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Abstract

Generalizing known results for special examples, we derive a Khintchine type decomposition
of probability measures on symmetric hypergroups. This result is based on a triangular central
limit theorem and a discussion of conditions ensuring that the set of all factors of a probability
measure is weakly compact. By our main result, a probability measure satisfying certain re-
strictions can be written as a product of indecomposable factors and a factor in [y(K), the set
of all measures having decomposable factors only. Some contributions to the classification of
I(K) are given for general symmetric hypergroups and applied to several families of examples
like finite symmetric hypergroups and hypergroup joins. Furthermore, all results are discussed
in detail for a class of discrete symmetric hypergroups which are generated by infinitely many
joins, for a class of countable compact hypergroups, for Sturm-Liouville hypergroups on [0, ool
and, finally, for polynomial hypergroups.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 60 B 15, 60 E 07,
60 E 10, 33 A 65.
Keywords and phrases: Khintchine decomposition, infinitely divisible measures, indecompos-
able measures, symmetric hypergroups, polynomial hypergroups, Sturm-Liouville hypergroups,
hypergroup joins.

Introduction

Several authors have proved factorization theorems for the commutative
topological semigroup (M ! (K), *) of all probability measures on some spe-
cial symmetric hypergroups, where the notation of hypergroups was usually
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suppressed (see, for example, Bingham [4, 5], Finkh [18], Kingman [27],
Lamperti [29], Ostrovskii [36], Ostrovskii and Truhina [37], Schwartz [41],
Truhina [45] and, for a more general background, Rusza and Szekely [40]).
Having discussed infinitely divisible probability measures on commutative
hypergroups in [47], we wish to extend these investigations and establish fac-
torization results for arbitrary commutative hypergroups. But, since we are
still far from being able to transfer many crucial properties of locally compact
abelian groups to arbitrary commutative hypergroups, we shall prove here
the main results on decompositions of probability measures, infinitely divis-
ible measures and probability measures having no indecomposable factors
only for symmetric hypergroups satisfying an additional condition. These
restrictions ensure that the factor sets of probability measures on K are
compact in the usual sense. For locally compact groups this compactness is
equivalent to the compactness of the group, and therefore the main results
contained in this paper cannot be applied to most locally compact abelian
groups. Nevertheless, our restrictions seem to be admissible and convenient,
since Khintchine type decomposition theorems are well known for locally
compact abelian groups (see Parthasarathy [38]), and since the conditions
mentioned above are satisfied for many other symmetric hypergroups. For
instance, the main results of this paper can be applied to the important fam-
ilies of Sturm-Liouville hypergroups on R_, polynomial hypergroups and
compact symmetric hypergroups. In particular, the factorization results con-
tained in [4, 5, 18, 29, 41] appear as immediate consequences of the unified
treatment in this paper.

We briefly outline the structure of this article: In the first Section we intro-
duce some preliminary notations and facts about commutative hypergroups.
For further details and notations used throughout this article we refer to
the surveys of Heyer [22, 23], Jewett [25] and, in particular, Voit [47]. In
Section 2 we investigate conditions which imply the compactness of the set
of all factors of probability measures on K. These results are used in Sec-
tion 3 to derive the announced Khintchine type decomposition of probability
measures into an infinitely divisible part and a product of indecomposable
factors. Section 4 contains some supplementary general results about the set
of all probability measures having no indecomposable factors. Since this set
cannot be characterized for general symmetric hypergroups, we shall discuss
only some particular and preparatory general results in Section 4. This section
deals also with some special results for hypergroup joins and finite symmetric
hypergroups. A complete determination of [ (K) is contained in Sections
5-8 separately for different further families of examples. In this way, we
shall treat symmetric hypergroup structures on N, which are constructed by
an infinite chain of hypergroup joins (Section 5), their dual compact hyper-
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group structures (Section 6), Sturm-Liouville hypergroups on R, (Section 7)
and, lastly, polynomial hypergroups (Section 8). For these classes of exam-
ples we shall also reformulate the general decomposition theorems of Section
3 and the Levy-Khintchine representation for infinitely divisible probability
measures.

It should be finally noted that Section 8 also contains some results concern-
ing the dual space and the support of the Plancherel measure of a polynomial
hypergroup. These results may be of interest independently of our decom-
position results, but some of these facts are needed to apply the theorems of
Sections 2 and 3 to polynomial hypergroups.

1. Preliminaries

A hypergroup (K, %) (or K, for short) consists of a locally compact space
K and a convolution * on the Banach space M,(K) of all bounded measures
on K such that (M,(K), ) becomes a Banach algebra and such that there
exist a neutral element ¢ € K (that is, the Dirac measure 4, is the neutral
element of the Banach algebra M,(K)) and a continuous involution -
K — K that corresponds to the inverse mapping on a topological group.
If this involution is the identity mapping on K, then K is said to be a
symmetric (or hermitian) hypergroup. From the hypergroup axioms (see, for
example, Jewett [25]) it follows immediately that every symmetric hypergroup
is commutative, that is, the convolution * is commutative.

If L is a locally compact space, let M, (L) be the space of all bounded
Borel measureson L, M, ; (L) the space of all nonnegative bounded measures

on L and M l(L) the space of all probability measures on L. The spaces
C(L), C(L), Cy(L) and C (L) will be as usually defined.

For a given commutative hypergroup K let K be the dual space of K,
m (up to a multiplicative constant) the Haar measure on K and n the
Plancherel measure on K associated with m1.

Finally we introduce two important characters: 1 stands for the iden-
tity character and o, for the uniquely determined positive character that is
contained in suppn (for details we refer to Voit [46]). In many cases (for
example, for groups) we have a, = 1. In Sections 2 and 3 the existence of
a, will be used to derive results for general commutative hypergroups from
results for commutative hypergroups that satisfy 1 € suppn. The existence
of a, was applied earlier by Schwartz [41] to obtain factorization results for
polynomial hypergroups.
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1.1. NotaTION. Let K be a commutative hypergroup. Then M l(K )
equipped with the weak topology is a commutative topological semigroup.
We shall introduce some natural notations for elements of M l(K ).

(1) v € M'(K) is said to be a factor of u € M'(K) if v*p = pu for some
measure p € M'(K). For a measure u € MI(K) , D(p) C M‘(K) stands
for the set of all factors of u. For L C MI(K) let D(L):= UﬂGL D(u).

(2) The Dirac measure J, is the neutral element of M 1(K ).

B)peM WK ) is called a unit if there exists v € M ! (K) such that
pxv =9,. Theset U of all units is a subgroup of the semigroup M 1(K ) and
consists exactly of the Dirac measures 6, with x ranging over the maximal
subgroup of K (see Jewett [25, 10.4]).

4)uce MI(K) is called an idempotent if x4 = u*u and u # J, . By Jewett
[25, 10.2E], ue M l(K ) is an idempotent if and only if x is the normalized
Haar measure of a compact proper subhypergroup L of K (‘proper’ is taken
to mean L # {e}).

S)ueM ! (K) is called infinitely divisible if for each n € N there exists
u, €M ! (&) such that u = u: . Let I(K) be the set of all infinitely divisible
probability measures on K .

(6) u € M'(K) is called indecomposable if D(u) = UU {uxp:p € U}
and if u is not a unit. Let I,(K) be the set of all probability measures on
K having no indecomposable factors.

1.2. PrOPOSITION. Let K be a second countable commutative hypergroup.
Then K is a second countable locally compact space.

ProoF. Considering Jewett [25, 7.3], we only have to verify that K is
second countable. But, if K is second countable, then LI(K ) is obviously
a separable Banach algebra. Thus the unit ball B := {¢ € Ll(K ) el € 1}
of all linear functionals on L'(K } that are bounded by 1 is a compact and
metrizable space with respect to the a(Ll(K ), LI(K ))-topology. Since any
compact metric space is second countable and since K is homeomorphic to
the structure space A(LI(K ))C B of LI(K ) (Jewett [25, 6.3]), the assertion

follows.

The following proposition is useful to discuss some examples of the Sec-
tions 5 and 8.

1.3. PRrOPOSITION. Let K be a commutative hypergroup, and let a €
Kn L’(K ). Then « is a discrete point in K, a is contained in suppn
and af ||a||§ is a nontrivial idempotent in L'(K).
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PrROOF. Since

alx) - /K () B(7) dm(y) = /K a(x * ) B(P) dm(y)
- / () B(x * ) dm(y)
K

= B(x)- /K a(y)B(7) dm()

for all x € K and § € K, it follows that &(8) = 0 for every 8 € K\{a}.
Therefore, since a(a) = |}a||§ > 0 and since & is continuous, we see that o
isisolated in K and that & € L'(K). Now the inversion theorem (Jewett [25,
12.2C]) implies = &" and hence a € suppr . Finally, (&/]al2)’ = &/||a|
and the injectivity of the Fourier transform (Jewett [25, 7.3E]) show that
a/llall3 is a nontrivial idempotent in L'(K).

2. Compactness of the set of all factors of a probability measure

In this section we discuss some conditions for commutative hypergroups
which ensure that D(L) is weakly compact for every compact set L C
M 1(K }. These conditions will be applied in the Sections 5-8 to several
families of hypergroups in order to verify the compactness conditions which
are needed for the factorization results in the Sections 3 and 4. We first
present a property of a measure u € M l(K ) which is, under certain addi-
tional assumptions, equivalent to the weak compactness of D(u):

2.1. DErFINITION. Let K be a symmetric hypergroup. Then u € M ! (K)
has Property (D) if there exists a neighbourhood W of o, in suppn such
that # is positive on W for each v € D(u). We say K has Property (D) if
every ue M 1(K ) has Property (D).

2.2. PROPOSITION. Let K be a second countable commutative hypergroup.
If 1 € supp~, then for every set L C M 1(K ) the following statements are
equivalent.

(1) L is relatively compact with respect to the weak topology.

(2) For every € > 0 there exists a compact set H C K such that u(K\H) <
g forevery ueL.

(3) For every ¢ > 0 there exists a neighbourhood W of 1 in suppn such
that Reji(c)>1—¢ forall uye L and ae W .

Moreover, if 1 & suppn, then (1) and (2) are equivalent, and (1) implies
that for every € > O there is a neighbourhood W of 1 in K such that
Rejla)>1—¢ forall peL and aeW.
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PrOOF. For (1) & (2) see Parthasarathy [38, Theorem I1.6.7].

Now assume (2). Fix ¢ > 0 and choose H as described in (2). Then the
set W:={aesuppr:|a(x)—1]|<e Vx € H} is a neighbourhood of 1 in
suppn (or in K respectively) and satisfies

Re fi(a) = /K Re(a(x)) du(x) > /H Re(a(x)) du(x) — u(K\H)

Z(l—a)-ﬂ(H)—821—38+82

forany o € W and any u € L. Thus (3) and the additional assertion follow.

Now let us assume that 1 € suppn and that for a given ¢ > 0 there exists
a neighbourhood W as described in (3). Take a function 4 € C (K) such
that £ > 0, supphnsuppn C W, [phdn =1 and h(a) = h(a) for all
a € K. Then h € Cy(K) is a real valued function satisfying % < h(e) = 1
(see [7, Theorem 2.4.1]). In particular, H := {h > 1/2} c K is compact and
satisfies

u(K\H) < / (1-h)du= [\(1 - hdn = /A(l —Refp)hdn <e.
K K K

This finishes the proof of Proposition 2.2.

2.3. LEMMA. Let K be a second countable commutative hypergroup and L
a weakly closed set in M l(K Y. If D(L) is relatively compact, then D(L) is
compact.

Proor. We have to show that D(L) is closed. To do this, take a sequence
(V)nen C D(L) that converges weakly to v € M 1(K ). Then there exists a
sequence (p,),cy C D(L) such that p, xv, = u, € L forall n € N. Since

M (K) is a complete separable metric space with respect to the weak topology
[38, Theorems I1.6.2 and II.6.5], we may assume that (p,),.y converges to

ameasure pEM 1(K ). Thus,
vep= (= fimv,) » (- fimp,) = v, - Jim(,py) € L
which proves v € D(L) as claimed.

2.4. COROLLARY. Let K be a second countable symmetric hypergroup
with 1 € suppn. Then u € M'(K) has Property (D) if and only if D(u) is
compact.

PRrooF. We first note that the symmetry guarantees that all characters on
K are real valued. Assume that y € M 1(K) has Property (D). Fix ¢ > 0
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and define
W.={aeK:a)>1-cand 5(a) >0 Vv e D(u)}.

-~

Since 4 € Cb(I?) and (1) =1, W is a neighbourhood of 1 in K. Take
Vi,V € MI(K) with v, xv, = u. Thus, since ||9,||l = [17,]l, = 1, we
get 7,(a) > fi(a) > 1 — ¢ for every a € W. Therefore, by Proposition 2.2,
D(u) is relatively compact with respect to the weak topology. Now Lemma
2.3 completes the first part of the proof.

