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A SEMIGROUP APPROACH TO LINEAR ALGEBRAIC
GROUPS I11. BUILDINGS

MOHAN S. PUTCHA

Introduction. Let K be an algebraically closed field, G = SL(3, K) the
group of 3 X 3 matrices over K of determinant 1. Let .Z;(K) denote
the monoid of all 3 X 3 matrices over K. If e is an idempotent in /Z;(K),
then

o(e) = {a € Glae = eae},
C[G(e) = {a € Glea = eae}

are opposite parabolic subgroups of G in the usual sense [1], [28]. However
the map

e > (Ch(e), Ch(e))

does not exhaust all pairs of opposite parabolic subgroups of G. Now
consider the representation ¢:G — SL(6, K) given by

$la) =a® @ .

Let M denote the Zariski closure of K¢(G) in .#,(K). Let S denote the set
of zero determinant elements of M. Then S is a regular semigroup. The
set of idempotents of S,

ES) = {e®fle = e.f? = [ € M(K). ple). p(f) = 1,
ef' = fle = 0}.
Here p denotes rank. If e € E(S), then let
P(e) = {a € Glo(a)e = edp(a)e},
P (e) = {a € Gleg(a) = ela)e).

Then the map ¢ given by y(e) = (P(e), P (e)) is a bijection between
E(S) and all pairs of opposite parabolic subgroups of G. Furthermore if e,
f € E(S), then ¢f = fif and only if P(e) € P(f) and fe = fif and only if
P~ (e) S P (f). This example suggests that pairs of opposite parabolic
subgroups of a reductive group should correspond naturally with the
idempotents of a suitable regular semigroup. We will show this to be true
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in the more general setting of a Tits system with a finite Weyl group or a
Tits building with a finite Weyl complex.

1. Regular semigroups. Let S be a regular semigroup, i.e., a € aSa for all
a€ S. Ifa b e S, then a¢b if SaS = SbS, a%b if aS = bS, a%b if
Sa=8h,#=RNLD =R0L=LoA The semigroups encountered
in this paper turn out to have the property that # = £. If a € S, then
J, R, L, H,will denote the #class, #-class, Zclass, #class of a, respec-
tively. If a, b € S, then J, = J, if SaS 2 SbS, R, = R, if aS 2 bS,
L, = L, if Sa 2 Sb. See [2] for details. We will denote the partially
ordered set S/Z by %(S). Let

E = ES) = {e € S|l¢* = e).

Ife, f e E,thendefinefé,eifef:f,féfeifﬁz=f,é ==,NZ,
R==NE)Z==5,n (=) Iff=, e thenseteof =]
foe=fee EIf f=,e, then set

foe=/f, eof=ef €E.

Then the partial algebra (E, o) satisfies certain axioms [7, Theorem 1.1]
and the resulting system is called a regular biordered set. This is the work
of Nambooripad [7] who then goes on to show that conversely every
regular biordered set (E, o) is isomorphic to the biordered set of
idempotents of some regular semigroup. We denote the ‘smallest’ such
semigroup by <E>. The <E> is characterized by the properties of
being generated by its idempotent set £ and being fundamental (i.e.,
having no non-trivial idempotent separating congruences). See [7] for
details.

A regular semigroup S is said to be an inverse semigroup if ef = fe for all
e,/ € E(S). S is said to be a locally inverse semigroup if eSe is an inverse
semigroup for all e € E(S). By [7, Theorem 7.6], S is a locally in-
verse semigroup if and only if the ‘sandwich set’ of any two idempotents in
S consists of a single idempotent. The biordered set of a locally inverse
semigroup is called a local semilattice. Local semilattices and locally
inverse semigroups have also been called pseudo-semilattices and
pseudo-inverse semigroups. Local semilattices were first studied by
Nambooripad [8], [9], [10]. A weaker system was studied earlier by Schein
[26]. Recently there has been much interest in local semilattices and
locally inverse semigroups (see for example [4]-[11], [29] ). We encounter
local semilattices in the following special way.

Let @ = (2, =) = (2, N) be a meet semilattice with a minimum
element 0. Let L be a symmetric relation defined on € such that 0 L 0.
We will say that @ = (2, L) is a parabolic semilattice if the following
conditions hold.

