FACTORIZATION RINGS
J.-M. MARANDA

1. Introduction. Let o be an integral domain with & as field of quotients.
W. Krull has shown (3; 4) that the following three conditions on o are equiva-
lent:

1. There is a set of rank 1, discrete valuations of &, { V;} iz, such that for
each non-null element a € &, V;(a) = 0 for all © € I except a finite number,
and such that foralla € 8, ¢ € oif and only if V;(a) > O forall 2 € I.

2. Every non-trivial principal ideal of o is the intersection of a finite number
of formal powers of minimal non-trivial prime ideals of o.

3. The partially ordered semi-group of classes of quasi-equal non-null ideals
(fractional) of o is a group with unique factorization theorem.

Krull called an integral domain o satisfying these conditions an ‘“‘endliche
diskrete Hauptordnung’ and showed that there is a minimum set of rank 1,
discrete valuations of R satisfying 1. We may notice that a Dedekind ring
is an “‘endliche diskrete Hauptordnung”’ for which the theory of quasi-equality
is trivial, i.e. if two ideals are quasi-equal, then they are equal.

The object of this paper is to generalize this theory of integral domains
to a theory of arbitrary commutative rings with unity element. For simplicity,
we will call these generalized ‘‘endliche diskrete Hauptordnungen’ ‘‘factor-
ization rings’’.

The reader will soon realize that the theory of quasi-equality of van der
Waerden and Artin (7, §105), generalized to the case of an arbitrary com-
mutative ring with unity element, is the fundamental tool utilized.

We will obtain in particular, those known results concerning Noetherian
rings that are integrally closed in their full ring of quotients, that are given
in (5, §4.7 and §4.9), most of them in a more general context (the ascending
chain condition is not necessarily valid for the ideals of a factorization ring),
and by methods that are undoubtedly ‘“‘multiplicative.”

In §6 we will define the notion of a ‘‘generalized Dedekind ring’’, and
although we cannot go into any details here in the introduction, we may
remark that for such a generalized Dedekind ring o, if the ascending chain
condition is valid for its ideals, then, for any ideal a of o,

ma myr

a=asp1mlp2 e Py

where S is the set of all regular elements of o, where ag is the isolated com-
ponent of a determined by .S and where the p; are relevant prime ideals (5,
p. 76) of o, and this decomposition is ‘‘unique’” in a certain sense. This is an
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obvious generalization of the unique decomposition theorem for the ideals
of an ordinary Dedekind ring.

Finally, if © is a commutative ring with unity element, and if the descend-
ing chain condition is valid for the ideals of £, then we will determine, in §7,
all orders of © that are Noetherian generalized Dedekind rings.

2. Valuations and Subvaluations. Let us consider a commutative and
associative ring .

Definition. A function V of O onto a partially ordered semi-group M will
be called a valuation' of O if for all a, b, ¢ € O,

V1. Vie) K V()& V(@) < Vi) = Vi) < V(b —c)

V2. V(abd) = V(a)V(b)

We will call M the ordered semi-group of values of V. In the case where M
is totally ordered, V1 may be replaced by

V1’ V(b — ¢) > min {V(b), V(c)}

Definition. A reflexive and transitive binary relation R on O will be called
a subvaluation of O if for all @, b, ¢, d € O,

S1. aRb & aRc — aR(b — ¢)
S2. aRb & ¢cRd — acRbd

If V is a valuation of O and if we define the relation R on O as follows:
foralla, b € O, aRb if and only if V(a) < V(d), then it is easily verified that
R is a subvaluation of ©. We will say that R is the subvaluation of O deter-
mined by V.

Conversely, let R be a subvaluation of . If we define the relation R on O
as follows: for all a, b € O, aRb if and only if aRb and bRa, then one can
verify the following:

1. The relation R is an equivalence relation and if V is the natural function
of O onto the quotient set M = /R, then one may define a partial ordering
relation on M as follows: for all a, & € O, V(a) < V(b) if and only if aRb.

2. The relation R is multiplicative so that one can define an induced multi-
plication on M, and with respect to this operation and the partial ordering
relation defined above, M is a partially ordered semi-group.

3. The function Vis a valuation of O with M as ordered semi-group of values
and V determines the given subvaluation R of O.

Let V be a valuation of © with ordered semi-group of values M and let R
be the subvaluation of © determined by V. For all ¢ € O, we have aR0 and
aR(— a), for, since R is reflexive, aRa, and by S1,

aRa & aRa — aR(a — a)
aR0 & aRa — aR(0 — a)

In the case where £ is a field and M is a partially ordered group with added symbol «,
this definition is not new, see e.g. (2).
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The corresponding properties for V are: for all ¢ € O, V(a) < V(0) and
V(e) < V(— a) so that V(a) = V(- a).

ProrosiTiON 1. If
a = {a € O0Ra} = {a € O|V(a) = V(0)}
then a is an ideal of O which we will call the kernel of V. If a, b € O, then
a = b (mod a) — V(a) = V(b)

Proof.1fa,b € a,then 0Ra and ORb so that by S1,0R(a — b) anda — b € a.
Ifa €aand b € O, then ORa and dRb so that by S2, 0bRab therefore, ab € a.
Nowifa,b € Oandifa — b € a, then OR(e — b), and since R is transitive,

aR0 & OR(a — b) > aR(a — b)
bRO & OR(a — b) — bR(a — b)

Then, by S1,

aRa & aR(a — b) > aR(@ — (a — b))
bR(@ — b) & bR(— b) > bR((a — b) — (— b))

i.e. aRb and bRa so that V(e) < V(d) and V(b) < V(a) and therefore,
V(a) = V(b). .

We may notice that if ¢, 8 € O and if V(e) = V(d), it is not necessarily
true that a is congruent to b, modulo a.

Now if ¢ is a homomorphism of © onto a ring £’, and if the kernel of ¢
is contained in the kernel a of V, then, by Proposition 1, one can define a func-
tion V' of O’ onto M by setting V' (¢(a)) = V(a) for all ¢ € O, and it can
easily be verified that V7’ is a valuation of O’ with M as ordered semi-group of
values. We will call 7’ the projection of V by ¢. Notice that the kernel of 1’
is just ¢ (a).

Conversely, if V' is a valuation of £’ and if for all @ € O one sets V(a) =
V' (¢(a)), one can easily verify that V is a valuation of © and that the kernel
of ¢ is contained in the kernel of V.

If © is a commutative ring with unity element, then the relation of divisi-
bility “a divides & if and only if there exists an element ¢ € O such that
b = ac’ is evidently a subvaluation of ©. By this definition of divisibility,
every element of O divides 0 so that we will use the term ‘“‘regular element”
to denote those elements ¢ € O that have the properties “‘a # 0 and for all
b € 9D, ab = 0 implies that » = 0,” instead of the usual term ‘‘non-divisor
of zero.”

From now on, O will always denote a commutative ring with unity element
in which every regular element is invertible. Also, G will denote the totally
ordered additive group of ordinary integers, G’ will denote the totally ordered
semi-group obtained by adding the symbol « to G with the laws

1. forallu € G, u < »;

2. forallu € G, u+ ©» = © +u = o;
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and G” will denote the totally ordered semi-group obtained by adding the
symbol «’ to G’ with the laws:

1. forallu € G, o' L u;

2. forallu €G, o' +u=u+ o' = o’;

3‘ m/ _|_ ml _— GD’;

4. oo'-|—oo=oo—|—oo'=oo,

DEFINITION. We will say that a valuation V of O is special if G’ is the ordered
semi-group of values of V and if there exists a regular element a € O such that
V(a) > 0.

