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TWO MORE HEREDITARILY SEPARABLE
NON-LINDELOF SPACES

I. JUHASZ, K. KUNEN AND M. E. RUDIN

0. Introduction. Our method using CH is a blend of two earlier construc-
tions (Hajnal-Juhész [2] and Ostaszewski [4]) of hereditarily separable (HS),
regular, non-Lindel6f, first countable spaces. [4] produces a much better space
than ours in § 1; it has all of our properties except that it is not realcompact
(which is probably more interesting), and it is countably compact as well;
however, the construction works only under <, which implies the continuum
hypothesis (CH) but is not equivalent to it. The argument of [2], like ours, just
needs CH, but it is much more complicated, and it is not immediate that the
space produced is locally compact or perfectly normal (although, in fact, it is;
see the remark at the end of § 1).

In § 2, we use a more complicated version of the technique in § 1 to construct
a first countable, cardinality w;, HS, Dowker space. A Dowker space isa normal,
Hausdorff space which is not countably paracompact. There is a known ‘‘real”
Dowker space but all of its cardinal functions are large [7]. There is a known
HS Dowker space but its construction depends on the existence of a Souslin
line [6]. It was an old conjecture that the existence of a small cardinality (or
small cardinal function) Dowker space depended on the existence of a Souslin
line, and this conjecture is disproved by our construction. Using our technique
and ¢ (which implies both CH and the existence of a Souslin line) we can
construct a first countable, cardinality w;, HS, Dowker space which is also
locally compact and o-countably compact; but we choose the weaker hypoth-
esis over the stronger conclusion.

In § 2 we use Lusin sets in our construction. A subset L of the line is Lusin if L
is uncountable and every nowhere dense subset of L is countable. If we assume
CH, then there are Lusin sets in the line. However if we assume Martin’s axiom
and the negation of CH, then there are no Lusin sets in the line. If we assume
Martin's axiom and the negation of CH, then there is no non-Lindelsf, first
countable, regular topology on a subset of the line which refines the usual
topology and has the property that the closure of a set in the two topologies
differs by an at most countable set. Since our construction in § 1 yields just such a
topology, both constructions are independent of the usual axioms for set theory.

1. The basic idea for obtaining this space is to start with the usual topology of
the real numbers (R), which has many of the properties we want; in particular
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itis HS. It is also hereditarily Lindelsf (HL), which we don’t want, so we use a
somewhat finer topology (i.e., add more open sets) which keeps the good
properties and gets rid of the bad ones.

We shall in fact describe, under CH, a general machine for refining topologies.
If one inputs a first countable 7'y space of cardinality i, it outputs a finer
topology on the same set which is first countable, 7, locally compact, locally
countable, and not Lindel6f. Additional properties of the input topology imply
more about the output topology; in particular, starting with R yields the space
described in the abstract.

Our machine is a modification of the following very simple procedure (see [1])
for constructing HS non-Lindel6f spaces. Let X be any topological space of
cardinality w;. Say {(x;: § < wi)isa 1 — 1 enumeration of X. For @ £ w, let
Xoe={xs: £ <a} (so X = X,,). If each X, were open (so X would be right
separated), then the X, would form an open cover with no countable subcover.
It is also easy to check that the topology on X generated by the original open
sets plus the X, is HS if the original topology is. Unfortunately, this new
topology is not usually 7. Our procedure does yield a T'; topology, but it works
only under CH and when X is T; and first countable, all of which we now assume.

To avoid confusion between the various topologies, we use p for the original
topology on X and p, for the subspace topology on X, inherited from p, whereas
7. and 7 denote the topologies we are about to construct on X, and X. We
adopt the convention that a topology s the set of open sets in a space, so, for
example, when £ < 7, “7; = 7, N\ & (X;)” means that X;is open in r,and ¢ is
the induced subspace topology.

By CH, fix an enumeration (S, : u < w;) of all countable subsets of X so that
each S, C X,.

We construct 7, by induction on 7 so as to make the following hold for all
§<nZ o

1) re = 7, N\ P(Xy).

2) Each 7, is first countable, locally compact, and 7.
3) Ty =2 Py

4) For each p < &, if ¢ € cl,(S,) then x¢ € cl,, (S,).