(1) a = {B € QIB = a } is finite (and hence a lattice) for all
a e Q.

=
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Q) Ify,ap,00,B8,8,€ L ay L ay, By L Br,ay Z B,y =2,y = B,
then a, = B,.

Q) Ifay, a5, By € @, &) L ay, ¢y = By, then there exists 8, € { (unique
by (2) ) such that ay = B,, B, L B,.
@D lfa, a0, 8,8, €Qa=za,B=pB,0, L B;,i =1,2, then
() Vay) L (B V By).
If @ = (2, 1) is a parabolic semilattice, then we let
Eqg = {(a,a)|a, o’ € Q, a L a'}.

Ife = (a ) f= (B B) € Eg then define f =, e if B = o, f =, e if
B =o' Iff =, e thenletef = f, fe = (B, ) where B~ € Qis such that
BL B ,B =d. . If f=e then let

fe=1 o =B B)
where B, € £ is such that 8; L B’ and B8, = a.
THEOREM 1.1. Eq is a local semilattice with an involution.

Proof. Clearly the map (a, &) — (a/, @) is an involution of Eg. We need
to show that the axioms (B1)-(B4) of [7, p. 2] are satisfied and that the
sandwich set F(e, f) consists of a single element for any e, f € Eg. We
let

S=sN=E2=CE)nE) Le=()nE)
Let £ = Eg and let

e=(aa)f=@BB)g=(71)€EE
Suppose first that f, g =, e, g =, f. Then

B=a,y=ay =8.

Since L B,y L y ,weseethaty = B.Sog = f. Now if ge = (v, Y)),
fe = (B, B), then B, ¥ = a . Since y = B, we see that yY = B’. Thus
ge = fe. So

*) f’g ére’g é/flmplygéf,ge éfe

Next assume that g =, f =, e. Theny = 8 = a. If ge = (v, ¥), then
Y = a . Let

ge)f = (. v").
Then y” = B. So by definition
gf = (7" = (ge)f.

Thus the axioms (B1)-(B32) of [7, p. 2] are satisfied.
Now lete = (a, @ ), f = (B, B7) € E and set
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M(e ) ={h € Elh =, [, h =, e}.
Then M(e, f) € BQ X a” Q is finite. Let
M f)={h,....0} h=@Gpy )i=1..k
Theny, =8y, =a ,i=1....k So
y=vnV..Vy, Ly =y, V... Vy,.
Clearly
h=(.y )€ Mef), hy=hi=1...k

It follows that the sandwich set Fle, f) = {h}. Now let g € F and
suppose that e, f =, g. Then h =, g, h =,e. Soby (*), h = e, hg = eg.
Also,

- hg%Rh =, fRfg
whereby
hg =, fg.
Hence hg € M(eg, f2). Let
eg. fz) = ().
We claim that /' = hg. Now
h#thg = W =, fgRf =, g.

Soh' =, g Also i’ =,eg = g So by (*), ' = eg#e. So i’ =, e and
he = e. Now

Wedh' =, f
So
We =,f and he € M(e, f).

Hence 'e = h. So "'®h'e = h whereby i’ =, h. Hence W’'RhRhg. Now
hg = eg, ' = eg. So by the dual of (*), /" = hg. Thus

Heg, fg) = Fle, f)g whenevere, [ =, g

Hence axiom (B4) of [7, p. 2] is also satisfied. It follows that E is a local
semilattice.

2. Buildings. By a complex is meant a semilattice 2 = (2, =) = (2, N\)
with a minimum element 0 such that for all @ € Q,

aQ = {B € QB = a)

is a finite Boolean lattice. The minimal elements of Q\{0} are called
vertices. If a € , then the rank of a is defined to be the number of
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vertices in af2. The maximum elements of  are called chambers. We will
assume that all chambers are of the same rank d and that every element of
Q is = a chamber. We define the rank of Q to be d. Let «a, o’ be chambers.
We will assume that £ is connected i.e., there exist chambers a = a,
ap,...,a, = o suchthate; A\ @, hasrankd — 1fori=0,...,m — L
If m 1s minimal, then we set

dist(a, &') = m.