If V is a special valuation of O, there exists an element a € O such that
V(a) # o and then,
V(a) = V(la) = V(1) + V(a)

so that V(1) = 0. Also, if a is a regular element of £, then
0=V(1) = V™ = V@) + V@),
so that V(a) # «.
LeMMA 1. If V s a special valuation of O and if we set
0= {a € O|V(e) > 0}

then o is an order of O. We will say that o is the order of O determined by V.
If o' is any order of O with the property that for all a € o', V(a) > 0, and if
for each positive integer n we set

G = {a € 0'[V(a) > n}

then p = qi is a proper prime ideal of o' containing a regular element and the
G, are all p-primary ideals of o'. Furthermore, if we set

p'={a €0'|V(a) = =}
then v’ is a prime 1ideal of o’ and
p=Ng,.
n=1
Finally, if o = o/, the qn are all distinct and ' is a prime ideal of O.
Proof. If a, b € o, then V(a) > 0 and V(b)) > 0 so that

V(e — 8) > min {V(a), V(b)} > 0, V(ad) = V(a) + V(b) >0
and therefore, @ — b, ab € o. Since V(1) = 0, 1 € o. By the definition of a
special valuation, there exists a regular element a € £ such that V(a) > 0
so that @ € o and if b is any element of o that is not in o, then there exists a
positive integer z such that V(a") = nV(a) > — V(b) so that
V(a"d) = V(a") + V() >0
and @b € 0. We have thus shown that o is an order of O.
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If a, b € qq, then V() > n and V(d) > #» and therefore,
V(e — b) > min {V(a), V(0)} > n

so that a — & € q,. If @ € q, and & € o/, then V(a) > n and V(b) > 0 so
that

Viab) = Via) + V() > n

and therefore, ab € q,. The g, are thus ideals of o’.

Ifa € p,then V(a) > 1,so that V(a") = nV(a) > nand therefore, a® € q,.
Therefore, p C rad q,. If a, & € 0/, a ¢y and ab € q,, then V(a) = 0 and
V(ab) > n so that

V() = Via) + V(b) = V(ab) > n

and therefore, b € q,. This proves that p is a prime ideal of o’ and that each
Qn is p-primary. Since V(1) = 0, 1 § p so that p is a proper ideal of o’. By the
definition of a special valuation, there exists a regular element @ € o such that
V(a) > 0, and since o’ is an order of O, there exists a regular element b € o’
such that da = ¢ € o’. Then ¢ is a regular element of o’ and V(c) =
V(b) + V(a) > 0sothatc € p.

It is evident that

so that p’ is an ideal of o’. If @ and b are elements of o’ that are not in p’, then
V(a) # o # V(b) so that V(ad) = V(a) + V(b) # « and therefore,
ab ¢ y’. Thus, p’ is a prime ideal of o’.

If o = 0o/, then evidently,

p'={a €O[V(e) = =}.

This means that p’ is the kernel of V so that it is an ideal of . Just as above,
one may then show that p’ is a prime ideal of O. Finally, if # is any positive
integer, there exists an element ¢ € O such that V(e) = n. This means that
a € q, and a ¢ qu41. Therefore, the g, are all distinct.

3. The Theory of Quasi-Divisibility. In this section, we give an account
of the theory of quasi-divisibility of van der Waerden and Artin, generalized
to the case of an arbitrary commutative ring with unity element. The proofs
are easy generalizations of those given in (7, §105) and will be left to the
reader.

Let o be an order of . By an o-ideal of O, we mean simply an o-submodule
of ©, and we denote the set of all o-ideals of O by (o). The ordinary ideals
of o are just those o-ideals of © that are contained in o; we will call these the
integral o-ideals of © or just simply the ideals of o.

If as usual, one defines the product of two o-ideals a and b of O to be the
o-ideal of O generated by the set of all products ab, where ¢ € a and & € b,
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then with respect to this operation and ordinary set inclusion, £(o) is a com-
mutative partially ordered semi-group with the following properties:

1. o is the unity element of £(o);

2. The null ideal (0) is the zero element of 2(o);

3. &(o) is complete and distributive, i.e., if {a;}; s is a set of elements
of (o), then Za; (the sum of the a; considered as n-submodules of 2) is the
least upper bound of {a;};.;

M a;

el

(set-theoretical intersection) is the greatest lower bound of {a;};.; and if

a € (o), then
Y a;= p, o
iel iel
If @ € (o), we denote by a~! the set of all @ € O such that aa C 0. One
may show that a~! is the largest o-ideal b of O with the property ba C o,
and if a is invertible, then its inverse is a~!. If ¢ is a regular element of o, then

(@)~ = (a7).

DEFINITION. If a, b € {(0), we say that a quasi-divides b and write a < b,
of a7t C b L

Let us notice that a C b implies that a > b.

The relation of quasi-divisibility is a reflexive and transitive relation on
(o), and furthermore, it is multiplicative. We may then define a relation of
“quasi-equality’”’ on £(o) as follows: a is quasi-equal to b, which we write
a~Dbifa<<bandb < a,ie. if a7 = b7, and this relation is a multiplicative
equivalence relation on £(0). We will denote with ¥(o) the set of equivalence
classes of £(0), determined by the relation of quasi-equality, and if a € ¥(0),
we will denote by a that class in €(o) that contains a. Since the relation of
quasi-equality is multiplicative, one can define an induced product on (o)
and the relation of quasi-divisibility induces a partial ordering relation on
£(0), which we denote with the same symbol ** < ", and which is multiplicative,
so that €(o) is a partially ordered semi-group with o as unity element and (0)
as zero element.

ProposITION 2. If a, b € L(0), then a < b if and only if (a=")~L D b.

CoROLLARY 1. For all a € £(0), a ~ (a=)~! and for all b € L(0), a ~Db
implies that (a=1)~! D b.

From now on, for all a € 2(0), we will denote (a—1)~! by a*. Of course, if a
is invertible, a = a*; this is true in particular for the principal o-ideals of O
generated by regular elements.

CoROLLARY 2. If a € R(0), then a > o0 if and only if a C o.
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COROLLARY 3. If {a}; s is a set of elements of R(0), then

> a; and N aX

ie] iel

are, respectively, the greatest lower bound and least upper bound of { Ei} ier i
(o).

Since the relation of quasi-divisibility is a reflexive, transitive and multipli-
cative relation on £(o), it is evident that if we define the relation R, on O as
follows: for all @, b € O, aR,b if and only if (¢) < (b), this relation is re-
flexive, transitive and multiplicative. Then, if @, b, ¢ € O and if aR,b and
aR,, then (a) € (b) and (a) < (¢), which implies that (a) < (&) + (¢).
But since

b—c € )+ (c), (d—c)> () + () > (a)
so that aR, (b — ¢). Therefore, R, is a subvaluation of O.

PRrOPOSITION 3. If a, b and ¢ are ideals of 0, if a +b ~o0 and if a + c ~ o,
then o + be ~ o.

ProrosITION 4. If a and b are ideals of 0 and if a + b ~ 0, then a N\ b ~ ab.

PROPOSITION 5. If a € (o) and if a is invertible in ¥(o), then a=' is the
inverse of a.

