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Asymptotic Expressions for the Bessel Functions
and the Fourier-Bessel Expansions.

By Dr T. M. MAcROBERT.

(Read 14th January 1921. Received 4th March 1921 )

Parr 1.
Asymptotic Expressions for the Bessel Functions.

From the asymptotic expansion for A, (z) it follows that, if
-7 <ampz < T,

0 /(B

This theorem is also true if amp z = + = ; to prove this consider
the formula

w0 @) repe o te () e

If R(n+}) > 0, this formula is valid for z+0, -7 < umpz<,
since both sides of the equation are holomorphic in this region.
Now let z=uxe", where « is real and positive, and let the path of
integration be deformed into the contour comsisting of: (i) the
£-axis from 0 to 2z - ¢; (ii) a semicircle of centre 2x and radius ¢
lying above the {-axis; (iii) the §-axis from 2x+¢ tow. Then
the integral is holomorphic in z at z=z¢". If 0= -, the semi-
circle is taken to lie below the {axis. Since R(n+3) > 0, the
integral round the semi-circle tends to zero with e

Hence, if z=xet'™,

T 1 - =i -
£ (&) rape et L
2x e\ -~
- -fan-} _-i) :
where I, L A (B

and 1= r e'fg""é(-é 1>n—% dé.
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Now let M be a large positive quantity less than z; then

I =j;"s' fe-i( -%)H dg+ v,

where V=I:e‘f 5”'*( -%)Hdg.
Then, if B(n)=«,
| V|;ﬁ:e'fg“-i(1 -i)“_* d¢.

Two cases have to be considered ; namely,

eZland - f<a<}.
Case I. Let aZ}; then, since<1 —§%>< 1,

|V|§r'e'fg“-idg.
M
Case II. Let -} <« < }; then
< z —Fea-} _i)a—‘.}
(Vi=f et (1- £) ag
2z -
~tpa-i(y_£\ 7}
+Le & (1 2x) dg.
Accordingly, by the First Mean Value Theorem
vi=A [ o=teehae
M
s (10 (14 ga-b ga-d (1_i)“'*dg
, 2 ’

where ] <A < 23"% and 0 < 6 < 1.

Thus in both cases

Lim|V|§AI et g,
Z=>w M

But Lim j:le -tgn-d (1 - %)"'*d&re-fg”“* de.

T -0 0
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Hence, by making M tend to inﬁniﬁy, it follows that
Lim 7,- g e g2 T(n+}).
F o 2] 0
In the next place
= ® —tea-y (€ a-}
(ni=f, etemd(E-1) T as
Here put £=2x(1+1%); then

1= e @t [ o7 (Legytiyt T ay

<o~ (2x)“+*j: e (L) ity

Hence Lim 7,=0.
e L]

Accordingly, if amp z= + =,

L 20/ (@)=

Since K_, (z) = K, (z), this is true for all values of n.

The corresponding theorems for the other Bessel Functions can
be deduced from this. They are-

Lim 6.(2) {J(b —inn+t(z+r/4)}

where: ~7/2 Sampz=38n/2;

Lim 7,5 /{ J (%) cos (s ~ /4 ~nm/2)} =1,

where -m/2 2ampz=7/2;

Lim J, (2) /{ ,e'"'J( )cos(z+1r/4+n1r/2)}—l

3 >
where =/2ZampzS37/2;

zI-J-l;g L@ /{_J—(;_";) g +¢“"("+5)" J(21wz) ¢ 2} =L

=9.
where -—-7T=ampz=0;
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le I, (z)/ \/(7 z)g_,. Snti)r e "z)e-z}="

where 0 =ampz=m.

Part II.

The Fourier-Bessel Expansions.

These theorems make it possible to establish the validity of the
Fourier-Bessel Expansions by means of Coutour Integration. For
simplicity, the expansion

S =‘§l A, T (M) i s (1)
where A;, A,, ... are the positive zeros of Jy(x) will first be
considered.

Here
1
[ 2@ sz do
4,=2=" ,
{4 (M)}
so that if S, is the sum of the first » terms of the series on the
right-hand side of (1),
Jy (A, ) Jy (A, 7)
=2 A it Pl L ACLE
S.=2f e £ 2R

Let the integral

J' (G (D) S (§x) o ({7)
4o ($)

be taken round the contour consisting of the £-axis from - M to M,

indeated at { =0and at the zeros of J, ({), and the lines { = M, n= 1N,

and {= - M, where M and N are positive and M is chosen to lie

between the zeros A, and A, ,. The integrand is holomorphic

within the contour, so that the value of the integral is zero.

a¢

The integral round the small semi-circle at {=0 tends to zero
with the radius. Also, since

Go(€) I () =Jo(£) G/ ($) =1/,
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it follows that A, Gy(A,)=1/J) (A,); hence the sum of the integrals
round the small semi-circles at the zeros of J, ({) tends to
. v JO(XIw)J.o(AIT)

-%ri Yy

= L)Y

as the radii tend to zevo.

Again, along the £-axis the integrand is uniform and odd apart
from the term in G, ({) which involves log {; this latter-term gives
rise to an integral

M
z‘w[o £y () Ju(Er) e,

while the remaining integrals from — 3 to O and O to M cancel
each other.