For 8 £ w, let 75 be discrete. For w < 8 < w1, we assume that we have done
the construction below 8 so that (1)—(4) hold for all £ < n < 8, and we show how
to define rgso that (1)—(4) hold forall¢ < n < 8.

If 8 is a limit, condition (1) forces us to takers = {U C Xp: Vn < (U N
X, € 7,)}, and it is easy to check that this definition preserves 1-4.

Before proceeding with the successor stage, observe that our conditions
imply that each 7, is also 73 and zero-dimensional, and for o < w;, also
metrizable.

Now, if 8 = « + 1, then we have 7, and we must define 753 on X, \U {x,}.
Our main problem is to handle (4) for ¢ = a. If there are no p < a such that
%, € cl,(S,), let 75 be the topology whose base is 7, \U {{x,}}, so that the point x,
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becomes isolated. Otherwise, let (u, : 7 € w) enumerate {u < a : x, € cl,(S,)}
with each such u being listed w times. Let { U, : n € o} be a nested open base at
X, in the topology p, and pick p, € S,, N U,. {p. : n € o} is a discrete subset
of X, in p, (since it converges in p to x, ¢ X,), and thus also in 7,, so we may
find disjoint 7,-clopen compact sets K, (n € w) with each p, ¢ K, € U,
(since 7, is metrizable, zero-dimensional, and locally compact). Define 75 to
have as a base the sets of the form {x,} U Upus, K forn = 0,1, ..., along
with all the sets in 7,. It is then easy to check (1)—(4) for all ¢ < n = 8. Note
that U,K, is closed in (X,, T,) since K, C U, and p is 1.

Let 7 = 7,,. Then 7 is first countable, locally compact (and thus T3},
locally countable, and not Lindeldf. Further properties of 7 may be deduced
from further properties of p; all require at least that p is HS.

THEOREM. If p is HS, then

a) 7 1s HS.

b) If all closed sets are Gs in p, the same is true of .
c) If pis T3 and HL, 1 1s normal.

d) If pis T3 and Lindeldf, T is realcompaci.

The main tool in the proof of the theorem is a lemma stating that 7 is not
too much finer than p, namely:

LeMMA. If pis HS and A C X, then |cl,(4) — cl,(4)] £ o.

Proof. Let B C A be countable and p-dense in 4, so cl,(B) = cl,(4).
B =S, for some p. By Condition (4), whenever ¢ > yu, if x; € cl,(B) then
x: € cl,(B);socl,(A) — cl,(4) C{x:: £ = ).

For part (a) of the theorem, if C C X, there is a countable 4 C C which is
p-dense in C, so 4 \J (C — cl,(4)) is 7-dense in C and countable. Similarly,
for (b), if 4 is 7 — closed, cl,(4) — A is countable and cl,(4) is a p — G;
and hencear — Gs,so0 4 isa 7 — Gs.

For (c), we follow the usual proof that 7'; Lindelsf spaces are normal (even
though  isn’t Lindelof). Let H, K be 7-closed disjoint subsets of X. To show
that they can be separated, it is sufficient to produce a countable cover of X
by 7-open sets U such that cl,(U) intersects at most one of H and K ; call such U
“nice.” By the lemma, cl,(H) M cl,(K) is countable, and around each of its
points we may put a nice U. Since X — (cl,(H) M cl,(K)) is p-Lindeldf, we
may cover it with a countable collection of nice U (which are in fact p-open and
whose p-closures intersect at most one of H and K). These two collections
together produce the desired cover.

(d) just uses the well-known fact [8] that any refinement of a first countable
T3 Lindelsf topology is realcompact. For a direct proof, let % be a countably
complete 7-Z-ultrafilter. Then ¥~ = {H € % : H is p-closed} has non-empty
intersection since p is Lindeldf. Fix p € N7, Let f: X — [0, 1] be p-con-
tinuous with f~}{0} = {p}. For each n, f~Y{1/n,1] ¢ ¥, so f~{1/n,1] ¢ %,
so f~0, 1/n] € U, so f~10, 1/n] € ¥ . Thus, {p} € ¥ C U, so U is fixed.
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We conclude this section with three remarks:

1) Our space answers a question of Hodel [3]; namely, it is an example of a
p-space with no uncountable discrete subsets and countable pseudoweight, but
uncountable weight.