ProposITION 6. If a, b € &(0), if b is invertible in (o) and if a:b denotes
the set of all a € O such that ab C a, then a:b ~ ab™L.

DEFINITION. We will say that an o-ideal a of O s regular, if

1. a contains a regular element (of O or of o, both statements are equivalent),

2. there is a regular element a (in O or in 0, both statements are equivalent)
such that aa < 0, t.e. a=! contains a regular element.

Let § (o) denote the set of all regular o-ideals of ©. Then (o) has the
following properties:

1. § (o) is closed under multiplication.

2. 0 € F(0).

3. If a € F(o), then a=! C F(o).

4. If a,b € F(v), thena + b € F(0) and aNb € F(o).

5. If {a;}, s is a set of elements of (o) and if this set has an upper bound
in (o), then

Z a; e %(D)’

while if this set has a lower bound in § (o), then

Na; € F(o).

Since the distributive law is valid on § (o), §(0) is a complete lattice-ordered
semi-group (1, p. 201).
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Let us denote by F (o), the set of all a, where a € (o). We may notice
that although a ¢ § (o), it may very well be that a=' € §(o) and therefore,
a € %(0) It can easily be shown that (o) is also a complete lattice-ordered
semi-group.

DEFINITION. An element a € O is said to depend almost integrally on o
if there exists a regular element & € o such that da™ € o for all natural in-
tegers n. If every element of O that depends almost integrally on o is in o,
then o is said to be fully integrally closed in Q.

If o is fully integrally closed in £ and if the ascending chain condition is
valid for the ideals of o, then o is integrally closed in O, that is, every element
of © which is a root of a monic polynomial with coefficients in o, is in O.

THEOREM 1. If 0 is an order of O, then F(o) is a group if and only if o is
Sfully integrally closed in .

4, Definition and elementary Properties of Factorization Rings. Let
o be an order of © which is fully integrally closed in O so that § (o) is a group.
From the theory of partially ordered groups, we know that a unique factor-
ization theorem is valid for the elements of & (o) if and only if F(o) satisfies
the chain condition, that is, if a; > a2 > a3 > ... is a properly descending
chain of elements of I (0), where a; > o for all mdlces 2, then this chain is
finite. When %(o) satisfies this condition, then we will say that o is a factoriza-
tion ring. Let us recall that an element p of (o) isa prxme element if and only
if p >0 and n >0 >0 1mplles that a=0 (one may say “for all a € °§(o)
“for all @ € (0),” since p>a >0 and p € (o) imply that a € 3 (0)), and
that the unique factorization theorem states that if a € §(0), then

o= W
where the D, are prime elements of % (0), this decomposition being unique, and
a > o if and only if 7, > 0 for all indices 1.

Throughout this section, we assume that o is a factorization ring with ©
as full ring of quotients.

THEOREM 2. If pisa prime element of %_(33 and if p = p*, then v is a regular
prime ideal of 0. We will call these prime ideals the relevant prime ideals of o.

Proof. 1f a, b €0, ab € p and b¢yp, then (b) +p D p =1yp* so that
n > (8) + p > 0 and therefore, (b) + p ~o. Then, (a) = ao ~ a((b) +»)

= (ab) + ap C p so that (a) > p and therefore, a € p* = p. Since p € % (0)
and p = p*, p must contain a regular element of o.

LEMMA 2. If p is a relevant prime ideal of o and if a and b are ideals of o,
then,
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Lifa>p, ask ™, b>p andb Sk vt where m and n are non-negative
integers, then ab > p™t" and ab > pminti,

2. if for all natural numbers n, a > y*, then for all n, ab > y".

Proof. First of all, let us suppose that a and b satisfy the hypothesis of the
first case. Then surely, ab > p™t". If ab > p™*"+!, then (ap=™) (bp™) > p so
that (ap™™) (bp=") C p. But since ap™™ > o and bp~™" > o, ap~™ and bp~™" are
ideals of 0 so that ap™ C p or by~ C p which implies thata > p”™Florb > p™t,
contradicting our hypotheses.

The second case is trivial since ab C a and therefore, ab > a.

Now, if p is a relevant prime ideal of o, we may use p to define a valuation
V on o as follows: if @ € o and if there is a non-negative integer # such that
(@) > prand (a) 3> p**!, we set V(a) = n, while if for all natural numbers n,
(a) > ", we set V(@) = . By Lemma 2, for all a, b € o, V(ab) = V(a)
+ V(b). Now, if @, b € o and if # is a non-negative integer such that (a) > p*
and (&) > p*, then since (¢ — b) C (a) + (b), we have

(@—0b) > @+ @) >y

(Cor. 3, Prop. 2) so that V(a —b) > min {V(a), V(b)}. If a is a regular element
of o, since (@) € F(o), it is evident that V(a) % «. We may then extend the
function V to all of © as follows: if a € ©, a = b/c, where b, ¢ € p and ¢ is
regular, and we set V(a) = V(d) — V(c). Then, one can easily verify that V
is well defined on all of O and that it satisfies V1’ and V2. If # is any non-
negative integer, since (p**+1)* C (p*)*, there is an element ¢ € (p)* such
that a ¢ (p"*1)* and therefore, V(a) = n. Evidently, V(0) = . Now p
contains a regular element a, and therefore, V(a) = m > 0, and if » is any
positive integer, one can find an integer k such that V(a*) = km > n and
therefore, there exists an element & € o such that V(b) = km — = so that

V(ba=™®) = V(b) — V(e*) = — n.

Thus V is a special valuation of £. We will say that V is the valuation of
determined by the relevant prime ideal p of o.

THEOREM 3. If p is a relevant prime ideal of o and if V is the valuation of O
determined by Y, then for each positive integer n,

p® = (p* = {a € o|V(a) > n}.

Proof. If @ € 0, V(a) > n if and only if (a) > p*, which evidently means
that a € (p™)*, so that
(»* = {a € o|V(a) > n}.

Then, by Lemma 1, each (p*)* is a p-primary ideal of o and since p* C (p)*,
p™ C (pM*. If a € (p)*, then (a) > p* and therefore, a(p*)~! C p. Since
(™) ~p" ~ o, there exists b € (p*)~'p* such that & ¢ p. Then
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ab € a(()7' ") = (@) H PSP

so that @ € (p), = p™ and therefore, p™ = (p*)*.
Under the hypotheses of Theorem 3, if we set

p={a €0|V(a) = =}

by Lemma 1, p’ is a prime ideal of o and

pl — O p(n) .

n=1

We will call p’ the associate of p.

THEOREM 4. If p is a relevant prime ideal of o and if v’ is the associate of p,
then V' has the following properties:

1. for every natural integer n, p’ > v" and y' contains any o-ideal of O that
has this property,

2. (W™ =y

3. any prime ideal of o that is properly contained in p, is contained in p’.

Proof. If n is any natural integer, for all ¢ € y’, (a) > ", so that by
Corollary 3 of Proposition 2,

=2 @>p.

aep’

Then, if a is any o-ideal of © with the property that for all natural integers n,
a>yp’, forall a € a, (@) > a > p* so that V(a) = » and therefore, a € y’
and a C p’. In particular, (p")* has this property, so that (p")* = p’.

Let a be an ideal of o such that a C p and a  y’. Then, there is a non-
negative integer z such that a > p* and a 3> p*+. Now (ap~1)p = a(p~'p) C a.
Since a Cp, p Z a and ap~' > o so that ap™* S o. If ap~! C q, then ap~!
> a > p* so that a > p"*!, a contradiction. Therefore, a is not a prime ideal
of o.

