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ABSTRACT

Let X/F, be a smooth, geometrically connected, quasi-projective scheme. Let £ be a
semi-simple overconvergent F-isocrystal on X . Suppose that irreducible summands &; of
£ have rank 2, determinant @p(—l), and infinite monodromy at co. Suppose further that
for each closed point = of X, the characteristic polynomial of £ at x is in Q[t] C Qplt].
Then there exists a dense open subset U C X such that £|y comes from a family of
abelian varieties on U. As an application, let L; be an irreducible lisse Q; sheaf on X
that has rank 2, determinant Q;(—1), and infinite monodromy at co. Then all crystalline
companions to L; exist (as predicted by Deligne’s crystalline companions conjecture) if
and only if there exist a dense open subset U C X and an abelian scheme 7y : Ay — U
such that Li|y is a summand of R'(7y).Qy.

1. Introduction

Throughout this paper, p is a prime number and ¢ is a power of p. If X/k is a smooth scheme
over a perfect field of characteristic p, then F-Isoc' (X)) denotes the category of overconvergent
F-isocrystals on X and F—ISOCT(X )@ denotes its @p-linearization. Overconvergent F-isocrystals
are a p-adic analog of lisse [-adic shegves.

DEFINITION 1.1. Let X/k be a smooth, geometrically connected scheme over a perfect field k
of characteristic p and let £ € F-IsocT(X )@ . We say that & has infinite local monodromy at
P

infinity if, for every triple (X', X', f) where X’ is smooth projective over k, X’ C X’ is a dense
Zariski open subset, and f: X' — > X is an alteration, the overconvergent F-isocrystal f*& does
not extend to an F-isocrystal on X'.

This definition of infinite local monodromy at infinity applies equally well to lisse Q;-sheaves
and is compatible with the other notions of infinite local monodromy at infinity.

THEOREM 1.2. Let X/F, be a smooth, geometrically connected, quasi-projective scheme. Let
£ € F-Isoc!(X) be a semi-simple overconvergent F-isocrystal. Suppose:

e for every closed point x of X, the po]ynomlal P,(€,t) has coefficients in Q C Qp;
e every irreducible summand &; € F-Isoc! (X)g of & has rank 2, determinant Q,(—1), and
P

infinite local monodromy around infinity.

Then £ comes from a family of abelian varieties. More precisely, there exist a non-empty open
subset U C X and an abelian scheme Ay — U, so that D(Ay[p™]) ® Q, = &|y.
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RANK 2 LOCAL SYSTEMS AND ABELIAN VARIETIES 11

Here, if G — X is a p-divisible group, ID(G) is the (contravariant) Dieudonné crystal attached
to G. We have the following applications. Deligne formulated what is now called the companions
conjecture in [Del80, Conjecture 1.2.10(vi)]. For a guide to the crystalline companions conjecture,
see [Ked18, Ked22].

COROLLARY 1.3. Let X/F, be a smooth, geometrically connected, quasi-projective scheme. Let
L1 be an irreducible rank 2 lisse Q; sheaf on X with infinite monodromy around infinity and
determinant Q;(—1). Then the following are equivalent:

(1) there exist a non-empty open subset U C X and an abelian scheme 7: Ay — U such that
L1|y is a summand of R (7). Qy;

(2) all crystalline companions to Ly exist (as predicted by Deligne’s crystalline companions
conjecture).

COROLLARY 1.4. Let X/F, be a smooth, geometrically connected, quasi-projective scheme. Let
&1 be an irreducible rank 2 object of F—IsocT(X)@ with infinite monodromy around Infinity
P

and determinant Q,(—1). Suppose the (number) field Ey C Q,, generated by the coefficients of
P.(&1,t) as x ranges through the closed points of X has a single prime over p. Then & comes
from a family of abelian varieties: there exist a non-empty open subset U C X and an abelian
scheme Ay — U such that & |y is a summand of D(Ay [p™]) ® Q,.