The converse statement is an immediate consequence of Proposition 2.2,

In order to establish analogous results in Section 3 for commutative hy-
pergroups satisfying 1 ¢ suppn we introduce a modified hypergroup convo-
lution e on K that is connected with * in an intimate way. Let o, be the
positive character that is contained in supp n. Defining

8,08, 1=(ag(X) o) rag- (8,%6,)  (x,y€K),

X
we get a new commutative convolution on M, (K) by bilinear and continuous
extension [46, Theorem 2.2]. Then (K, o) is a commutative hypergroup for
which 1 € suppn, holds (z, stands for the Plancherel measure of (K, e);
see Voit [46]). The following lemma describes some connections between the

semigroups (MI(K), *) and (MI(K), °):
2.5. LEMMA. ¢: (M'(K), ¥) = (M'(K), o), p— agu/i(e,), is a weakly
continuous injective semigroup homomorphism; ¢(M'(K)) is given by
{u e M\(K): (%u € Mb(K)} .
0

Furthermore, ¢(D(u)) = D,(p(u)) for every p € M l(K), where D, (v) de-
notes the set of factors of a measure v € M'(K) with respect to .

Proor. For u, v eMl(K) and f € C(K) we have

ol v)(f) = /%d(ﬂw)m

// S(2)ay(z). d(8, +4,)(z) du(x) dv(y)

k Bag)p(a)

- s (32) o (325) o

= (p(u) e p(V))(S)-

Thus ¢ is a homomorphism. The injectivity of ¢ and the description of
o(M l(K )) are obvious.
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In order to prove that ¢ is weakly continuous, we first note that the map-
ping M'(K) » R, u+~ Moy) = [y agdu, is weakly continuous. Further-
more, the mapping M 1(K ) — Mb+ (K), u+— ayu, is continuous with respect
to the vague topology. Thus, since on M 1(K ) the weak topology coincides
with the vague topology, the weak continuity of ¢ follows.

Now let u, v, ,v, € MI(K) satisfy v, e v, = ¢(u). Then (1/ay)v, and
(1/ay)v, are positive Radon measures on K and satisfy

/K /K—dV2 ///xao (2) .5)(Z)dyl(x)d”2(J’)

- /K 5w = (0)

Thus from (1/ag)v,, (1/ag)v, € M, (K) it follows that v,, v, € p(D(n)).
Therefore D, (¢(u)) C ¢(D(u)). The converse inclusion holds trivially.

2.6. LEMMA. Let K be a second countable commutative hypergroup. As-
sume that there exists a sequence (o, ),y C Co(K)NK consisting of positive
characters that converges to 1. Then, for every compact set L ¢ M'(K),
D(L) is compact and the mapping ¢ : D(L) — ¢(D(L)) as defined in Lemma
2.5 is a homeomorphism.

Proor. Since {v € M; (K), |lv|| £ 1} is compact and metrizable with
respect to the vague topology, every sequence (u,),.y C D(L) has a subse-
quence (4, ),y that converges vaguely to a limit v € M, (K) with |jv|| < 1.
Since

fim (o) = fm [ di, = [ v =(a)
for every k € N, we see that (;‘t,,l),,GN converges pointwise to 7 on
{o,:keN}CK.

Proposition 2.2 shows that for every ¢ > 0 there is a neighbourhood W of
1 such that Reji(a) > 1~¢ forall u € L and a € W . Therefore, if we use
the properties of the a, , for every & > 0 there exists an index k, such that
ploy) 2 (o) > 1—¢ forall k >k, ue L and p € D(u). It follows that
P(oy) > 1—¢ for k > k;, and thus |lv|| = 2(1) = 1. Hence (,un[)lGN C D(L)
tends weakly to v € M 1(K ) which proves that D(L) is relatively compact.
Now Lemma 2.3 yields that D(L) is weakly compact. Since ¢ is continuous
by Lemma 2.5, the proof is complete.

At the end of this section we present a condition which implies Property
(D):
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2.7. LEMMA. Let K be a second countable symmetric hypergroup such that
there exists a net (W,),., of connected subsets of K such that
(W,Nsuppn),., is a neighbourhood base of a in suppn. Then K has
Property (D).

PrOOF. We first note that i(«,) >0 and 2 € Cb(I?) forany u € MI(K).
Thus there exists W, on which A is positive. Hence 0|, # 0 for every

v € D(u), and, since W, is connected, 2|, >0.

2.8. REMARK. Using Lemma 2.3 and Lemma 2.7, we see that for sym-
metric hypergroups with 1 € suppz and with the connectedness property of
Lemma 2.7, D(L) is compact for every compact set L C M 1(K ). Further-
more, since Property (D) and the connectedness condition are preserved by
the modification introduced above, Lemma 2.5 tells us that we can reduce
pure algebraic factorization questions to the case 1 € supp n. This preserva-
tion property is the reason for having introduced Property (D) in the form
above.

3. A Khintchine type decomposition theorem for symmetric hypergroups

This section is devoted to a Khintchine type decomposition theorem for
probability measures on symmetric hypergroups. To derive this main result
which is formulated in Theorem 3.8 we shall need some preparatory results,
one of them being the following central limit theorem which is a consequence
of the fact that the set of all infinitely divisible probability measures is weakly
closed.

3.1. PrRoOPOSITION. Let K be a symmetric hypergroup. Let (n j) jen CN be
a sequence satisfying im;_, _ n. = oo, and let the measures pu, u; ; € M l(K )

J—o0 )

(i, j €N, 1 <i<n)) satisfy

lim

j—oo

—=

| 1u,-,,-(a)=u(oz) and Jim 22 |a;, (@) —1]=0

)

)

SJor every o € K. Then u is infinitely divisible.

ProoF. For a € K we have

a) = lim exp (Z ln(ﬂ,-,,-(a))) = lim exp (Z(ﬂ,-,,.<a> - 1)) .

o0
= i—1 i=1
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Thus, by [47, Theorem 2.5], the sequence (exp(Z?;’l(ui,j - 1)))].,EN C MI(K)
converges vaguely (and hence weakly) to u € M 1(K ), and this sequence
consists of infinitely divisible measures. Theorem 4.7 of Voit [47] finishes
the proof.

We next introduce some notation needed for the subsequent results.

3.2. NoTATION. Let K be a second countable commutative hypergroup
and ue M 1(K ) a fixed probability measure. Since then K is also second
countable (see Proposition 1.2), there exists a function / € LI(I? n Cb(I? )
such that /(a) >0 and /(a) =I(a) forall a € K.

Now, using the convention 1/00 = 0, we define the function

h:=1-min(1, —1/In|a]|).

Then 4 and /-In|a| are contained in the space L'(K)n Cb(I?) and, since
0>1In|?| > In|a| for any v € D(u), the function

o(v) = —/Alnlﬁl hdn
K

is well defined and weakly continuous on D(u). Let us note two obvious

properties of 6 :
(1) 8(v) 20, for all v € D(u);
(2) 6(v, xv,) = 0(v,) + 0(v,) , for all v,, v, € D(u).

3.3. LEMMA. In the situation above let u € M'(K) be a measure without
idempotent factors. Then, for every compactum L C K and every ¢ > 0,
there exists & > 0 such that

veD), 0w)<d=|0(a))21-¢ Vael.
In particular, v € D(p) is a unit if and only if 8(v) =0.

ProoF. Fix &> 0. If & is given as in 3.2, then h € Cy(K) is real valued
and satisfies |k| < h(e) [7, Theorem 2.4.1]. Also W := {x € K : |a(x) - 1| <
¢/2 for all a € L} is an open neighbourhood of e € K. Moreover we have
¢ := inf{h(e) = h(x): x € K\W} > 0.

In order to prove this fact, we first note that

{xeK:h(x)=h(e)}={xe€K:B(x)=1 VB €supphn}
is a compact subhypergroup of K (see Bloom and Heyer [8, Proposition 3.1])
where the associated normalized Haar measure « satisfies

supp iir = supphn C {f ef:é)(ﬂ) =1}.
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Hence, using [47, Theorem 2.3], we see Ehat w is an idempotent factor of
#. Thus w = 4,, and therefore h(x) # h(e) for every x € K\{e}. Lastly,
since S:={xekK: h(x) > 1/2} and S\W are compact, we conclude ¢ > 0

as claimed.
Now if we define d :=¢-¢/8, then v € D(u) and @(v) <J imply that

/ 1d(v*v*) < / M—;hd(u*u*)=lﬁ(l—]02|)hdn
K\W K c cJK
< ‘_2/A1n(|:>|)-hdn <%5<e/a
¢ JK c

and
1-[9(e) < 1 - |9(a)) g/ (1-a)dxv") +/ (1-a)d(y*v")
w K\W
<ef2+e/2=¢
for every a€ L.
The last assertion also follows since v € M 1(K } is a unit if and only if
|?]=1 on K.

The elementary assertion of the following remark is needed for the proof
of Theorem 3.5.

3.4. REMARK. For n € N consider the group G = (Z/2Z)". Since the
product of all 2" elements of G is equal to the neutral element e of G,
any product of 2" elements of G that is not equal to e contains at least
two equal factors. We shall use this fact below via the obvious isomorphism
between G and the n-tuple of all signs of n nonzero real numbers.

3.5. THEOREM. Let K be a second countable symmetric hypergroup. Let
uLeEM 1(K) be a measure with Property (D) such that no factor of u is
idempotent or indecomposable. Then there exists a unit p € M (K) such
that u* p is infinitely divisible.

Proor. (1) Using Lemma 2.5, we may assume without loss of generality
that 1 € suppn (for the interrelation between (K, x) and (K, o) see Voit
[46]). Then D(u) is weakly compact by Corollary 2.4. Using Notation 3.2,
we first observe that

inf  6(v)=0,
vED(u), 0(v)#0

since otherwise the infimum would be attained at an indecomposable factor
of u. Thus, since every factor of u satisfies the conditions of Theorem 3.5,
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we get

veD(), 0(V)>0(u)/2 6)=6(w/2.
Hence there exist u,, 4, € D(u), such that u *pu, = u and 6(u,) = 6(u,).
A repetition of these arguments shows that for every n € N there exist factors

Vp 1> Vgas-ees Yy m € D(u) such that

x--xv, m=pu and Oy, )=2""-0(u) (k=1,2,...,2".

(2) Fix m € N and let o, ..., a, be different points of K such that
fla;) # 0 for i = 1,...,m. We shall prove that there exists a unit
pE Ml(K) such that pg is positive on {o,, ..., a,}. We may assume
that i takes negative values on this set (otherwise take p = d,). Then, if
the measures v, |, ¥, 5, ...V, gm € D(u) are given as descnbed at the
end of part (1), Remark 3.4 shows that we may assume that um 17m.2 1s
positiveon {a,, ..., a,}. Therefore 4, m 3% ¥V m € D(p ) has the
property that A has the same sign as I on {oz1 s eees am} ,and that 6(4,) =
(1- 21_'") - @(u). Since every factor of u satisfies the conditions of The-
orem 3.5, a repetition of our arguments implies that for any k € N there
exist measures 4, € D(u) such that 6(4,) = (1 - 21_'")" - @(u) and such
that ik has the same sign as 2 on {o,,..., ,}. Since D(u) is compact
and metrizable, there exists a subsequence (4, ),y that converges weakly to
a measure p € D(,u) Since 8(p) = 0, Lemma 3.3 shows that p is a unit.
Moreover, since (/1 ),,EN converges pointwise on K to p [47, Theorem 2.6],
p has the same 51gnas aon {o,...,0.}.

(3) By Proposition 1.2 there exists a countable dense subset {a,, a,, ...}
of K. For any m € N there exists a unit p,, such that j, -i is nonnegative
on {&,...,a,}. Since D(u) is compact, the sequence (p,),.y has a
convergent subsequence where the limit p is again a unit and where j has
the same sign as 2 on {a,, @,,...}. Since p and A are continuous on K,
this remains valid on K.

(4) Since the conditions of Theorem 3.5 hold for every factor of u, parts
(1) and (3) show that for every n € N there exist measures v, |, v, 5, ...,
V, » € D(u) such that v, |- xv, w=pxp (p defined as at the end of
part (3)) and such that

6(v, 1) = 27".6(u) and D, 4(a) 20 (aeK,k=1,2,...,2".
Now Lemma 3.3 and Proposition 3.1 complete the proof.

Vn,l

3.6. LEMMA. Let K be a commutative hypergroup. If u,ve M 1(K) have
no idempotent factors and satisfy u € D(v) and v € D(u), then there exists
aunit pe MI(K) such that u=pxv.
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Proofr. Using the function 6§ on D(u) according to Section 3.2, from
#=v*i and v = uxi, weobtain (u) = O(v)+0(4,) = O(u)+0(4,)+0(4,) .
Since 6(4,), 6(4,) >0, 6(4,) = 6(4,) = 0 follows. Therefore, by Lemma
3.3, 4, and 4, are units.

3.7. CorROLLARY. Let K be a second countable commutative hypergroup.
Let e M l(K ) be without idempotent factors such that D(u) is compact.
If the sequence (v,),.x C D(u) satisfies v, € D(v,,,) for every n € N,
then there exists a sequence (p,),x Of units such that (p,*v,),cy is weakly
convergent.

ProoF. (cf. Parthasarathy [38, Theorem II1.5.3]) D(u) is a compact, met-
rizable space with a suitable metric d. Let v € D(u) be the weak limit of
a convergent subsequence of (v,),.y. Denoting the set of units by U, we
show that

nangogggd(un xp,v)=0
which yields the assertion of the corollary. To show this, take a further sub-
sequence ("nk) xen Which converges, without loss of generality, to a measure
v € D(u). Since D(v) and D(¥) are closed, our assumption implies that
v € D(v) and U € D(v). Therefore, by Lemma 3.6, v = pxi where pe U.
Since this is true for every subsequence, the proof is complete.