THEOREM 5. If a is an ideal of o such that « € §(o), and if
a — EMEM . p—rnr
where Y1,02, - . . , P, are relevant prime ideals of o, then
a* — p(lnl) m p(2ﬂ2) m L m ps’ﬂr) .

Proof. Since a is the least upper bound, in § (o), and therefore also in £(o),
of the set

RIS o
by Corollary 3 of Proposition 2,
a~ D(fu) N pgnz) N...N DS-’")
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and therefore,
at D pgm) m p;m) n o m p(an)

But since, for eachz = 1,2,...,7,
a* ~a > p¥, o* S pi
and therefore,
e Sp N NN
c . bl

COROLLARY 1. If a is a regular element of o and if a is not a unit of o, then

@ =y N2 N...Np”

where P1,02, . . ., D, are relevant prime ideals of o.

COROLLARY 2. The relevant prime ideals of o are just the minimal proper
regular prime ideals of . Every regular prime ideal of o contains a relevant prime
ideal of o so that the non-minimal regular prime ideals of o are all quasi-equal
to o.

Proof. Since the relevant prime ideals of o are regular and since no relevant
prime ideal is properly contained in another, all we have to show is that any
regular prime ideal b of o contains a relevant prime ideal of o.

We need only consider the case where p # o, and then, p contains a regular
element ¢ which is not a unit of o, so that by Corollary 1 of Theorem 5,

@ =" Nef? N...Np

where py,ps, . . ., P, are relevant prime ideals of o, and evidently, p must contain
one of them.

THEOREM 6. If b is a relevant prime ideal of o, then the only p-primary ideals
of o are the formal powers of p.

Proof. Let q be a p-primary ideal of o. Since p contains a regular element a
and since rad g = p, a™ € q for some positive integer m and q is regular. Since
a™ is not a unit of o, by Corollary 1 of Theorem 5,

(am) — pim) N pénz) N...N ps‘nr)

where 9,99, . . ., D, are relevant prime ideals of o, and p must contain one of
these, say p D p;. Since p is relevant, p = p;. Then p™) = (¢™), and since
q is a p-primary ideal containing (a™),

q=2p*

so that
q < pm
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and therefore, g ~ p* for some positive integer n < n; and q¢ C p™. Then,
by Proposition 6,

q:p® ~ q(p™)~t ~q(p*)t ~o

so that there exists an element & € ¢:p™ such that & ¢p. Then, bp™ C q,
and since b ¢ p and q is p-primary, p™ C q.

COROLLARY. If a is an ideal of o and if

© ZEn

Il

min {V(a)la € af
then ay = ™ (by definition, p© = p).

Proof. It is evident that a € p™ and that a ¢ p®+1). If p were not a minimal
prime ideal of a, then p would properly contain a minimal prime ideal of a,
which, by Theorem 4, would be contained in §’ so that a C p’, a contradiction.
Therefore, p is a minimal prime ideal of a and ay is p-primary. Then, since
a Cp™, ay € p™® and since a & ap, apy  p@tY so that by Theorem 6,
ay = p®. -

THECREM 7. If p is a relevant prime ideal of o, if ' is the associate of p and if
V s the valuation of O determined by y, then (0/9) ) 15 @ regular local ring
of dimension 1 (valuation ring determined by a discrete, rank 1 valuation of its
field of quotients) and if ¢ denotes the natural homomorphism of o onto o/y’,
then, for any two elements a, b € o, V(a) < V(b) 1f and only if ¢(a) divides
¢ (b) in (0/9")wpr)-

Proof. Since ' is a prime ideal of o0, 0/p" and (0/9") ) are integral domains.
Since every prime ideal of o that is properly contained in p must be contained
in p’ (Theorem 4), the null ideal is the only prime ideal of o/p’ that is properly
contained in p/p’ so that (0/9")y’y contains only one non-trivial prime ideal.
Then, an arbitrary non-trivial ideal of (0/p’)«, must be a primary ideal
belonging to this unique non-trivial prime ideal. Now, the only p-primary
ideals of o are the formal powers of p (Theorem 6) and they are totally ordered
under ordinary inclusion and all contain p’ so that the p/p’-primary ideals
of o/p’ are totally ordered under ordinary inclusion and therefore, the non-
trivial ideals of (0/p")ppy are also totally ordered under ordinary inclusion.
Thus, (0/p") " is a regular local ring of dimension 1.

If a, b €0, V(a) < V(b) if and only if for all non-negative integers n,
(@) > p* implies that (b) > p*, that is, ¢ € »™ implies that & € p™ or ¢(a)
€ ¢(p™) implies that ¢(b) € ¢(»™), which evidently means that ¢(a)
divides ¢ (d) in (0/9") p)-

Remarks. If 0 is an order of O, if o is fully integrally closed in © and if the
ascending chain condmon holds for the ideals of o, then o is surelv a factoriza-
tion ring, for if I > as > a3 > .. .is a chain of elements of (o) and if, for
each index 4, a; > o, then the ascending chain a;* C a.* C a;* C . .. of ideals
of o must be finite. Furthermore, by Krull's Intersection Theorem,
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p = an‘") = (0)y

so that (0/9") ) is just the generalized ring of quotients oy and p’ is a minimal
prime ideal of 0. (We have thus obtained the results of (5, §4.7 and §4.9).)

Under these assumptions, since the associates of relevant prime ideals of
0 are minimal prime ideals of o, there is only a finite number of them and by
Theorem 4, for each relevant prime ideal p of o, p’ is the only prime ideal of
o properly contained in p. If a is an ideal of o contained in p’, then

P =00,CaCyp’ =y

so that a, = y’. Therefore, p’ is the only p’-primary ideal of o, and if we set

©

Y = Olp(n) = p@
then we may restate the Corollary of Theorem 5 more generally as follows:

If a is an ideal of o and if # = min {V(a)|la € a} (# may equal «), then
ap = p™.

THEOREM 8. If {p;} ;1 is the set of relevant prime ideals of o and if for each
1 € I, V,; denotes the valuation of O determined by Y,, then for all a € O,
a € o if and only of Vi(a) > 0 for all © € I. Furthermore, if for each 1 € I,
R s the subvaluation of O determined by V;, then
Ro = N R;

iel

Proof. From the definition of V, it is evident that if @ € o, then V;(a) > 0
for all © € I. Conversely, let a be an element of © such that V;(a) > 0 for
all7 € I. Then, a = b/c, where b, ¢ € o0, cisregular and V;(b) > V,(c) for all
12 € I. If ¢ is not a unit of o, by Corollary 1 of Theorem 5,

© =" Nei? N N
where 41,22, .. .,%, € I. Then, for each j = 1,2,...,7,
since V;;(8) > Vi,(c), (8) > v¥ so that b € (¥’

and therefore, b € (¢) and ¢ = b/c € 0. We may notice here that for every
regular element ¢ € O, V,;(c) = 0 for all ¢ € I except a finite number.