An ideal of Q is said to be a subcomplex. & is said to be thick if every
element of rank d — 1 is less than at least three chambers. {2 is said to be
thin if every element of rank d — 1 is less than exactly two chambers.

A (Tits) building is a pair A = (A, &) where A is a complex and &7 is a
family of finite subcomplexes called apartments such that

(1) A is thick.

(2) Each apartment X is thin.

(3) Any two elements of A belong to an apartment.

@GHIfE 3 e Zandifa, B € = N 3, then there exists an isomorphism
¢:3 — 2’ such that

o(y) =y forally € aA N BA.

We refer to [27, Chapter 3, Section 3], [28, Section 3] for details. We will
follow Tits [28]. Let £ € 7 a a chamber in . Then there exists a unique
retraction p,:2 — a2, ie., (1) p(B) = B for all B € o and (i) p,
restricted to &’ 2 is an isomorphism for any chamber o’ € 2. If B, 8’ € 2,
then B, B’ are said to be of the same fype, type (B) = type (B), if
p(B) = p(B). This concept is independent of the choice of the chamber
a. If « € X is a chamber, then there exists a unique o’ € X called the
opposite of a in 3 such that dist(a, ') is maximum. There exists a unique
automorphism u:= — = such that for any chamber a of =, « and u(a) are
opposite. We then define 8 and p(B) to be opposite for any B € 3. Now let
B, B € A. Then we define B8, B’ to be of the same type, type (8) =
type (8'), if they are of the same type in some (and hence every) apartment
containing them. B, B’ are defined to be opposite (8 L B') if they are
opposite in some (and hence every) apartment containing them. If «, o/, S,
B € Aandifa l o, 8L B, then type (a) = type (B) if and only if type
(o) = type (B'). Let a, B € A. Then by [28, Proposition 3.30], type (a) =
type (B) if and only if there exists y € A with a L y, 8 L y. If A is of rank
1, then any two non-zero elements have the same type and any two
non-zero unequal elements are opposite.

It is easily seen that (A, _L) satisfies the axioms of a parabolic
semilattice, defined in Section 1. Hence we can construct the local semi-
lattice E5 by Theorem 1.1. If

e=(a,a),f= (B B) E Ey
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then we define e, f to be of the same type (e ~ f) if type (a) = type (B) or
equivalently type (a’) = type (8’). It follows from the above that

~=R0oLoR=LoRoL

In particular if e, f}, f, € Ex, e = f,,i = 1,2 and if f; ~ f5, then f; = f,.
Thus by [9, Corollary 1.5], <E> has the property that e<E>e is a
semilattice for all e € E. Also (<E>) = E/~ is clearly a Boolean
lattice. We have shown,

THEOREM 2.1. (i) E, is a local semilattice.

(i) e< Ey>e is a semilattice for all e € E,.

(i) ~=RoLoR=FLoRoLon Eyand U(<KEy>) = Ey/~isa
finite Boolean lattice.

Let a € A be achamber, 8 € A. Then by [28, Section 3.19] there exists a
unique chamber ¢’ € A, « = B such that dist(e, ') is minimum. o
is denoted by projg(e). Let a, @’ € A be chambers, B, B’ € A be of rank
d — 1. Suppose a > B, o/ > B, f L B'. Then by [28, Proposition 3.29]
a L o if and only if projga’ # a. Let E = E,, E,,, be the set of
maximum elements of (E, =).

LEMMA 22. Lete = (e, a ) € E_,..,h = (B, B ) € E, e covers h. Then
there exists a unique f* = f*(e, h) € E,,, such that ef* = f*e = h in
< E>. Moreover

J* = (projgla), projg—(a) ).
Letf € E_..,[= h Thenef = hif and only if fRf*, and fe = h if and

max>

only if fLf*.
Proof. Since a L. o™, we see that
projg—(a) # a .
But by [28, Theorem 3.28],
a = projg- projgla ).
Hence
projgle ) L projg—(a).
So
f*= (projﬂ(a_), projﬁ_(a)) € Epax-
Let
f=0.7) € Epp, > D

Theny > B,y > 8. Supposef?f*. Then y # projg(a ). Soy L a .
Hence
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e=(aa )y, a )R,y )=/
Hence effe in < E>. Thus ef # h. Next suppose that f%f*. Then
Y = projga .