In particular, Corollaries 1.3 and 1.4 provide some evidence for a question of Drinfeld
[Dril2, Question 1.4] and a conjecture of the authors [KP21, Conjecture 1.2]. Our motivation
for formulating this conjecture was a celebrated theorem of Corlette and Simpson over C
[CS08, Theorem 11.2], the proof of which uses non-abelian Hodge theory. In contrast to our
earlier work [KP21], this paper does not use Serre-Tate deformation theory nor does it use the
algebraization/globalization techniques of [Har70].

We briefly sketch the proof. Drinfeld’s first work on the Langlands correspondence for GLs,
together with Abe’s work on the p-adic Langlands correspondence and Lemma 2.5, implies
Theorem 1.2 when dim(X) = 1. (The precise argument is given in Step 2 of the proof and also
uses Remark 2.8 to organize the summands, as explained in Step 1.) Note that the resulting
abelian scheme is not unique, but it is unique up to isogeny.

To deal with the higher-dimensional case, we first assume that X admits a simple nor-
mal crossings compactification X and £ is a logarithmic F-isocrystal with nilpotent residues.
(We recall the notion of logarithmic F-isocrystals in Appendix A.) A technique of Katz, com-
bined with slope bounds originally due to Lafforgue, allows one to construct a (non-canonical)
logarithmic Dieudonné crystal on an open set U of the compactification X whose associated
logarithmic F-isocrystal is isomorphic to the restriction £|y. After the work of Kato and Trihan,
this logarithmic Dieudonné crystal yields a natural line bundle, which we call the Hodge bundle
w of the logarithmic Dieudonné crystal, on X.

For any odd prime [ # p, let 7, 1 ; denote the moduli space of principally polarized abelian
schemes of dimension h equipped with full level [ structure over Spec(Z[1/1]). It is well known
that the Hodge line bundle is ample on 47, 1 ; over Spec(Z[1/1]). We use Poonen’s Bertini theorem
over finite fields together with Drinfeld’s result and Zarhin’s trick to find a well-adapted family
of extremely ample space-filling curves C), of X that each map to the minimal compactification

1y C P™ via some fized power of the Hodge bundle w[%n. (This step uses foundational work

of Etesse, Kato, Kedlaya, and Trihan that we explain in Appendix A.) Note that H(X,w")
is a finite-dimensional vector space over a finite field and is hence a finite set. We use this
finiteness together with the pigeonhole principle to prove that infinitely many of these maps
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can be pieced together into a rational map X --» oty 1, C P™. Therefore we obtain an abelian
scheme 97 : By — U over some open U C X. The space-filling properties of the C), and Zarhin’s
work on the Tate isogeny theorem for fields finitely generated over F, then allow us to conclude.

To deduce the general case, we use Kedlaya’s semi-stable reduction theorem for overconver-
gent F-isocrystals.

Remark 1.5. We comment on the relation of this paper to [KP21]. In [KP21] we prove a Lefschetz-
style theorem for families of GLo-type abelian schemes over finite fields. This has the following
implication for [KP21, Conjecture 1.2]: if X/FF, is a smooth projective variety, then there exists
an ample curve C' C X such that if £ € F-Isoc(X )@p and &|¢ comes from an abelian scheme
Ac — C of GLa-type, then there is an open subset U C X such that €|y comes from an abelian
scheme By — U of GLa-type. (It follows from Zarhin’s work on the Tate isogeny conjecture that
Be — C is indeed isogenous to Ac — C'.) To prove this, we use Serre-Tate deformation theory
and globalization results of [Har70], the latter of which critically uses the positivity of C' in X.
In this paper, we only deal with non-proper varieties X/F, and we use infinitely many (space-
filling, affine) curves together with a result of Drinfeld, which is only known for affine curves. In
particular, the main results of [KP21] do not imply the main result of this paper.

