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oo 
\ _ A 

1. When two uniform functions f(z) = 2) a z n , 
n 

oo 1 
-\i - 1 

g(z) = S b z v are given, each with a finite radius of 

1 

absolute convergence R . R^ respectively, and { \ } , { |JL } 
1 2 n v 

are real positive increasing sequences tending to infinity, a 
theorem due to Eggleston [l], which is a generalisation of 

Hurwitz1 s composition theorem, gives information about the 

position of the singularities of a composition function h(z), 

which is assumed to be uniform, in terms of the position of 

the singularities of f(z) and g£z). This result can be 

extended to Dirichlet series with real exponents by use of 

the transformation z =e s . 

£f { a } , {b } are sequences of complex numbers and 

if the functions F(s), G(s) and H(s) are given by the Dirichlet 

series 

00 00 

F(s)= S a e"^n S , G(s) = 2 b e ' ^ v \ 
A n A V 

n = l v =1 
(1) 

TT/ \ V -U n V n V 

H(s) = S a b e 
, n v r(X r(M- ) n, v =1 n v 

the following result comes immediately from Eggleston' s theorem: 
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T H E O R E M 1. If the D i r i c h l e t s e r i e s F ( s ) , G(s) have 
finite a b s c i s s a e of abso lu t e c o n v e r g e n c e cr , cr r e s p e c t i v e l y , 

then the c o m p o s i t i o n s e r i e s H{s) i s a b s o l u t e l y c o n v e r g e n t in 
cr _ cr ^ 

R(s) > log (e *+e ° ) . F u r t h e r H(s) can be con t inued 
e 

ana ly t i c a l l y to a l l poin ts of the S -p lane excep t t h o s e po in t s y 
a 6 

which a r e such tha t (i) y = log (e -fe ) or (ii) y is s e p a r a t e d 

f r o m the half p lane of r e g u l a r i t y of H(s) by a s i n g u l a r line» 
H e r e a b e longs to the c l o s u r e of the s i n g u l a r i t i e s of F(s ) 
and (3 to the c l o s u r e of the s i n g u l a r i t i e s of G(s) . The 

a 6 
e x p r e s s i o n s log (e +e ) a r e to be t aken in a l l t h e i r d e t e r m i n a t i o n s . 

2. Al though T h e o r e m 1 h a s no i m m e d i a t e t r a n s f o r m a t i o n 
into a c o m p o s i t i o n t h e o r e m on D i r i c h l e t s e r i e s wi th c o m p l e x 
e x p o n e n t s , t h e r e a r e c e r t a i n s p e c i a l c a s e s of t h i s type of s e r i e s 
for which we can c o n s i d e r the a b s o l u t e c o n v e r g e n c e of the 
c o m p o s i t i o n s e r i e s H(s) of the f o r m given in (1). We c o n s i d e r 
h e r e two such s p e c i a l c a s e s . 

In the proof of T h e o r e m 2 we wi l l need the fol lowing l e m m a , 
which i n c l u d e s a r e s u l t due to S c h w e n g e l e r [3] . 

L E M M A 1 . If the s e q u e n c e of c o m p l e x n u m b e r s { \ } 

i s bounded and the s e r i e s 

oo 

F ( s ) = 2 a e ~ X n S 

n = l n 

abso lu t e ly c o n v e r g e n t at a point s , then for any o t h e r s t h e r e 
o 

e x i s t s a s q u a r e wi th c e n t r e at s wi th in which the s e r i e s i s 
— — • — o 
a b s o l u t e l y and un i fo rmly c o n v e r g e n t . F u r t h e r , the s e r i e s F ( s ) 
r e p r e s e n t s an i n t e g r a l funct ion 

We can a s s u m e wi thout l o s s of g e n e r a l i t y tha t the point a t 
wh ich the s e r i e s i s a b s o l u t e l y c o n v e r g e n t i s the o r i g i n . The 

I a m indeb ted to the r e f e r e e for the f o r m t a k e n by t h i s l e m m a . 
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s e r i e s i s then a b s o l u t e l y c o n v e r g e n t at a point s if | e n | 
i s bounded for a l l n. 

If X = a + i(3 and s = cr + i T , we have 
n n n 

| e x p { - X s} I = exp{~R(X s)} = exp { TB - cr a } 
n n n n 

< exp{ | T | | p n | + K | | o r n | } < exp { |cr| + | T | } ? 

s ince we m a y a s s u m e |X I < 1. 
n — 

i -X s 
It fol lows tha t |e n | is bounded if t h e r e e x i s t s a 

cons t an t K such tha t 

e x p { \<r | + |T |} < K , 

or e l s e 

|cr | + tr\ < log K = K « . 

It i s c l e a r tha t once s = cr + IT is known, K can be chosen , 
but wi l l depend on s. The s e r i e s is t h e r e f o r e abso lu t e ly 
c o n v e r g e n t when s l i e s within the s q u a r e 

| (r | + | T I < K' , 

and h e n c e , a c c o r d i n g to Hil le [Z], the s e r i e s i s un i formly 
c o n v e r g e n t ins ide t h i s s q u a r e . 

If we a l low K to b e c o m e l a r g e , th i s s q u a r e c o v e r s the 
whole finite p lane and we have S c h w e n g e l e r ' s r e s u l t that the 
s e r i e s F(s ) r e p r e s e n t s an i n t e g r a l function. 

