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Abstract

Let E be a band and & a compatible partition on it. If S is an orthodox semigroup with band of
idempotents E such that there exists a congruence on S inducing the partition & then we define a
homomorphism of S into a Hall semigroup whose kernel is the greatest congruence on S inducing the
partition &. On the other hand, we define a subsemigroup W of the Hall semigroup W; possessing the
property that § is an orthodox semigroup with band ofidempotents E which has a congruence inducing &
if and only if the range of the Hall homomorphism of S into W} is contained tn Wi.

1980 Mathematics subject clussification (Amer. Math. Soc.): 20 M 10.

Introduction

Two congruence relations on a semigroup containing idempotents are called
idempotent-equivalent if they induce the same partition on the set of idempotents.
Idempotent-equivalent congruences on inverse semigroups were investigated by
Reilly and Scheiblich (1967). Their results were generalized for orthodox semigroups
by Meakin (1970). He gave a necessary and sufficient condition for a partition of the
band of idempotents E of an orthodox semigroup S to be induced by a congruence
relation of S and described the greatest and least congruence relations on S
corresponding to such a partition of E. Feigenbaum (1976) avoids taking transitive
closures from these characterizations. We contribute to these results by generalizing
in two directions Hall's theorem providing an orthodox semigroup Wy for every
band E and a homomorphism & of § into W for every orthodox semigroup S with
band of idempotents E such that its kernel is the greatest idempotent separating
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congruence on S. If S is an orthodox semigroup with band of idempotents E and & is
a partition of E such that there exists a congruence relation on S inducing the
partition & on E then, in Section 1, we determine a homomorphism of S into a Hall
semigroup whose kernel is the greatest congruence on § inducing the partition & on
E. As a consequence, we give an easy proof of Feigenbaum’s characterization
concerning the greatest congruence on S inducing &. In Section 2, for every band E
and compatible partition & on it, we define a full orthodox subsemigroup W7 of the
Hall semigroup W with the following properties : (i) W has a congruence relation
inducing the partition & on E, (ii) whenever S is an orthodox semigroup with band of
idempotents E and S has a congruence relation which induces the partition § on E
then the range of the Hall homomorphism ¢ is contained in W{.

Throughout the paper we adopt the terminology and notations of Clifford and
Preston (1961, 1967) and Howie (1976)..As far as the basic properties of orthodox
semigroups are concerned we refer to Howie (1976).

1. A generalization of the Hall homomorphism

Let S be an orthodox semigroup with band of idempotents E. Suppose
& = {E;: iel}is a partition of E.Meakin(1970) has shown that S has a congruence
relation inducing the partition & on E if and only if the following conditions are
satisfied :

(N1) for every i, je I there exists kel with E, E; € E,,

(N2) for every pair of elements s, s’ in S which are inverses of each other and for
every iel there exists jel with sE;s c E;

He described the greatest and least congruence relations on S inducing the
partition & on E as the transitive closures of certain relations. Feigenbaum (1976)
finds characterizations of these congruences in which she avoids taking transitive

closures.

REMARKS. 1. Condition (N1) is equivalent to requiring that:

(N1)* E is a band I of its subbands E; (ie ).

2. In condition (N2) it suffices to require that:

(N2)* for every s€ S there exists an inverse s’ of s such that for every i e I we have
s'E;s S E; for some jel.

(N2)* implies (N2). For if s* is any inverse of s then s* = (s*s)s'(ss*). Hence if
s*seE, and ss*€E,, then

S*E;s = (s*5)s(ss*) E;s = (s*s)S'E,, E; s.

By condition (N1), we have E,  E; < E;, for some j, €  and, by (N2)*,s'E;, s < E;, for
some j, € I. Applying (N1) again we obtain an element je [ with E, E; < E; Thus
S*E;s < E,.
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In the sequel by a normal partition we mean a partition satisfying (N1)* and (N2).

In what follows, let S be an orthodox semigroup with band of idempotents E and
let & = {E,: iel} be a normal partition of E. We generalize the argument in the
proof of Howie (1976), Chapter 6 Theorem 2.7 to define a homomorphism of S into a
Hall semigroup whose kernel is the greatest congruence on S inducing the partition
& on E. This result allows us to prove easily the characterization of this congruence
obtained in Feigenbaum (1976).

