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Abstract

Corrected random walk approximations to continuous-time optimal stopping boundaries
for Brownian motion, first introduced by Chernoff and Petkau, have provided powerful
computational tools in option pricing and sequential analysis. This paper develops the
theory of these second-order approximations and describes some new applications.
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1. Introduction

Chernoff [11] and Chernoff and Petkau [13] introduced a second-order correction for com-
puting the optimal stopping boundary of a Brownian motion via a random walk approximation
and the backward induction algorithm of discrete-time dynamic programming. This correction
is based on the solution to an associated stopping problem in which the stopping time 0 > 7 > ¢
fora Brownian motion {B;, ¢t < 0}ischosento maximize E[g(B;, t) | B = yo], where yy < 0,

gy, 8) = —s 1{5=0) +¥° 1{5=0.y<0}, (1.1)

and 1, denotes the indicator function. Approximating Brownian motion by a zero-mean
random walk so that the discrete-time optimal stopping problem maximizes E[g(yo 4+ v/3Sy,
t 4+ 8N)] over integer-valued stopping times N, Hogan [32] generalized the previous work of
Chernoff [11] for normal random walks and Chernoff and Petkau [13] for Bernoulli random
walks, and showed that the (discrete-time) optimal stopping boundary bs(¢) for the approx-
imating random walk is related to the (continuous-time) optimal stopping boundary b(z) (= 0)
in the associated problem for Brownian motion by

bs(t) = b(t) — pN/8 + o(3), (1.2)
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where p = ES$+/2ES,+, 7y = inf{n: S, > 0}, and S, = Z?:l X; with EX; = 0 and
EXI2 = 1. Actually, Hogan only proved that lim,_,, b1 (—n) = —p. However, this result
corresponding to the special case in which § = 1 can be combined with the scaling property
g(\/8y, 8s) =8g(y, s) of (1.1) to yield (1.2) for all negative ¢ bounded away from 0. Whereas
(1.2) has been derived only for the special payoff function (1.1), Chernoff [12] gave some
heuristic argument based on Taylor expansions around the optimal stopping boundary to justify
the use of (1.2) for more general payoff functions. In this paper, by making use of results from
a canonical optimal stopping problem (see Section 3.2) that generalizes Chernoff’s ‘associated
stopping problem’, we derive (1.2) for general payoff functions that satisfy regularity conditions
of the type given in [48] and [49].

Besides sequential analysis problems that motivated Chernoff [11] and Chernoff and
Petkau [15] to develop corrected random walk approximations to optimal stopping bound-
aries for Brownian motion, we were also motivated by certain computational problems in
singular stochastic control (see Section 5) and option pricing. For an illustration of the
importance of the continuity correction of the binomial approximation of the optimal exercise
boundary of an American option, we refer to the extensive numerical study of AitSahlia
and Lai [1]. In the Black—Scholes theory, the price of a standard American option is V :=
SUp; g (0.7%) Ele™"T f(Pr)], where f(P) = (K — P)* or (P — K)* for a put or call option,
with strike price K and expiration date T*, T (a, b) is the set of stopping times taking values
between a and b with b > a, and P; := Pyexp{(r —d — 02/2)t + 0 B,} is the price (under the
risk-neutral measure) of the risky asset at time ¢, in which r is the risk-free interest rate, d is the
dividend rate, and o is the volatility. A standard method to compute American option prices,
introduced by Cox et al. [18], is to approximate the geometric Brownian motion Py by a binomial
tree, for which backward induction can be applied to find the value V,, in the corresponding
discrete optimal stopping problem with n evenly spaced time steps. When d = 0 and the
binomial tree approximating P; corresponds to a symmetric Bernoulli walk approximating By,
Lamberton [39] established the error bounds —cjn =23 < V, — V < ¢on=3/* for some positive
constants c¢; and ¢ (depending on the initial price Pp), which was later, in [40], extended to

d > 0 and improved to
T 4/5
Vi = VI 5c<—“’g”> (1.3)

n

for some positive constant ¢ (depending on Py). Lamberton also indicated that a major reason
why sharper bounds could not be established is that 82V /3 P2 and the derivative of the optimal
stopping boundary become infinite when approaching the expiration date 7*. AitSahlia and
Lai [1] circumvented this difficulty by using another method to compute the stopping boundary
and the value function near 7*. This method involves numerical solution of the integral equation
defining the optimal stopping boundary b(t) (see (2.11), below), which is reasonably fast when
t is near T* although its computation becomes increasingly expensive as t moves further
from T*. Moreover, instead of binomial trees to approximate Py, AitSahlia and Lai used
symmetric Bernoulli walks to approximate B; in computing the stopping boundary and value
function on [0, T* — ¢] for some small ¢ > 0, on which both functions are smooth and (1.2)
holds; see Theorem 3.1, below.

In Section 3 we prove (1.2) for general payoff functions by using an induction argument that
proceeds backwards in time, initializing at time 7 < T* with approximations that are within
0(8) of the value function v(x, T) and O(+/8) of the optimal stopping boundary b(T) at T.
The induction argument also establishes that vs(x, ;) — v(x, t;) = O(§) uniformly in ¢;, where
v is the value function of the optimally stopped Brownian motion and vs is the value function
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of the discrete-time optimal stopping problem in which stopping can only occur at times #; with
ti—1 —1t; = 8. Applying these results to American option pricing with é = 1/nyields V,, —V =
O(n~") as an improvement of (1.3), where V, is the value function for the approximating
Bernoulli random walk suitably initialized at T = T* — €. (See Remark 3.3, below, for further
discussion.) The proof of the main theorem in Section 3.3 requires renewal theory for random
walks related to excess over the boundary and certain basic properties of the value functions
and stopping boundaries of optimal stopping problems for Brownian motion. Section 2 reviews
some of these properties and proves a basic decomposition formula which we use to derive other
basic properties and computational methods in Sections 3.3 and 3.4. In particular, Section 2.1
reviews the partial differential equation (PDE) literature on the differentiability of the optimal
stopping boundary b(¢), which has been implicitly assumed by Chernoff [11], [12] in his
heuristic derivation of (1.2) for general payoff problems.

For standard normal X; and constant boundary b(¢) = b, the boundary correction (1.2) has
also been introduced by Broadie et al. [7] to approximate the value of a discretely monitored
European barrier option by its continuously monitored counterpart whose value, denoted V (H),
is given by an explicit formula that depends on the barrier H, volatility o, strike price K,
expiration date T*, as well as the type of barrier (up or down) and the type of option (knock-in
or knock-out). When the barrier option is monitored only at times i (i = 0, 1, ..., n), with
8 = T*/n, Broadie et al. [7] proposed to use a continuity correction for the barrier, similar to
(1.2), to approximate the price V,,(H) of the discretely monitored option with barrier H by the
explicit formula of the corresponding continuously monitored option price, and showed that

V,(H) = V(H exp(:l:pa,/%)) +o(n™1/?), (1.4)

where ‘4’ and ‘—’ applies to the up and down barrier, respectively, and p(= E S; /2ES:,) ~
0.5826 for normal X;. Note that whereas (1.3) is concerned with approximating the value
of an optimal stopping problem for Brownian motion by that of a zero-mean random walk,
(1.4) considers the reverse approximation that approximates the stopped value of a random
walk by that of Brownian motion. In Section 4 we apply (1.2) in this reverse manner to two
classical optimal stopping problems. In Section 5 we consider another application of (1.2),
namely evaluating the optimal (reflection) boundary in singular stochastic control problems for
Brownian motion via corrected random walk approximations.

2. Value function and optimal stopping boundary

Instead of (1.1), we shall consider more general payoff (reward) functions g(x, ¢) that satisfy
certain regularity conditions. The corresponding value function is

v(x,t) = sup E[g(B:,7)| B =x], 2.1

TeT (t,T*)

where T <t < T¥*, in which g(x, t) has a left-hand limit g(x, T*—) as ¢t ? T*. Let g.(x) =
g(x, T*) — g(x, T*—). Whereas the optimal stopping rule for (1.1) stops sampling as soon as
B; > 0(so b(t) = 0is the optimal stopping boundary), the optimal stopping rule in the general
case has continuation region R := {(x, t): v(x, t) > g(x, t)}, which need not be a connected
set. To extend (1.2) to the present case, we therefore assume that

R={(x,): x <b(t), T <t <T*}, (2.2)
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where the boundary b(t) converges to a limit b(T*) as t 1 T* and satisfies the smoothness
condition (2.4), below. While Theorem 3.1 in Section 3 shows that (1.2) holds for continuation
regions of the form (2.2), a similar correction with — /38 in (1.2) replaced by p~/8 is also
applicable to continuation regions of the form {(x,#): x > b(¢)}, and we can combine the
corrections for the upper and lower boundaries when the continuation region is of the form
{Ce,0): b1 (2) < x < ba(2)}. ~

Let Re ={(x,1): x <b(t)+&,T <t <T*} (Ro = R). Because our derivation 0£(1.2)
relies on Taylor expansions, we shall assume that g belongs to the class C>! on R x [T, T*)
and C*2 on R¢ such that

"

€5 81> 8o Guxvs 8- 81t &xt» 8> 8o €1» & are bounded by e#™) on R, (2.3)

for some & > 0, where §(x) satisfies the growth condition 8(x) = O(|x|) as x — —oo, which
is somewhat stronger than van Moerbeke’s Tychonov condition [48, p. 115].
We assume, furthermore, that

b/(t) is continuous at every ¢ € [T, T*), (2.4)

so that we can also apply Taylor’s theorem to the stopping boundary. Under these assumptions,
we have the following result due to van Moerbeke [48], [49].