3.8. THEOREM. Let K be a second countable symmetric hypergroup. Then
every measure L € M 1(K ) with Property (D) and without idempotent factor
can be written as

B=Vy*V %V,
where v, is a unit, v, € M Y(K) is an infinitely divisible measure without
indecomposable or idempotent factors and, lastly, v, € M l(K ) is the con-
volution product of at most a countable number of indecomposable factors of

u.
If v, consists of infinitely many indecomposable factors (X,);cn, then
the partial products (A, % -+ % A), .y converge to v, in the following
sense: (@(A; * -+ x4,)),cn converges weakly to ¢(v,) where the mapping
0: (M1 (K), *) — (MI(K) , ®) is as described in Lemma 2.5.

If 1 € suppzn or if there exists a sequence (o ),cy 0f positive charac-
ters vanishing at infinity such that (o), converges to 1 & suppn, then
(Ay*++-x4,),cn itself converges weakly to v, .

ProoF. Using Lemma 2.5 and Lemma 2.6, we may without loss of gen-
erality assume that 1 € suppz. Moreover, Corollary 2.4 shows that the
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assumptions of Corollary 3.7 are true. Now, utilizing Theorem 3.5 and Corol-
lary 3.7, we can apply the arguments of Parthasarathy [38, Theorem IV.11.3]
in order to obtain the desired decomposition.

3.9. REMARKS. (1) There are no known examples of symmetric hyper-
groups for which, in the preceding theorem, the partial products

(}‘l Kok ;Ln)neN

of indecomposable factors are not convergent to v, with respect to the weak
topology.

(2) Let the maximal subgroup G of a commutative hypergroup K be
noncompact. Then {d, : x € G} is a closed and noncompact subset of

D(u) forevery ue M 1(K ), and thus no measure u € M l(K } has Property
(D). Therefore the theorems contained in Section 3 cannot be applied to
hypergroups with a noncompact closed subgroup.

(3) Since M 1(K ) is weakly compact for every compact space K [21,
Corollary 1.1.4], Lemma 2.3 shows that D(u) is compact for every proba-
bility measure u on a compact commutative hypergroup K . Since for such
a hypergroup suppn = K is also true, all the conditions of Theorems 3.8
are satisfied for compact symmetric hypergroups. A family of examples is
contained in Section 6, and a further family is discussed briefly now:

(4) On the compact interval [—1, 1] there exist many hypergroup struc-
tures, and every hypergroup structure on this compact interval must be sym-
metric (see Schwartz [42] and Zeuner [53]). The best known examples are
induced by linearization formulas for Jacobi polynomials (P,E"’ﬂ )) nen, (for
details see, for instance, Lasser [30, Section 4]).

In particular, for a = f > —1/2 we have hypergroups associated with
ultraspherical polynomials. For this special case, factorization theorems and
results concerning the set I (K) were proved by Lamperti [29] and Truhina
[45]. Also the Levy-Khintchine representation for infinitely divisible mea-
sures follows for these examples immediately from the general results of
Lasser [32]. Further examples of hypergroup structures on [—1, 1] that are
associated with eigenfunctions of Sturm-Liouville differential equations can
be found in some recent papers of Connett, Markett and Schwartz [14]. For
these examples, the Levy-Khintchine representation and the classification of
I,(K) seem to be still unknown.

The purpose of the next proposition is to generalize the preceding decom-
position results to measures having idempotent factors. But, unfortunately,
it is in general not possible to reduce the factorization problem completely,
and thus we are only able to prove the following partial result:
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3.10. THEOREM. Let K be a second countable commutative hypergroup
and pue M l(K ). Then there exists a compact subhypergroup H of K such
that the associated Haar measure w,, is the maximal idempotent factor of
U, thatis, w; € D(wy) holds for all idempotent factors w, of n. Moreover,
if {x} # {x}* L for every compact proper subhypergroup L C H and every
x € K, then u can be written as j = w, *v where v € MY(K) has no
idempotent factor.

Conversely, if there are a compact proper subhypergroup L and x € K
such that {x} = {x}x L, then 6, has w;, as maximal idempotent factor
and the convolution equation w, xv =38_ hasin M'(K) the unique solution
v=24,.

PRrOOF (cf. Parthasarathy [38, Theorem IV.11.1]). The set W :={a € K :
i(a) # 0} satisfies (W) > 0. Hence, by Bloom and Heyer [8, Proposition
3.1), theset H :={x € K : a(x) =1 Va € W} is a compact subhy-
pergroup of K. For w,, the normalized Haar measure of H, we have
U = gy *u. In order to show that w,, is the maximal idempotent factor of
4, we take a further compact subhypergroup L satisfying w, € D(u). Since
then d_+u = u for every x € L (Bloom and Heyer [7, Theorem 3.3.5]), we
have a(x) =1 for every a € W and every x € L. Thus L ¢ H, which
completes the proof of the first part.

To prove the second part, we denote the canonical projection from K onto
the second countable commutative hypergroup K/H (see Jewett [25, Section
14]) by m. By a Lemma of Mackey (see, for example, [38, Lemma 1.5.1])
there exists a Borel set B C K such that x|, is bijective. Then, by [38,
Corollary 1.3.3], the inverse mapping K /H — B is Borel measurable.
Now we define the measure v € MI(K) by v{4) = ,u(n'l(n(A NB))), 4
being a Borel set in K. Since obviously w, v = u, it suffices to show that
v has no idempotent factor in order to complete the proof. To do this, we
take a proper compact subhypergroup L of K where we can assume L C H.
Since then for every x € K the set BN ({x} * L) consists of at most one
point, our assumption on L implies that

0<1-w,*d (BN(Lx{x}))=w,+d,(K\B)=wp * 1 p(x)

forall x e X, Xx\B denoting the characteristic function of the set K\B.
Hence

0 </ w, *XK\BdV =w; *»v(K\B).
K

Therefore, since v(K\B) =0, we obtain w, ¢ D(u) as desired.
The last part of the proposition is obvious.
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3.11. ReEMARKS. (1) Remark 4.6(2) contains an example of a finite sym-
metric hypergroup K with a proper subhypergroup L and an x € K sat-
isfying {x} * L = {x}. Therefore, in contrast to locally compact abelian
groups, it is not always possible to decompose every probability measure into
an idempotent factor and a part without idempotent factors.

(2) It is not difficult to improve the assertions of Proposition 3.10 and to
find weaker assumptions concerning the measure u which ensure the desired
decomposition of u. But, since necessary and sufficient conditions for this
decomposition admit a complicated description only, and since the idempo-
tent factors can be treated ad hoc for many examples, we omit further details
here.

4. Some supplementary general results about I,(K)

After having proved the Decomposition Theorem 3.8, we would now like
also to find Levy-Khintchine representations for infinitely divisible measures
and, after that, an explicit description of 1,(K), the set of all probability mea-
sures having no indecomposable factors. The first problem is still unsolved
for arbitrary commutative or symmetric hypergroups. The Levy-Khintchine
representation is known only for locally compact abelian groups (see, for
instance, Berg and Forst [3]), for discrete symmetric hypergroups (see Propo-
sition 4.1), for hypergroups which are intimately connected with special dif-
ferential equations (see Chebli [11] and Section 7) and for hypergroups whose
dual spaces admit natural dual hypergroup structures (see Lasser [32]). Since
the Levy-Khintchine representation seems to be one essential basis for find-
ing I,(K) explicitly, and since explicit descriptions of I,(K) vary strongly
for different families of hypergroups (see Sections 5-8), it seems to be impos-
sible to determine I,(K) for general symmetric hypergroups. On the other
hand, since the Levy-Khintchine representation is available for many exam-
ples, we can compute I (K) for many families of symmetric hypergroups
(see Sections 5-8). In order to make the discussion of the special cases as
easy as possible, we shall derive some general results about infinitely divisible
measures and measures without indecomposable factors in this section.

The first result we here present is a Levy-Khintchine representation for in-
finitely divisible measures on discrete hypergroups. The proposition slightly
generalizes well known results of this type (see Gallardo and Gebuhrer [19]
and Voit [47]). It is remarkable that it is possible here to separate the idem-
potent part of an infinitely divisible measure completely (in contrast to the
situation of Proposition 3.10).

https://doi.org/10.1017/51446788700033012 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033012

[17] Probability measures 433

4.1. PROPOSITION. Let K be a discrete symmetric hypergroup and let u €
M'(K) be infinitely divisible. Then there exists an idempotent gy EM LK),

ve M (K) and t >0 such that
U=y * (™' -exptv),

exp denoting the usual exponential function in the Banach algebra M, (K).

ProoF. (cf. Parthasarathy [38, Theorem IV.7.2]) Since the subhypergroup
of K generated by suppu is at most countable, we may without loss of
generality assume that K itself is at most countable. Let @, be the maximal
idempotent factor of u where H = {e} is possible. Taking the notation of
Jewett [25, Section 14], we note that the canonical mapping

n’: My(K/H)— MK |H):={veM(K): vroy=v}

is an isomorphism (Jewett [25, 14.2E]). Since (n*)"l(u) is an infinitely
divisible measure on the discrete symmetric hypergroup K/H and has no
idempotent factors, Theorem 4.3 and Theorem 3.9 of Voit [47] imply that
(n')'l(u) =e¢ '.exptv with >0 and v € MI(K/H) . It follows that

p=wyxe  exp(tn’(v)).

4.2. ProrosiTiON, Let K be a second countable symmetric hypergroup,
and let v € My(K) such that v +cd, ¢ M*(K) forall c € R. If u €
MY (K) can be written as p = e X .expv, then i is not infinitely divisible.
Moreover, if 1 has Property (D) then u has an indecomposable factor.

PrOOF. Let u be given as described above, and assume g to be infinitely
divisible. Since i = ¢”7"V takes only positive values on K, u has no
idempotent factor. Thus Theorem 4.3 and Theorem 3.7 of Voit [47] imply
that x admits a representation i = e~/ where fe€ C(I? } is a real valued,
strongly negative definite function (in the sense of [47]). Comparing this with
the preceding representation of i, we obtain f = £(1) — #. In particular,
f must be bounded and can therefore be written as f = p(1) — p, p being
a positive bounded measure on K (see Voit [47, Theorem 3.9]). It follows
that v = p+(p(1) — 2(1))d, contradicting our assumptions. Thus z cannot
be infinitely divisible.

Since every unit 6, € M ! (K) has the property that SX(a) € {1} for
all a € K, the injectivity of the Fourier transform implies that J_ takes
negative values on K for every unit d, # 0, . Therefore, since every infinitely
divisible measure takes only nonnegative values, the measure u *dJ, cannot
be infinitely divisible for all units J_ # J,. Since this fact is also true for &,
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by the considerations above, Theorem 3.5 entails that z has indecomposable
factors.

4.3. THEOREM. Let K be a second countable symmetric hypergroup and
wy the normalized Haar measure of a compact subhypergroup H which

consists of more than two elements. If u € M l(K ) satisfies suppu C H,
is minorized by wy (that is, there is a constant 0 < a < 1 such that
U(E) > awy(E) for all Borel sets E C K) and has Property (D), then u
is decomposable and has indecomposable factors.

PrOOF. Putting 4 := (u—aw,)/(1—a), wehave 1 € M’(K) , Moy =0y
and therefore
pu=1-a)d+awy=((1-a)d, +awy)*A.
Hence, u# is decomposable and has a factor of the form
e_tée +(1- e_')coH =e’ exp(twy) =1v € MI(K)

where 1 — e = a. Since H contains at least 3 elements, we can choose
a closed set D C K satisfying e ¢ D and 0 < w,(D) =:d < 1/2. Now,
defining p as the restriction of w y to D, we obtain that the measures

(g — (1 +8)p)" = wgp(1 - 2d(1+8)) + (1 +2)°p’,

(0 = (1+2)p) + 5(@y ~ (1 +2)p)’

= w, (1 + %(1 —2d(1 +s))) —(1+e)p+(1+e)p’

and
(0 —(1+8)p)’ =w,(1-3d(1+e)+3d°(1+e)") - (1+e)°p’

are positive if ¢ > 0 is sufficiently small. This statement is obvious for the
first two measures. For the third measure it is an immediate consequence of
the fact that p3 =(Xp*Xp*Xp)wWy (Xp being the characteristic function of
D) and that

2 2
lxp * Xp * Xplleo < xpllollXplly =4~
The positivity of the three measures above implies that

[e o] n
PH(1+8d=1) (5e + Z %(wﬁ —-(1+ 6)/))")
n=1 "

="M expt(wy, — (1+2)p)
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is a probability measure. Since this measure is a factor of # and since it
has indecomposable factors by Proposition 4.2 (note that this measure has
Property (D)), the proof is finished.

4.4. REMARKS. (1) Fel'dman has presented a similar result for locally
compact abelian groups in [17]. Since Fel'dman’s paper contains only vague
references to the proof, we have included the complete proof of Theorem
4.3. Also the following Corollary 4.5 was given by Fel'dman [17, Theorem
4] for abelian groups.

(2) The assertion of Theorem 4.3 may fail for certain subhypergroups H
which consist of two elements. To present an example, we note that on the
set H = {0, 1} a hypergroup structure with neutral element O is determined
uniquely by

0, %9, =bdy+ (1-b)d,,

b €]0, 1] being a fixed parameter. Now H is given by H= {1, a} where
the character o satisfies a(0) = 1 and «(l) = —b. Moreover, via the
mapping z — ji(a) we obtain a semigroup isomorphism between M ! (H)
and [-b, 1) where the second space is a semigroup with respect to the usual
multiplication. If b €]0, 1[, then —b is the only indecomposable factor
of [-b, 1] and x € [-b, 1] has —b as indecomposable factor if and only
if x € [~b, b*]. It follows that I,(H) = {ré, + (1 = r)d,; r > b} for
b €]0, 1[. Furthermore, for b = 1, we observe that MI(H) ~ [-1, 1] has
no indecomposable factor and thus that I(H) = M 1(H ) holds. In summary,
we see that the assertion of Theorem 4.3 fails in both cases.