2. Preliminaries

Before proving Theorem 1.2, we need several preliminary results. A key ingredient in the
proof is the following theorem, which is a byproduct of Drinfeld’s first work on the Langlands
correspondence for GLo.

THEOREM 2.1 (Drinfeld). Let C/F, be a smooth affine curve and let L be a rank 2 irreducible
Q; sheaf with determinant Q;(—1). Suppose Li has infinite local monodromy around some point
at co € C\C. Then L, comes from a family of abelian varieties in the following sense. Let E be
the field generated by the Frobenius traces of L1 and suppose [E : Q] = g. Then there exist an
abelian scheme

o Ag — C
of dimension g and an isomorphism E = Endc(A) ® Q, realizing Ac as a GLa-type abelian

scheme, such that Li occurs as a summand of R'(m¢).«Q;. Moreover, Ac — C is totally
degenerate around co.

See [ST18, Proof of Proposition 19, Remark 20] for how to recover this result from Drinfeld’s
work. This amounts to combining [Dri83, Main Theorem, Remark 5] with [Dri77, Theorem 1].

For completeness, we briefly recall the theory of companions and what is known about them.
For a thorough summary about the definitions and also what is known, we refer the reader to
[Ked18]. Alternatively, the reader may see [KP21, §4].

DEFINITION 2.2. Let X/F, be a smooth, geometrically connected variety. Let A be a prime
number and let £ denote either a smooth Q sheaf on X if A # p or an overconvergent F-isocrystal
with coefficients in Q,, if A = p. Following Kedlaya [Ked18, § 1], we call such £ coefficient objects.

(1) Let I # p be a prime number and let L be a lisse Q;-sheaf on X. Fix a (possibly non-
continuous) field isomorphism ¢: Q) — Q;. We say that L is an ¢t-companion of £ if, for all
closed points x € X, we have

L(Pa:(gat)) - Pz(L7t) € @l[ﬂy

where P,(—,t) denotes the reverse characteristic polynomial at the closed point z.
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(2) Let F be an overconvergent F-isocrystal on X with coefficients in Q, and fix an isomorphism
1: Q) — @p. We say F is an t-companion of &£ if, for all closed points x € X, we have

U(PL(E,t) = Po(F,t) € Qlt].
In either of these cases, we say that the (-companion to £ exists.

Suppose & is semi-simple and each irreducible summand has algebraic determinant. Then
Deligne’s conjecture, together with Crew’s p-adic enhancement, predict that all (~-companions to
£ exist. It follows from work of Abe, Abe and Esnault, Deligne, Drinfeld, Kedlaya, and Lafforgue
[AE19, Abel8, Dell2, Dril2, Laf02] that this conjecture is known to hold in the following cases.

THEOREM 2.3. Let X/, be a smooth, geometrically connected variety. Let £ be a semi-simple
coefficient object on X such that the irreducible summands have algebraic determinant.

o If dim(X) =1, then all t-companions exist ([Laf02, Théoréme VIIL.6] and [Abel8,
Theorem 4.4.1]).

e For any | # p and any isomorphism t: Q) — Q;, the t-companion to £ exists ([Dril2,
Theorem 1.1] and [AE19, Theorem 4.2] or [Ked18, Theorem 0.4.1]).

In particular, p-adic companions are not known to exist when dim(X) > 1, although Kedlaya
has recently proposed a promising strategy [Ked21].

PROPOSITION 2.4. Maintain the hypotheses of Theorem 1.2. Let ¢: @pa@l be a field
isomorphism and let L := '€ be the (semi-simple) t-companion to &.

e The isomorphism class of L is independent of the choice of v.
e Let L; be an irreducible summand of L. Then L; has rank 2, determinant Q;(—1), and infinite
monodromy at infinity.

Proof. For all closed points x of X, we have that P,(L,t) € Q[t] C Q;[t] as t(Q) = Q C Q;. The
first statement then follows from the Cebotarev density theorem and the Brauer—Nesbitt theorem.