Lemma 2.1. Let G(x,t) = (3/0t + %az/axz)g(x, 1).
@ IfG(x,t) >00rG(x,t) =0and Gx(x,t) # 0, then (x, t) is a continuation point.

(b) The functions (3/dx)(v — g) and (3/3t)(v — g) are continuous across the stopping
boundary b(-) and vanish at x = b(¢t) fort € [T, T*).

(c) The function %(82 / IxH(v — g) is continuous in the continuation region R up to the
boundary b(-) and is equal to —G at x = b(t) fort € [T, T*).

(d) The function (Bz/axat)(v — g) is continuous in;‘R up to the boundary b(-) and is
equal to 2b'(1)G(b(t),t) at x = b(t) fort € [T, T*); v € C®(R) and (9/9t +
392/0xHv(x, 1) = 0 for (x,1) € R.

(e) We have (32/3t2)(v — g)(b(1), 1) = —2G(b(t), ) (D' (1))* for t € [T, T*).

Making use of [48, Lemma 4], and (2.4) together with Lemma 2.1(e), we next prove the
following important property of 8 v/dx> that will be used in Section 3.

Lemma 2.2. Assume, furthermore, that
gnECZ", Sxx ech! on Rg, for some § > 0. 2.5)

Then 8°v/dx° is continuous in the continuation region R up to the boundary b(-).

Proof. Defineu(x,t) = vy (x,t) — g (x,1) +200'))2G(b(1), ) on R. By Lemma 2.1(e),
u(b(t),t) = 0. We shall show that

(b’(t))ZG(b(t), t) 1is continuously differentiable for T <t<T* 2.6)

Combining this result with (2.5) shows that (du/dt) + %(Bzu/axz) is continuous in K. Hence,
by [48, Lemma 4], du/dx is continuous in R up to b(-). In view of (2.5), this implies that
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dvyy/0x is continuous in R up to b(-). Since v, = évxx implies that vy, = —84v/8x it then
follows that dv;; /ox = —85v/8x is continuous in R up to b(-).
To prove (2.6), we apply the integral equation for f(r) := —(b’ ())2G(b(1), 1), similar to

[49, Equation (37)], which is derived by making use of Lemma 2.1(e) to arrive at a free boundary
problem for v;; — g and then applying Green’s theorem. Specifically, for T € [T T*) and

T<t<T,
T'—t b(T'—1) dr
= b , G T —10)dy}——
ro= [T T vewogoe - na) S
T~y (b@); (T — 1), 1), _,
T —
~|—/0 N f( 7)drt
b(T") b ’0 ,
/_ %{ (v — gn)(y,m}dy,

where ¥ (x; y,7) = (3/0x)¢((x — y)/+/T" —1t — 1) and ¢ is the standard normal density
function. Since, by (2.4), b(¢) is continuously differentiable on [T, T'], so is f(z).

2.1. Smoothness of the optimal stopping boundary

Condition (2.4) requires that the optimal stopping boundary be continuously differentiable,
but the issue of differentiability of the optimal stopping boundary has been mostly neglected in
the probability literature. In contrast, the PDE literature contains extensive studies of various
free boundary problems involving parabolic PDEs; see, for example, [26] and [29] on the theory
of variational or quasi-variational inequalities and the existence, uniqueness, and regularity of
the solution and smoothness of the free boundary. Friedman [25], [27], [28] has applied the
theory to a number of problems in optimal stopping, sequential analysis, and stochastic control.

For American put options, the issue of differentiability of the optimal stopping (early
exercise) boundary has recently been taken up in the literature. By referring to McKean [42]
and van Moerbeke [49], Myneni [43] stated that the early exercise boundary is C 1. However,
Peskir [44] and Peskir and Shiryaev [45] recently pointed out that neither [42] nor [49] contains a
proof of this result. Conversely, using parabolic PDE techniques involving variational inequality
theory, Chen and Chadam [9] have proved the existence and uniqueness of the solution to the
free boundary PDE. Moreover, they have shown that the early exercise boundary, as the unique
solution of an integral equation, is in fact C*°. Further results on convexity properties of the
option price and early exercise boundary can be found in [10], [20], and [21].

2.2. Integral representations and Doob—Meyer decomposition of value functions

The following theorem provides a representation of v in terms of the optimal stopping
boundary and plays an important role in our subsequent development. Let E, ; denote the
conditional expectation given B; = x.

Theorem 2.1. For T <t<T<T*
T
v(x.1) = By v(Br, T) — / Ex . [G(By. 5) g, =p(ey] ds. 27
t

The process {v(B;, 1), F1, T <1< T} is the minimal right-continuous supermartingale
that majorizes {g(B, 1), T <t < T}, where {#;, T < t < T} is a filtration to which
{B:, T <t < T}isadapted; see [23, Theorem 2]. Therefore, the Doob—Meyer decomposition
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yields
(B, t) = M; — Ay, (2.8)

where M, is a martingale and A; is a predictable nondecreasing process, and the choice of
M, — M5 and A; — A7 in (2.8) is essentially unique. To find M and A, we apply the generalized
Ito formula [36, Theorenl 2.10.1] to v(B;, t). Since v is C! (in view of Lemma 2.1(b)) and
piecewise C 21onR x [T, T], the generalized Ito formula yields, for 7' > ¢,

T T
v(Br, T) —v(Bs, t) = / (vt + v%) (B, s)ds + / vy (By, s) dBg, 2.9)
t t

which gives the martingale component ftT vy (By, 5) dBs in the Doob—Meyer decomposition
(2.8). Since (v; + vyx/2)(x,t) = 0if x < b(t), and = G(x, ) if x > b(t), taking expectation
conditional on B; = x in (2.9) gives the conclusion (2.7) of Theorem 2.1. For similar arguments
in the special case of American options, see [33, Section 4] and [35, Section 2.7].

If g(x,T*—) < g(x,T*) for all x (i.e. g«(x) = O for all x), then limpy7+ v(x,T) =
v(x, T*) = g(x, T*),soletting T 4 T* in (2.7) yields

T*
v(x, 1) =E, g(Br+, T*) — / E[G(x + s —1Z,9) 1y fimizzpsplds.  (210)
t

where Z is a standard normal random variable. In particular, for American options, (2.10)
corresponds to the decomposition formula due to Jacka [33] and Carr et al. [8]

American option price = European option price + Early exercise premium,

in which the integrand in the integral defining the early exercise premium is an explicit function
of the optimal stopping boundary, noting that —G > 0 at stopping points by Lemma 2.1(a).
Setting x = b(¢) in (2.10) leads to the following integral equation defining b:

T*
gb(1), 1) = Egb(t)+T* —1Z, T*)—/ E[G(b(1)+~/s —1Z,9) 1 f5=17p(s)—b(ry)] 85
t

2.11)
AitSahlia and Lai [1] showed how (2.10) and (2.11) can be used to develop a relatively fast and
accurate method to compute v(x, t) and b(t) for ¢ near the expiration date 7* in the case of
American options, thereby circumventing difficulties in the Bernoulli walk approximation due
to unbounded 8%v/dx2 and b’ as r 1 T*. A similar idea was used by Brezzi and Lai [6, p. 92]
to avoid the singularity at 7* in initializing the Bernoulli walk method to compute the optimal
stopping boundary for bandit problems. In Section 3.3 we give another application of (2.10)
to bound the fifth derivative of v (with respect to x), which we use to prove (1.2) for general
payoff functions g.

An alternative derivation of (2.11) by Evans er al. [22] for the special case of American
options is to use Green’s function y (z, s; &, u) = (u — s) " ?¢p((z — &)//u — s),u > s, and
apply Green’s theorem. In fact, this approach involving Green’s function and Green’s theorem
leads to a variety of integral equations for the optimal stopping boundary; see [9].