Let us apply the preceding theorem to two classes of examples for which
I(K) can be determined more precisely. The first class consists of the sym-
metric discrete hypergroups in which every element is contained in a finite
subhypergroup.

4.5. CoROLLARY. Let K be a discrete symmetric hypergroup such that
every x € K is contained in a finite subhypergroup of K. If ne M 1(K)
has Property (D) and has no idempotent or indecomposable factor, then there
exists a unit 6, € M l(K ) such that supp(d, * u) is a subhypergroup of K
consisting of at most two elements.

In particular, if K is finite and symmetric, then this conclusion is true for
every pe M 1(K ) without idempotent and indecomposable factors.

ProoF. Since the subhypergroup of K generated by suppu is at most
countable, we may assume that K itself is at most countable. Now, using
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Theorem 3.5 and Proposition 4.1, we can write u as u = d, * e’ exp(tv)
where . is a unit, > 0 and v € M'(K). Take X, X, € suppv\{e}.
Then there exists a factor p = e~ "' 2. exp(t,d, +7,0,) (1,,7,>0) of
4 which has Property (D) and which has no idempotent or indecomposable
factors. Since

suppp = suppd. | x suppd.
SR

is a finite subhypergroup by our assumption, Theorem 4.3 implies that supp p
consists of at most two points. Thus suppv\{e} contains at most one cle-
ment, and supp(e”’ exp(tv)) is a subhypergroup consisting of at most two
elements.

4.6. REMARKS. (1) Since the hypergroups consisting of two elements are
very easy to handle (see Remark 4.4(2)), it is not difficult to determine the
set of all measures without idempotent or indecomposable factors explicitly
for concrete finite symmetric hypergroups.

(2) The assertion of Corollary 4.5 may fail for measures u € I,(K) which
have idempotent factors. To illustrate this, we define a symmetric hypergroup
structure on K = {0, 1, 2} with neutral element O by

0, %0, =96, 0,%0,=0,%9d, =9,, 0, %0, =(6,+9,)/2.

It is easy to see that {0, 1} is a subgroup isomorphic to Z,, that every
ueM:={ve Ml(K) :suppv C {0, 1}} U {4,} is decomposable and that
D(u) c M for all u € M. We thus have I;(K) = M and, in particular,
4, € I(K).

The behaviour of the example considered in Remark 4.6(2) is intimately
connected with the fact that this hypergroup is just the hypergroup join
Z,VZ,. '

At the end of this section we shall deal with I,(K) for hypergroup joins
K =HvVvV L, H being a compact and L being a discrete symmetric hyper-
group. For details on the definition of the hypergroup join we refer to Jewett
[25, Section 10.5], and to Vrem [52]. Before we present the main result, we
prove a technical lemma.

4.7. LEMMA. Let K := HV L where H = {0, 1} is a hypergroup with
two elements and 0 as neutral element and where L is an at most countable
discrete symmetric hypergroup. If u € M'(K) has Property (D) and if u can
be written as yu=e ‘exptv with t >0, v e MI(K) and suppv ¢ H, then
W has an indecomposable factor.
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Proor. Denote the neutral element of K by 0. Since K is discrete, we
may without loss of generality assume that v =J, with x ¢ H. Moreover,

2
#:e_'exptl/=e_t, (6e+ty+%y*y+...)

implies that H is contained in, but not equal to supp .

We next show that x4 has factors of the form (1 —¢)d, + cd;, where ¢ >0
must be sufficiently small. To do this, we write u as u = ¢yd, + ¢,6, + ¢,4
where ¢;,¢,,¢c, >0 and 1€ MI(K) with suppAnH =J. For fixed ¢ >0
we consider the convolution equation ((1—c¢)dy+cd,)* p = u. After writing
p as p=dyd,+d,0, +d,J (1€ M,(K) with suppin H = @), we see that
this ¢convolution equation is equivalent to

(1 =c)p+cdyd, +cd (8, %6,) + cd,d = ¢,y + ¢,;0, + CA.
Using Remark 4.4(2), we know that there is a constant b €]0, 1] such that

0, *d, = bdy + (1 — b)d, . Therefore the convolution equation above is equiv-
alent to

A=1, cy=(1-c)dy+bed,, c;=((1-c)+c(1-b))d,+cd, and c,=d,.

Since for ¢ = 0 we have d, = ¢, > 0 and d, = ¢; > 0, an easy continuity
argument yields an ¢ > 0 such that p = p(c) is a positive measure for all
ce|[0,e].

By a further continuity argument we see that there exists » > 0 such that
k:=e "exprd, = c(r)d,+ (1 — c(r))d, where 0 < c(r) < &. Now the results
above imply that k¥ € D(u) and, in particular, e’ exp(tv — ré,) € D(u).
Since this measure has indecomposable factors by Proposition 4.2, the proof
is complete.

4.8. THEOREM. Let K := HV L where H # {e} is a second countable
compact symmetric hypergroup and L is a symmetric discrete hypergroup.
IfueM l(K ) has Property (D) and has no indecomposable or idempotent
factor, then suppu C H.

ProOF. Since there is an at most countable subhypergroup L of L such
that supp # is contained in HvV L c Hv L, we can assume that without loss
of generality L is at most countable and K second countable.

We have to consider two cases separately.

We first assume that H contains at least three elements. Denote, as usual,
the neutral element by e . Using Theorem 3.5, we can write u as u = 0, *Ax4
where 6 isaunitand A€ M 1(K ). Itis clear that x € H for every unit J, .
Therefore, in order to complete the proof, it suffices to show that suppi ¢ H
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implies that A * A has indecomposable factors. Assuming suppiA ¢ H, we

can write A1 as
A=av+ Y ad,
x€L\{e}

where v eMl(K), suppvy C H, a, <1 and a, > 0. Therefore

A*A=afu*1/+2a1 Z ad, + Z a,a,o, x9,
x€L\{e} x,y€L\{e}
= UKV + Gy + 639

where ¢ € M'(K), supppnH =, ¢,20,¢,¢6>0and ¢, +c,+¢;=1.
We next consider the convolution equation

(cog+(1—=c)o,)xp=AxA

for c € [0, 1[. Writing p as d,vxv+d,w,+d,p, we see that the convolution
equation above is a consequence of

di(l-cvxv+(cd +dy))og+dyp=cv*rv+c,o4+¢0.
Since ¢, > 0, we obtain that
d =c/(l-c), dy,=c,—cd;, and d,=c,
are nonnegative for sufficiently small ¢ > 0. Therefore, the measures cw, +
(1 —c)d, are factors of A+ 4 for sufficiently small ¢ > 0. Since H consists

of at least 3 elements, Theorem 4.3 implies that AxA has an indecomposable
factor.

Now assume that |H| = 2. Since then K is discrete, we can write u
as p =6 0 e 'exprv (6, aunit, v € MYK) and r > 0) by using
Theorem 3.5 and Proposition 4.1. Now Lemma 4.7 and the fact x € H
finish the proof.

4.9. REMARK. The example presented in Remark 4.6(2) shows that the as-
sertions of Theorem 4.8 may fail for measures u € I,(K) having idempotent
factors.

5. Examples: a class of discrete symmetric hypergroups

In this section we shall discuss a class of symmetric hypergroup structures
on N, which are constructed by an infinite number of hypergroup joins.
Since for these examples the subsets {0, 1,...,n}, n € N, form an in-
creasing sequence of finite hypergroups, this class of hypergroups is very in-
teresting to illustrate the preceding general decomposition results and also the
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problems which are connected with idempotent factors. For these examples
which were introduced by Jewett [25, Section 15.1D] we shall reformulate
the general results of the preceding sections and compute the sets I(K) and
I(K).

We start with the following

5.1. DErFINITION. For each n € N let bn be a number such that 0 < bn <
1. Let ¢y =1 and define numbers ¢, inductively by

c,=(1/b)cy+¢;+ - +c,_,)-
Then a symmetric hypergroup structure on K := N, is given by
0, *%0,=0,%d, =06, for0<m<nand

Com
=10,y + (1= 5,5,
n

C, c
— 20 1
5"*5"—6—60'*'2—614""4'
n

n

where 0 is the neutral element.
Next we prove some preparatory results.

5.2. LemMa. (1) suppn = K = {1} U{a,; n € N} where

1 fork <n,
a,(ky=4 -b, fork=n,
0 Jork>n.

(2) D(u) is compact for all u € MI(K).

PrOOF. (1) We first take an arbitrary character o € K\{1}. Then there
exists # € N such that a(n) # 1 and a(m) =1 for every m < n. Since
a(m) - a(n) = a(m) for n < m, we have a(m) = 0 for m > n. Lastly,
a(n)? =8, +8,(a)=(1-b,)a(n)+b,-1 and a(n) # 1 imply a(n) = -b,.

In particular, we have shown that every character a # 1 is contained in
C.(K). Now Proposition 1.3 shows that « is a discrete point contained in
suppm. On the other hand, by Voit [46, Theorem 2.11], suppn itself is a
nondiscrete space so we must have 1 € suppzn = K which completes the
proof of the first part.

(2) Fix € M'(K). Since c,_, > ¢y+---+c,_, implies that (c,_,/c,)+
(1-b,) > 1/2 for every n > 2, we obtain &, xd,([n, oo[) > 16, ([n+1, oc[))
forall k, !, n € N;. In particular, we have v, xv,([n, oo[) > v, ([n+1, o)
forevery n € N, and v, v, € MI(K) . Now, if ¢ > 0 is given, choose n € N
such that u([n — 1, oo[) < €/2. Then the considerations above show that
v([n, oo[) < & for every v € D(u). Therefore D(u) is relatively compact
(Proposition 2.2) and closed (Lemma 2.3) with respect to the weak topology.
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We note that it is easy to see that K admits a canonical dual hypergroup
structure. This dual convolution structure will be studied in Section 6.

The following theorem summarizes the main factorization results for the
discrete hypergroups considered in this section:

5.3. THEOREM. (1) For every infinitely divisible measure u € M l(K) there
exist t >0, v e MI(K) and an idempotent w,, € MI(K) such that u =
Wy * (e ‘exptv).

(2) If b, €]0, 1[, then I,(K) consists exactly of the measures yu € M ! (K)
of the form u=ré,+ (1 —r)d, with r€lb,, 1]. If b, = 1, then

I,(K) = {v € M'(K) : suppv C {0, 1}} U {4,}.
(3) Every u € MI(K) can be written as
U=VyrV %)% p
where v, is a unit, v, € I,(K), v, is the weakly convergent convolution
product of an at most countable number of indecomposable factors of u and,

lastly, p is either the normalized Haar measure of a compact subhypergroup
of K or p isequal to 6, where n>2.

Proor. (1) This is a direct consequence of Proposition 4.1.

(2) Since K ={0,1}Vv{0,2,3,4,...} is a hypergroup join, and since
every factorof ue {v e M‘(K) :suppr C {0, 1}, v # w{o,l}} is supported
by {0, 1}, we see that the classification of all measures having no indecom-
posable or idempotent factors is an immediate consequence of Theorem 4.8
and Remark 4.4(2). Now let us classify the elements of I (K) which have
idempotent factors. To do this, we first note that then w 0.1} is a factor,
too. Since for b; <1 the idempotent @, ,, has an indecomposable factor
(see Remark 4.4(2)), the classification is finished for b, < 1. Now, dur-
ing the rest of the proof of part (2), we assume b, = 1. Then, defining
M :={ue M (K): suppuc {0, 1}} and observing

M C D(w ;) € D(6,) c MU{4,},

we get M C I(K) and J, € I;(K). In order to complete the proof, we shall
show that every u = Z,‘:‘;O W0 € MI(K) satisfying W 1y € D(u), p,<1
and u,+4, <1 cannot be contained in I,(K). To do this, we consider three
cases. First, if gy = pu, # 0, then the measure v := (g + ,)0, + Y pup Miby
satisfies v xw 0,1} = H and suppr ¢ {0, 1} and has no idempotent factors.
Therefore, by the results proved above, v ¢ I(K) and u ¢ I,(K). Moreover,
if py =, =0 and u, > 0, then the measure v := u,d,+Y o, 4,0, satisfies
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vxd, = and suppv C {0, 1} and has no idempotent factors. Again it
follows that u ¢ I(K). Lastly, if u, = u; = p, = 0, then W 1,2) is
a factor of u which must have an indecomposable factor by Theorem 4.3.
This completes the proof of part (2).

(3) If u has no idempotent factors, then the assertion follows from Lemma
5.2 and Theorem 3.8. If 4 has w, as maximal idempotent factor with
H ={0,1,...,n}, then x can be represented as u = cw, + (1 —c)p
where ¢ €[0,1], pe M'(K) and supppnNH #D. If ¢ > 0, then u can
be written as x4 = wy * v where v = ¢4, + (1 — ¢)p has no idempotent
factors. Now the considerations above yield the desired decomposition for
¢>0. If ¢ =0, then the maximality of w, implies u({n+1}) > 0. Hence
we'can write x4 as u =4, , xv where v := u({n+1})d;+ 377, ., u({k})5,
has no idempotent factors which completes the proof.