We now e x a m i n e the two spec ia l c a s e s m e n t i o n e d above . 
(a) Suppose F ( s ) , G(s) r e p r e s e n t two D i r i c h l e t s e r i e s with 
s e q u e n c e s of c o m p l e x exponen t s { X } , { \i } , r e s p e c t i v e l y , 

n v 
such that both sequences are bounded, i. e. I X I < X , | u. j < u. 

n ' v 
oc oo 

and tha t both S |a I and 2) |b J a r e c o n v e r g e n t . Then 
n v 

n = l v =1 
if the c o m p o s i t i o n s e r i e s H(s) i s given by (1) we have the 
fol lowing r e s u l t : 
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THEOREM 2. The composition series H(s) of (1) 

represents an integral function, provided only that for all n and 

v, (\ +|JL -1) is not zero or a negative integer, and does not have 

any of these values as a limit point. 

It will be sufficient for the proof of the theorem if we show 

that H(s) is of the same form as F(s) and G(s). That is, we 

will show that the series representing H(s) is absolutely 

convergent at one point, and the exponents of this series are 

bounded. The conditions of Lemma 1 thus are satisfied, and 

H(s) is an integral function. 

Since X < X and 
n 

< \i, the ratio 

r(X +M- - 1 ) 
n v 

rUJ^V 
will be bounded because of the conditions imposed on (X -fu. -1). 

n v 
Also S|a b I is convergent because of the convergence of 

S la and 2 jb 
n v 

Thus the series 

r ( x +M. - i ) 
u n v 

a b —-—-——-—— 

n v r x. ) r(|i ! 
n v 

is convergent. 

Since the exponents { \ 4-UL -l} of H(s) are bounded, 
n v 

H(s) is of the same form as F(s) and G(s) and therefore, by 
Lemma 1, represents an integral function. 

It is worth noting that the condition that (X -hJJL -1) does 
n v 

not have zero or a negative integer as a limit point is necessary. 

1 1 
This may be seen by considering the case where \ =— + —, 

A A n 2 n 
1 1 

„ ~^. + _„j when r(X +u - i ) is not bounded. 
v 2 v n v 
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00 

(b) Suppose now that the Dirichlet series F(s) = 2 a e n 

i n 

is of the form considered in (a) (i .e. 2 | a | convergent and 
n °° -us 

|X I < X) and that the Dirichlet series G(s) = 2 b e ^ v is 
1 

such that 2 | b | is convergent, and lim | JJL | = OO. We have 

the following result concerning the region of absolute convergence 

of the composition series H(s) given by (1). 

THEOREM 3. If the Dirichlet series F(s) and G(s) 

have the property that there exists a ô > 0 such that for all 

n and v 

arg (X +jjL -2) < TT - 6, arg (X +u. -1) < TT - 6 , 
' n v ' n v ' — 

| a r g ( u . - l ) | < T r - ô , l a rgu I < TT - 6, 
v — v — 

and if further R(X -1) < 0 for all n, then the Dirichlet series 
_ n __ 
H(s) is absolutely convergent at least in the region of absolute 

convergence S of G(s), with perhaps the exception of the 
G • • 

point at infinity if this belongs to S . 

Consider 

oo r ( X ! + u L ' + 1 ) - ( X ' + u ' + 1 ) s 
n v n v 

( 3 ) H ( s ) = S a b " . — . t . e 

, n v r x' + O r(u! +D 
n, v =1 n v 

where we have put 

X! + 1 = X , u.1 + 1 = JJL . 
n n v v 

From the asymptotic expansion [4] 

1 1 
log r(z+a) = (z+a-—) log z - z + — log 2ir + o(l), 

(where the principal value of the logarithm is taken) valid for 

jarg z| <-TT - 5, jarg (z+a) I < TT - £ f^m n ••" - £ < 

4 0 1 
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and Jz| sufficiently l a r g e , we have, for sufficiently large 

IK . I > 

r(\ '+n' + i) v 

Consider the e x p r e s s i o n 

1 K 
(4) (u ! + - ) l o g ( l + — ) - \ ' . 

v 2 JJL' n 
v 

The function log (1+z) i s ana ly t i c for | z | < 1 and h a s the T a y l o r 
expans ion 

co n+1 

log( l+z) - S ( - l ) n ^~— . 
n + 1 

n = 0 

Thus for suff ic ient ly l a r g e | JJL* | , (4) h a s the f o r m 

- ? l - X- = o( l ) -
UL' n 

v j 

Thus 

{ 5 ) l o g ^L^L^ = R ( X J ) l o | X i + i | . ^ ( x » ) a r g ( \ < - f u < ) 
Fiji. +1 ) n ' n v ' n n v 

+ i [ R ( \ ' ) a r g ( \ ' + ^ ) + 5 ( \ ' ) l o g | \ M - u s | ] + o ( l ] 
n n v " n n v ' 

We see t h e r e f o r e that the r e a l p a r t of (5) is g o v e r n e d by the t e r m 
R( X ' ) log X'+UL' I, for the second t e r m is b o u n a e a . s ince 

n n v ' 
0 < largCX1 +jxf ) | < TT . 
— n v 

Hence, provided that R(\* ) < 0, we see that 
n — 
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r U ' + n 1 +i) 
n v 

r O i ' + i ) 

i s bounded, and so the s e r i e s (3) c o n v e r g e s abso lu t e ly for s = 0, 
p rov ided a l s o that (X'+JJL' +1) i s not z e r o or a nega t ive i n t ege r . 

n v 
The s e r i e s H(s) is t h e r e f o r e of the s a m e f o r m a s G(s). 

The s e r i e s H(s) obvious ly c o n v e r g e s abso lu t e ly in the 
r e g i o n of abso lu t e c o n v e r g e n c e of G(s) excep t p e r h a p s for the 
point at infinity. 
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