3. Theory of corrected random walk approximations

In this section we first present a theorem showing that under suitable conditions discrete-time
random walk approximations to continuous-time optimal stopping problems can approximate
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the value function with an error of the order O(8) and the stopping boundary with an error
of the order o(+/8), where 8 is the interval width in discretizing time for the approximating
random walk. The theorem also shows how to correct the discrete-time approximations to
continuous-time stopping boundaries. As shown by Hogan [32] in a prototypical special case,
the boundary correction involves an ‘excess over the boundary’ term. In this connection, we
use renewal theory to derive in, Lemma 3.1, an inequality, which plays an important role in the
proof of the theorem, for the excess over the boundary.

Suppose that in the continuous-time optimal stopping problem (2.1) with horizon T*, we
have an approximation vs (-, T') to the value function v(-, T') and an approximation S5 to b(T),
with T <t < T < T*, such that

Bs = b(T) + O(W9), vs(x, T) — v(x, T) = O(8e¥ @=2TN7y 3.1

uniformly in x for some positive constant o', where x~ = max{—x, 0}. (Note that as b(T) is
approximated by s, wehave vs(x, T) = g(x, T) forx > Bs,sovs(x, T) =v(x,T) = g(x, T)
for x > max{b(T), Bs}.) A random walk approximation to the value function and the stopping
boundary of (2.1)for T <t < T canbedescribedas follows. Letto =T > t; > --- > tg;, =T
partition the interval into K5 subintervals such that

ticy—t; =0 forl <i < Ks, tg,—1 —tgs < 6.
Let X, X1, X2, ... be independent and identically distributed (i.i.d.) random variables with
EX=0=EX?>, Ex?=1, Ee?' Xl < 5o for some a” > 0, (3.2)

and let S, = X1 4+ --- + X,, (So = 0). Approximating the Brownian motion in the optimal
stopping problem (2.1) by the random walk S,,, we can use backward induction to compute
the value function vs(x, #;) and stopping boundary bs(¢;) of the discrete-time optimal stopping
problem. Specifically, first initialize by defining bs(#;) = Bs for 0 < i < [log§|. Then define

recursively
gx, 1) if x > bs(1i-1) + v/8llog 3,
vs(x, 1) = { max[g(x, t;), Evs(x + V86X, t;_1)] if |x — bs(ti—1)| < V/S|logs],  (3.3)
Evs(x + /86X, ti—1) if x < bs(1i—1) — V/3logé|,

for 1 <i < K, and define bs(¢;) for |log§| < i < Kj recursively by

bs(t;) = inf{x: [x — bs(ti—1)| < v/8[log 3],
g(x, 1) > Evs(x + V03X, 1;_1)}  (inf @ = by(t;_1)). (34

Remark 3.1. The assumption (2.2) on the continuous-time optimal stopping boundary b(t)
does not imply the existence of a corresponding discrete-time optimal stopping boundary below
which is the continuation region. For this technical reason, (3.3) is used instead of the simpler
(standard) backward induction algorithm vs(x,t;) = max[g(x, ), Evs(x + VX, ti_D).
(Thus, the resulting vs is not necessarily the value function of the discrete-time optimal stopping
problem.) However, for specific applications (e.g. American put options and call options
with d > 0), such discrete-time optimal stopping boundaries can be shown to exist so that
Theorem 3.1, below, still applies when (3.3) is replaced by the simpler backward induction
algorithm.

https://doi.org/10.1239/aap/1189518637 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1189518637

760 T.L. LAI ET AL.

Theorem 3.1. With the same notation as in Section 2, assume that (2.2)—(2.5) hold, that g.(x) >
0 for all x, and that

Gb(t),1) <0 forallT <t <T, (3.5)

sup e @ TNy T*)| < 00 for some o > 0, (3.6)
x<b(T*)

sup e PO{lg(x, 0] + |G (x, 1]} < oo, 3.7)

Tfth*,xzb(t)

with B(x) = O(x) as x — oo. Then

sup e YWD e (x 1) —v(x, 1) = O() witha = max{e’, "},  (3.8)
1<i<Ks,xeR

bs(t;) = b(t;) — pv/8 + o(\/8) uniformly in [log$| < i < K, (3.9)

where v, = inf{n: S, > 0} and p = EST2 /2ES;,.

+

Remark 3.2. In order to apply (2.10), we need the condition that g*(x) > O for all x, which
is satisfied in typical applications; see [49, p. 105]. In view of Lemma 2.1(a), G(b(t),t) <0
and condition (3.5) requires the inequality to be strict for all # € [T, T']. Conditions (3.6) and
(3.7) are assumed in order to establish bounds on higher-order derivatives of v with respect to
x; see Lemma 3.7. By (3.8), we have vs(x, ;) — v(x, ;) = O(J) uniformlyini € {1, ..., Ks}
and in x over any bounded subset of R. Along the lines of the proof of Theorem 3.1, it can
be shown that SUP| < <k;.xeR Vs (X, t;) —v(x, ;)| = 0(6), if (3.1) and (3.6) are strengthened
to sup, |vs(x, T) — v(x, T)| = O(S) and SUPy _p(T*) lg(x, T*)] < oo. The latter condition
implies that v(x, t) has a bounded fifth derivative with respect to x in the continuation region;
see Lemma 3.7.

Remark 3.3. In many applications, the payoff function may not belong to the class C>2 in the
continuation region. For example, the payoff function associated with the standard American
call option is given by g(x, 1) = e~ (Pye"—4—o?/Di+ox _ g)* which is not differentiable
in {(x,1): Pye” —d—o*[Ditox _ g }. It can be readily shown that the value function and the
stopping boundary remain unchanged if the payoff function is replaced in the continuation
region by any function not greater than the value function (cf. [49, p. 143]). Therefore,
this payoff function yields the same value function and stopping boundary as g(x,t) =
e’”(Poe(”d"’z/z)’*‘” —K) 1<+ +g(x, T*) 1=+, to which Theorem 3.1 applies. More-
over, such changes in the payoff function (in the continuation region) have little effect on the
algorithm (3.3) and (3.4) if § is sufficiently small. Furthermore, as noted in Remark 3.1,
for American call (and put) options, Theorem 3.1 still applies when (3.3) is replaced by the
standard backward induction algorithm. Then the discrete-time value function with respect to
the payoff function g is the same as that with respect to g as long as the initialization vs(x, T')
is nonnegative for all x. To see this for an American call option with d > 0, note that it is not
optimal for the random walk to stop in the region with P, < K and ¢ < T. This comment also
applies to an American put option.

Remark 3.4. Although v;(x, f) only gives an approximation to v(x, ) fort =¢;,i =0, ...,
Ks, we can extend vs(x, t) by linear interpolation to approximate v(x, ) fort; <t < t;_q,
where we define

11—t —

t; =1
vs(x,t) = t_—'UB(X, )+ ﬁva(% ti—1).

i—1 — 4 i—1 — 4
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With this definition of vs(x, t) at every ¢ € [i T], the O(8) error in (3.8) still holds if we
replace vs(x, t;) — v(x, t;) by vs(x, t) — v(x, t) and take the supremum over ¢t € [T, T]. In
practice, X is usually taken to be lattice-valued to avoid numerical integration in computing
Evs(x + VX, ti—1). In this case, with L denoting the lattice for which P(X € L) =
vs(x, t) is only given by (3.3) for x € V8L if (x, t) belongs to the continuation region of the
discrete-time optimal stopping problem. For x; < x < xj41, where x; and x;;1 are two
adjacent points of the lattice /S L such that at least one of (x j»t)and (x;41, t) is a continuation
point, we can again use linear interpolation to approximate v(x, t) by

A U(S(xjvt)—i_—xjvts(xj-i-lvt);
Xj+] - .Xj X]+] Xj

Vs(x, 1) =

see Section 3.4 for further details and discussion.

3.1. Overshoots, ladder heights, and a renewal-theoretic lemma

In the nonarithmetic case, as noted by Hogan [32], the constant p in Theorem 3.1 is the
limiting expected overshoot of the boundary c at the first passage time t(c) = inf{n: S, > c}.
Specifically p = lim.— o E R, in this case, where R, = S;() — c. Moreover, in the case
where X is arithmetic with span 7, ER. — p + h/2 as ¢ — oo in L; see [24, p. 300, 371].
Whereas only lim._,  E R, is involved in approximating the difference between bs(¢) and
b(t), bounds on E R, for all values of ¢ are needed in the proof of Theorem 3.1. Lorden [41]
proved the upper bound sup.oE R, < E 52 ./ E 8¢, (= 2p) by making use of Wald’s 1dent1ty
and certain representations of fo R, dt. He also obtained similar inequalities for sup,-( E R?
for any p > 0; in particular

S3
supE R?