So y is not opposite to a . It follows that there is no e; € E with
eZLe Af. So efje. Now

efh = hef = h.
Since J, covers Jg, ef#h. 1t follows that ef = h. This proves the lemma.
If e, f € E,,,, then define edf if in <E>, ef = fe is covered by e. Let

8* denote the transitive closure of §. Let
le] = {h € Elh = f, f&%e for some f € E

Now let

max}‘

e=(0,a )€ E_,..

Let = be the unique apartment of A containing a, « . If B € X, then let
B~ denote the unique opposite of B in =. Let

$—{®BB)IBEZ)

By Lemma 2.2, [e] = 3. So
([e], =) = =.

Let A:E — E/% denote the natural map. Let
& = {A([e]) e € E

max}'

We then clearly have,
THEOREM 2.3. (E/R, ') is a building isomorphic to (A, 7).

Let Aut*E denote the group of all automorphisms ¢ of E such that
e ~ ep for all e € E. Let Aut*<E> denote the group of all
automorphisms of the semigroup < E > such that a fu¢ foralla € <E>.
Let Aut*A denote the group of all automorphisms ¢ of A such that
type (a) = type (a¢) for all a € A.

THEOREM 2.4. Aut*E, = Aut*<E,> = Aut*A.

Proof. That Aut*E = Aut* < E> follows from [7]. So we need to show
that

Aut*E = Aut*A.
First let ¢ € Aut*A. Then ¢ € Aut*E where
(o, @)F = (ad, a'9).
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Conversely let ¢ € Aut*E. Then for all e, & € E, e#e¢ if and only
if eyZRe’y and eLe’ if and only if e Ze’y. It follows that there exist ¢,
¢, € Aut*A such that

((X, IB)IP = (a¢]a B¢2) fOT all (a» B) € E

We claim that ¢; = ¢,. For suppose a¢, # a¢, for some a € A. Then
ou;b]qb{' # a. Now a, a¢,¢2‘] € 3 for some apartment 2. So « L B for a
unique B8 € Z. Then a¢|¢;1 is not opposite to B. So a¢; is not opposite to
Be,. Thus (a, B) € E, (a¢,, Bp,) & E. But

(a9, Bey) = (o, B € E,

a contradiction. Hence ¢, = ¢,. It follows that
Aut*E = Aut*A.

This proves the theorem.

Many important classes of groups, including reductive algebraic groups
and finite simple groups of Lie type, admit what has come to be called a
Tits system (see [27, Section 3.3], [3, Section 29]). A Tits system is
a quadruple (G, B, N, S) where G is a group, B, N are subgroups of G
generating G, T = B N N <1 N, S a generating set of order 2 elements of
W = N/T such that

(1) pBp # Bforanyp € §

(2) oBp € BoB U BopB foralloc € W,p € S.

We will assume that the Weyl group W is finite. If I C S, then let

W, = (I, P, = BW,B.

The Pjs are exactly the subgroups of G containing B. For any x € G, I,
I' € S, we have by [28, Section 3.2.3] that x 'P;x € Py, if and only if
x € Py, I € I' Thus for x, y € G,

x 'Px cylpy
if and only if Px © Ppy. Let

S = {o 'Polo € W, I C S}
Let

o = {x ' xlx € G}.
Let

A = {xilP,xlx € G, 1< S).

If P\, P, € A, then define P, = P, if P, € P,. Then by [28, Theorem
3.2.6], A = A;= (A, &) is a building which we call the building of G. The
elements of A are called parabolic subgroups of G. Two parabolic
subgroups are of the same #ype if and only if they are conjugate. The
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conjugates of B are called Borel subgroups. We will call E; = E, the local
semilattice of G.