Define a mapping 0. , : (ss)1l(ss')1 — (s's)11(s's)1 for every pair of elements s,5'€ S
which are inverses of each other in the following way : let if,. ; be the element je I for
which s'E;s € E;. Clearly, 0. , is the uniquely determined mapping making the
diagram below commutative :

ss'Ess’ 9, S'sEs’s

L AL

(ss')1l(ss') O, s (s's)(s's)1

Here O, ,: ss'Ess’ — s'sEs’s is the isomorphism assigning s'es to eess'Ess’. This
mapping is used in defining the Hall homomorphism &: S —» Wy

LEMMA 1.1. The mapping 0, ; is an isomorphism of (ss') 1I(ss') 1 onto (s's)1l(s's)1 and
;:=8_,.

The proof of this lemma is immediate.
Now let i be an arbitrary element in I. Then
(1) SE;s = 5'(sS)E(ss)s © S E¢ E; Egoy, S
€ s'Eig,,. 5 S Eioy, .0,
where O,(k e I) is used to denote the mapping of I onto klk which assigns kiktoiel.

Let us define the transformations X, and p, of I/# and of I/¥, respectively, as
follows : for every iel,

(2) R i = Rie,. .0 and L;p; = Lig, s,

5,50

where s’ is an inverse of s. The following lemma shows that £, and p, are well defined.

LEMMA 1.2. Assume that S is an orthodox semigroup with band of idempotents E and
& = {E;: iel}is anormal partition of E. Let s€ S and s, s* be two inverses of s. If iR ]
then

i®(s's)l Bs,s’ @jQ(s‘s)l 05, s*

https://doi.org/10.1017/51446788700021923 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700021923

68 Maria B. Szendrei [4]

and, similarly, if i.¥£j then
i®(ss‘)| 95',s yj@{ss‘)l 0

s*, s

ProoF. Since s's.¥s*s in E we have (s's)1.%(s*s)1 in [. Green’s relation & is a
semilattice congruence on I therefore Dyt = D = D, s holdsin I. Thus i®j
implies

(s's)i.j

($8)1.j.(s*s)yr.i(s's)r = (s's)u.ji.(s's)1 = (5's)i.i.(s's)i = IOy,

Hence we conclude that
(SE;s*)(SE;s") = s(s's) E{s* s) E{(s's) s'

’
SsEig,,.S S Eg, 0.

Hence, by (1), the equality

JO sy U v 1O, O o = 1O ), O o
follows. By symmetry,

1O 6y, U5 - JO o5 U, v = jO g5y, U5+

also holds which completes the proof of the first assertion. The second one follows
dually.
Now we can state the main result of this section.

THEOREM 1.3. Suppose S is an orthodox semigroup with band of idempotents E and
& ={E;:iel} is a normal partition of E. The mapping &' : S — W, defined by
sE = (Py, ), where 7, and p, are determined by (2), is a homomorphism. SE° is a full
orthodox subsemigroup of W, and the kernel of E" is the greatest congruence relation on
S inducing the partition & on E.

REMARK. If & is the trivial normal partition of E where E (i € ) are singletons then [
is actually E and, consequently, 2, and p, (s € S) are just 2 and p,, respectively, used in
Howie (1976), Chapter 6 Theorem 2.7, to define the Hallhomomorphism & : S — W.
In this case ¢ = & and Theorem 1.3 restates this theorem,

PRrOOF. One can immediately see by (2) that (p,, /) € W;. In consequence of (1) and
(2) we obtain that & is a homomorphism. If e € E, then ¢E;e < E,;, = Eq for every
iel. Thus, by (2), we have R/, = Rie, and L;p, = L;g,. This means that
e&" =(p,, ~,) = ky where y : I > W, is the natural embedding of I in W,. This
implies, on the one hand, that S’ contains all the idempotents of W, thatis, S is a
full orthodox subsemigroup of W,. On the other hand, we infer that the congruence
& < (&%)~ ! induces the partition & on E. Consider an arbitrary congruence ¢ on S
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which induces £ on E. Then an isomarphism can be defined between I and the band
of idempotents of the factor semigroup S/o by assigning the o-class containing E; to
iel Let us identify the band of idempotents of S/o with I by this isomorphism. If s
and s’ are inverses of each other in S then so and s'¢ are inverses of each other in S/o.
Furthermore, if S'E; s < E; then s'c.i.s6 = j holds in §/0. Thus there is no difficulty
in verifying that & = ot & where £ : S/o — W, is the Hall homomorphism of S/o into
W,. Consequently, we have 6 = %(£%)~ ! which proves that & o (£%)~ ! is the greatest
congruence on S inducing the partition & on E.