— 3.10
c>0 ‘- 3ESr+ ( )

which is also used in the proof of Theorem 3.1. Note that E S , <o if EX = 0 and
E(X1T)P*T! < o0; see [16, Theorem 1]. Besides (3.10), we also need a different inequality
which bounds E Rg by p and E R, and which is used in the proof of Lemma 3.5.

Lemma3.1. fEX > 0 and E(X1)? < 00, or if EX = 0 and 0 < E(X1)3 < oo, then
ERZ.fZ,o(c—}—ERC)forallczO.

Proof. Under the assumptions on X, 7(c) < oo almost surely and E S%( o < (cf. [30,
Theorem 2.1], for the case in which EX > 0 and [16, Theorem 1], for the case in which
E X = 0). Note that t; = 7(0). Replacing X by the ladder variable S, , we shall assume,
without loss of generality, that X > 0 and E X? < oco. For the positive random variable X, the
desired inequality E R? < 2p(c + E R,) can be written as

(EX)(ER> < (EX>)(c+ER.), (3.11)

which we shall prove by using the renewal function U (x) = ZZO:O P(S, <x), So =0. Let F
denote the distribution function of X and let

G(t):/oox(l—F(x))dx, H(t):/oo(l—F(x))dx, t>0.
t t

To prove that (3.11) holds, note that, for y > 0,

P(Re>y) = P(Si1 <c. S >cty) = f[o (1= Fyte=21dUG).

n=1
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in which U is interpreted as a measure with U ({0}) = 1, and therefore,
o0
E R? =2/ y/ {1—F(y+c—2)}dU(z)dy
0 [0,c]
o0
:2/ / x—c+2(1 = F(x))dxdU(z)
[0,c] Jc—2z

:2/ G(c—z)dU(z)—Z[ (c—2)H(c —2)dU(2),
[0,c]

[0.c]

ERC:f/ {1-F(y+c—2}dU(z)dy
0 Jo,cl

= H(c —2)dU(2).
[0,c]

Since f[O,c] G(c—2)dU(2) = G(C)"‘f(o,c] G(c—z)dU(z)andsince U(0) = 1, G(0) = %EX2
and (d/dz)G(c — z) = (¢ — z2)(1 — F(c — z)) almost everywhere, integration by parts yields

ER?=(EXHU(c) - Zf U(z)(c —2)(1 = F(c —2))dz

[0,c]
—2/ (c—z2)H(c —z2)dU(z)
[0,c]
< (EXHU(0). (3.12)

Since H(c —2) =EX — [{ (1 - F(x))dx =EX — [‘(1 - F(t —2))dr for0 <z < ¢,

ER. =(EX) dU(z)—/ /C(I—F(t—z))dth(Z)
[0,c] [0,c] Jz

=(EX)U(c)—// (1 —F(—z)dU(z)dt.
0 J[0,z]

Noting that fi (1= F(t—2)) dU(2) = U()= [; 5 F(t—=2) dU (z) and [y ,, F(t—2) dU (2) =
Yol P(S, < 1) = U(t) — 1, we then obtain

c—l—ERC:c—i-(EX)U(c)—/Cdtz(EX)U(c). (3.13)
0

From (3.12) and (3.13), the desired conclusion (3.11) follows.

3.2. A canonical optimal stopping problem

We introduce here a canonical optimal stopping problem, dependingond and0 < § < y <
%, which is basic to the induction proof of Theorem 3.1. The payoff function is of the form

8&s(y,s) = [—s +r5(y, )] 15 <0y +hs(¥) 1s=0}, (3.14)

where, for some A > 0,
Irs(y, $)| < A{8s® + V/5|sy| + V8|yI*} for[y| < 57V/°, (3.15)
hs(y) = y* Liy=o) +as(y) ~ with |as(y)| <A for |y| <5 1/°. (3.16)
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Furthermore assume that, for the random walk {S,,, n > 1},

sup E|hs(y + Sp)IP + sup Elrs(y 4+ Sp, —m)|P = 0(877)
|y|<8=¢/12,n<s~v ly|<8=¢/2,1<m<86-7,1<n<8~7
(3.17)
forsome p > land g > 0. For —oo <y <ooand? € {0, —1, —2,...}, let
Vs(y, 1) = sup Egs(y+ Sz, 1 +71), (3.18)
T€T5y

where 75 ; y is the class of integer-valued stopping times T < —¢ such that, on {—7 > t > n},

y + S, > |logd| = stopping occurs at n,
y+ S, < —|logé| = stopping cannot occur at n.

This canonical optimal stopping problem is a modification of Chernoff’s [11] associated
stopping problem with payoff function g defined in (1.1), which is a special case of (3.14).
Note that

V(y,t):= sup EBg(y+Sr.t+1)+t= sup E[g*(y+ S¢) Ljqr=0y—7], (3.19)
0<t<—t 0<t<—t
where g*(y) = y? 1{y<0}, and that the associated optimal stopping problem with payoff function
(1.1) has value function V (y, t) — ¢.

As pointed out by Hogan [32], Lemmas 3.1 and 3.2 of [11] hold for general zero-mean, finite-
variance random walks. Therefore, V (y, t) is monotone decreasing in —¢ and in y. Hogan [32]
has shown that there exists a nondecreasing optimal stopping boundary z(7) < 0 forz < 0 such
that lim;_, _oo 2(¢) = —p, V(y t)>0ify < z(#),and V(y,t) = Olfy > z(t). The following
lemma, whose proof is given in Appendix A, considers instead of V( v, t) the expected reward
u(y, t) of the policy that starts at (y, ), takes an observation, and proceeds optimally thereafter.

Lemma 3.2. Fort <0, letu(y,t) = —1+4+E V(y 4+ X,t+1). Thenu(y,t) < O0fory > z().
Consequently, lim;_, _oo u(y, t) < 0 for everyy > —p.

To analyze the canonical optimal stopping problem (3.18), we use Lemmas 3.1, 3.2, and the
following result.

Lemma 3.3. Let t(y) = inf{n: S, > y}, in which S, = Y7, X; and X, X1, ... are i.i.d.
random variables satisfying (3.2). Then, as m — 00,

G P(r(y) =m) = 0((y2/m)k) uniformly in 1 <y < /m for every A < %,
(i) P(t(y) < m) < exp{—emin(y>/m, £y/2)} for some ¢ > 0 and all y > /m.

Lemma 3.3(i) follows from [37, Equations (4.6), (4.12), and (4.13)]. Lemma 3.3(ii) follows
from P(t(y) < m) = P(max,<, S, > y) < e 9 (Ee?X)™, by the submartingale inequality
and (3.2), with 6 > 0 and ¢ > 0 chosen suitably to yield the desired conclusion. In Appendix A
we make use of Lemmas 3.1-3.3 to prove the following results on the canonical optimal stopping
problem (3.18) that are used to prove Theorem 3.1.

Lemma 3.4. For every fixed ¢ > 0 and all sufficiently small § > 0, if =677 <t < —|logd|
then, in the optimal stopping problem (3.18), (y, t) is a stopping point for y > —p + €.

Lemma 3.5. For every fixed ¢ > 0 and all sufficiently small § > 0, if =677 <t < —|log4|
then, in the optimal stopping problem (3.18), (y, t) is a continuation point for y < —p — &.
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3.3. Proof of Theorem 3.1

To prove Theorem 3.1 we approximate the underlying optimal stopping problem by a
recursively defined family of optimal stopping problems. The payoff function in each optimal
stopping problem is of the canonical form (3.14), in which g; is given by the following result.

Lemma 3.6. With the same notation and assumptions as in Theorem 3.1, let t* € (f, T] and
x* = b(t*). Define the quadratic function

g 19%g , 1d%g
mTe(x, 1) = g(x*, ") + a(x*, ) (x —x")+ Em(x*, ) (x —x*)" — Em(x*, )t —1%).