3. Algebraic monoids. Let K be an algebraically closed field and ./, (K)
the monoid of all » X n matrices over K. A (Zariski) closed and
irreducible submonoid of .#,(K) will be called connected. Let M be a
connected monoid with zero and group of units G. Then by [16] and [21],
G is a reductive group if and only if M is a regular semigroup. The theory
of connected regular monoids with zero is being developed by the author
[12]-[20] and Renner [21]-[24].

Let M be a connected regular monoid with zero and group of units G.
Let E = E(M) denote the biordered set of idempotents of M. For the
purposes of this section, we need only consider the weaker system
(E, =,, =) where f =, eifef = f, f =,eif fe = f As usual,

-1 -1
#==,n(5,) " Z==,n(=) 'and = = =, n =,

We wish to show that E; (and hence the building A, of G) is completely
determined by E. The length of (any) maximal chain in (E, =) is called the
rank of E. If e, f € E, we define e ~ f if there exist ¢, f’ € E such
that

eRe'Lf' RS

By [13, Lemma 1.12], e ~ fif and only if ¢ in M. If e, f € E, then
J, = Jyif and only if e = f” for some f* € E with f ~ f”. Thus the finite
lattice % = ¥(M) = E/~ is completely determined by E.

LeEMMA 3.1. Let e, h, [ € E such that e > h > f, e covers h covers f.
Then there exists a unique h* = h*(e, f) € E such that e > h* > fand
hh* = h*h = f. Let hy € E, e > h; > f. Then h; # h* if and only if there
exists hy € E, e > hy, > f such that either hRh,Lh, or hLh,Rh,. In
particular h* is determined by E.

Proof. By general considerations [14, Theorems 3, 11], we reduce to the
case when e = 1, f = 0. If G is a torus, then |E| = 4, and the lemma is
trivial. Otherwise dim M = 4 and the width of % is 2. We are then done by
[18, Theorem 13].

A useful concept in the theory of linear algebraic monoids is that of
cross-section lattices [15], [17], [19]. A subset A of E is a cross-section
lattice if (1) for all e € E there exists a unique ¢’ € A such that e ~ ¢’ and
(ii) for all e, f € A, e = fif and only if J, = Jp If ' © A, then we let

¢(T) = {a € Glae = eae for all e € T},
C/G(I‘) = {a € Glea = eae for all e € T'},
Co(I') = {a € Glae = ea for alle € T'}.
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Fix a cross-section lattice A of E. Let
B = CG(A)., B~ = CG(A), T = Cy(M).

By [17, Theorem 10], [19, Theorem 1.2], B, B are opposite Borel
subgroups of G with respect to the maximal torus 7. Any parabol-
ic subgroup P of G containing B is of the form P = C(T) for some chain
I' € A. Moreover P~ = C’G(I') is the parabolic subgroup G opposite to P
with respect to 7. See [18, Theorem 4], [19, Theorem 2.7]. Let
[A] denote the smallest subset of E containing A such that for all e, A,
/ € [A] with e covering h covering f in (E, =), we have h*(e, f) € [A]
where h*(e, f) is as in Lemma 3.1. Since E(T) is a finite relatively
complemented lattice, we see that [A] = E(T). The point here is that [A] is
determined by E. Clearly

ngA :([A]’ §’~)

is the &-structure of M studied by the author [15, Section 3]. In particular
by [15, Theorem 3.9], the Weyl group W = N(T)/T is recovered from &
as the group of all permutations o of [A] such that (i) e = f'if and only if
e’ = f%forany e, f € [A], and (ii) e ~ €° for all e € [A]. Let
Sy ={o€ Wo+#10 =1,
o fixes a chain of length rank £ — 1 in A}.

By [19, Corollary 2.8], S, is just the set of simple reflections with respect
to the Borel subgroup B and maximal torus 7. Let I & S,, W, the
subgroup of W generated by I. Then by [3, Theorem 29.3], P, = BW;B is
the (unique) parabolic subgroup of G containing B and having W, as its
Weyl group. We let

A ={e € Ale® =eforallo € I},
U = {Jle € A}

By [19, Theorem 2.7}, P, = C(I') for some chain I' S A. By [15,
Theorem 2.3], I' € A,. Clearly

B S Ca(A) € CoD) =Py
and W, is contained in the Weyl group of Ci;(A,). It follows that

Similarly
P, = B W,B~ = CL(A)).