2) In retrospect, the construction of Hajnal-Juh4sz [2] may be viewed as
running the Sorgenfrey line through our machine.

3) Our construction answers a question of Pfeffer ([5, p. 137]), namely,
assuming CH, there is a first countable compact 7> space which admits a non-
regular Borel measure.

To see this, we first generalize the Alexandrov duplicate construction. If pisa
compact 7', topology on X and 7 is a locally compact refinement of p, we may
define a compact T's topology on X X 2 as follows: X X {0} is open and has the
7-topology, and neighborhoods of a point (x, 1) in X X {1} are in the form
U X {1} U[(U—- K) X {0}], where x € U and K is 7-compact (and hence
p-compact). Then X X {1} is closed and has the p-topology. If (X, p) is first
countable, so is X X 2, since it obviously has countable pseudocharacter. The
Alexandrov duplicate is the special case where 7 is discrete.

Now, if X is [0, 1], p is the usual topology, and 7 is locally countable, then in
X X 2, every G; containing X X {1} is co-countable. If there is a non-atomic
Borel measure p on (X, 7), one may extend u to X X 2 by identifying (X, 7)
with X X {0} and declaring X X {1} to have measure 0. Every G; containing
X X {1} will have measure 1, so the measure on X X 2 will not be regular.

The existence of such a u is trivial if there is a real-valued measurable
cardinal = ¢, since we may then take 7 to be discrete. But also, under CH, we
may let 7 be as constructed by our machine. Then by our lemma above, the
7-Borel sets are just the p-Borel sets, so u may be taken to be Lebesgue measure.

2. We again assume CH and let p be the usual topology on R. Let & be a
countable basis for (R, p) made up of open intervals.

Fact 1. Using CH, there is a family {L,|i € } of disjoint Lusin sets in R such
that each L, meets every member of & in an uncountable set.

Define X = U L. Let A be the set of all limit ordinals in w;. We can index
X = {xsa € w1} in a one-to-one way such that for each N € A and 7 € o,
{xe € LJN £ a < X\ + o} is dense in (R, p).

Fact 2. Using CH, for each ¢ € w, we can index the set of all countable subsets
of L;as {Ss la € w1} insuch a way that, for A € A, Syie: = {%. € LN S a <
N+ w}.

For each a € w,, define X, = {xs € X|8 < «} and let p, be the subspace
topology of X, in (R, p).

Fact 3. Using CH, we can index the set of all countable subsets of X as
{A\N € A} in such a way that, if X € A, there is A* < X such that 4y C X

Our aim 1s to define a new topology 7 on X and we do this by induction as
in § 1.
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Our induction hypothesis for 8 € w; is that for all N € A with A < 8, a
subset Zy of X+ has been defined and, for each @ < 8in w; and #n € w, a subset
Uqn of Xop1 containing x, has been defined in such a way that, if 74 is the
topology on X; induced by using { U, ,Ja < 8 and n € w} as a subbasis, then:

(1) (Xg, 75) is metric, and 75 C pg.

(2) For all « < ﬁ, Ua,() D Ua,l D .....

(3) For all a < B, {Uaxn|n € w} is a clopen basis for x, in (Xg, 75).

(4) For N € Aand X\ < 8, Z, is clopen in (Xg, 75).

(5) For a < B, x4 € L; N\ B for some B € &, and n € w, there is a finite
subset G of {U, ,;|vy < @, € w} and a k € wsuch that U,, — B = UG — B
and U, C BN (U;<: L;).

(6) For A € Aand A < B, if 4y is closed in (X, n), then 4, C 2.

(7)For1 € w,a € o,N € AN=N+w,8=a+ 1l,a=\+a,x. € Ly, and
J =1, then x, € cl xSy ;.

(8) If v; < v¢ < ... have X\ as a limit in w;, 7 € w, @ € w, « = X\ + q,
B=a+1,x€ Ly;j =1, and, for each n, x, € cl,S,, ,, thenx, € cl.; U, S,

We use (6), (7), and (8) later and they are trivial to check inductively, but
the fact that they hold inductively is not used in the construction; we also
make no use at this time of the fact that each L, is a Lusin set. Later we use
this fact to insure that whenever we have disjoint closed sets to separate, one of
them is countable; then we use (6) to guarantee the existence of a clopen set Z,
which separates our countable closed set 4y from a tail of the space. Observe
that both 4, and Z, are only defined for N € A. We use (7) and (8) to achieve
hereditary separability.