But
M
[ eneaanenag

M?z{r Jo (M) Ty (Mr) - xd, (Mr) I, (M=)}

a2 -

M (-~ r s (M) J, (M) + 2y (M) J, (M)}

xt—r

In the right-hand side of this equation replace the Bessel
Functions by their asymptotic expansions; then

M
[, gntEmrnenas
2 1 7 -xcos(]lr—r/4)cos(Mm+1r/4)} p
T J(ar) @ - 12 s rcos (Mr +7/4) cos (Mx - m/4) 7

1 (sin {M(x-r)} cos{M(z+r) ]} +£"
NS x-r x4+ M
where P is finite for all values of M.

Now let N tend to infinity; then, if |x+ 7| < 2, the integral
along n=2XN tends to zero. Also, if the Bessel Functions in the
integrals along ¢ = + M be replaced by their asymptotic expansions,
these integrals have the values 7, + Q/M and I,+ R/M, where
(@ and R are finite * and

* This will be clear if V and A tend to infinity together in such a way
that the line joining the origin to the point M+ ¢ N makes a finite angle with
the imaginary axis; for instance, if M= XN,
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_ 1
' N (@r)
@ S M +in-7/4) oog {2 (M +in) - m/4) cos {r(M+“7)—""/4}d
JO cos(M+in-w/4)
1
I=
N (@r)
w ,i(- M+”I+"'/4)cos{z( Miin)+w/4}cos {r(~ M+“7)+1"/4}d
.[o cos(—M+in+w/d)

Again

SlEMLinFr/e) .27

2 '
{ 1128 (M -7/)=2y

cos(+ M+inFrfs
=9Ke 27,

where & is a finite positive constant.

But
1

h= 37w

© J(M+in- r/4)[s1n{(w+r)(M+u;)}+cos{(x r)(M+“,)}]d
jo cos (M +in—w/t)
2J(x)[sm{(“""')”}xV+cos{(x+r)M}xV,

+cos {(x-r) M} x Vy+sin {(x-r) M} x ‘]’

where

| 73| ;2Kj e 2"cosh {(x+7)n} dn
0

1 1
=
=K <2+x+r+2—w-r)’

provided that |z + 7| < 2, and similarly for ¥,, V;, and ¥,. ZJ,can
also be expressed as the sum of four similar expressions.

Accordingly, if 05 » < 1, and since 0S 25 1,
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» L (Ae)y(Ar) ] { sin {M{x-7)} cos{M(x+7)}
= LA 2w Jar) z-r T x4 }
+;%+ 3 sin {(x+r)M}W+§ ﬁ,

where W,, Q' and R’ are finite.

Now multiply this equation by 2/ (x), integrate from 0 to 1,
and let v tend to infinity : then

S0 r)
le2J' 5@ 2T TP

V=->o = .
sin {M(xz-1)}
J(x'r) x—7r de
) . ! 1 cos {M(z+r)}
_;}_};IL Uacj(:zc) Jr) po dx

=_1_ Lim j z f(x)

16
+3 Lim acf(ac) w, sin {(z+'r) i} da.
=1 M=>cwo

By the theory of Dirichlet Integrals,

Lim j é(x sm(Ma;)dw=O,
M=>x
provided that, for a £ x< b, ¢(z) is nnite and continuous, except
for a finite number of finite discontinuities, and has only a finite
number of maxima and minima; while, subject to the same

conditions,
Lin [ g5 2= o 2 (464040 (-0)
M=y o

fora <r < b.

Accordingly, if f(x) satisfies these conditions for 0E 2 £ 1,
2‘,1 ATy Ar=3{Sf(r+0)+f(r-0)}, ... (2)
"=

provided that 0 < » < 1.

When r=1, J,(A,r)=0, and therefore the sum of the series
is zero.
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When r=0, it follows from the theory of Dirichlet Integrals
that the sum is L /(+0).

Similarly for the series T 4,J, (A, r), where A, is a positive zero
of J, (x), consider the integral of (@, ({)J, ({z)J ({r)/L.({)*
and when A, is a positive zevo of dxJ, (x)+ BJ, (x) employ the
integral of

({4{G. ({)+BC. (), (Lx) L. (L)
4¢7,'({)+BJ, () '
In the former case

4=1 [ s/ @) da (0. G

and in the latter case
A2 1 X
= BT =T (A Jo zf(z)J, (A, x) de.

If in (2) 7, «, and A arve replaced by r/a, z/a, and a A, and ¢(r)
is written in place of f(r/a), then the equation may be written

2 J‘:x¢(w)Jo()\,x) dz
fadi (o))

provided that 0 < » < a, where A, is a positive zero of J, (A a).
These transformations can also be applied to the other expansions.

A

pREALE) = 1{h(r+0)sp(r-0)},

* Whean = is not an integer the integra' along the {-axis becomes

o i d Joa(E)me TS (5) } Jn ) E0)
:le

P
Jo 2einnw J, (£)
M i { T (8- €T Tu ()} T (G2) T (87
- P 0 dt’

2sinnx, (§)
(M
=ir 0 fJn (fx)Jn (Er)di-

o
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