Let
w* = {Ull < S\}.
If I, I' € Sy, then
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02/] ﬂ 02/], == %[UI/'

Also I € I’ if and only if %, S %, Note also that * is a family of
sublattices of . Since any two cross-section lattices of E are conjugate by
[17, Theorems 10, 12], we see that #* is independent of the particular
choice of the cross-section lattice A.

If ¥ € %* and if A is any cross-section lattice of E, then we let

Ay = {e € AlJ,e ¥}
Let
E = {A,|A is a cross-section lattice of E, ¥~ € «*}.

If 4, A IAE, then define 4 =, A’ if for all e € A there exists (necessar-
ily unique) ¢’ € A’ such that eZe’. Similarly we define A =, 4’ if for all
e € A, there exists ¢ € A’ such that eZe’. As usual we let

=SE==N=,2=5=n(=) L 2=5nE) "
If A € E, then we define

type (A) = {Jle € A} € U*.
Let A4, 4" € IAE A =, A’. Then type (4) S type A’. We define

A4 = A, AA' = (f € A, € type (4) }.

>l

Similarly if A =, 4", we define
AA = A, A'A = (f € Al € type (4) ).
Note that 4 = A’ if and only if A € A’. Define
0:E — E, as 6(4) = (Cl(A), C(A)).

THEOREM 3.2. E is a local semilattice and 6:E = E is a type preserv-
ing isomorphism.

Proof. It is clear from the preceding discussion that € is a surjection.
Let 4, 4" € E. Suppose 4 =, A’. Then4 € A, A’ € A’ for some cross-
section lattices A, A’. By [17], xAx~ ! = N for some x € G. Since
type (4) C type (4’), we see that xAx | S A’. Thus

xex 'Be foralle € A.
Hence
xe = exe foralle € 4 and x € Cy(A4).
Thus
r ’ r —1 r —1 r
o(4) C CipxAx ") = xCi(A)x " = CyxA).

Thus 8(4) =, 6(A4’). Clearly 8(4")0(A) = 6(A). Since ARAA" & A’, we
have
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B(AA)) = (C{A), CHAA') ), C({A) € CHAA)).
It follows that
6(A4)8(A") = 6(4A4)).

Next assume that 4, A’ € E, 8(4) =, §(4’). Let ¥ = type (A).
¥’ = typeA. Now A C A, A’ € A for some cross-section lattices A, A’
Sod = Ay A = Ay Now xAx~ ' = A for some x € G. So

xCrp(Ay)x "' = CL(Ay) = CL(A’) © Cp(A) = Ch(Ay).

By [28, Section 3.2.3], x € C;(Ay) and ¥ € ¥7. So for all e € Ay
eRxex ' € N,-C Ay

Hence
A=A,=, N, =4

The dual statements concerning =, are similarly proved. In particular
for A, A’ € E, 6(A) =A0(A’) implies 4 = A" = A. Thus 6 is an iso-
morphism. Let 4, 4 € E,

type (4) = type (4") = ¥~

Let4 € A, A7 C A where A, A’ are cross-section lattices. Then 4 = Ay
A" = Ay Now x 'Ax = N for some x € G. So

x '"Ax = 4 and x 'CL(A)x = C(A).

So 6(A4), 8(A’) are of the same type. Assume conversely that 4, 4’ € E
such that 8(4), 6(A4’) have the same type. So

1 (A)x = C(A’) for some x € G.
Thus
0(x " 'Ax)R0(4").
Hence by the above, x "AxR4’. So
type (4) = type (x 'Ax) = type (4).
This proves the theorem.

If4,4" € ﬁ, then define 4 ~ A’ if type (4) = type (4’). Then we have
by Theorems 2.1, 3.2,

COROLLARY 33. InE, ~ = Ro Lo R = LPoR oL

Consider the natural map ¢&:E — E/®.1f A is a cross-section lattice of
E, then let

S, = (A Y € o).
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Let
= {&Z,) A is cross-section lattice of E}.
Then we have, V
COROLLARY 3.4. (E/Q‘Z, ') is a building isomorphic to A.

