m) exp( (e —m —d)?)
~e(—bt) exp(—g(t - d)2>e(nt/0) dt
- e(fbm)/exp(fg(t —m—d)? - g(t - d)2> —e(nt/6) dt
= e(—bm)e(nd/9) / exp(—%[tz +(t — m)z])e(nt/ﬂ)dt
=e(—bm+nd/0) exp(—%mz) /exp <—277T (t - %)2> e(nt/0) dt

- M’“"/ze(—bm+nd/é’)eX]P<—21 2) '/eXP(—%ﬂ)e(”f/@)dt

= 1" %e(—bm + nd/0) exp( —

(
(- 5m) S e ().

as required. ]

= 1" %e(—bm + nd/0) exp
Lemma 6.2 Letting

— Yo - Yava
E=—S(b+b00, F=-(d+d)

K=0b-b)0, L=-d+d
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one has
03/2
(v,a, 6k t1({foa, forar),) = %e(FK/H),\’“/%(_Ek — Ft) exp(—m(L* + K*)/26)
- exp(wLk + wKt) exp(—7r9(k2 + tz)/2)
- 9327E + wha — wOt — wibk + wil, 20v + 2i6)
- 9327 F + wlc — whk — wift + wiK, 20v + 2i6)
and

[v,a,c:k,t] ((foas foa)a,)

_ \/gﬂlkt/Ze(bk — dt/0) exp(—ﬂ(kz + tz)/29)

ma Tt 7k 2v 2 mc 7k d .mt 2v 2
(G~ b i ig)os( - G ramg — i i)

where U5 is the third theta function described in the Appendix.

Proof Consider the first of these. One has

[1/’ a, c k7 t](<ﬁz,d7 ﬁi',d'>/\) = Z )\U(p2+q2)—2pq+ap+cq](2p _ k, zq _ t)
p‘,q

where | = (fp 4, fpr 4’),- Lemma 6.1 gives

3/2
J(m, n) = %)\m”/ze(—bme)e(%m(b . b’)6)e(—%(b b (d+ d’))

: e(—%n(d + d’)) exp(—%(m@ —d+ d’)z) exp(—%e(b T n)2>

and, with E, F, K, and L as given in the statement of the lemma, this becomes

93/2
J(m,n) = %)\’””/ze(FK/Q)e(Em)e(Fn) : exp(—%(m@ + L)Z) exp(—%(nﬂ + K)2>.

So

3/2
J2p —k,2q—1t) = %)\ZMPtqk”‘t/ze(FK/O)e(E(Zp —k))e(F(2q — 1))

. exp(—zﬂ—g((Zp —k)o + L)z) exp(—%((Zq —1)0 +K)2>
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which when simplified, and after collecting the p and p? factors and g and g* factors sepa-
rately, becomes
)\V(PZJqu)*quJr”PJqu](Zp _ k, Zq _ t)
3/2

— e_e(FK/H))\kt/ze(—Ek — Ft) exp(—7r(L2 + Kz)/29)

V2

- exp(wLk + wKt) exp(fﬂ'e(k2 + tz)/Z)
. gmi0v+2i0)p? exp (2ip(27TE — w0t — mibk + il + 71'911))

. eri20v+2i0)g" exp (2iq(27rF — Ok — mift + miK + 71'06)).
Hence, using the definition of ¥ given in the Appendix one has

[V7 a, G ka t]((fb,d? fb’.,d’>/q)
03/2

V2

- exp(mLk + wKt) exp(—7ﬂ9(k2 + tz)/2)

e(FK /0)A\¥/2e(—Ek — Ft) exp(—m(L* + K*)/26)

N7 e exp (2ip(2mE — it — mibk + il + ma))
p

. Z emi@ivr2io)g exp (2iq(27TF — w0k — mift + wiK + 7r0c))
q

/
- 6:;;e(H</¢9),\kf/2e(Ek — Ft)exp(—m(L* + K*)/26)

- exp(wLk + 7K¥) exp(—7r9(k2 + tz)/Z)
- 9327E — wlt — wibk + wil + wha, 20v + 2i6)
- 93(27F — whk — wift + wiK + whc, 20v + 2i0)

which establishes the first equation of the Lemma. To establish the second relation, from
Lemma 6.1 one has

[v,a,ck,t] (<fb.,d7 ﬁ7,d>(:A)
_ Z Mu(p2+q2)—2pq+ap+cq<fh’d, ﬁﬂ,d>cA 2p —k,2q—1)

P4
0 u(p2+q2)72pq+ap+cq 2p—k)(2q—t)/2 d
= EZ"‘ L e(—b(Zp—k)+§(2q—t))
P4
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and expanding all the exponentials, including those of ;1 = e(1/6), we can collect those
factors containing p and p? and separating them from those containing g and ¢? as follows

e ) gy +)

: Z:exp(brigp2 — 2771-1)2) exp(Zwi%p — 27ri§p — 4mibp + 27r§p)
P
Z exp (27r1—q — % 2) exp (27ri§q — Zwigq + 47rigq + 27r§q)
LRI BICET)

Zexp Tip*(2v +2i)/0)) eXP(IZP{% - % —2mb— Z})

e

Zexp (migq*(2v + 2i) /0 >CXP<12q G ?k +27Tg 71%2})

Bl )
1%(%—%—271% . k 21/+21) 193( +2Wg_iﬁg72VT+2i>
as required. u

7 Appendix: Theta Functions

For z,t+ € C where Im(¢) > 0, the theta functions are given by (see for example [18,

Chapter XXI])
(A1) H(z,t) = —i Z(,1)ne7rit(n+§)zei(zn+1)z
(A2) D(z,t) = Z eﬂit(w%)zei(Znﬂ)z
(A3) ’193(27 t) — Z eﬂ'itnz ei2nz
n
(A4) V4lz,t) = Z(_l)"eﬂ'itﬂzeﬂnz’
n

where all summations are over the integers. It is easy to see that 9J,, 15, and 94 are even
functions in the variable z. It is known that all the zeros of 15 are given by

(A5) <g +mm + <% +n7r)t,t>,
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where m,n € 7 and Im(t) > 0 are arbitrary. We also have the following transformation
formula of Jacobi for 15 [18, Section 21.51]

20 1
(46) Daz.) = (=it 2609 (2,0,
which holds for arbitrary complex z and for Im(¢) > 0. (Here, one takes the principal
square root.) The exact same transformation formula holds for 99, and 4. We shall call
this the “inversion” formula for theta functions. It will be found useful to write down a
similar formula for products of two theta functions:

(i 1/2 0 (i) x N a2 i y 1
B3e, s (3, 0) = (i) 26T, (2, ) (i) 712 w0y, (2, )
_beenyming (X g (¥ 1

(A7) ¢ 193(t7 t>193(t’ t)

which we shall call the “double inversion” formula. We also have need for the (simple)
relations

. . T
(A8) 9s(z, 1) = ™A=, (z + 21, t),

- . T
(A9) 9s(z, 1) = emt/4e 129, (z -2, t).
(A10) 95(z, 1) = €™ e295(z + 7t t)
(A1) Y3zt 7, t) = V3(z,t)

T
(A12) s <z £ t) — 94(z,1)
(A13) hz+m,t) = —th(zt).
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