If @ € w, define U, , = {x,} for all # € w; the induction hypothesis is then
satisfied for all 8 € w.

So assume that w = § € w; and that the induction hypothesis is satisfied for
all B/ < B. Then if B8 € A one can easily check that the induction hypothesis
holds for B.

Now assume that 8 = o + 1 forsomea € w;,anda = N\ + a forsome X € A
and a € w. If @ = X\ consider A,. If 4, is not closed in (X3, 71), define Zy = @. If A,
is closed in the zero-dimensional metric countable space (X,, m), since
X — X+ is closed and disjoint from 4,, we can find a clopen set Z, in (X5, 7)
such that 4, C Zy and Z) C X

Choose Bag D Ba1 D ... from # such that x, = MNpewo Bane Choose
Mo < A < ... having X as a limit in w;. Let {\*|z € w} be an indexing of
{N € AN = \. Define ¥, = {S,,lvy £ a,j € 0} and B, = {Ba|n € o}.

Since ¥, and %, are countable, there is a function f, : @, — X, such that
fu(B) € Bforall B¢ %, and, if S € ¥, and SN BN X, = @ for infinitely
many B € ., then f,(B) € S for infinitely many B € ..

Forn € w,let F(n) = {B € H.|fa(B) = x, € L;forsomej < 7, \, < v <\,
and B C B, ,}. If B € F(0), then thereisan nsuch that B € F(n) — F(n + 1).
If B€ Fln) — F(n + 1) and f,(B) = x,, then there is an integer m such that:

(8.) U‘y,m C Ba,n M (U7§i Lj)’ and
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(b) if £ < mand M* < \,, then U, ,, N Zu = 0.

(b) is possible since Zy+ is closed in (Xa, 7o) and Zyx C Xowr C Xow if N <\,
Define Uy = U, ,, for B € F(0), and define U, , ={x.} U U{Us|B € F(n)}.

Since a regular, Hausdorff, countable space is metrizable, the whole induction
hypothesis will clearly hold for 8 if we can show that each U, ; for vy < a and
each Zy for N = «a is still closed in (Xg, 75).

If N € Aand N £ o, then N = N\ for some & € w. Since N¥* < M < o =
N\ + a for some a € w, there is an # € w such that 2 < » and \* < \,. For all
m Z n, Upm (M Zy = 0, 50 %o & clrg(Zy). Thus Zy is closed in (X, 74) since
Zy is closed in (X, 7).

Similarly, if ¥ < @ and j € w, the only possible boundary point of U, ; in
(X, 78) is xo. Suppose that v is the smallest ordinal such that x. € cl.z(U, ;)
for some j € w. Choose B € & such thatx, € Bbutx, ¢ cl,(B). By (5) of the
induction hypothesis, there is a finite G C {Ug 4| < v; k € w} such that
Uy; — B = UG — B. Thus, if x, € clry(U,,;), then x, € clr5(U G). Hence
x € clrg(Ug x) for some ¥ < yand k € w. But this contradicts the minimality
of 7.

Having defined 75 for all 8 € w; inductively, let 7 be the topology on X
induced by using { Uy 4o € wi, n € w} as a subbasis. Clearly | X| = w, (X, 1) is
Hausdorff, 0-dimensional, locally countable, and first countable.

We want to prove that (X, r) is hereditarily separable, normal, and not
countably paracompact. To this end we prove:

(a) If W is open in (R, p), Y C L, for some j € w, and |Y M B| = w; for all
W D B € B, thenthereisay € w,suchthatcl,(Y N X,) D (WN (U,z¢Ly)]
- 7)-

Proof. Since |Y M B| = w; forall W D B € %, we can choose w < v(0) <
F0) <y(1) < ¥(A) < ... in w such that Sgu.; C Xyorn — Xy
Sem.; C V,and cl,(Sgw.;) O W.Lety = sup{y(n)|n € w} and suppose that,
contrary to (a), there is a smallest ¢ = v such that x, € WM L, for some
127 and x, ¢ cl, (YN X,). Since @ = v > w, there is a A € A such that
a = N+ a for some a € w.