6. Examples: a class of countable compact symmetric hypergroups

6.1. For a fixed sequence (b,),y let the discrete hypergroup K be defined
as in Section 5. We show in this section that K is in a natural way a compact
symmetric hypergroup, and we discuss some factorization results for these
examples. To determine the dual convolution structure, we first remember
Lemma 5.2 and identify K (as a topological space) with NU {1}, the one-
point-compactification of N, in the obvious way. Next, using the convention
that an empty sum is equal to 0 and an empty product equal to 1, we note

the formula

(1- Z H b, T1

k=n+1 kln 1+b1 1n+11+b
for r,n € N, r > n, which can be proved by straightforward induction.
Therefore
-b Lo, + Z H Loy
k=n+1 b I=n+1 H'b
for every n € N. Thus, using o, o, = q, for n < m, and taking the
character 1 as identity, we get an associative convolution structure on NU{1}
with
0,%0, =0, (n<m)

and

(neN).

0o k
o,%6,=(1-b, Z 1’[
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Moreover, some straightforward arguments show that the remaining hyper-
group axioms are satisfied for (NU {1}, *).

In summary, we have found a family of compact symmetric hypergroup
structures on NU {1}.

At the end of this introduction, we note that Proposition 2 of Lasser [30]
implies that K and K =NU {1} are strong hypergroups.

6.2. THEOREM. (1) Every infinitely divisible measure uy € M (Nu {1}
without idempotent factor admits a Levy-Khintchine representation of the form

[ o]
fi(c) = exp (— > - a(k))V({k})) (@€ (NU{1})" =K)

k=0
where the Levy measure v can be an arbitrary positive, not necessarily bounded
measure on K =N, .

(2) Every infinitely divisible measure u € M 1(N U {1}) with maximal
idempotent factor wy # d, can be written as j = @y * (e ‘exptv) where
v e M (NU{1}) satisfies suppr C {1} U (N\H).

(3) Iy(Nu {1}) = {4,}.

(4) Every u € MI(N U {1}) can be written as u = v, x v, where v, is
the weakly convergent convolution product of an at most countable number of
indecomposable factors of u and v, is an idempotent or v, =4, (n€N).

ProoF. (1) The Levy-Khintchine representation is a consequence of Voit
[47, Theorem 4.3], of Lasser [32, Theorem 3.9] and of the fact that the dual
hypergroup (N U {1})” = K has no quadratic forms or homomorphisms
(in the sense of Lasser [32]) except for the trivial one. This fact follows
immediately from the convolution defined in Section 5. Lastly, since for
every character ¢ € (NU {1})” there is a neighbourhood of 1 on which
a = 1 holds, we obtain that every positive measure on N can appear as a
Levy measure (see Lasser [32, Lemma 3.8]).

(2) Using the notation and methods introduced in the proof of Proposi-
tion 4.1, we can conclude from the finiteness of (NU {1})/H that = (u) =
e ' expti holds where i € Ml((NU{l})/H) . Now, defining » € M'(NU{1})
such that n_(v) =¥ and v(H\{1}) = 0, we obtain u = wy* (e 'exptv) as
desired.

(3) Since NU{1} is compact, this hypergroup has Property (D). Since every
subhypergroup (3 {1}) consists of infinitely many elements, from Theorem
4.3 it follows that every nontrivial idempotent contains indecomposable fac-
tors. Thus, since for every n € N the hypergroup NU {1} can be written as
the join

Nu{l}={n,n+1,...,e}Vv{0,1,...,n—-1,¢}
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(e being the neutral element), we can apply Theorem 4.8 and get
I,(Nu{1})={4,}.

(4) Write u € MI(NU {1}) as u = cwy + (1 — c)v where ¢ € [0, 1],
wy is the maximal idempotent factor of 4 and v € M "(NuU{1}) with
Hnsuppy =@. If ¢ > 0, then we have 4 = wy*p where p:=cd,+(1-c)v
has no idempotent factor. If ¢ = 0, then the maximality of w,, ensures that
v({n}) >0 where H={n+1,n+2,...,1}. Thus p:=v({n})d, +v| g (n
has no idempotent factor and satisfies pxd, = u. Now, if we apply Theorem
3.8 and part (3) to p, then the proof is completed.

6.3. REMARK. The compact hypergroups considered in this section were
first introduced by Dunkl and Ramirez [16] for the special case b, = a/(1—-a)
(0 < a<1/2, n € N). These examples are studied also in Vrem [52].
In particular, for b, = 1/(p — 1) (p € N being prime and n € N) these
hypergroups are isomorphic to the hypergroups which arise as orbit spaces,
when the compact groups A, consisting of the units of the p-adic integers
act on the additive groups of the p-adic integers (for details see Dunkl and
Ramirez [16]).

7. Examples: Sturm-Liouville hypergroups on R, = [0, oof

The class of symmetric hypergroups studied in this section generalizes
the family of double coset hypergroups which are associated with noncom-
pact Riemannian symmetric spaces of rank 1. The convolution structures
on R, := [0, oo[ which are derived from special Sturm-Liouville differential
equations on [0, oo[ were first introduced and investigated by Chebli [11,12].
Zeuner [53] recently proved that these convolution structures yield in fact
symmetric hypergroups structures on R, . Following the notation of Zeuner,
we name these hypergroups Sturm-Liouville hypergroups (on R_). Before
we prove some factorization results for these hypergroups which generalize
some known results for some special examples (see Bingham [5], Ostrovskii
[36] and Finkh [18]), we recall some basic facts that are contained in the
papers of Chebli and Zeuner:

7.1. PRELIMINARIES. Let A:R_— R, be an increasing C?-function that
satisfies the following conditions: A4(0) = 0; lim,_, __ A(x) = oo} A4 is
decreasing on ]0, co[ and converges to 2p > 0 for x — oo; A'(x)/A(x) =
a/x + B(x) in a neighbourhood of 0, where o > 0 and B is an odd C*-

function on R.
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Let ®,, A € C, be the unique solution of the Sturm-Liouville equation
on R
n A 2 2 o _ '
<I>A+—;1—<I>A+(A +p )P, =0, (0) =1, P,(0)=0.

By Zeuner [53] (see also Chebli [11]) there exists a unique symmetric hyper-
group structure (R, x) with neutral element e = 0 such that

supp(d, x6,) = [|x — y|, x +y]
and
D,(xX)P,(y) = /(Dl(z)d(éx x0,)(z) (x,y€R_,1€C).

In particular using Theorem 4 of Chebli [12] and Theorem 4.3 of Voit [46],
we have
K={®,:A>00rA=it,7€[0, p]} and suppm={®d,:1>0}.

In particular, P, , = 1 is the trivial character, and ®, is the uniquely
determined positive character which is contained in suppn. Moreover,
Proposition 2 of Chebli [12] implies that a character ®, is positive if and
only if A = it where 7 € [0, p]. From [46, Equation (17)], it follows
that lim__,_ ®)(x)/®,(x) = [ —p < 0 for A = it, t € [0, p[. Thus
®, € Cy(R,) for A=it, T€[0, p[.

Lastly we note that the mapping R, U {it: 7 € [0, p]} — K, i P, ,is
a homeomorphism. Via this homeomorphism we shall now identify K with
the set R, U {ir: 7t €[0, p]}.

7.2. THEOREM. (1) Every u € M'(K) can be written as y = v, *v, where
v, is infinitely divisible and has no indecomposable factors and v, is the
weakly convergent product of an at most countable number of indecomposable

Jactors of u.
(2) Every infinitely divisible measure u € M'(K) admits a Levy-Khintchine
representation of the form '
A(A) = e—c(}.2+p2) . exp (/
10, 0o[
where ¢ > 0 and 1 is a positive measure on 10, oo[ satisfying
00 x2
/ 5 dT(x) < oo.
o l1+x

(3) If u € M'(K) is Gaussian with respect to this convolution structure,
which means the Fourier transform of u can be written as

2 2 ~
pA) =e P (¢>0 fixed, 1 € K),
then u has no indecomposable factor.

u—qa»muﬂ (€ K)
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(4) Assume that the hypergroup convolution x satisfies the following con-
dition: there exists a continuous function c¢ :]0, co[x]0, co[—]0, o[ and a
constant 0 < R < 1/4 such that

9, %0, = (X5 V) y1eRr4y), (1-R)(x49)]

is a nonnegative measure for every x,y > 0 (where i, means the restric-
tion of the Lebesgue measure to the measurable set A C R.). Then I(K)
coincides with the set of all Gaussian measures on R .

PROOF. (1) Since supp z is homeomorphic to R_, 2.7 shows that K has
Property (D). Furthermore the facts contained in Section 7.1 yield that either
1 € suppn (for p = 0) or that there is a sequence of positive characters
vanishing at infinity which converges to 1 (for p > 1). Thus we can apply
Theorem 3.8 in its strongest version. The proof is completed by observing
that there exist no idempotents or units except for the trivial one.

(2) This was proved by Chebli [11, Theorem 7). Note just that Chebli uses
another parametrization of K.

(3) It suffices to show that every factor of a Gaussian measure is Gaussian,
To do this, we assume x4 is given as in the theorem and u = v, * v, where
v,V € MI(K). Then 0,-9, =2 on K . Defining 7,(x):=0/(x]) (x€eR,
i =1,2) and j(x) := a(|x|) (x € R), we get real valued, continuous
functions on R. It is an immediate consequence of Chebli [12, Proposition 2]
that for every x € R, there exists a positive symmetric measure v, € M, (R)
such that

®,(x) = / e™™dv (1) forall A€R.
—x
Thus we have
ﬁi(z)=l7i(|2|)=/ / ¢ dv (dv(x) (i=1,2, z€R)

which implies that for suitable constants g; > 0 the functions q,7; are
characteristic functions on the group R (in the usual sense) and satisfy
2
a,v,(z)-a,0,(z) = e ‘> (z € R). Now the Theorem of Cramer shows that
2
ap(z)=e"%" (z€R, i=1,2) where ¢, >0 and ¢, > 0 are suitable
constants. Finally, since a nonnegative bounded measure on R, is deter-
mined uniquely by the restriction of its Fourier transform to suppn ~ R_
(see, for instance, Voit [47, Theorem 2.3]) and since 7,(1) = 7,(ip) =1, we
2 2 —~

obtain 7,(3) =e 4 *) (1eR, i=1,2) as desired.

(4) We shall prove that the condition stated in part (4) of the theorem
implies the following statement: for every x > 0 there exists y > x such
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that for every u € M,;' (K) with supp u C [x, y] the measure e MR exXpu €
M! (K) has indecomposable factors.

In fact, the assertion of part (4) then follows from the preceding parts of
this theorem and from Theorem 3.5.
To prove the statement above, fix x > 0. Since R < 1/4, we may choose

constants y > x and a, b > 0 such that the inequalities
b>y/2, b>a>y—-x+2Ry, b<2x(1-R)-y
and
b<2x—-y—-R(x+y)

hold. This follows immediately from the fact that for R=1/4 and y = x
the right hand parts of the four inequalities above are equal to x/2.

Now, after having fixed y , we take an arbitrary u € M, ;’ (K) with suppu C
[x, y]. Let

, = /y /y c(u, v) du(u) du(v) > 0.
Now, using the assumptio; ofzc part (4) and the inequalities
2x(1-R)<(1-R)(u+v) and y—x+2Ry > |u—v|+ R(u+v)
for u, v € [x, y], we observe that
(uxp—c,-A))

yory 2x(1-R)
=/x /x [Ju*é,,(f)—c(u, v)/ f(z)dl(z)] dpu(u)du(v)

y—x+2Ry

|u—v|+R(u+v)

2 /xy /xy [5,, *0,(f) —clu, U)/(I—R)(uw) f(2) dl(z)] du(u) du(v)
>0

for every f € C(R,) satisfying f > 0 and suppf C [y — x + 2Ry,
2x(1-R)]. Thus p:=puxpu-c, 'j'[y—x+2Ry,2x(l—R)] is a positive measure.

We next take a function g € C,(R,) with suppg = [a, b] and ¢ > 0
on Ja, b[. Since [a, b] C [y —x + 2Ry, 2x(1 — R)] by our assumption, the
positivity of the measure p shows that u x u — g - A is positive for every
sufficiently small ¢ > 0. The above inequalities also yield [x — b,y + b] C
[y—x+2Ry, 2x(1-R)]. Hence, again from the positivity of p it follows that
uxu—e(gA)xu is positive for every sufficiently small ¢ > 0. In this conclusion
we have used the fact that (gA)*u € C (R, ) is supported by [x -5, y+b].
Lastly, the inequalities above imply x < y < 2b. This inequality and some
straightforward considerations of the convolution * show that g* g+ u €
C.(R,) is positive on [0, 2b + y[. Since

[4
supp(g g * g) C [0, 3b]1 C [0, 2b + ¥,
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it follows that (gA) * (gA) *u — s(g}M)3 is positive for every sufficiently small
¢ > 0. Now, summarizing the positivity results above, we obtain that the
measures

—egh+ (u— t:g,l)2 and (u- egl)3

are nonnegative for a sufficiently small ¢ > 0. In particular, we see that for
this & the measures

(n—egd)” (n22) andthus exp(u—egh)=4,+ > (u—egh)"

n=1
are positive. Now Proposition 4.2 shows that the probability measure

e—u(k+)+e(gﬂ.)(k+) . exp(” _ €gl)
has indecomposable factors. Since this measure is a factor of u, the proof
is finished.