Aut*E is the group of all permutations ¢ of E such that (i) f =, e if and
only if f¢p =, ep for all e, f € E, (ii) f =, e if and only if f¢ =, e¢ for
alle, f € E, and (ii)) e ~ e¢ for all e € E. Aut*E is the group of all per-
mutations ¢ of E such that (i) 4 =, A4’ if and only if Ap =, A'¢
for all A, 4" e E ) 4 =, 4" if and only if A¢ ; A’ for all 4,
A e E and (ii1) type (4) = type (A¢) for all 4 € E.

THEOREM 3.5. Aut*E = Aut*FE = Aut*E; = Aut*A..

Proof. That Aut*E = Aut*E; = Aut*A; follows from Theorems 2.4,
3.2. So we need to show that Aut*E = Aut*E. Let Yy € Aut*E.
Define x,b E— Eas

Ab = {eyle € A} € E.

It is routinely verified that \l/ = Aut*E and that the map ¢ — xp is a ho-
momorphism. Now let ¢ € Aut*E e € E. Let %(e) denote the smallest
element of %* containing J,. Let A be a cross-section lattice of E with

e € A. Let
1 = {0' (S5 SAleo — e}.
Clearly

e € Aj = Ay
If B = C;(A) then
G(e) = BW;B = Cg(A)) = Co(Age))-
Similarly
(9) = Cy (A"Z/(e))
If A’ is another cross-section lattice with e € A’, then
(CH(A%e), Co(Nye))) = (C(e), Ci(e))
= (Co(Agpes Co(Daye)) ).
By Theorem 3.2,
A(’Z/(e) = Aé]/(e)'

Hence Ay, is independent of the choice of the cross-section lattice A
containing e. Let

Fe = A@(e) S E
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Now

type I', = type I¢.
Hence there exists a unique e¢ € I',¢ with e ~ e¢. Clearly

1

(ed)p = = e

Hence ¢:E — E is a bijection. Let e, f € E. Suppose eZf. Then by
[12, Theorems 1, 9], C;(e) = C(f). Hence

c(T) = Co(Iy).
So by Theorem 3.2, I, #Ix. Hence
LoRT;o.

So e¢pZf ¢. Next assume that e = f. Then by [15, Theorem 6.2], there exists
a cross-section lattice A of E such that e, f € A. Since I, = A, we have

ep € I,p = Ao

So e¢p € A¢. Similarly f¢ € A¢. Since e ~ ed, f ~ fé, we see that
e¢ = f¢. Next suppose that f =, e. Then for some /' € E, fRf" = e.
So

SRS = ed.
Hence f¢ =, e¢. Conversely if f¢ =, e, then

f=U®s ' =, (ed)p ! = e
Similarly f =, e if and only if
o =, ed.
Hence ¢ € Aut*E. Let A be a cross-section lattice of E. Then clearly
Ap = {edle € A}.
Let ¥ € 4*. Then Ay¢ = A¢, type (Ay-¢) = 77 So
Ay¢ = {edle € Ay}
Thus for all 4 € E,
Ap = {edle € A}.

Hence the maps ¢ — ¢, y — @ are inverses of each other. This proves the
theorem.

Let R denote the radical of G. Then G = RG, ... G,, where G|, ..., G,
are simple algebraic groups, (G;, G) =1 for i # j (see [3, Theorem 27.5] ).
Let C; denote the center of G;, G; = G;/C,. Then

Ag = Ag.
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If the rank of G, = 2, then by a theorem of Tits [28, Corollaries 5.9, 5.10],
Aut*Ag is an extension of G by Aut K. Here Aut K denotes the
automorphism group of K. Now
* ~ *
Aut*A; = Aut*A; X . X Aut*A
Let C denote the center of G. We then clearly have,
THEOREM 3.6. Suppose no reflection in W is in the center of W (i.e., each

G, has rank = 2). Then Aut*E is an extension of G/C by the m-fold direct
product Aut K X ... X Aut K.