We first show that y # \. Since x, € cl,Ssw.; for each n € w, by (8),
Xe € C]Ta+1 Un (56(n).j) Ccl;, U, (Ss(n),j) C Cl,(Yﬂ Xy) Soy <\

Next we suppose that X = N + w forsome N € A. By (7) xq € cl,,,,(Sx ;) C
cl,(Sy,;). Since x, € Wand 7 D p, x4 € cl.(S\; N W).

But by the minimality of a, (Sx,; "\ W) C cl.(Y N X,) so x« € cl.(Y N X,).

Similarly, if X is a limit of ¥ = N(0) < N(1) < ...in A, then by the mini-
mality of a, (Sye.; M W) C cl,(Y N X,) for all N(r). But by (8), since
Xo € Wandr D p,%a € cl. U, Sawy.; M W). Sox, € cl, (Y M X,) in all cases.

We next prove:

(b) If S C X, there is a o (S) € wi, and for each i € w, « Wg,; which is open in

https://doi.org/10.4153/CJM-1976-098-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-098-8

1004 1. JUHASZ, K. KUNEN AND M. E. RUDIN

(R, p) SuCh that ClT(S m Xg(S)) D <|:WS_1' m <U1§J L])] - XU(S)) (lnd [ (S m ]‘i)
- WS,‘L'] C XU(S)'

Proof. Fixi € wand let S; = SN L. Let f = (B¢ BN S| £ w! and let
J=cl,(UZ).Since L,is Lusinand |U {BNSB€ A} 2w, UNS,) C X,
for some § € w;. Define Wg,;, = X — J.

By (a) there is a v € w, such that cl,(S; N X,) C ((Ws,:MN (Ui<; L;)] —
X,). Define ¢! = v + ..

Finally, define ¢(S) = sup{s|¢ € w}; since all of the desired properties hold,
(b) is proved.

Let us now prove that (X, 7) is hereditarily separable. If S C X, then
choose ¢(S) and Wg, ; as in (b). Thus cl.(S N X)) DO S and S is separable.

It is somewhat more difficult to prove that (X, 7) is normal, but assume that
H and K are closed and disjoint in (X, 7). Choose ¢(H), ¢ (K), Wy ;, and Wk ;
for all 7 asin (b). Let ¢ = ¢(H) 4 o(K). Observe that Wy = U i, Wy, and
Wx = Uiwe Wk,; are disjoint. To see this suppose that < < j. By (b),
c,HD Wyg.:NL;) —X, and c,K D (Wg,; N L;) — X,. Thus, since L;
intersects every nonempty open subset of (R, p) in an uncountable set,
WH,1m WKJ = ﬂ.

Define H’' = {x € Hl|x € cl,Wx} and K’ = {x € K|x € cl,Wy}. Since
H N\Wy =0, H C X, by (b). Since H' is countable, H = A, {for some
NE A So H C ZyC X, and Z, is clopen in (X, 7). Similarly there is a
N € Awith K/ C Zy C Xy and Zy isclopenin (X, 7). Defined’ = ¢ + N\ + \.
Since (X, 7,+) is metric, there are disjoint open U and V in X, such that
HNX,y) CUand (KNX,) CV.Let U¥ = (Wy — Zy)\J (U — cl . Wg)
U@ZNU)and V¥ = (Wx — Zy) Y (V — cl,Wy) U (Zyv N V). Then
H C U*, K C V* and U* and V* are open in (X, 7) and disjoint. Thus we
have proved that (X, 7) is normal.

It remains to show that (X, 7) is not countably paracompact. For each
n € w, define D, = Uz, L;; then D, is closed in (X, 7) and Nyeo D, = 0. 1f
(X, 7) is countably paracompact, there are U, D D, with U, open in (X, 7)
and Nyeo U, = B. Suppose that U, D D, is open. Since Ly is Lusin in (R, p), if
|Ly — U,| = w1, thereisan open in (R, p) subset W of R such that |[B M (L, —
U)| = wy for all WD B € #. Thus, by (a) cl(L, — U,) contains all of
L, "\ W except a countable set. But this contradicts L, C D, C U, and
|L, \ W| = w1, so Ly — U, is countable. Since L, — U, is countable for all
7€ w, Mo Uy, # B and (X, 7) is not countably paracompact.
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