Letting y = 8 V/2(x — x*) and s = §~'(t — t*), define
20, 5) =8 Hglr, 1) — e (x, O} Ljpepry +[8 ™ {v(x, 1) — g (x, )} + C5 (M) L=y, (3.20)

where exp{—a«/gy’}|C5 MI/1G (x*, t*)| is bounded by some positive constant A for all y and
all sufficiently small § > 0 with a given in (3.8). Then g5 := 25/|G(x*, t¥)| satisfies (3.14)-
(3.17) for =67V < s <0, for every choice of 0 < ¢ <y < % and g > p > 1. Furthermore,
defining Vs by (3.18) with this choice of g5, we have, as 6 — 0,

(i) Vs(y,s) = y* —s —E(—p + R_p_y)2 + o(1) uniformly in =87V < s < —%8_}’ and
—pz=y=—8"

(i) Vs(y,s) = y? 1y<0) —s + O(1) uniformly in =677 <s < Oand |y| < 8§72,

Remark 3.5. For the symmetric Bernoulli case, the term E(—p 4+ R_,_ },)2 appearing in
Lemma 3.6(i) plays an important role in Chernoff and Petkau’s numerical algorithm [15, p. 48]
for computing the boundary b(-).

Remark 3.6. Lettingy = §~'/2(x —x*) and s = 8~ (r — *), define V(y, s) = § ' (v(x, 1) —
Te(x,1))/|G(x*, t*)|. Recalling that y2 1{y<0} —s is the (continuous-time) value function for
the optimal stopping problem (1.1), we can make use of Taylor expansions and arguments as
in the proof of Lemma 3.6 (given in Appendix A) to show that V (y, s) = y2 1y<oy —s +o(1)
uniformly in —§77 <s < Oand |y| < §7¢/2, By Lemma 3.6(ii), there exist C > 0 and §p > 0
(depending on the constant A that bounds exp{—a«/gy’}|C5(y)|/|G(x*, t*)|) such that, for
0 <38 < §p, wehave |V (y,s) — Vs(y,s)] < Cfor—377 <s <0and |y| < §~¢/2. Moreover,
by Lemma 3.6(i), there exists §; > 0 (depending on A) such that for 0 < § < §;, we have

IV(y.s) = Vs(.$)| < 1+ sup E(—p + R_,_y)%, (3:21)
y<—p
for—67Y <s < —%8’7’ and —p > y > —87%/2. Since, by Lemma 3.4, V5(y, s) = —s +o(1)
for —p < y < 87¢/2 and since p? = E(—p + Rp)> = E(—p + S, )?, the inequality (3.21)
actually holds for =877 <5 < —1877 and |y| < §7¢/%.

We next combine Lemma 2.2 with conditions (3.6) and (3.7) of Theorem 3.1 to prove the
following result.

Lemma 3.7. With the same notation and assumptions as in Theorem 3.1,

n 8]
sup e @ KON —__y(x, 1) <00 forj=0,...,5,
ox/

7515T,x<b(t)
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where (30/8x0)v(x, t) :=v(x,t). Furthermore, if (3.6) is strengthened to

sup [g(x, T)| < oo,

x<b(T*)
then we have
Y
_ sup ﬁv(x,t) <oo forj=0,...,5.
T<t<T,x<b(t) X
Proof. By Lemma 2.2, SUp7_, 7 1 <y _p(p |8/ /0x7)v(x, 1)| < oo for j =0, ..., 5, where

L := min{b(t): T <t <T}—1 Let Q2 = {(x,):x < L,T < t < T}. Note that
Ey : g(Br+, T*) can be expressed as

/bm) w9 ) e + s 79 ) e
oo gl ST —t )T  —t b(T*)g ' VT* =1 JJT* =1~

Here, in view of (3.7) and T < T¥*, the second integral has a bounded jth derivative with
respect to x over Q (j = 0,...,5), whereas the first integral has its jth derivative bounded
by O(e* Iy over  in view of (3.6) (or bounded by O(1) if SUPy <p(T) lgx, T*)| < o0).

Similarly,
T* %)
/ {/ G(u,s)qb(u_x) du }ds
t b(s) VS =t /) AS—t

also has a bounded jth derivative with respect to x over 2, j = 0, ..., 5. Hence, the desired
conclusion follows from (2.10).

Proof of Theorem 3.1. Lete > Oandtake0 < ¢ <y < % We shall use induction to prove
that, for sufficiently small § > 0,

|b(t;) — bs(t;) — pv/8| < ev/8, i =[|logél], ..., Ks, (3.22)
max lo(x, ;) — vs(x, ;)| < Cod, i=1,...,Ks, (3.23)
b(ti—1)—81=9/2<x<b(t;_1)+25'/?[log §|
max e TPy (x, 1) — vs(x, 1;)] < e*BY(Cos + C18%0), i=1,...,Ks,
x<b(ti_1)—8(1-9)/2
(3.24)

where B := max{|b'(t)|: T <t < T} < ooand Cp and C; are positive constants that will be
specified later. Since {my(x 4+ +/8Sy, # +n8), n > 0} and {7g(x + /3By, t + 8u), u > 0} are
martingales, Doob’s optional stopping theorem yields 74 (x, 1) = Emg(x + NS B, t+6t) =
Emg(x + V/8S,., t + 8i) for any bounded stopping times « (adapted to the filtration generated
by {S,}) and t. In the induction proof of (3.22)—(3.24), we can therefore replace g and v by
g —mg and v — 1, for each time interval [#;, #; _1 ] with the optimal stopping boundary preserved.
Note also that by (2.4), (3.3), and (3.22), we have, fori =1, ..., K;,

b(ti—1) + 28'*|log 8| > max{b(t), bs(ti—1) + §'/*[log 8|},

for sufficiently small § > 0, from which it follows that v(x, #;) = vs(x,t;) = g(x, 1), for
x > b(t;_1) + 282 |log §|.
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We first apply Lemma 3.6 with t* = T(= 19), y = 8 Y?(x — b(T)), and Cs(y) =

8 Yus(x, T) — v(x, T)}. By (3.1) and noting that o’ < o, we have

—aA/8y~}|IC
A =1+ limsupsup exp{ ot«/—y NGO
§—0 v |G(b(T), T)|

Then Lemmas 3.4, 3.5, and 3.6(ii) show that (3.22) holds for i = [logd], ..., [§77] and that
(3.23) holds fori =1, ..., [§77] for some constant Cy (see Remark 3.6). We shall choose Cy

to satisfy
Co> sup |G(b(t),t)|max{A, 1+ sup E(—p+R_,,_y)2}. (3.25)
T<t<T y<=p
We now make use of (3.23) and an induction argument to prove (3.24) fori =1, ..., [§77].

First consider the case in whichi = 1. Forx < b(T) —81=9/2 vs(x, 1) = Ev,s(x~|—«/3X, T)
(by (3.3)), and v(x, ;) = Ev(x + V8B, T) + O(8?) for every p > 0. It follows that, for
x <b(T) — 3(1—4)/2’

vs(x, 1) — v(x, 11) = E[vs(x + V86X, T) — v(x + V8B1, T)] + O(*). (3.26)

By (3.25), sup, exp{—a(x — b(T)) }vs(x, T) — v(x, T)| < Coé for sufficiently small § > 0.
Since EX" =E Bf forr = 1,2, 3 by (3.2), it follows, from Lemma 3.7 and Taylor’s theorem,
that

E[v(x + V38X, T) —v(x, T)] — E[v(x + V8B, T) — v(x, T)]

1 841) 4 4
= ——(x, D{E(/8X)* —E(5B)*)
4! 9x
1 v / 5 v " 5
+ —EB| —=(x + 0'V8X, T)(V8X)’ — —=(x + 0"v/$B1, T)(W$B)’ |, (3.27)
51| 9xd ax3

where 6’ and 0" are between 0 and 1. (Strictly speaking, as 3?v(x, T)/dx? has a discontinuity
at the boundary, we need to replace v(x, T) by a fifth polynomial of x in the half line
{(x,T): b(T) < x < oo} so as to make the fifth derivative continuous in order to apply
Taylor’s theorem. Such replacement yields a negligible error of O(é”) for every p > 0.)
Setting

Ci=1+-|EX*_EB! ety 10
1= +4—!| — E By sup € W(XJ)

fsth,x<b(t)
we have, by (3.26) and (3.27) together with Lemma 3.7,

9

sup e P PMlys(x, 1) — w(x, 1)] < Cod + €18
x<b(T)—81-5)/2

for sufficiently small § > 0, implying that

sup e P ys 1) — v(x, )| < B (Cos + C187).
x<b(T)—81-0)/2

This shows that (3.24) holds for i = 1. Replacing T (= f¢) in the preceding argument by f
then shows that (3.24) holds for i = 2, recalling that (3.23) has already been established for
i = 1. Proceeding inductively in this way proves that (3.24) holds fori =1, ..., [677].
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To proceed inductively beyond [6 77 ], suppose that (3.22)—(3.24) have been shown to hold
forall i < j with j > [§77]. To show that (3.22) and (3.23) also hold fori = j + 1, we apply
Lemma 3.6 with t* = ¢;_; and C;5(y) = s ws(x, tji—yj) —v(x, tj_y)}, where J = [677/2].
By the induction hypothesis, we have

By ICs ()] e*BT-D(Co + C\(T — T))
supe 3y < i
v IGb(tj—1), ;)] infz_, 7 1G(b(®), D)

for sufficiently small § > 0. Thus, we can apply Lemmas 3.4, 3.5, and 3.6(i) to establish (3.22)
and (3.23) fori = j + 1. (In view of Remark~3.6, recall that Cy llas been chosen to satisfy
(3.28) and note that the bound explaB(T — T)|{Co + C((T — T)}/infz_, ;|G (D(2), 1)]
does not depend on j so that the same §; (referred to in Remark 3.6) can be chosen for
all j.) Finally, making use of Lemma 3.7 and noting, by the induction hypothesis, that
sup, e YW P ys(x, 1) — v(x, 1)) < e*BY(Cys + €182 ), we can proceed as in (3.26)
and (3.27) with T = 1y and ¢ replaced by #; and #; to establish (3.24) fori = j + 1.