7.3. REMARK. It is unknown whether the condition used in Theorem
7.2(4) is satisfied for all Sturm-Liouville hypergroups on R, or whether the
assertion of part (4) can be proved without assuming this restriction. On
the other hand, the condition of Theorem 7.2(4) is true for all examples for
which * is explicitly known. Examples which are associated with Bessel and
Jacobi functions are presented below.

In order to make the check of the restriction used in Theorem 7.2(4) easier,
we note a further condition which implies the restriction above and which is
easier to verify:

7.4. REMARK. If there exists a function K :]0, oo[3r—> [0, oo[ such that
O, * éy has the form K(x, y,-)A for all x, y > 0 and such that the kernel
K is continuous and positiveon {(x,y,2):x,y >0, |x~y|<z<x+y},
then the condition introduced in Theorem 7.2(4) is true. In fact, for the
proof we have only to verify that

c(x,y):= K(x,y,z)

min
z€[|x—~y|+R{x+y), (x+y)(1-R)]
has the properties required in Theorem 7.2(4).
7.5. EXAMPLES: HYPERGROUPS ASSOCIATED WITH BESSEL FUNCTIONS. Fix
a > 1/2 and let A(x) := x***! | Then we obtain a Sturm-Liouville hyper-

group on R, with p = 0 such that the associated eigenfunctions @, are
modified Bessel functions. The convolution * is given by

d(éx * CSV)(Z) = K(X T z)zza+1 dﬂ’l [Ix—vl.x+v1(z)
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where

_ e+ DI - (x =) ((x +yh) - 217
[(1/2)T(a + 1/2)2%2 Y xyz)™ '

Using Remark 7.4, we see that the assumptions of Theorem 7.2(4) are satis-

fied. In fact, for this family of examples the assertions of Theorem 7.2 are

well known and can be found in the papers of Bingham [5], Kingman [27]
and Ostrovskii [36] and in the thesis of Finkh [18].

K(x,y, z)

7.6. EXAMPLES: HYPERGROUPS ASSOCIATED WITH JACOBI FUNCTIONS. Fix
a> B >—1/2 with a # —1/2 and let A(x) := (sinhx)?**" . (cosh x)?*'.
Then we get a Sturm-Liouville hypergroup on R, with p=a+ f+1 such
that the associated characters @, are Jacobi functions. The convolution *

is given by
d(6,*6,)(z) = K(x,y, 2)A(2)dAl |, +4,1(2)
where
1-2p
K(x,y,z)= 2 [a+1) -{sinh x - sinh y - sinh z)—za

7'’T(a - B)T(B +1/2)
n
. / (1- cosh’ x — cosh® y — cosh? z + 2 cosh x cosh y cosh z cos t)‘,’:_’9 -
0

(sint)* dt

(for details see, for instance, Koornwinder [28, Equation (7.12)]). An easy
calculation and Remark 7.4 imply again that the assumptions of Theorem
7.2(4) are satisfied.

7.7. EXAMPLES. MODIFICATION OF STURM-LIOUVILLE HYPERGROUPS. Let
(R, , *) be a hypergroup structure as introduced in 7.5 or 7.6. Fix a constant
Py € [0, oo[ and define a new Sturm-Liouville hypergroup structure (R, , o)

by

_ D, po(z)
For details on this modified convolution structure we refer to Voit [46, Section
4]. Using Remark 7.4, the properties of the kernels introduced in 7.5 and
7.6 and, lastly, the continuity and positivity of the semicharacter @, 0,2 W€
obtain that all the assertions of Theorem 7.2 are true also for this modified
examples.

d(d, ody)(z) : d@d, * d,)(2) (x,y,2z2>0).

7.8. REMARK. It is known (see, for instance, Zeuner [53]) that all hyper-
group structures on R_ which are isomorphic to double coset hypergroups
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are associated with noncompact Riemannian symmetric spaces of rank 1 and
that these hypergroups are contained in the both families studied in 7.5 and
7.6. For example, for f# = 0 and « = n -1, n € N\{l}, the hyper-
groups investigated in 7.6 are isomorphic to the double coset hypergroups
S =80(n, 1)//SO(n) where SO(n, 1) is the Lorentz group of dimension
n+1. Furthermore, for a = n/2—1 (n € N\{1}) the hypergroups presented
in 7.5 coincide with the double coset hypergroups M(n)//SO(n), M(n) de-
noting the Euclidean motion group in R”".

8. Examples: polynomial hypergroups

In this section we first introduce polynomial hypergroups and some techni-
cal conditions satisfied by almost every polynomial hypergroup. Then, after
having discussed some fundamental properties of the dual space of a polyno-
mial hypergroup (Theorem 8.2) and after having established some prepara-
tory results, we summarize the main factorization results for polynomial hy-
pergroups in Theorem 8.8. The examples contained in the Sections 8.11-8.18
show that the restrictions assumed in Theorem 8.8 are true for almost every
known polynomial hypergroup. Lastly, Theorem 8.19 is devoted to prove
that the set of all indecomposable measures is dense in M’ (Ny) .

8.1. Let (@,),ens (b,),en and (c,),cx be sequences of real numbers
satisfying a,,c, >0, b, >0 and a,+b,+c, =1 (n € N). Moreover
assume that o :=lim,_ _a,, B :=1im, b, and y:=lim, _ _c, exist
and satisfy o, y > 0. Now, defining

1
Py=1, P(x)=2yay-x+p and P A = E_((Pl -b)P,-c,P,_,),
n

we get a sequence of orthogonal polynomials by Favard’s theorem (see, for
instance, Chihara [13]). If in the linearization P,, - P, = S kcimen &m.n .k Pk
all the linearization coefficients g, , , are nonnegative, then

m+n

6m*6n= Z gm,n,kak (m’neNO)

k=|m—-nj

and bilinear continuous extension to M,(N,) define a symmetric hypergroup
structure on N, called a polynomial hypergroup. Furthermore, the mapping

XDy = {x €R: (P,(x)),¢p, is bounded} — Ny, x - o,

with a (n) := P (x) establishes a homeomorphism between No and D, . In
addition, up to this homeomorphism and up to normalization, the Plancherel
measure © on N, agrees with the orthogonality measure associated with
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the sequence (Pn)"GNO (for the proofs of these facts see Lasser [30]). In
particular, since the dual space of a discrete hypergroup is compact, D, must
be compact. In order to simplify the notation, we shall identify D, with No
and n with the orthogonality measure.

8.2. THEOREM. In the above situation we have the following. (1) a>7y.

(2) suppnr = [-1,1]U L and ﬁo = [-Xxy, X)) U L where x, :=
(1 - p)/2/a7 > | and where L C [-1 — B/\/a7, ~1[ is at most count-
able and —1 is the only possible limit point of L. In particular, if f =0
then suppr =[—1, 1] and No = [-X,, x,]. Furthermore, x, corresponds to
the identity character and 1 corresponds to a.

(3) a =y is equivalent to 1 € supp n and this is equivalent to K =suppr.

(4) [1, x,] coincides with the set of all positive characters on (N,, *), and
the characters contained in [1, x,[ are zero at infinity.

(5) (Ny, *) has Property (D).

ProOOF. (1) By Lasser [30, page 191], the Haar measure on (N, *) is given
by

n—1 n
hO)=1,  h(n) = Hak/Hck (n e N)
k=1 k=1

and satisfies h(n) = gn_,ln,0 >1 (neN). This fact yields a > 7.
(2) From the definition of the (Pn)mENO and from the Plancherel formula

we see that the normalized polynomials (I~’n)nENO = (P, \/ hn)neNa are or-
thonormal with respect to 7. They satisfy the recursion relation

G, Mg by~ HF O+ YIEEE () (ne).

Therefore the sequence (13,,)”eNo is contained in the class M(0, 1) of Nevai
[35, Section 3.1, Definition 6). Now Nevai [35, Section 3.3, Theorem 7],
ensures that suppz = [-1, 1JU L where L is at most countable and +1
are the only possible limit points of L. Furthermore, if LN]1, co[# &, then
X, :=sup, ., X € L C suppn corresponds to a positive character on (N, %)
(see Chihara [13, Chapter 1.5]); but this is inconsistent with the fact that x,
cannot be an isolated point in suppz (see Voit [46, Theorem 2.11]). Hence
it follows that L C] — o0, —1].

In order to characterize D, we note first that LU[-~1, 1]=supprn C D,.

x-B (x) =

https://doi.org/10.1017/51446788700033012 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033012

[35] Probability measures 451

Now fix x € R\ suppn. Then Nevai [35, Section 4.1, Theorem 13}, yields
P, ﬁ n+1 (x)

n+1(x) _ Z :
B = Ve im P )

>1 f > X,
=\/g-(|x|+\/x2—l>{ or x| > %,

<1 for|x| < x,.

lim

n—o00

It follows that D, = LU[-X,, X,] . Since suppn C]-oo, 1], we have P (1)>0
for every n € N; (see Chihara [13, Chapter 1.5]). Hence «, corresponds to
the real number 1. Moreover it is easy to check that P, (x,) = 1 for every
n € Ny and thus the identity character corresponds to x,. Finally, since
la(z)| < ay(z) forall a € supp7m and z € K = N, (see Voit [46, Corollary
2.8]), the definition of P, entails

Lcsuppn C {x eR:|P|(x)| < P (1)} =[-1-B/Vay, 1],

which completes the proof of part (2).

(3) This is an immediate consequence of (2).

(4) The equation at the end of the proof of part (2) shows also that for
X, > 1 all the characters that are contained in {1, xy[ are zero at infinity.
Moreover, since suppn C]—-o0, 1], it is clear that P,(x) >0 forany n € N,
and x > 1. Thus, in order to complete the proof, we only have to show that
P (x) > 0, for all n € Ny, implies x > 1. Since there exists only one
positive character that is contained in suppzn (cf. Voit [46, Theorem 2.11]),
and since it is given by 1, we may assume x ¢ suppn. But x < —1 and
x € suppn together imply

(see Nevai {35, Section 4.1, Theorcm 13]) which is impossible. This finishes
the proof of part (4).

(5) This follows from Lemma 2.7, part (2) and the fact that 1 € R corre-
sponds with the positive character contained in supp~.

8.3. MODIFICATION OF POLYNOMIAL HYPERGROUPS. Let (N, x) be a
polynomial hypergroup as introduced in Section 8.1. If r > 1 is fixed, then
we have P (r) >0 for all n € Ny, and the sequences

Prir() b,:=b,/P(r), é = Fos (D n € N)

R X TACK SN ACTACEE
define a new modified polynomial hypergroup with

_\/_(r+\/r2+) ___ B -_\/a_y-(r—\/r§+1).
S orjm+ B P ogmrp T 2rjar+B

=0
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for details see Voit [51, Section 2.12] and [46, Section 2.18]. In particular,
r =1 is equivalent to & = $ and this is equivalent to the fact that 1 € supp
for the modified convolution structure. Thus, for r = 1, the modification
procedure above agrees with the general modification of commutative hyper-
groups which was introduced in Section 2.

8.4. ProPeErTY (T). We say a polynomial hypergroup (or the associated
sequence of orthogonal polynomials) has Property (T) if the following holds.
Let (T”)HENO be the Tchebichef polynomials of the first kind
which are defined by T,(x) = cos(narccosx), x € [-1, 1].

(T)  Then the connection coefficients 4, ,, n, k € Ny, n >k,
which are uniquely determined by P, = ¥} _oh, T, , are
nonnegative.

This condition was successfully applied in some recent papers of the author
[48, 49, 51] to derive some limit theorems for random walks on polynomial
hypergroups. This condition is true for every polynomial hypergroup known
to the author; see Sections 8.11-8.18 and the papers mentioned above.

Property (T) is needed here in order to ensure the following inequality.

If E, c C is the closed ellipse with foci £1 and radius r > 1, then
[P (z)] < P,(r) forall r>1, ne N, and z € E . In fact, writing P, as
P,=3oh, (T, with h , >0, we obtain

n
|P,(cos8)| < >k, |T;(cos6)|
k=0

n
< Y _h, ,cosh(k Im6) = P,(cos(i Im6))
k=0

for n € N, and 6 € C. Since cosé € E, is equivalent to cos(iIm6) < r
(r > 1), the inequality above follows.

We conclude this section by noting that Property (T) is preserved by the
modification procedure introduced in Section 8.3.

8.5. PROPOSITION. Let (N, ) be a polynomial hypergroup with Property
(T).Let neN andlet ue M l(NO) be a probability measure of the form

j = exp (}: ¢;(6; - 60))
i=1

where ¢, , ¢, ..., c, > 0. Then every factor of pn is of the form

n
exp (Ed,.(a,. - 50)) whered,,...,d,_ €R, d, >0.
i=1
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ProoF. Using Remark 8.3 and Lemma 2.5, we can assume without loss
of generality that 1 € supp~x.