REMARK. The last statement of Theorem 1.3 can be proved by observing that the
relation { defined in Meakin (1970), Theorem 2.3, is contained in & « (£“)~!. Then the
same holds for its transitive closure {*. Since 7% - (8)~ ! induces the partition & on E,
Meakin (1970), Theorem 2.3, implies that & <(£¥)"! = {' and (' is the greatest
congruence on S inducing &.

Now we deduce Feigenbaum (1976), Theorem 4.2, from our Theorem 1.3.

COROLLARY 1.4. Let S be an orthodox semigroup with band of idempotents E.
Assume that & = {E;:iel} is a normal partition of E. Then the relation

C*¥ = {(s,t)e S x S :there exist inverses s' and t' of s and t, respectively,
such that i€l implies sE;s' € E;, tE;t' < E; and
SE;s € E, t'E;t < Ey for some j,jk, kel
with jR] and k Lk}

is the greatest congruence on S which induces the partition & on E.

PrROOF. According to the definition of the homomorphism &° we have
S o(£°) )t if and only if the following is valid for each pair of inverses s’ and ¢’ of s
and ¢, respectively : i, # j, provided i % j, sE;s' < E; and tE;t' € E; , and, dually,
iy #j, provided i%j sEscE;, and tE;jtcE;. Lemma 12 implies
{* < & o(£%)~ 1. The reverse inclusion is obvious. The proofis complete by Theorem
1.3

2. The subsemigroup Wj of W,

Let E be a band and & a compatible partition of E. In this section we define a full
orthodox subsemigroup W, of the Hall semigroup W, which plays just the same role
among the orthodox semigroups with band of idempotents E possessing a
congruence relation which induces the partition & on E as Wy plays among all
orthodox semigroups with band of idempotents E. That means, W is an orthodox
semigroup with band of idempotents E* isomorphic to E which has a congruence
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inducing that partition on E* which corresponds to & under the natural embedding
¥ : E - W Moreover, if S is an orthodox semigroup with band of idempotents E
which has a congruence relation inducing & on E then the Hall homomorphism £
maps S into W,

Let E be a band. Denote by % the relation on E for which e % f if and only if eEe is
isomorphic to fEf. Suppose & = {E;: iel} is a partition fulfilling the condition
(N1)*. The equivalence relation corresponding to the partition & is denoted by =,.
Clearly, m, is a congruence relation on E. Denote by W, , the set of onto
isomorphisms o : eEe — f E f with the following property : for every x, ye eEe, xn, y
if and only if xan, ya. Consider the following subset of the Hall semigroup W, :

(3) W'; = {(pe(x,,/lfar_l): ed fand ae Wz,f}.

We shall show that W4, is an orthodox semigroup and it has the properties stated
above. In the proof we need the following lemma concerning the Hall semigroup Wy
(see the proof of Howie (1976), Chapter 6, Theorem 2.17).

LEMMA 2.1. We are given four elements, e, f, g and hin the band E such that e % f and
g h. Let aeW,  and e W, . Then (i) the product

(pe & A’f (Z,_ 1)(pgﬁl? ih Br_ 1)
of two elements in W equals (p, y,, A, 7, ') where k = (fyf)a~', m = (gfg) B and

y = (| KEK)(®yp, | faSEfgf)(BafaEgf9) e W, i

(ii)(pya; ', Ao @) is an inverse of the element (p, a;, A, &, '); and (iii) every idempotent in
We is of the form (p,, 4,) for some e in E.

LEMMA 2.2. W4 is a full orthodox subsemigroup of Wj.