3.4. The Chernoff-Petkau method for symmetric Bernoulli walks

In the backward induction scheme (3.3)—(3.4) considered in Theorem 3.1, the search for
the optimal stopping boundary bs(t;) is carried out over the interval bs(f;_1) £ NS |log 8|, for
i =1,...,Ks. In practice, however, the backward induction procedure (3.3) to compute
vs(x, t;) is usually carried out over a fixed grid of points instead of within the entire interval.
Particularly popular is the symmetric Bernoulli walk approximation with the set of grid points
L = {Bs + Mok:ik =0,+1, ... }, for which at any time #; every x € L is characterized as
either a stopping point if g(x, #;) > Evs(x + VX, t;_1) or a continuation point if E vs(x +
VX, ti_1) > g(x,t;), where X is a symmetric Bernoulli random variable. A simple way to
approximate the optimal stopping boundary b;(;) is to let

x1 =inf{x € L: g(x, ) > Bus(x + VX, ti_1)} (3.28)

and xg = x1 — V8, so that bs (t;) is approximated by the value of x satisfying A(x1, #;) (x —x0) +
A(xo, ;) (x1 —x) = 0, where A(x, 1;) = 3[vs(x + v/, ti1) + vs(x — V8, 1i-D)] — g(x, ).
Note that A(xy, ;) < 0 < A(xg, t;).

Besides this linear interpolation method, Chernoff and Petkau [14], [15] also introduced
an extrapolation method which does not explicitly estimate bs(#;). This extrapolation method
uses (3.9) to arrive at a system of equations from which the continuous-time optimal stopping
boundary b(t;) is computed. Specifically, with the (y,s) scale as defined in Lemma 3.6,
Chernoff and Petkau [15] argued that for large negative s and bounded y < —p, the Vs(y, s) in
Lemma 3.6(i) can be expressed as Vs (y, s) = y2—s —E(—,o—l—R_,o_y)2 +o(1) with p = 0.5and
R. = 1+ [z] — z for the symmetric Bernoulli case. Since y> —E(—0.5+ R_Q,5_y)2 =—hi1(y)
for y < 0.5, where

) =[-»?+ inf (y + |1 <0) (3.29)

it follows that, for a continuation point (x, ¢;) in the vicinity of a boundary point (x*, ¢*),
with 0 > x — x* = O(+/8) and such that (r; — t*)/8 is negatively large but b(f;) — x* =
b(t;) — b(t*) = o(\/9),

D(x, 1;) == vs(x, 1;) — g(x, 1;) ~ adhy (x :/gx ) ~ ash, (x_—\/bg(t’)) (3.30)
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where a = G (x*, *) < 0. Recalling that xg = x| — +/8 and that x is the smallest stopping
point on the grid at time ¢ = ¢;, let Do and D; be the values D(xg, t;) and D(xg — V8, ti),
respectively. Then bs(#;) is between xo and x;. Since bs(¢) = b(t) — 0.5/8 + o(\/g), which
implies that (approximately) b(t) — 0.5+/8 < x| < b(t) + 0.54/8, we use the representation

x0=x1 — V8 =b(t)+vvs,  x0—~8=b(t)+ -1V,
with —1.5 < v < —0.5, to yield, via (3.30),
Do ~ adhi(v) =adRv+ 1), Dy =~ ash (v —1) = ad(4v).

The solution to the above linear system is v = D1/(4Dog — 2D1), which then leads to the
following continuity correction for the approximation of b(#;) by the stopping point x; defined
in (3.28):

b(t;) = xo + <m>\/§. (3.31)

Chernoff and Petkau [14], [15] found the corrected Bernoulli-walk approximation (3.31) to
work well when applied to a number of well-studied optimal stopping problems. In Section 5
we apply the approximation to a stochastic control problem with an explicit solution and thereby
illustrate its accuracy. The function i1 (y) in (3.29) first arose in [13, p. 882] as the limit of
—Vi(y, —n)+n asn — oo, where V| (y, —n) is the value function for the symmetric Bernoulli
case (6 = 1) with payoff (1.1). Since the payoffs (1.1) and (3.14) differ by r5(y, s) defined in
(3.15) that is vanishingly small (see (A.2)—(A.6) in Appendix A), we can use the same arguments
as those in the proof of Theorem 3.1 to show that the approximation (3.31) still has the 0(V/3)
erTor.

4. Applications to optimal stopping for S, /r and Shepp’s urn

With the payoff function g(x,#) = x/t, the classical S, /n problem is to find, for a given
initial point (xg, fp), a stopping time t taking values in {0, 1, ...} so as to maximize E[(xg +
S:)/(to + 7)], where S, = X1 +---+ X,, n=1,2,...,and X, X1, X3, ... arei.i.d. with
mean O and variance 1; see [17] and [19] which prove that it is optimal to stop at the first n
at which xo + S, > B(tp + n) for some function S(¢) (stopping boundary). Shepp [46] and
Walker [50] have independently shown that lim;,_, », 8(n)/n 1/2 = ¢ and that the corresponding
optimal stopping problem for Brownian motion has stopping boundary b(r) = ct'/?, where
¢ = 0.83992... is the unique root of the equation c¢(c) = (1 — c2)®(c), in which ¢ and ®
are the standard normal density and distribution function, respectively. Theorem 3.1 suggests
the second-order approximation 8(n) = cnl/? — p+o(1)asn — oo. Lai and Yao [38] proved
this for standard normal X. They also computed (n) for symmetric Bernoulli X, for which
o = 0.5, and showed that cn'/? — 0.5 approximates (n) well even for small 7.

We next consider a closely related optimal stopping problem introduced by Shepp [46].
Given n > m > 0, consider an urn with n balls, m of which have payoff —1 and n — m of
which have payoff +1. A player draws at random from the urn without replacement until he
stops; stopping can occur at time 0 (with no draw at all). As noted by Shepp [46, p. 1000], the
urn problem is computationally simpler than the infinite-horizon S, /n problem as we can use
backward induction to compute the optimal stopping rule. Instead of m, it is more convenient
to consider the parameter k = 2m — n = m — (n — m), which is the negative total worth of
the urn; see [47]. It is also more convenient to extend k to a continuous variable w € [—n, n].
For any w € [—n, n], define a (w, n) urn as follows. Let k be the unique integer such that
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k —2 < w < k and k has the same parity as n, so |k — w — 1| < 1. The (w, n) urn consists of
(n +k)/2 — 1 balls with payoff —1, (n — k)/2 balls with payoff 1, and the remaining ball with
payoff k — w — 1. The expected return under optimal stopping from a (w, n) urn, which will
be called its ‘maximal expected return’, is continuous and nonincreasing in w.

Let B(n) be the smallest w for which the (w, n) urn has maximal expected return 0. For
a (B(n), n) urn, there are two optimal policies; one does not draw at all and the other draws
one ball and then proceeds optimally. Both policies yield maximal expected return 0. Given a
(w, n) urn, let X i"), X én), ... denote the payoffs of the successive draws (without replacement)
from the urn and let S;") - X%") 4ot X;."). An optimal policy is to stop at the first j at
which w + Sj(.") > B(n — j). Letu = n~Y2w (fixed) and W,(j/n) = n—1/2sﬁ.’”, j=

0, 1,.... The optimal policy maximizes E W,,(z,) over stopping times 7, that take values in
{0,1/n,...,1}. Asn — oo, W, converges weakly to Brownian bridge {W(¢), 0 <t < 1}
with W(1) = —u. Shepp [46] showed that sup, E W(7) is attained by the stopping time

T =inf{0 <t < 1:u+ W() = b(1 — 1)}, where b(t) = ct'/? is the stopping boundary of
the optimal stopping problem for Brownian motion in the first paragraph of this section. This
in turn yields the approximation B(n(1 — 1)/n'? ~ b(1 —1) fort € {0,1/n, ..., 1} and, in
particular, 8(n) = (c+o(1))n'/?, as pointed out by Shepp [46] for a slightly different sequence
B (n), where ,5 (n) is the smallest k for which an urn with n balls and total worth —k has maximal
expected return 0. Note that B(n) —2 < B < B(n).