If a, b € 0 and aR,b, then (a) < (b) and from the definition of V;, it is
evident that V,;(a) < V(). In general, if a, b € O, a = ¢1/d1, b = ¢y/ds,
where ¢y, d1, ¢2, d2 € 0 and d; and ds are regular, and if (¢) < (), then (¢;)
(d)~t < (c2)(d9)~! so that (c1d2) < (cod1) and therefore,

Vi(Cx) -+ Vi(dz) = Vi(61d2) < Vi(CZdl) = Vi(62) + Vi(dl)y

and this implies that

https://doi.org/10.4153/CJM-1957-068-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1957-068-5

610 J.-M. MARANDA

Vi(a) = Vi(C1) — Vl(dl) < V,;(Cz) —_ Vi(dz) = V,(b),
i.e. aR;b. Therefore,
R, S NR;.
iel
Conversely, if a, 8 € O and if for all © € I, aR;b, i.e. Vi(a) < V;(b), then,
ifc € (@)™, ca € osothatforallz € I,

Vi(cd) = Vile) + Vi(b) > Vile) + Vila) = Vilca) > 0

and therefore, ¢cb € o. Therefore, (a)™! C (0)7, i.e., (a) < (b) or aR,b.

As a particular case of this theorem, we have that if there is only one relevant
prime ideal p in 0 and if V is the valuation of O determined by p, then o is the
order of © determined by V and R, is the sub-valuation of O determined by
V.

5. Two characterizations of factorization rings. In this section, we
will see that the properties of factorization rings given by Corollary 1 of
Theorem 5 and by Theorem 8 may be used to characterize factorization rings.

If o is an order of © and if V is a special non-negative valuation of O, we
define the function V, on 2(o0) as follows: if a € 2(0) and if {V(a)|a € a} has
a minimum, then V,(a) = min {V(a)|e € a}, while otherwise, V,(a) = «’. It
is evident that for all @ € O, V,((a)) = V(a) so that we may think of V; as
an extension of V and drop the subscript o where no ambiguity arises.

LeEMMA 3. If 0 is an order of O and if V is a special valuation of O such that
V(a) > 0 for all a € o, then V, is a homomorphism of (o) onto G, and for all
a, b € £(0), V(a4 b) = min {V(a), V(b)}.

Proof. Let a, b € 2(0). It is evident that ¢ C b implies that V(a) > V(b).
Any element of ab has the form a1 4+ ... + a,b, where a; € a and b; € b,
and

V((llbl + e + dnbn) > min {V(dl) + V(b1), . ooy V(a,,) + V(bn)}
> V(a) + V(b)

so that V(ab) > V(a) + V(b). To establish the reverse inequality, let us sup-
pose first of all that V(a) # «’ % V(b) so that there exist @ € a and & € b
such that V(a) = V(a) and V(b) = V(d), and then,

Via) + V(b) = V(a) + V(b) = V(ad) > V(ab).

Secondly, let us suppose that V(a) = «’ and that V(b) % . Then, there
exists & € b such that V(8) # « and if » is any ordinary integer, there exists
a € a such that V(a) < n — V(b) so that V(ab) = V(a) + V(b) < n and
therefore, V(ab) = o’ = V(a) + V(b). Finally, if V(a) = o’and V(b)) = o,
for every & € b, V(b) = o so that for every a € a, V(ab) = V(a) + V(b)
= o and therefore, V(ab) = « = V(a) + V(b). That V, is a function of
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(n) onto G” is evident, since for all a € O, V((a)) = V(a) and since V(D)
= o/, If a, b € (o), since a S a+ 06, V(a) > V(a+ b) and similarly,
V() > V(a+ b) so that min {V(a), V(6)} > V(a4 0). Then, if a € a
and b €},

V(e + b) > min {V(a), V(b)} > min {V(a), V(b)}

so that V(a 4+ b) > min {V(a), V(b)}.

LeMMA 4. If o is a factorization ring with O as full ring of quotients, if W
1s a special valuation of O such that for alla € o, W(a) > 0, and if {a € o|W(a)
> 0} is a relevant prime ideal Y of o, then W coincides with the valuation V of
O determined by p.

Proof. By Lemma 1, for each positive integer #, the set
Gn = {(1 € DIW<0'> > n}

is a p-primary ideal of o. Since " C q,, p™ C g, so that by Theorem 6, g, = p™
where 1 < m < #, and therefore, W(g,) = W(p™) = W(p™) = mW(p). From
this, it is easy to see that the set of all W(a) where a € O and W(a) # o,
is just the ideal of the ring of ordinary integers generated by W(p), and since
this ideal must be the whole ring of ordinary integers and W(p) > 0, then
W(p) = 1 so that there exists an element ¢ € o such that W(a) = 1. Conse-
quently, for each positive integer n, W(a™) = n so that the q, are all distinct
and therefore, g, = p™. By Theorem 3, this means that for all @ € o, W(a)
= V(a), and since o is an order of O, one can easily show that for alla € O,
W) = V(a), ie. W= T.

THEOREM 9. If {W,}; s 1s a set of special valuations of O such that for each
regular element a € O, Wi(a) = 0 for all j € J except a finite number, and if
0 15 the set of all a € O such that Wi(a) > 0 for all j € J, then o is a subring
of O containing the unity element of O. If 0 is an order of O, then v is a factorization
ring and if (P} <1 15 the set of relevant prime ideals of o, and if for each i € I,
Vi is the valuation of O determined by p;, then {Vi} i er is a subset of {W,}; e

Proof.? Since o is the intersection of the orders of © determined by the
W ;, 0 is surely a subring of O containing the unity element of O.

Now, let us suppose that o is an order of O. If ¢ € O and if 3 is a regular
element of o such that for all natural numbers 7, ba™ € o, this means that
forallj € J,

W;(b) + nW,(a) = W;(ba®) >0
or W;(b) > n(— W;(a)), and since o« = W,(3d) >0, — W;(e) <0 and
W;(a) > 0 so that @ € o. Thus, o is fully integrally closed in O.
If a, b € (o) and if W;(a) < W,(b) for all j € J, then by Lemma 3,

Wi(a™b) = W,(a™t) + Wib) > W;(™!) + W,(a) = W,(aa™?) >0

2This proof is a slightly modified version of a proof given by my student M. Aubert Daigneault
for the case where D is an integral domain, in his Master’s thesis (Université de Montréal)
entitled ‘“Les anneaux de Dedekind.”
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so that a=' b C o and a < b. Therefore, W;(a) = W,(b) for all j € J implies
thata ~ b.

Furthermore, if a € F(0), then W;(a) = 0 for all j € J except a finite num-
ber, for there exist regular elements a, & € o such thata € a and da C o and
then, for all j € J, W;(a) > W;(a) > W;(b~") and W;(a) = W;(b 1) = 0 for
all j € J except a finite number.

Now, if a; > as > a3 > ...1s a chain of elements of &(o) where a; > o
for all indices &, then a;* C (12* C a* C ... and therefore, for all j € J,
Wilar*) > Wi(a*) > Wias*) > ... > 0.

Then, for each index &k, W;(a;*) # W;(ax+1*) for at least one j € J for other-
wise, by what we have seen above, a,* ~ a;+:%, contradicting our hypothesis.
Then, since W;(a,*) = 0 for allj € J except a finite number, it is evident that
the chain considered must be finite. Thus, o is a factorization ring.