For r > 1 let o, be the modified convolution structure associated with
the positive semicharacter o, . By Lemma 2.5 we know that

0, (M'(N),s,) — (M'(Np), %)

> r
S — p(k) = p(k)
=3 p(k)5, — 9(p) = o/
,;0 k e P (r)* ,;0 P (r)
is a weakly continuous semigroup homomorphism satisfying

1 o0
0,(M'(Ny) = {p e M'(Ny): 3 P (Np(k) < oo} .
k=0
If we define ¢t = Y1 ¢, from v = Y0 (c,/t)d, € ¢,(M'(N,)) and the
continuity of ¢ it follows that u = e ‘exp(tv) € 9, (M 1(No)). Since thus
D(u) C 9,(M'(N,)) by Lemma 2.5, we have shown that

> P(r)p(k)<oo forallpeD(u) and r>1.
k=0

Since |P,(x)|<P,(r) forall x€E, (see Section 8.4), p(z):=3 ,o P (2)p(k)
(z € C) defines an entire function on C for every p € D(u). Moreover, for
Py, P, € D(u) with p, x p, = u we have

n
Pi(x) - py(x) = exp (Z i (Pr(x) — 1)) (x €[-1,1]).
k=0
Analytical continuation shows that this equation is true for all x € C. In
particular, since p,(r) > 1 for r > 1 and p, € D(u), it follows that

p(r) < exp (Z ¢ (P (r) - 1))

k=0
for all p € D(u) and r > 1. Therefore, using |P (x)| < P (r) for x € E,
and {zeC:lz|<r}cEm,wehave

pi<p (Vrie1) sex (éjock (B (Vr+1) - 1))

for p € D(u) and x € C satisfying |x|] < r. Since p has no zeros,
Hadamard’s factorization theorem (see, for instance, Holland [24, Theorem
4.9]) implies that p(x) = exp(P(x)), P being a polynomial of degree not
greater than n. Since g =p on NO, the injectivity of the Fourier transform
yields the desired representation of p where d, < 0 is impossible, since

otherwise lim, ,__ A(r) = 0 would be true.
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8.6. LEMMA. Let (N, x) be a polynomial hypergroup. If for every n € N,
n > 2, there exists m € N such that suppé;” ={0,1,2,...,nm}, then
the probability measure e~* exp(td,) has an indecomposable factor for every
t>0 and every n>2.

ProOF. We shall prove that there exists ¢ > 0 such that the measure
u(e) == exp(t(d, — &d,)) is nonnegative. Using Proposition 4.2, we can then
conclude that ¢~ "'~ -exp(t(6, — &d,)) € D" exp(#d,)) has an indecom-
posable factor which finishes the proof.

In order to prove the nonnegativity of u(e) for small ¢ > 0, we write

u(e) as
k-1
ue) = 6+k§lt E l'(k 1),,, (—&d;) .

Since the linearization coefficients gu,v,lu_v, and g, , ,,, are positive for
all u, v € Ny, we have

{0,1,...,n-k}*x{n}={0,1,...,n-(k+1)}.
Therefore the assumption of the lemma yields that

suppéf ={0,1,...,n-k} forallk>m.
Since thus ot
suppdy > | supp(d * (—6)) (k2 m)
I=1
and

suppd,’ D Usupp(& -¢d,) U Usupp 6 x (—€d )1 h,
I=1 I=1i=0
and since the negative measures appearing on the right sides of these two for-
mulas are always multiplied by powers of ¢, we can find an ¢ > 0 sufficiently
small such that the measures
k

((sn-sal)"=Z<’l‘>5},*(—sal)"" fork=m+1, m+2,...,2m
1=0

and the measure y

0y + IZ:(J - ¢d,) 1'
1
are non-negative Since every kK € N with £ > m + 1 can be written as
k= Z i=me1J O with a, €Ny, the measures (5n—851)k are nonnegative
for all kK > m+ 1. In summary, we obtain that u(¢) = EZ‘_’__O %(6,, - 851)k is
nonnegative as claimed.
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8.7. LEMMA. Let (N,, *) be a polynomial hypergroup such that b, = 0
forall ke N, For ke N let
H - { {0,2,4,...,k} ifkiseven
k1 {1,3,5,...,k} ifkisodd.

If for every n € N, n > 3, there exists m € N such that suppd, = H,,,
then the probability measure e exp(td,) has an indecomposable factor for
every t >0 and every n > 3.

PROOF. Assume first that n is even and n # 2. Similarly to the proof of
Lemma 8.6 it suffices to show that

oo Lk
u(e) := exp(1(3, — 5,) = 3 %((sn — 26,)
k=0

is nonnegative for sufficiently small ¢ > 0. Since 8u.v, ju~v| and 8y v, viu
are positive for all u, v € Ny, we have H,, x{n} = H,, . This fact and
the assumptions of the lemma imply that

k-1
supps’ O | supp(d, * (-e8)*) (k2 m)
1=0

and
k—1

suppd, O | J supp(é, - ed,) .
I=1
Now from the arguments used in the proof of Lemma 8.6 it follows that u(¢)
is nonnegative for sufficiently small ¢ > 0.
If n is odd and n # 1, then the methods used above also imply that
u(e) := exp(t(d, —€d,)) is nonnegative for sufficiently small ¢ > 0. Thus the
proof is complete.

8.8 THEOREM. Let (N,, *) be a polynomial hypergroup.

(1) Every u € M'(K) can be written as u = v, xv, where v, is infinitely
divisible and has no indecomposable factors, and v, is the weakly convergent
product of at most countably many indecomposable factors of u .

(2) Every infinitely divisible measure u € M Y(K) admits a Levy-Khintchine
representation of the form

p=e " exp(tv) wheret>0 and ve MI(NO).

(3) If (Ny, *) has Property (T) and if for every n € N\{1} there exists
m € N such that suppd, ={0,1,2,..., nm}, then

I,(Ng) = {u € M'(Ny) : = exp(t(8, - J,)), t > O}
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(4) If (N, *) has Property (T), if b, =0 for all n € N, and if for every
n € N\{1, 2} there exists m € N such that suppé, = H,, (H,, given as
in Lemma 8.7), then

I(Ny) = {u € M'(Ng): = exp(t,0, + 1,8, — (t, + 1,)8,), ¢, t, 2 O} .

Proor. (1) By Theorem 8.2(5), (N;, *) has Property (D). Since for o =
y, 1 € suppn is true and since for a > y the assumptions of Lemma 2.6
hold, part (1) follows immediately from Theorem 3.8.

(2) This follows from Proposition 4.1.

(3) Let ¢t > 0. Using Proposition 8.5, we know that every factor of u =
exp((d, —d,)) has the form exp(z(d, —d,)) where > 0. Hence u € Iy(N,).

In order to prove the converse inclusion, assume u € M 1(NO) has no
indecomposable factor. Then Theorem 3.5 and part (2) imply that 4 =
exp(Y gy 4 (6, — J;,)) where 1, >0 (k € N) and Y77, ¢ < oo. Since for
k >2 and ¢, > 0 the measure exp(f,(d, —d,)) € D(u) has indecomposable
factors by Lemma 8.6, we must have 7, = 0 for k > 2. Thus the proof of
part (3) is finished.

(4) Let ¢t;, > 0 and ¢, > 0. Using Proposition 8.5, we know that
every factor v of u = exp(t,(d, — dy) + t,(J, — J,)) has the form v =
exp(t,(d, — d,) + 7,(d, — d;)) where 7, € R and 7, > 0. Since b, =0 for
all ne N, P(-1)=-1 and P,(—1) =1 are true (see Section 8.1). Thus
v(—1) = exp(—2d,). Thus, using |[J(-1)] < 1 for the probability measure
v, weget 1, >0. Therefore, v has the same form as x which implies
u € Iy(Ny).

In order to establish the converse inclusion, assume u € M '(NO) has no
indecomposable factor. Then Theorem 3.5 and part (2) imply that u =
exp(X_ro, 4 (6, — 6,)) where ¢, >0 (k€ N) and ) 77, ¢ < oo. Since for
k >3 and ¢, > 0 the measure exp(¢,(d, —J,)) € D(u) has indecomposable
factors by Lemma 8.7, we must have ¢, =0 for k > 3. Thus the proof of
Theorem 8.8 is finished.

8.9. REMARKS. (1) The factorization result contained in Theorem 8.8(1)
was stated earlier by Schwartz [41, Theorem 9]. However the proof there
contains a little gap, which is filled here by using part (2) of Theorem 8.2.

(2) For the special case of polynomial hypergroups associated with ultras-
pherical polynomials, the results of Theorem 8.8 were established earlier by
Bingham [4] and Ostrovskii and Truhina [37]. In particular, the ideas of the
proof of Proposition 8.5 are taken from the paper of Ostrovskii and Truhina.

(3) Either part (3) or part (4) of Theorem 8.8 can be applied to almost
every known polynomial hypergroup. In this way, Property (T) holds for
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every polynomial hypergroup known to the author. The second condition of
part (3) or part (4) which claims that sufficiently many 8 n,k AT€ positive
is fulfilled for every known polynomial hypergroup except for the, unfor-
tunately very important, hypergroups which are associated with Tchebichef
polynomials of the first kind.

(4) Tt follows easily from Proposition 8.5 and the methods used in the
proof of Theorem 8.8(4) that for polynomial hypergroups associated with
Tchebichef polynomials of the first kind exp(#d,«) el e I,(K) forall t>0
and k € N. Therefore, one part of the assertion of Theorem 8.8(4) does not
hold in general.

To make the check of the assumptions of part (3) and (4) in Theorem 8.8
easier, we establish a lemma which treats these conditions. In 8.11-8.18 we
then give some examples.

8.10. LeMMA. Let (N, *) be a polynomial hypergroup. (1) If 8. n1>0
and 8, . 3, >0 forall n>2, then the assumptions of Lemma 8.6 hold.
Moreover, g, , >0 and 8, n,2n-1 >0 are true for all n > 2 ifand only if

n-1
b,>0 and b,+) (b, —b)>0 foralln>2.
k=1

(2) Let b, =0 forall neN. If g, , ,>0and g, , ,,_, >0 forall
n >3, then the assumptions of Lemma 8.7 hold. Moreover, 8 n.2>0 and
8. n.2n-2>0 hold for all n > 3 if and only if

a,c, +a,_c,—¢, >0 and
n-2

@ Cpy1 t @y _1C— € + Z(an+kcn+k+l - akck+1) >0
k=1

forall n>3.

ProoF. (1) By the assumption we have supp 63 5{0,1,2n-1, 2n} for
n > 2. We next show that

k
supps2* 5 {0, 1,..., kyu|J{2ln -k, 2ln—k+1, ..., 2in}
I=1

for all k € N by induction. In fact, this statement is true for kK = 1 and the
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induction step is an immediate consequence of

k
({o, 1,....,kpulJ@2in-k,2ln-k+1, ..., 21n}>*{0, 1,2n-1,2n}
=1

k+1
5{0,1,...,k, k+ I}UU{Zln—k— 1,2ln-k,...,2In}.

I=1
Now, taking k = 2n, we obtain {0, 1, ..., 4n2} C suppé,?" as desired.
In order to prove the equivalence of the conditions mentioned in Lemma

8.10(1), we first note that

8 n 1 =/RP1PnPnd7t//RP12d7t=bn-/RP:dn//RPlzdn

which establishes that g, . , >0 and b, > 0 are equivalent forall n € N.
Moreover, using g, i1 =8ns 8 pn = b, , the recursion formulas

a

_ n+m—1
gm,n,m+n_gm—1,n.m+n—l' a
m-—1
and
_ . 8nim—2 + . bm+n—l ~ bn—l
gm,n,m+n—l _gm—l,n,m+n—2 a gm—l,n,m+n—l a
m—1 m—1

(for m, n e N, m > 2; see Lasser [30, page 188]) and induction, we obtain
_ a,4,,, 4

m+n—1
gm,n,m+n - a a2

am—l

and

aa .
n“n+1’ m+n -2
gm n,m+n—1 " b +E n+k :
2 a,a,---a

m—1
Since a, > 0 for all k € N, the latter equation ylelds the equivalence of the
second pair of conditions in part (1).
(2) Since by the assumption suppdﬁ >{0,2,2n-2,2n} for n> 3, the
same methods as used in the proof of part (1) imply that

k
suppd2* 5 {0, 2, 4, ..., 2kyu|J{2In -2k, 2In—k+2, ..., 2In-2, 2In}
=1

for all k € N. Now, taking k = n, we obtain {0, 2, ..., 2n2} C supp&f"
as claimed. In order to establish that the conditions mentioned in Lemma
8.10(2) are equivalent, we first note that

2 2 2
gn,n,2=‘/RP2PnPndn//l;P2dn:gz,n,n'/RPndn//RPZdn

https://doi.org/10.1017/51446788700033012 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033012

[43] Probability measures 459

and
g2,n,n (an n+1 an 1%n cl)/al
is true for n > 2. These facts ensure the equivalence of 8nn2 > 0 and

a,c,.1—4a,_,¢,—¢, > 0. Moreover, using & an= (@,Cp1—9,_1C—C1)/ay s
g - a1 Cpin_y
m,n,m+n a a2 am—l 4
the recursion formula
= nim—3
gm,n,m+n—-2 - gm—l ,n,m+n-3 a
m—1
+ . Cmin=1 _ . Cm-1
gm—l,n,m+n—1 gm—2,n,m+n—2
a a
m-1 m—1
(for m, n e N, m > 2, see Lasser [30, page 188]) and induction, we obtain
g _ A8yt Apan-3
m,n,m+n—=2
18y 4y
-2
N1 T4 16— Z(an+kcn+k+l - 4Chyy)
k=1

for all m,n € N with m > 2. This shows that the second couples of
conditions in part (2) are equivalent.