For a (w, n) urn with large n and w close to cn 172 (i.e. (w, n) is near the stopping boundary),
any fixed number of successive payoffs X 5.") sampled from the (w, n) urn are approximately
independent symmetric Bernoulli random variables. The proof of Theorem 3.1 can be modified
to extend the results to X ;.") that are asymptotically independent and uniformly bounded, with
E X;”) =0 and var(XE.")) = 1. Formal application of Theorem 3.1 then yields g(n)/n'/? =
c—0.5n"12 +0(n1/?). Simons [47] proposed to use cn'/? — 0.5 as an approximation to (1)
and conjectured, based on an extensive numerical study, that,as N — oo, #{n < N: B(n) -2 <
cn'’? < B(n)}/N and #{n < N: B(n) —2 < cn'/?> — 0.5 < B(n)}/N tend to 0.75 and 1,
respectively. Note that this conjecture is a consequence of f(n) = ent/? — 0.5 4+ o(1), since
the sequence {cn'/?, n = 1,2,...} is uniformly distributed modulo 1 by Fejér’s theorem
[31, p. 23]. A technical difficulty in applying Theorem 3.1 to prove this is that the derivative of
b(t) = ct'/? becomes infinite as  — 0, and we have not been able to provide a rigorous proof
at this point. However, we have carried out an extensive numerical study of the accuracy of
cn'/2—0.5 as an approximation to 8(n). The results show that this second-order approximation
is accurate even for small n. A small subset of these results is given in Table 1.

TaBLE 1: Optimal boundary and its second-order approximation for Shepp’s urn problem.
n 1 2 3 4 6 8 10 12 14 16
B(n) 0.000 0.500 1.000 1.000 1.500 1.894 2.153 2370 2.586 2.797

en'2-05 0340 0.688 0955 1.180 1.557 1876 2.156 2410 2.643 2.860
difference  —0.340 —0.188 0.045 —0.180 —0.057 0.018 —0.003 —0.040 —0.057 —0.063

n 18 20 22 24 25 26 27 28 29 30

B(n) 2998 3206 3.408 3.603 3.655 3.791 3.820 3.973 3.977 4.114
en'/2-05 3.063 3256 3440 3.615 3.700 3.783 3.864 3.944 4.023 4.100
difference  —0.065 —0.050 —0.032 —0.012 —0.045 0.008 —0.044 0.029 —0.046 0.014
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5. Boundary correction in singular stochastic control

In this section we show how the second-order boundary correction of Section 3 can be
extended to compute the optimal boundary in singular stochastic control problems, for which
the process does not stop when it hits the boundary but is brought back to the no-action region
by the control. Specifically, the control problem is to minimize

T
E[/ h(X,, 1) di + f f(r>|dst|+k(x7)], 5.1)
0 [0,T)

over bounded variation processes {£,} that are adapted to the filtration generated by a standard
Brownian motion {B;} such that X; = x + B, + &; see [2] and [3]. In (5.1) the functions 7,
f, and k respectively represent the deviation of X; from 0, the unit cost of effort &, and the
terminal penalty when the state is away from the target state 0. In addition, A(-, #) and k(-) are
assumed to be even, convex functions and f to be nonnegative. Expressing &; as the difference
£ — &7, where {£"} and {£,”} are nonnegative, nondecreasing in 7, the so-called monotone
Sfollower problem is to minimize (5.1) subject to the constraint £, = 0, which can be solved
via a related optimal stopping problem of the form

T
min E|:f hy(x + By, t)dt + () Lir<y +k'(x + Br) l{tzr}], (5.2)
e [0,T] 0

where 7[0, T] is the class of stopping times taking values in [0, T']; see [34].

The special case of the monotone follower problem with /1 (x, ) = x2, f =0,andk = 0, has
been solved explicitly by Benes et al. [5], who showed that the optimal (nondecreasing) process
{&} is singular with respect to the Lebesgue measure. It is characterized as the local time of the
controlled process X; = x+ B, —&;* attheboundary D = {(x,#): 0 <t < T,x =dT —t},
where d = 0.63883 ... is the solution of a transcendental equation. The optimal control {£;"}
is applied at the boundary to keep X within D, which corresponds to the continuation region
of the optimal stopping problem (5.2). If x € D¢ at time 0, then & is such that X is the closest
point on 9 D to which x is moved instantaneously. Let U (x, T)) denote the value function. In
this special case, (5.2) reduces to the optimal stopping problem

T
Vix,T)= inf E|:/ 2(x + B,)dtj|. 5.3
710,71 | Jo

The optimal boundary for the monotone follower problem with value function U is the same as
the optimal stopping boundary associated with the value function V; moreover, U, = V. This
connection dates back to Bather and Chernoff [4] and has led to many generalizations and an
extensive literature; see [2] and [3] and the references therein.

The optimal stopping problem (5.3) is not of the form (2.1) because the payoff has to be
integrated over time up to 7, instead of at the stopping time t. Conversely, an application
of Ito’s formula can reduce (5.3) to the form (2.1). More generally, consider the optimal
stopping problem (5.2). Let «(x,?) be a solution to the nonhomogeneous heat equation
ok /ot + %321(/3)62 — hy = 0. Then by Ito’s formula we have E[x (x + By, t) — k(x,0)] =
Efot hy(x 4+ By,u)du. Thus, (5.2) can be expressed in the form (2.1) with —g(z,1) =
F@®) Yy<1y +k'(2) 1=r) +x (2, ). In particular, we can write the optimal stopping problem
(5.3) as maximizing

—E|:/r(x + B,)dt} = B[(T — 7)(x + B;) — Tx].
0
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TaBLE 2: Uncorrected (U) and corrected (C) random walk approximations against the actual (A) boundary
for the monotone follower problem at different valuesof t =7 —¢.

1037 2 2.5 3 35 4 5 6 8 10 15 20 30
102U 235 281 301 326 357 403 445 520 601 731 854 1058

102C 285 331 351 376 407 453 495 570 651 781 9.04 11.08
102A 286 3.19 350 378 4.04 452 495 571 639 7.82 9.03 11.06

Thus, the optimal stopping problem (5.3) associated with the monotone follower case of the
control problem (5.1) has a payoff of the form (2.1). We can therefore apply the corrected
random walk approximation of Section 3 to compute the optimal reflection boundary. As an
illustration, Table 2 (with § = 10~* and correction started at t = T — 0.0020) shows the
dramatic effect of the correction when comparing the corrected Bernoulli walk boundary (b(t)
in (3.31) of Section 3.4) and the uncorrected Bernoulli walk boundary (bs(¢) described in
Section 3.4) against the actual boundary in the monotone follower problem solved explicitly
by Benes et al. [5].

Appendix A

Proof of Lemma 3.2. Note that u(y, t) = E[g*(y + Ss(y.1) Lo (y,n=—1} —0 (¥, )], where
g5 (y) = y2 ly<oyand o(y,t) =inf{n: 1 <n < —t,y+ 8, > z(t + n)}, inf g = —¢. For
t < 0andy > z(t), suppose that u(y,¢) > 0. Then P(o(y,t) = —¢t,y + S < 0) > 0.
Moreover, since z(t) + S—; < y + S,

E[g"(z(t) + So(y.1) Lio(y.)=—1} =0 (¥, )] — u(y, 1)

> [(z(1) + S—1)? — (v + S_)?1dP

/{a<y,t)=—t,y+s, <0}
> 0. (A.1)

Conversely, u(z(t),t) = Elg*"(z(t) + Soy,n) Yio(y,)=—1} —0 (¥, )] since u(z(t),t) is the
optimal expected reward gf policies that start at (z(¢), ¢) and take at least one observation.
Moreover, u(z(t),t) < V(z(t),t) = 0. Combining these with (A.1) yields u(y,t) < 0,
contradicting the assumption u(y, ) > 0. _

Since V (y + X, t + 1) is monotone decreasing in —¢, it follows that u(y, t) = -1 +E V(y+
X,t + 1) is monotone decreasing in —¢. For y > —p = limg_, _ 2(s), u(y, t) < 0 for all
sufficiently large negative ¢, and therefore lim;—, _oo u(y, ) < 0.