Besides being a biordered set, E is a closed subset of M. Let Aut**(E)
denote the subgroup of Aut*E consisting of those ¢ which are also
automorphisms of the affine variety E.

CONJECTURE 3.7. Aut**(E) = G/C.

THEOREM 3.8. Let S = M\G. Then E(S) = E if and only if %(S) is a
Boolean lattice. In such a case, S is a locally inverse semigroup.

Proof. Suppose first that #(S) is a Boolean lattice. By [14, Theorem 14],
for any e € E(S), H, is a torus. In particular eSe = H, is commutative.
Hence S is a locally inverse semigroup. It is also clear that for any e, f),

5 € ES), e Z fi.e =/, /1.9, imply f| = f,. Define ¢:E(S) — E as
$(e) = (Cg(e). Cgle)).
Let e, f € E(S). Suppose f =, e. Then by [12, Theorem 1],

/e Cgle).
Let B be any Borel subgroup of C{;(e) and let T be a maximal torus of B.
By [19, Theorem 1.2], B = C(A) for some cross-section lattice A €

E(T). There exists a € C(e) such that
¢ = aea ' € E(T).

Then eZe¢’. Hence by [12, Theorems 1, 9],
Cile) = Cg(e).

So B € Ci(¢'). By [19, Theorem 1.2], ¢’ € A. Let f” € Jrn A. Then since
J, = Jp we have ¢ = /. Since f =, ¢, we have

fRfe = €.

Hence ¢’ = f7, ¢’ Z fe', f'#fe’ in S. Thus f* = fe. Hence f%f". So
B C C(f") = CG(f).

Since B is an arbitrary Borel subgroup of Cy;(e), we see that

Cele) € Ce().
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So ¢(f) =, ¢(e). Clearly
¥(e)p(f) = o(f).
Now f%fe = e. So
$(fe) = (Cy(fe), Ci(fe)), C(fe) = CG(f), Ch(fe) 2 Cile).

Thus ¢(f)¢(e) = ¢(fe).
Assume now that e, f € E(S). ¢(f) =, ¢(e). Then

c(e) € Co(f).

Let T be a maximal torus of C;(e) with e € E(T). Let J denote the
maximum _#class of S,

A={hednEDh=e}={h,...,h}

Since E(T) is a relatively complemented lattice, e = A, . . . h;. There exists
a € Cy(f) such that

[ =afa”' € E(T).

Then f%f’. Let h € A. Then h = e. So by [15, Theorem 6.2], there exists a
cross-section lattice A € E(T) such that e, h € A. So

B = CG(A) S Cile) € Cu(f) = C(S).
So by [19, Theorem 1.2], /* € A. Since J = Jp, we see that h = /. So
e=hy ... .h = [

Hence f =, e. Similarly ¢(f) =, ¢(e) if and only if /' =, e. In particular
¢ is injective. Now let (P, P ) € E.. Then by [19, Theorem 2.7], there
exists a chain T" in E(S) such that

P = CyT), P~ = CLD).
Let e denote the maximum element of I'. Then by the above,
(P. P7) = (Ci(e). Cile)) = dle).

Hence E(S) = E;. Conversely if E(S) = E;, then by Theorem 2.1,
U(S) = E(S)/~ is a Boolean lattice. This proves the theorem.

Remark. Renner [25] has been studying algebraic monoids M for which
(M )\{0} is a Boolean lattice. Thus the monoids encountered in Theorem
3.8 are dual to these.

Let G be a reductive group, ¢:G — GL(n, K) a representation. Let

M(¢) = K§(G) < 4, (K)

denote the Zariski closure of K¢(G) in 4, (K). We call M(¢) the monoid of
¢. We call E(¢p) = E(M(¢)) the biordered set of . E(¢) is a geometrical
object which, in light of the results of this paper, may be viewed as a
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generalized building. Thus the same group G gives rise to an infinite
number of biordered sets E(¢). We conjecture that for irreducible
representations ¢, the biordered sets E(¢) are finite in number.

For a finite simple group G of Lie type we get one finite biordered set (a
local semilattice) directly from its Tits system. Getting other natural finite
biordered sets related to the representations of G and finding geometrical
interpretations for them, remains an important open problem.
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