8.11. EXAMPLES: JACOBI POLYNOMIALS. Let o, f € R with a > > —1

and
(@+B+1D(a+B+4)(a+B+6)
>(a-B)la+B+1) —Ta+B+1)-24].
We define
4 = 2n+a+ B+ ) (n+a+)(a+p+2)
" 2n+a+B+2)2n+a+f+1)2a+1)’
b =M(1_ (a+B+2)(a+B) )
" 2a+1) 2n+a+p+2)2n+a+p)
and

. = 2n(n+ B)la+ B +2)

"o 2nta+ B+ 1)2n+a+ B)2(a+1)
These sequences induce a polynomial hypergroup on N, which is associ-
ated with Jacobi polynomials (P,E"’ﬂ )) neN, - Moreover, the sequences defined

above define a polynomial hypergroup if and only if the indices a and 8
satisfy the restrictions above (for details see the survey of Gasper [20, The-
orem 3], and Lasser [30, Section 3(a)]). From Gasper [20, Theorem 4], it

{(neN).
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follows that every such polynomial hypergroup has Property (T). This fact
was earlier used in Voit [49, Section 5.1].

If «a = B, then we have ultraspherical polynomials and the inequal-
ity above can be reduced to a > —1/2. Since for « > —1/2 the lin-
earization coefficients &m n.min—2k ar€ known and positive (m, n € N,
k=0,1,...,min(m, n); see, for instance, Lasser [30, Section 3(a)}, we
can apply Lemma 8.10(2) and obtain that the conclusions of Theorem 8.8(4)
are true. In fact, this result is just the main result of the paper of Ostrovskii
and Truhina [37]. For a = § = —1/2 we have Tchebichef polynomials of
the first kind.

If o > B, then the sequence (b,),cy is positive and increasing. Therefore,
the assumptions of Lemma 8.10(1) are fulfilled. Thus we can apply Theorem
8.8(3) here.

8.12. EXAMPLES: GENERALIZED TCHEBICHEF POLYNOMIALS. Let § > —1
and a > B+ 1. Define
l+a+p-1
20+a+p+1
n
ﬁ%—;—i ifn=21+1, IENO,
b,=0 and ¢, =1-a, (ne€N;). Then we have a polynomial hypergroup
with Property (T) whose associated orthogonal polynomials are generalized
Tchebichef polynomials (for details see Lasser [30, Section 3(f)] and Voit
[48, Section 5.2}).

Let g, ,, and gm . Tespectively be the linearization coefficients of
the generahzed Tcheblchef polynomlals and of the Jacobi polynomials (with
indices « and f) respectively. Then, using Equation (18.1) of Lasser [30]
and the facts g(“Jﬁz)J ;>0 and g]("]ﬁl) > 0 for a > 0 (see Section 8.11), we
get

ifn=2/, leN,

a, B)
g2121412 gJJZJ 1>0 and 82j,2j,2 = g111>0

Similarly, from [30, Equation (18.4)] it follows that
2j+ B +1 (a, B+1)
&ajrr 241,42 G rar B2 i >0

and i
a+ (a, B+1) >0.

82j+1,2j+1,2 2 at B+1 %000
Therefore, we can apply Lemma 8.10(2) and obtain that the conclusion of
Theorem 8.8(4) is true for generalized Tchebichef polynomials.

8.13. ExAMPLES: GRINSPUN POLYNOMIALS. Fix @ € R, a > 2, and define
a =(a-1)/a, ¢, =1/a and a, = ¢, = 1/2 (n = 2,3,...). This

https://doi.org/10.1017/51446788700033012 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033012

[45] Probability measures 461

sequence defines a polynomial hypergroup which is associated with Grinspun
polynomials (see Lasser [30, 3(g)(ii)]). From Askey [1, Theorem 5], it follows
that this hypergroup has Property (T). Moreover, the explicit representation
of the linearization coefficients 8m.n.k given by Lasser [30, 3(g)(ii)] and
Lemma 8.10(2) ensure that part (4) of Theorem 8.8 can be applied for a > 2.
For a = 2 we have again Tchebichef polynomials of the first kind.

8.14. EXAMPLES: ¢-ULTRASPHERICAL POLYNOMIALS. Fix £, ¢ with
—-1<p<1 and 0< g <1, and define
~ 1- qn+1 - 1 - ﬂ2qn—l

hais gy "N B STy

Then the g-ultraspherical polynomials C,(x; 8 |4g) are given by

C_(x;Blg)=0, Cyx; Blg)=1,
x-C,(x; Bla) = 4,C,,,(x; Bla) + C,C,_,(x; Bla)

(see, for example, Bressoud [10]). The normalized orthogonal polynomials
C‘n(x; Blg) = C,(x; Blg)/C,(1; Blg) (n € N;) then define a polynomial
hypergroup with Property (T) where the associated linearization coefficients
8m.n.min—2k (m,neNy, k=0,1,2,...,min(m, n)) are positive (see
Voit [49, Section 5.3]; the positivity of the linearization coefficients follows
from Bressoud [10, Theorem 1]). Therefore the conclusion of Theorem 8.8(4)
is true for g-ultraspherical polynomials.

neN.

8.15. EXAMPLES: ASSOCIATED LEGENDRE POLYNOMIALS. For a fixed
v > 0 the associated Legendre polynomials P,',’ (x) as defined in Section
3(b) of Lasser [30] bear a polynomial hypergroup structure with Property
(T) (Property (T) is proved in Voit [49, Section 5.5]). Moreover, for all
m,neN; and Kk =0,1,2,...,min(m, n), the lincarization coefficients
8m.n.men—2i are positive and thus the conclusions of part (4) of Theorem
8.8 are true for associated Legendre polynomials.

To prove the positivity of the linearization coefficients, we first note that up
to positive normalization factors the g, .., are equal to the lineariza-
tion coefficients b,, , ..., ,, introduced in Lasser [32]. By the theorem in
Lasser [32], these coeflicients can be written as

bm,n,m+n—2k=Rm,0'c(m’ n, m+n-2k)
k-1
+2Rm,j'6(m—2j,n,m+n_2j)+Rm’k

i=1
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X

where R, 1, R, ;20 (j= , k — 1; see [32, page 407]),

c(m,n, m+n 2k)>0and c(m-2j,n, m+n 2k)>0 J=1,...,k-1;
see [32, Proposition 1]). Hence b, , .., 5 >0 as claimed.

8.16. ExaAMPLES: GERONIMUS POLYNOMIALS. Fix a, b € R with a+5 <0
and ab+1>0.If

_ na-1)b-1)+2-a->
" (2—-a-b)(n(a-1)(b-1)+1-ab)
bn=—%20, and ¢,=1-a,-b,>0 (neN),
then the associated orthogonal polynomials are Geronimus polynomials
which define a polynomial hypergroup structure with Property (T); for details
we refer to Voit [49, Section 5.4].

For a = —b the coefficients b, are equal to 0, and we have g, n2> 0
and g, , 5, , > 0 by using [49 Equation (5.15)]. Therefore, part (4) of
Theorem 8.8 can be applied.

For a # —b we have g, 1 >0and g, ,,,_, > 0 again by using
Equation (5.15) of [49]. Thus Lemma 8.10(1) shows that part (3) of Theorem
8.8 is applicable.

For b =0 and a = -k (k € N;), the semigroup (MI(NO), *) 1is iso-
morphic to the semigroup of all isotropic probability measures on a special
infinite, finitely generated semigroup. For details we refer to Voit {48, Sec-
tion 5.1.2]. There are further infinite, finitely generated semigroups for which
the set of all isotropic probability measures are semigroups with respect to
the usual convolution and for which this semigroups are isomorphic to poly-
nomial hypergroups; see Soardi [43]. Since the polynomial hypergroups of
Soardi [43] are always connected with Tchebichef polynomials of the second
kind, Part (4) of Theorem 8.8 can be applied here (see Section 8.11, too).

>0,

a

8.17. EXAMPLES: POLYNOMIAL HYPERGROUPS ASSOCIATED WITH INFINITE

DISTANCE-TRANSITIVE GRAPHS. Fix a, b € R with a, b > 2. Taking
g =21 b = b-2 =1
nT o aq " ab-1)° " ab-1)

we obtain a polynomial hypergroup with Property (T) which is associated
with generalized Cartier polynomials (see Voit [51, Sections 5.3 and 5.6]).

If b=2 and a>2,then b, =0 forall n€N,and g, , ,.,_5 >0 for
m,neN, and k=0,1,2,..., min(m, n) by Voit [51, Equation (5.6)].
Therefore part (4) of Theorem 8.8 can be applied.

If b>2,then g, , ,,,_y >0 and g, , |,y >0 by [5], Equation
(5.6)]. Therefore, Lemma 8.10(1) ensures that Theorem 8.8(3) is applicable.

(HEN),
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For a = b = 2 we have Tchebichef polynomials of the first kind.

We conclude this section by noting that for a, b € N, a, b > 2, the poly-
nomial hypergroups above are isomorphic to the double coset hypergroups
which arise when we consider the automorphism groups of infinite distance-
transitive graphs and the stabilizer subgroups of fixed vertices. Moreover, all
polynomial hypergroups which are isomorphic to double coset hypergroups
are contained in the class introduced in this section; for details and further
references we refer to Voit [51, Section 5].

8.18. EXAMPLES: POLYNOMIAL HYPERGROUPS SATISFYING A CONDITION
OF ASkEY. Let (a,),cn> (b,),en and (c,),cn satisfy a,,¢c, >0, b, 20,
a,+b,+c, =1 and

ac,>c¢, a,Cpy = a,_(Cps b,>b,_,, forn=2,3,....

Then these sequences define a polynomial hypergroup with Property (T) (see
Voit [49, Section 5.7]).

If b, =0 for all n € N, then the condition above also implies that the
assumptions of Lemma 8.10(2) are true. Therefore, the conclusion of part
(4) of Theorem 8.8 is true for the symmetric case. In particular, Theorem
8.8(4) can be applied to Pollaczek polynomials, since Askey’s condition holds
for these orthogonal polynomials (see Lasser [30, Section 3(e)]).

Furthermore, if b, > 0 (and thus 5, > 0 for n > 2), then Askey’s
condition entails the assumptions of Lemma 8.10(1). Hence, the conclusion
of part (3) of Theorem 8.8 is true for this nonsymmetric case.

We finish the treatment of the arithmetic of polynomial hypergroups by
noting the following theorem about indecomposable measures. As the pre-
ceding discussion of examples shows, the assumptions of the theorem are
true for all examples except for the polynomial hypergroups associated with
Tchebichef polynomials of the first kind.

8.19. THEOREM. Let (N, *x) be a polynomial hypergroup. If either
&m.n.minoy > 0 forall m,neN, orb, =0and g, , .., o>0 for
all m, n € N, then the set of all indecomposable factors is dense in M l(NO)
with respect to the norm || - ||.

ProOF. (cf. Ostrovskii and Truhina [37, Theorem 2]) We first assume
that g, , inoy > 0 forall m,neN, If ue M‘(No) satisfies supp u C
{0,1,...,n}, nesuppu and n—1 ¢ suppu for some n > 1, then u is
indecomposable. In fact, v, * v, = u with v, # J, # v, would imply that
v, and v, are finitely supported and that the numbers », := maxsuppvy,
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(i =1,2) satisfy n, + n, =n and n, +n, — 1 € supp(d, n, *d, ) C supp
contradicting our assumption. Therefore, for arbitrary v = Ek=0 60 €
M 1(NO) and N € N sufficiently large, the measure

-1 N
1
=(1-1/N)- (ch) il + 3 Onas € M (Ny)
k=0

is indecomposable. Since [[v —vy| = 0 for N — oo, the proof of the first
part is finished.

Since the proof of the second part is very similar to the first one (see also
[37, Theorem 2}), we omit it.

To conclude this section we would like to point out a remarkable property
of characters that are contained in the discrete set L:

8.20. PROPOSITION. For every x € suppn\[—1, 1] the following state-
ments are equivalent:

(1) x < —xq;

(2) x is isolated in D, = NO;

(3) the character o, € NO corresponding to x (that is, a (n) = P,(x) for
n € Ny) is contained in LI(NO, m), which means

S IR, b, = llall, < co.

n=0

Proor. The equivalence of (1) and (2) follows from Theorem 8.2. Fur-
thermore, it follows from Nevai [35, Section 4.1, Theorem 18}, that
ﬁ n+l (x )

Bt |Pon®)|_ [a
P () "\/:nlggo B (x)

lim -2+l
=\/§'<IX|+ /xz_l)_l{>1 for x €] - x,, —1[

n—oo h
<1 forx< -X,

for x € suppn\[-1, 1]. This implies that (1) and (3) are equivalent for
x # —x,. Finally, since —Xx, is not isolated in D_, Proposition 1.3 yields

a_, ¢L'(K).

8.21. REMARK. For some parameters, the polynomial hypergroups intro-
duced in Section 8.16 and Section 8.17 have an isolated character a which is
integrable with respect to the Haar measure by Proposition 8.20 (for details
on suppn and No see Askey and Wilson |2, Equations (4.28)-(4.30)], Voit
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[49, Section 5.4], and Voit [51, Section 5.6]). In particular, from Proposi-
tion 1.3 it follows that a/|la||§ -m is a nontrivial idempotent measure. This
yields examples of polynomial hypergroups, and therefore of commutative
hypergroups without proper compact subhypergroups, that have nontrivial
idempotent measures. This fact shows that the classification of the idempo-
tent measures on commutative hypergroups is much more complicated than
in the case of locally compact abelian groups (for groups see Rudin [39]).
For the classification of idempotent measures u € M,(K) with x| <1 on
a commutative hypergroup see Bloom [6].
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