PrOOF. If e % fin E and ae W, , then we can easily sce that « " 'e W7 . Thus
Lemma 2.1(ii) gives an inverse of each element of W which is also contained in W&,
Ifed fand g% hin E and ae W , Be W, , then we clearly have («|kEk)e W[ .,
and (8| gfgEg fg)e Wy, , where k = (fgf)a™ ' and m = (¢fg)p. Since the partition
& satisfies condition (N1)*, one can immediately see that
(©,,| faf Efaf)e W, ore Thus we obtain that their product y defined in Lemma
2.1 is contained in Wj ,. Referring to Lemma 2.1(i) we conclude that Wi is a
subsemigroup of W;. It is obvious by Lemma 2.1(iii) that W contains all the
idempotents of W as the identity automorphism of eEe (e € E) belongs to W, ,. Thus
we have shown that W is a full orthodox subsemigroup of Wj.

Define a mapping v’ : W§ — W, in the following way. Let ecE; and feE,
Suppose e f and a € Wﬁ,f. Then the mapping a : E{E/n,) E; —» E{E/n,) E; which
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assigns the 7 ,-class containing E, o to E, for every k < iis an onto isomorphism. Let

(4) (p. oy, j-f o, Y Vo= (PE. %, '15,- a, ).

LemMA 2.3. The mapping v* : W — Wy, is a homomorphism whose kernel induces
the partition &% = {E;\ . i€ I} on the band of idempotents.

&

PROOF. Let ec E;, feE;, ge E,, he E, such that e% fand g% h and let ae W, |,
BeW,, Then aeW,, and feWg ;. Suppose k=(fgf)a"'€E, and
m=(gfg)peE, Clearly, E. = E,;a~' and E, = E_, B. Moreover, one can see
immediately that

5 = (x|kEK)NO,,,| f9fEfaf)(B|9Sf9Egf9)
= (a|kEK)(©,;,| fafEfgf)(B|gfgEqfg)
= @|E(E/n,)E)(Of, | Ej{E/ng) Ej))(B| Eyjl E/ng) E,p).

Hence we obtain by Lemma 2.1(i) that

(P, )~f o, Y Vﬁ(Pg Bis A By Y vi = P V6 Am e Y v,

that is, v’ is a homomorphism. Since we have (p,,4,)v’ = (Pg, Ag) for every
idempotent ey = (p,, 4,) in W, therefore v’ - (v*)~* induces the partition &*. The
proof is complete.

Now we can state the main result of this section.

THEOREM 2.4. Suppose E is a band and & = {E; : i1} is a partition of E satisfying
condition (N1)*. Then W, defined in (3) is a full orthodox subsemigroup of W, and the
mapping v' : Wi — Wy, determined by (4) is a homomorphism whose kernel induces
the partition &* = {E;y : i€ I} on the band of idempotents. Furthermore, whenever S
and S’ are orthodox semigroups with bands of idempotents E and E/rn,, respectively,
and ¢ : S — S'is a homomorphism with ¢ |E = nfthen SE € Wi and o& = ¢v' = &
Here & and &' are

s & W ns
(p vV
S ¢ > wi

the Hall homomorphisms of S and S', respectively.

Proor. By Lemmas 2.2 and 2.3, all we have to prove is the last statement. Assume
that S, ' and ¢ fulfil the conditions of the theorem. Then ¢ o¢ ™' induces the
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partition & on E. Let s and s’ be inverses of each other in S. It is well known that
O, 1 sSEss’ - s'sEs’s, eQ, = ses

is contained in W, .. Ifx, yess’ Ess’ and xm, y then xO; ;| = s'xsn, 5'ys = y©O,. ; by
(N2). The same is valid for the isomorphism O .. Since they are inverses of each
other we infer that xz, y if and only if x@,.  m, y®,. .. Thus O, ;e W, .. By the
definition of the homomorphism ¢ : S — W,, hence it follows that S¢ < Wy. The
equalities p¢&’ = & and &v* = &* are immediate consequences of the definitions of &’
and v*. The proof of the theorem is complete.

The author expresses her thanks to the referee for calling her attention to
Feigenbaum’s paper.
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