By Lemma 1, for each j € J,

B, = {a € o[W;(a) > 0}

is a regular prime ideal of o. If p; is a relevant prime ideal of o, p; contains a
regular element a¢ which is not a unit of o so that W,(a) > 0 for at least one
j € J. Let J, denote the finite set of those indices j € J for which W,(a) > 0,
and for each j € J, let q; denote the set of all & € o for which W;(b) > W,(a).
Then, q; # o if and only if j € J, and by Lemma 1, for each j € J,, q; is
PB,-primary. It is evident that
a€Nag=1(14.

jeJa jeJ
If b is in the intersection of all the q;, for all j € J, W;(d) > W;(a) so that
W,(ba=') = W;(b) — W;(@) > 0 and therefore, da=! € 0 and & € (a).
Therefore,

(@) = Na,
jeJa

Since p; D (a), p; contains one of the B, with j € J,, say p; 2 PB,,. Then,
since PB;, is a regular prime ideal of o and p; is a minimal regular prime ideal
of o, p; = B, and by Lemma 4, V, = W,,.

THEOREM 10. If V is a special valuation of O and if o 1s the order of O deter-
mined by V, then V, induces an isomorphism of (o) onto G, this isomorphism
mapping § (o) onto G.

Proof. By Lemma 3, V; is a homomorphism of (o) onto G”. If a, b € (o),

LKboatChH!?
(@ € O)(aa S o —ab C o)
o (@ € 9)(V(ea) > 0— Viah) > 0)
(@ € O)(V(a) + V(a) > 0— V(a) + V(b) >0)
« V(a) < V(b).
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Therefore, also a ~b if and only if V(a) = V(b) and V, induces an iso-
morphism of £(o) onto G".

By Theorem 9, o is a factorization ring with a single relevant prime ideal
p and V is the valuation of © determined by p. It is evident that for each
non-negative integer #, V(p*) = #n. Since p*(py")~! C o, V({p*(p»)~!) > O.
If we suppose that V(p*(p™)~!) > 0, then p*(p")~! C p so that p"(p")"1 > p
and p" > p**+1, a contradiction. Therefore,

Ve + V()™ = VEre)™) =0

so that V((p")~') = — n. Therefore, V, maps F(o) onto G.

In Lemmas 5, 6, 7 and 8, o is to be considered as an order of £ with the
property that for each regular element @ € o that is not a unit of o, (a) is the
intersection of a finite number of formal powers of minimal regular prime ideals
of 0. In all of these lemmas, we may set aside the trivial case where 0 = £
so that the minimal regular prime ideals of o are all proper.

LEMMA 5. If v is a minimal regular prime ideal of o, then for each positive
anteger n, P ~ p".

Proof. Since p* C p™ (p*)~1 2D (p™)~L Ifa € (p*)~, a = b/c where b,c €0
and ¢ is regular. If ¢ is a unit of o, then a € o C (p™)~1. If ¢ is not a unit of

0,

© = NN e,
where 1, P, ..., », are distinct minimal regular prime ideals of o. Since
bcp* C o, by® C (¢). If p is different from each p;, then

bt S &P pi— b € pi (i <7)
and therefore, & € (¢), a = 8/c € 0 C (™)~ If p is equal to one of the
p;, say p = Py, then, by the same argument as above,

b E pgﬂ) m . m pgnr)‘
Then, if d € p™, there exists g € o such that g ¢ p and gd € p* so that
g(bd) = b(gd) € (c) S p™;

also
g qp —bd € p(nl) N bp(n) g p(m)

and therefore,
B® P N N N = (o).
Therefore, ap™ = bcp™ C p so that @ € (p™)~! and (p*)~! = (p™)-1.

LEMMA 6. If 1 and ps are two distinct minimal regular prime ideals of o
and if ki and ks are two positive integers, then

(k1) k2)
p¥Y 4 pi ~ o,
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Proof.
pgkl) _|_ pgkz) g 0— (pgkl) + p§k2))—1 2 0.
If
a € (0 + 97

a = b/c where b, ¢ € o and c is regular, and
a(pi + pi) Co—ap” Co

— ¥ C (0).

(r =1,2)

Of course, if ¢ is a unit of o, then @ € o and there is nothing 'more to prove so
that we may suppose that ¢ is not a unit of o and therefore,

@) = NP NN pt”

where
pily p'tzy s ey pir’
are distinct minimal regular prime ideals of o. If p; is different from each
p:;, then
i S vl & Zvy— b €4 G <),

and therefore, & € (¢) and a = b/¢c € o. Similarly, if p, is different from
each p;;, one may show thata € o.

Now, if
P1 = Pi, P2 = Py,
then
bpgkl) c D(Z;J) & pikl) Z Py, —b € D(:]”) 1<j<r)
and

by C oY & ™ Zpa — b € 9,
sothat b € (¢) and a = b/c € o. Therefore
(pikl) + p§k2)) = p.

LeMMA 7. If 91, Doy ..., D, are distinct minimal regular prime ideals of o
and if ny, ne, . . ., B, are positive integers, then

p(lm) N p;nz) N...N pgnr) ~ prluprztz . pf:r
Proof. By induction from Lemmas 5 and 6, using Propositions 3 and 4.

LeEMMA 8. If p is @ minimal regular prime ideal of o, then p > o, D is invertible
and for each positive integer n, (p*)* = p™.

Proof. Let a be a regular element of o contained in p. Then,

@ =" Ny NN pt?
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where pi, P2, ..., P, are distinct minimal regular prime ideals of o, and p
must coincide with one of the p;, say p = p;. By Lemma 7,

(@) ~ pipe’ ... 9

so that
PP TRE LT ~o
i.e., p is invertible.
If p ~ o, then
pi'~ o0 sothat (a) ~p3’...p;

and since (@) = (a)¥,

p2(a) 2 ...07
so that p = p; contains some p; with ¢ > 1, contradicting the hypothesis that
the p, are all distinct. Therefore, p > o. _

Since ) is invertible, for each natural number #, p* is invertible and by
Proposition 6, p”:(p")* ~ p"(p*)~! ~ o so that there exists & € o such that
b ¢ pand b(p)* C p* C ™ and therefore, (p*)* C p™ and by Lemma 5,
(p* = p™.

THEOREM 11. If 0 is an order of O with the property that for each regular element
a € o that is not @ unit of o, (a) is the intersection of a finite number of formal
powers of minimal regular prime ideals of o, then o is a factorization ring.

Proof. Let {p;}:.; be the set of all minimal regular prime ideals of 0. For
each ¢ € I, because of the properties of p; given by Lemma 8, we may define
a special valuation V; of O in exactly the same way as we defined the valuation
of © determined by a relevant prime ideal of a factorization ring having O
as full ring of quotients in the preceding section. Then, if a € o, it is evident
that for all z € I, V;(a) > 0. Conversely, if a € O and if V;(a) > 0 for all
1 € I, then a = b/c where b, ¢ € o and ¢ is regular, and if ¢ is not a unit of
o, then

© =" Npe” N...Npe”
where 1, 7, . . ., 7, are distinct elements of I, and one can easily verify that
for j <7, Vy,;(c) = ny, while for 7 € I, 4 # 4;, Vi(c) = 0. Then,

V(@) = Vi;(0) = Vis(©) > 0> Vi (0) > Vi) > b €957 (§<7)

and therefore, & € (¢) and a = b/c¢ € 0. Therefore, by Theorem 9, o is a
factorization ring.

