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Nonoscillation of third order
retarded equations

Bhagat Singh and R.S. Dahiya

The third order delay equation
y"(t) + altly (¢) =0
is studied for its nonoscillatory nature under the general
condition in which a(%) has been aliowed to oscillate. It is
shown by way of a differential inequality that if g(t) is a
thrice differentiable and eventually positive function then
g™t) + t2]a(t)]g(t) <0

is sufficient for this egquation to have bounded nonoscillatory

solutions.

1. Introduction
In this paper, we study the third order retarded equation

(1) y™(t) + altly () =0 ,

where yT(t) = y(t-1(¢)) ana
(i) a : (-, ®) » (-, ©) is a continuous function,

(ii) T 1is a nonnegative, real valued, continuous and bounded

function of ¢t € (-», »)

Our aim here is to prove a theorem that establishes the existence of a
bounded nonoscillatory solution of equation (1) on some half line

[ﬁo, m) . Equations of the type
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(2) y"(¢) + p(t)y(t) =0, pl(t)=o0

have been studied by Onose [2], but the assumption that p be nonnegative
is restrictive. For this reason, the study of equation (1) under

oscillating a becomes all the more interesting.
Call a function g € C[to, “ﬂ oscillatory if it has arbitrarily large
2eros on [to, m) . Otherwise call it non-oscillatory.

In what follows, the term "solution" will be applied only to

continuous and extendable solutions of equation (1) over some half line
[ty> =) » ty> 0.

The second order retarded equation
(3) y'(¢) + alt)y (¢) =0

when a 1is oscillating has been studied by Wong [4]. The most interesting

part of our theorem is the differential inequality

) g"(t) + t2]alt)]g(t) =0 , g(t) >0

as being sufficient for the existence of bounded non-oscillatory solutions

of equation (1).

2. Main result
THEOREM 1. Let g be a thrice differentiable function on some half

line [T, ©), T = ty > 0 such that

(5) lim inf g(¢) > 0 ,
13

and
(1} 2
g"(t) + tlalt)|g(t) =0
eventually. Then equation (1) has bounded non-oscillatory solutions.

Proof. let T be large enough so that g(t) >0 in ([T, «®) . Then
inequality (L) implies that there exists scme Tl > T such that

g"(t) =0, g (t) >0, glt) >0, t= T, -
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This means that g' is monotonic, and hence two cases arise.

Case 1. g'(¢z)z0, ¢tz T, - Dividing (4) by g(t) ana

integrating between [Tl, t] we have

n g"(T) t " ' t
@ e Tor [ el gy M Rlaefas s o s
1 T, g (s) 7,

‘(6) immediately implies

2 2
(1) lim I s|a(s)|ds < = .
tre T
1
Case 2. g'(t) =0, t= Tl . In this case also we shall prove that

(7) nolds. Suppose to the contrary
(8) r t2|a(t)|dt = o ,
Tl

Then from inequality (6) and (8) it follows that

t " ]
(9) 1im f 9_%_)342)_&8 = |
T, g (s)

{0

Now g" 1is decreasing and nonnegative. Therefore

ft a(sda (8) 4o > g3y g"(r)) ft g.(8) 4,

Tl 92(3) toeo Tl gz(s)

v

lim
2o

1 1

s {" () - 057 + ?@T]} > -

by Condition (5). This is the required contradiction. Thus conclusion (7)

holds as a result of inequality (4) and condition (5).
Now we employ a process of approximation as used in Singh 31
Define the approximations

(10) yo(t) =1, y(')(t) =0, yg(t) =0,
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2
(11) yn(t) = %’- fw iéifl_ a(s)yn_l(s—T(s))ds , M =1, 2,3, co.y @,
t

>
Let T2 Tl be so large that for ¢ = T2 ,
(12) rszla(s)lds <1,
‘ 2
From {(10), (11) and (12) it follows that if ¢ = T,
(¢)] < X .(S_'I_ﬁ [
ly, ()] = 5+ .2 lals) | yy(e-T(e)) |
1.1
< = —_— =
=5+ =1
and
' 1
|yl(t)| =3

Similarly for any positive integer # , boundedness of T implies the

existence of a large positive number M 2 T2 such that for ¢t 2Z M ,

(13) ly, (&) =1, ly,(t-t(®))| =1
and
(1) RO

o«
Thus {yn(t)}n=l is a uniformly bounded equicontinuous sequence of

functions on some positive half line ¢ =2 M . By Arzela's Theorem it has a
uniformly convergent subsequence

{y"k(t)}:=1

which converges to a solution of the integral equation
1 gs-tzg
(15) y(t) = 5 - 5 als)y(s-t(s))ds .
t

This solution in turn is the reguired bounded solution of equation

(1). This solution is also nonoscillatory.
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REMARK. It is interesting to note that the delay term T1(¢) does not
play any role in inequality (U4).

Consider
g(t) = £3/2 .
3 sint
a(t) = g s
8 1+t7
1 1 1
o) =33 -3 3
t
then 1lim g(t) = = ,
1o
2,,3/2
1 2 3 1 3ttt .
g"(t) + ta(t)|g(t) =~ 2« + = + |sint|
8 t3/2 8 (l+t)7
7/2
= - 3 L5 - £ [sint]
8 |43/2 (1+8)7
3{,-1/2[ 2 Al
= - 3|t t° - |sint| ——=
(1+¢7)
< 0 for large t .
Thus the equation
y'"(t) +% Sint'? yT £) =0
(1+2)

has a bounded nonoscillatory solution.
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