Proof of Lemma 3.4. By the definition of 73, y, y is a stopping point if y > [log §|. While
we need consider only y < [log §|, most of the inequalities below hold for |y| < §~¢ /2 that will
be used in the proofs of Lemmas 3.5 and 3.6. In addition to Lemma 3.2, we shall make use of
the following uniform bounds for all stopping times T < —¢ < 8 and |y| < § ¢/

SE(y+8:)2 <8(y2+877) <80 +87)— 0, (A.2)

VEE|y + 8P < 4Vs(ly +70/P7) < a5 0P8 457027y 0, (A3)
SElt+1)7 < 8% >0, (A.4)

Py + 8412 57/ < P max 15,1 = 57/° —5757) = 06, (A5)
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for all ¢ > 0 by Lemma 3.3(ii), recalling (3.2) and that 0 < ¢ < y < %; moreover, for
Iyl <8716,

VOE[t +1lly + S )1 <82V E|y+ S, <8V rsT/0 45772y 5 0. (A.6)

Letus(y, t) be the value of the policy that starts at (y, ¢), takes one observation, and proceeds
optimally thereafter in the optimal stopping problem (3.18). Let g(y) = hs(y) for |y| < §~1/6,
and g(y) = y? 1{y<o) for |y| > 8§71/ In view of (3.16), sup, 1T(y) — y? Liy<oy | = O(1) as
8 — 0. Therefore, [11, Theorem 4.1], on a modified version of the associated problem holds
for general random walks satisfying (3.2) and can be applied to show that, as t — —oo,

us(y, 1)+t <u(y, 1) +o(l) + A(y, 1) fors*2>y>—p+e, A7
where u is defined in Lemma 3.2 and

A(y,t) == sup Elrs(y + Se,t + )| 1r<—p

I<t<—t
+E(lhs(y + SOl 1y 45, 15s-1/6) +(y + S_)? Lis ,<—s-1/6))-
By (3.15), we have
sup E|rs(y + St,t + 1) Lr<—y

I<t<-t
<A sup E[8(y+ So)>+ 8|y + SeIP + V8l + tlly + Sl
1<t<—t
——1
+ Z Elrs(y + Sn. t + 1) 1jy45,1>5-1/6) -

n=1

From (3.15)-(3.17), (A.2)—(A.6), and Holder’s inequality, it follows that

sup A(y,t) > 0 asé§— 0.
—pFe<y<8=/2,—§7r<r<—1

It then follows, from Lemma 3.2 and (A.7), that if —67% < r < —|logd], then (y, 1) is a

stopping point (with payoff —¢ + o(1) upon stopping in view of (3.14)) forevery y > —p + ¢
and for all sufficiently small § > 0.

Proof of Lemma 3.5. If y < —|logé|, then (y, ) is a continuation point, in view of the
definition of 75 ;. For —|logé| <y < —p —eand =877 <t < —|logé], to show that (y, ¢)
is a continuation point if § is sufficiently small, we make use of (A.2)—(A.6) and

—1—1
Elhs(y + S-0l Lyyps m5-sy+ D Blrs(y 4 Su.t + 1) 145, 125-16) — 0.

n=1

which follows from (3.17), (A.5), and Holder’s inequality. It then suffices to show that G(y) =
lim;— o V(y,1) > 0if y < —p — ¢, recalling that V (y, t) is monotone decreasing in y and in
—t; see (3.19) and the paragraph preceding Lemma 3.2. Letting t(y,t) = (—t) Ainf{n: y +
S, > —p}, we can apply Doob’s optional stopping theorem as in (3.4) and (3.5) of [13] to
obtain

Eg(y +Scpn.t+1(y, 1) = y2—t—E(y+ Sr(y,t))2 1(v,n<—n)

—EQ + Sr0.0) Le(ry=—tiy+Sp0 =0 - (A8)
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Fixy < —p — ¢ and let c = —p — y. Note that, as —t — o0,
E(y + Sr(y.0)* Lizry<—1) = E(=p + R)* +0(1) = p> = 2pER. + ER? +0(1), (A.9)
B+ Sr.0)” Lr(rn=—t. 34800200 = B(=p + R L p1R20,1(.)=—1) = 0, (A.10)

by the uniform integrability of R? (cf. [32]). Moreover, y2 = (p + ¢)? = p? + 2pc + 2.
Putting this in (A.8) and applying (A.9) and (A.10) then yields

Eg(y+ Sy, t + (v, 1)) = —t +2p(c + ER.) —ER? 4 ¢* + o(1)

as —t — 00. From this and Lemma 3.1, V(y, H>Eg(y+Scy.n, t+t(y, )+t > 2+o(1).

Proof of Lemma 3.6. Taylor expansion of g — g around (x*, t*) yields, for ¢ < ¢*,
(8 =7 (x, 1) = O™, 1)t = 1*) + Ol — 1P 4 | —x*P + |1 — 1¥||x —x*). (A.1D)

We can apply Lemma 2.1 to conclude that 3%v/dx? and 8%v/dxdt = —%83v/8x3 are contin-
uous in the continuation region up to the boundary b(-); moreover, %(82 /x> (v —g) = -G
at x = b(t). Note that v(x,*) = g(x,t*) for x > x* and that (32/9x%)v(x, t*) has a
discontinuity at x = x*. A Taylor expansion around x* yields

(V=) (x, %) = =G (x*, %) (x — x)? Ljy<yr) +O(Jx — x*P). (A.12)

In view of (3.5), —G(x*, t*) = |G(x*, t*)| > 0. From (A.11) and (A.12), it follows that gs
satisfies (3.14)—(3.16) for —§77 < s < 0, for every choice of 0 < y < % To prove that (3.17)
holds (with £ thus defined) for this range of y andany g > p > 1 and 0 < ¢ < y, it suffices
to show that

sup E|g(x 4+ V85, )P = O(1), (A.13)
‘X*X*|§5(I_{)/2J**8I_Vftft*,nfa_y
sup E [v(x + V8S,, 9|7 = O(1). (A.14)

lx—x*]<8(1=0)/2 p<§-v
From (2.3), (3.7), and (3.2), (A.13) follows, noting that, for some large constant M > 0,
Elg(x + /88y, 1)|P < MeMPR+Y5Sul < preMplxl(p MpV3Si 4 g o=MpV3S1y — (1),

Similarly, as sup, e_“w‘)‘_b(’*)‘w(x, t*)] < oo by Lemma 3.7 and since v(x,t*) =
g(x, r*) for x > b(t*), (A.14) follows from (3.7) and (3.2).

To prove part (i), recall that § = = 0(6~7) and that SUPF < <7+ x> b(r) lg(x, D)]e P® < 0o
by (3.7) with B(x) = O(x) as x — oo, and apply Lemmas 3.3(i), 3.4, and 3.5 together
with (A.2)—(A.6), (A.8)—(A.10), (3.20), and (3.2). To prove part (ii), let V(C)(y, s) denote
the discrete time optimal value function with respect to the payoff function —s 1{;0) +(c +
y2 1{y<0}) 1{s=0}, which reduces to (1.1) when ¢ = 0. By [11, Theorem 4.1], (applicable to
random walks satisfying (3.2)) together with (A.2)—(A.6) and (3.15)—(3.17), it follows that, as
§ —> 0, V(_A)(y,s) +o0(l) < Vs(y,s) < V(A)(y,s) + o(1) uniformly in =677 < s < 0
and |y| < 87¢/2. Observing that |V (y,s) — VO(y, s)| < |c|, part (ii) then follows from
Lemma A.1, below.

Lemma A.1. Ler VO (y, s) denote the discrete time optimal value function for Chernoff’s
associated stopping problem (1.1). Then we have 0 < y? 1y<0p—s — VO(y s) < p*+
4ES§’+/3EST+f0rs =—1,-2,... and —00 < y < 00.
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Proof. Hogan [32] has shown that there exists a nondecreasing optimal stopping boundary
0 > z(—1) = --- > —p. The lemma holds trivially for (y, s) with y > z(s). For (y,s)
with y < z(s), we have, as in (A.8), VO (y,s) = y?> — s —E(y + S)* Ljz<—sy —E(y +
Sr)2 1it——s y4+5,>0), where T = (=s) Ainf{n: y + S, > z(s + n)} is the optimal stopping
time. Letting 7(c) = inf{n: S, > ¢} and noting that 0 > z(—1) > z(=2) > --- > —p, we
have (y 4+ S2)% Liz<—s} +(y + S)? Lir——s,y+5.20; < %+ (¥ + Sz(—y))?, which together with
(3.10) proves the lemma.
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