6. Generalized Dedekind rings. We will say that a factorization ring
o is a generalized Dedekind ring, if for a, b € § (o), a ~ b implies that a = b.
This means that { (o) is isomorphic to §(0) so that every proper regular ideal
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of 0 may be expressed in a unique way as the product of a finite number of
relevant prime ideals of o.
If o is an order of O, then o is a generalized Dedeckind ring if and only if
o satisfies one of the following sets of conditions:
1. §(v) isa group.
2. For any two regular ideals a and b of o, a C b implies that there exists
an ideal ¢ of o (it must be regular) such that a = bc.
3. (1) ois a factorization ring,
(ii) the relevant prime ideals of o are the only proper regular prime
ideals of o.
4. (1) o is fully integrally closed in 9,
(i1) if a is any regular ideal of o, then the descending chain condition is
valid for the ideals of o/a.
We will not prove the equivalence of these sets of conditions, the proofs
being entirely similar to those given in the case of integral domains.
For simplicity, we will use the term “‘Dedekind ring”’ instead of “‘generalized
Dedekind ring” and ‘“‘Dedekind domain” instead of ‘‘ordinary Dedekind
ring.”

TuEOREM 12. If 0 15 a Dedekind ring with O as full ring of quotients and if 'V
is a special valuation of O with the property that V(a) > 0 for all a € o, then
V is determined by a relevant prime ideal of o.

Proof. By Lemma 1, » = {a € 0|V (e) > 0} is a proper regular prime
ideal of o, and since o is a Dedekind ring, p is a relevant prime ideal of o so
that by Lemma 4, 1 is determined by .

THEOREM 13. If V is a special valuation of O, if 0 is the order of O determined
by V and of O satisfies either one of the following two conditions:

1. there is only a finite number of maximal prime ideals of (0) in O,

2. O s “emartig” (4, p. 22),
then o is a Dedekind ring.

Proof. Let 9 denote the unique relevant prime ideal of o.

1. Let us assume that there is only a finite number of maximal prime ideals
Bi, Ba, ..., B, of (0) in O (this condition is satisfied when the ascending
chain condition holds for the ideals of © and a fortiori, when it holds for the
ideals of 0). Let a be a proper ideal of 0. If ¢ € a and @ ¢ p, then V(a) = 0
and a is not a regular element of o, for if @ were regular, V(e™!) = — V(a) = 0
so that a=! € p and a would not be a proper ideal of 0. Then,

a € (BrUBU...UB)No=B:No)U BNo)U...U B.No)

and therefore,

aCrU BNo)U PBNo)U...U (B.No)
Since the ideals p, B1 Mo, BaMNo,..., B, N o are prime ideals of o, a
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must be contained in one of them. But if a € (B;MN o), a is not regular.
Therefore, p is the only proper regular prime ideal of o.

2. Let us assume that O is “einartig” (this condition is certainly satisfied
when the descending chain condition is valid for the ideals of ©). By Lemma 1,
the associate p’ of p is a proper prime ideal of O so that it must be a maximal
properideal of O and O/’ is a field. Since p’ is the kernel of V, we may speak
of the projection V' of V by the natural homomorphism of © onto O/y".
Then, 0/’ is the order of ©/y’ determined by V’ (rank 1, discrete valuation of
the field ©/y’) so that p/p’ is the only non-trivial prime ideal of o/y” and p
is the only proper regular prime ideal of o.

For the remainder of this section, we will assume that o is a Dedekind ring
and that the ascending chain condition is valid for the ideals of 0. We will
denote the set of all regular elements of o by S, {9.} ., will be the set of rele-
vant prime ideals of o and for each ¢ € I, V,; will denote the valuation of
O = o determined by p;. If a is an ideal of o, I(a) will denote the set of all
¢ € I for which 0 < V;(a) < o and I'(a) will denote the set of all 2+ € T
for which V;(a) = ».If7 € I, since

M= NP =N
we will set p;/ = p, = p,=,

THEOREM 14. If a is an ideal of o, then I(a) is finite, for each © € I(a), ag
and p; are without proper common divisor and

a=ags- ] p¥

ie I(a)
where m; = V(). We will call this representation of a the standard decomposition

of a.

Proof. Let a = q: M gaM ...\ g, be a normal decomposition of a into
primary ideals. The radicals of some of these primary ideals may be relevant
prime ideals of o. Let us say that the radicals of q1,q2,...,q, 0 <7 < n)
are the relevant prime ideals

pin pizy LRI | pi,

respectively (¢; € I), while the radicals of q,.1, . . ., g, are not relevant prime
ideals of 0. Since the relevant prime ideals of » are the only proper regular
prime ideals of o,

g = q,+1f\...f\qn.

By Theorem 6, for each & < 7, q; is a formal power, say
qk = p(l?ltk);
and since o is a Dedekind ring,

aNEN...Ne= NN, Nl =i,y
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Now, if 2 > 7, then the radical of g is not contained in any of the ideals

pily pizy LR | pi,r
for if
radqhgpi,, (1 <k<f),

since rad g, is a prime ideal of o, but not a relevant prime ideal of o, by
Theorem 4,

rad g, © P, G = Vi 2 P 2 Gay
contradicting the hypothesis that the given decomposition of a into primary

ideals is normal. From this, we deduce first of all, since the p’s are maximal

proper ideals of o, that ag and each y;, are without proper common divisors,
so that

n 7n:
a=pan ... Ve Nas=papi... 0 as

Secondly, for each & < 7, py; is a minimal prime ideal of a and

Ay, = D'fz’i —aC D’i’;ﬁ and a Z P’i;’ﬁ“
-, = V(o) = myand {41, 22, ..., 4.} & I(a).
Now, let us assume that ¢ € I and that ¢ ¢ {41, 45, ..., 4,}. First of all,

if « Zyp,, then Via) =0 and 7 ¢ I(a). Secondly, if a C p;, since p; does
not belong to a, all prime ideals belonging to a and contained in p; must be
contained in p;/ (Theorem 4). Since p; is a minimal prime ideal of o, p,/ is
the only prime ideal belonging to a and contained in p; so that V;(a) = «
and 7 ¢ I(a).

Theorem 14 implies that an ideal a of o is completely determined by its iso-
lated component ag and by its values V(a), for all ¢ € I(a).

Let us notice that if @ and b are ideals of o, then by Lemma 3,

Vi(ab) = Vi(a) + Vi(b),
Vi(a +b) = min {Vi(a), Vi(b)},

and by one of the remarks made after Theorem 7, if V;(a) = m;and V;(b) = n,,
then

(@ M B)p; = ap, M by, = 77 N} = g,

so that V;(a Mb) = max {V,(a), V.(0)}. These rules are useful for finding
I(ab), I(a +5) and I(a M D) when the sets {V;(a)}:e; and {V;(b)};cr are
given.

The standard decomposition of an ideal a of o is not the only representation
of a as the product of ag with a finite number of positive powers of relevant
prime ideals of 0. For example, if p is a relevant prime ideal of o and if p’is the
associate of p, then p’= (p’)s is the standard decomposition of p’. But since
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by Krull's Intersection Theorem, §’ = (0) g/, where §’ is the set of all elements
of o that are of the form 1 — @, where a € p. Then, if b € p’, there exists
a € psuch that (1 — a)b =0sothatd =ab € pp’ and p' = pp’ = p(®) .

‘THEOREM 15. If a is an ideal of o and if

a=as ][] o7

ieI(a)

1s the standard decomposition of a, then any representation of a as the product
of ag with a finite number of positive powers of relevant prime ideals of o is of the

form
a=as [[ v7 ] |J P,
1€

ie I(a)

where J 1s a finite subset of I’ (a).

Proof. Let us suppose that

(1) as [ »i =as [T %,
i€ 1(a) 1K
where K is a finite subset of T and ; > Oforall: € K.Ifj € I(a), by Theorem
14, p; and ag are without proper common divisor so that ag g p,, and since
pj 2 Qs H préir
1eK
p; must contain, and therefore be equal to, some p; for 2 € K. Since p; is
invertible, we may cancel p; from both sides of (1). It is then evident that we
may repeat this argument until all the relevant prime ideals appearing on
the left-hand side of (1) have been cancelled so that I(a) is a subset of K,
for each 7 € I(a), m; < n; and if we set J = K — I(a),
as = as [] p¥™™ [T ¥
ieI(a) ieJ
From this equation, since for each i € I(a),p; 2 asg, it is evident that m; = n;
so that
Qs = Qg H ]37:‘
ieJ
But if 2 € J, p; D a and therefore, V,(a) > 0. But then, since < ¢ I(a),
Via) = » and 7 € I'(a).

7. A special case. In this section, we will assume that the descending
chain condition is valid for the ideals of O and our object will be to determine
all orders of © that are Noetherian Dedekind rings.

If Ny, No, ..., N, are the proper prime ideals of O, then
Y4
0) =N L, (direct intersection),
h=1

where each Q) is Ny-primary, and
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0= ; O: (direct sum),

where
Y4

D
Or =N, and Qh—:ZQk-
(- s

Also, O = ©/Q; so that Oy is completely primary, i.e., every non-regular
element of Oy is nilpotent.
If for each £ = 1,2,...,p, 0; is an order of Ly, then it is easy to show
that
y4
0= Z 0z
k=1
is an order of © and that o is fully integrally closed in O if and only if each
oy is fully integrally closed in ©y. If 0 is any order of © and if &, is the pro-
jection function of © onto Ly, then ®,(o) is an order of O; and if

?

o= 2 &)

k=1
then we will say that o is decomposable.

LeMMA 9. If o is an order of O, then o is decomposable if and only if h # k
implies that (Q, M o) + (QxMNo) =0, (BEk=12,...,p).

Proof. Suppose that

Y4
0D = Z O,
k=1

where each oy is an order of ;. Then evidently,

»

’Qh n 0D = 21 Dx,
T—
k#=h

so that & # k implies that (Q, M o) + (O M o) = 0.
Conversely, if & = k implies that (Q, M o) + (O M o) = o, and if we set
qn = Qh N 0, then, in 0,

y4
0) =N a (direct intersection)
h=1
so that
y4
0= D 0
k=1
where
?
0 = ﬂl an © Oy
h=
h=k
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COROLLARY. If 0 and o’ are orders of O, if 0 € 0’ and if o is decomposable,
then o' is decomposable.

Proof. b 5% k implies that
1€o= (tho)‘}" (ano)g (thol)‘l‘ (kab')

Let us suppose that for 2 < g (0 < ¢ < p), Qr = Ny, Le. O =0/
is a field, while for & > ¢, Q; C Nr. We consider a commutative ring with
unity element in which every regular element is invertible as a Dedekind ring
with no relevant prime ideals.

THEOREM 16. If for each k = 1,2,. .., p, 0y is an order of Oy, if for each
k < q, o is a Dedekind domain and if for k > q, 0, = Oy, then

2

0= D 0

k=1

1s a Noetherian Dedekind ring, and every order of O that is a Noetherian Dedekind
ring may be obtained in this way. If o, C Oy for each B < s (0 < s < q) and
o = Oy for k > s, and if, for each k < s, 0y is the kernel of & in o, then
{1} x<s 25 the set of associates of relevant prime ideals of v and any ideal of o
that contains n, properly (k < s) must be regular.

Proof. Let us assume first of all that for each & < p, o, is an order of O,
obeying the conditions of the theorem. Then,

4

D= D 0

k=1
is an order of £, and since each oy is fully integrally closed in Oy, o is fully
integrally closed in . Furthermore, it is evident that o is a Noetherian.
Let a be a regular ideal of 0, @ = a1 + a2 + ... + a,, where a; is an ideal of
90;. Since a contains a regular element ¢ of o and sincea = a1 + a2 + ... + a,,
where a; is a regular element of o, each qy is a regular ideal of o;. Then,

Y4 i4 y4
a ‘I‘ Oy g Oy .
= z : E —r = E —= direct sums

k=1 a =1 0 ) 0 =1 O ( )

IR

ale

and from the definition of the o, the descending chain condition is valid for
the ideals of 0;/ay, so that it is also valid for the ideals of o/a. Therefore, o is
a Dedekind ring.

Conversely, let us assume that o is an order of © and that o is a Noetherian
Dedekind ring. For each & < p, set 1y = M M o0 and gz =L, M 0. The ideals
1 are the only non-regular prime ideals of o, & # k implies that m, Z m,
and each gy is m;-primary.

To prove that o is decomposable, by Lemma 9, all we have to show is that
k 5 k implies that q, + q; = o or equivalently, that n, 4+ 1m, = o. If 7 5 &
and if n is a prime ideal of o containing m, + n;, then evidently, n cannot be
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contained in any 1y, and furthermore, 1 cannot be contained in any relevant
prime ideal b of o, for then, by Theorem 4, 1, and 1, would both be contained
in the associate p’ and p and would therefore be equal to p’, a contradiction.
Therefore, 1 = o and n, + n; = o.

The associates of relevant prime ideals of o must be amongst the n,. If
1y is the associate of a relevant prime ideal p of o, then n; is the only m-primary
ideal of o (see remarks following Theorem 7) so that

D = CIJk(D) :__J D/nk

is an integral domain and not a field since it contains the non-trivial ideal
®;(p) and therefore, & < s. Furthermore, if a is an ideal of o that contains
1, properly, then a is regular, for if a were not regular, then Oa would be a
proper ideal of O and would therefore be contained in some 9N ; and then

n CaZ&OaNoCmny

a contradiction. Then, a may be expressed as a product of relevant prime
ideals of o having m, as associate (standard decomposition of a) so that
&, (0) may be expressed as a product of prime ideals of o, and therefore, oy
is a Dedekind domain.

If 1, is not the associate of a relevant prime ideal of o, then 1, is a maximal
proper ideal of o so that o, =2 0/q; is a completely primary ring and therefore,
o, = Oy so that & > s.

In the following corollaries, o is a Noetherian Dedekind ring having ©
as full ring of quotients and we adopt the notation developed in Theorem 16.

CorOLLARY 1. If for k < s,

{pz} i€elk

is the set of relevant prime ideals of o that have w, as associate, then

{®:(0 )} e
is the set of relevant prime ideals of o and for each iely, p; = &, 7P i(p,).

COROLLARY 2. If for each tely, V; is the valuation of O determined by Yy,
and V/ is the valuation of Oy determined by ®y(p;), then V. is the projection
of V;by &,.

COROLLARY 3. If o' is an order of O and if 0 & o', then o' is also a Noetherian
Dedekind ring.

Proof. By the Corollary of Lemma 9, o’ is also decomposable, and since
for each &, ®,(0) € ®,(0"), for each k> s, ®,(0') = O; and by a theorem of
MacLane and Schilling (6, Lemma 37), for ¢ < s, ®,(0’) is a Dedekind domain,
so that by Theorem 16, o’ is a Noetherian Dedekind ring. It is evident that
this Corollary is a generalization of the above mentioned Theorem of MaclLane
and Schilling.
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