If & is an irreducible summand of &, then ‘& is an irreducible Q;-sheaf by [Ked18,
Theorem 3.3.1]. As the companions relation commutes with direct sum, it follows that if
£ = @&™ is the decomposition of € into irreducible objects in F-Isoc! (X)@p, then L = (&)™

is a decomposition of L into irreducible lisse Q;-sheaves on X. One may observe that det(‘&;) =
Q;(—1) because, for every closed point z of X, the constant term of P,(&;,t) is ¢ and hence the
constant term of P, (*&;,t) is also ¢. Finally, suppose for contradiction that there exists an i with
L; := *&; having finite local monodromy at infinity. Then there exist a smooth projective variety
X'/F,, an open dense subscheme X’ C X', and an alteration f: X’ — X such that f*L; extends
to X'. It follows from [Ked18, Corollary 3.3.3] that f*&; also extends to X', contradicting the
hypothesis that & had infinite local monodromy at infinity. O

We will need the following lemma to ensure that, given the hypotheses of Theorem 1.2, every
p-adic companion of &; is again a summand of £; moreover, the companion relation preserves
multiplicity in the isotypic decomposition of £.

LEMMA 2.5. Let X/IF, be a smooth, geometrically connected scheme.

(1) Let 1 #p be a prime and let L be a lisse, semi-simple Q;-sheaf on X, all of whose irre-
ducible summands L; have algebraic determinant. Suppose that, for all closed points x of X,
we have

P.(L,t) € Q[t] C Qt].
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Let L; be an irreducible summand of L that occurs with multiplicity m; and ¢ € Autg(Q;)
be a field automorphism. Then the t-companion to L;, denoted *L;, is isomorphic to an
irreducible summand of L that occurs with multiplicity m,;.

(2) Let F be a semi-simple object of F-Isoc' (X )@p, all of whose irreducible summands F; have

algebraic determinant. Suppose that, for all closed points x of X, we have
P(F,1) € Qlt] € T, 1)

Let F; be an irreducible summand of F that occurs with multiplicity m;. Let 1 € Autg(Q,).
Then the t-companion of F;, denoted by “JF;, exists and is isomorphic to a direct summand
of F that occurs with multiplicity m;.

Proof. We reduce the crystalline case to the étale case. (Note that we could have equiva-
lently proceeded by reduction to curves using [AE19].) As F is semi-simple, write an isotypic
decomposition:

-
=1

Note that each F; is pure by [AE19, Theorem 2.7]. Fix an isomorphism o: @p — Q;. By
[AE19, Theorem 4.2] or [Kedl8, Corollary 3.5.3], the o-companion to each F; exists as an
irreducible lisse Q;-sheaf L;. Setting L to be the semi-simple o-companion of F, we have

L éL;ﬂi.
=1

Set ¢ € Ath(@p). Then F; is the t-companion to JF; if and only if L; is the coroo™!-

companion to L;. Therefore it suffices to prove the result in the étale setting.

Let M be an irreducible lisse Q;-sheaf on X. Then M is pure by [Del12, Théoréme 1.6] and
class field theory. Then the multiplicity of M in the semi-simple sheaf L is dim(H°(X, M* ® L)).
By assumption we have that, for all closed points z of X, P.(L,t) € Q[t] C Qt]. Let ¢ €
Ath(@l), and note that the semi-simple t(-companion to L is again isomorphic to L. Then
we claim that the (-companion to M* ® L is isomorphic to (*M*) ® L. Indeed, this follows from
the following two facts. First of all, both M* ® L and (*“M*) ® L, being the tensor product
of semi-simple representations of characteristic 0, are semi-simple. Second, it follows from the
fundamental theorem of symmetric functions that for fixed d,e € N there exist universal poly-
nomials (u;)%, in the ring Qlay, ..., aq, 41, .., ] with the following property. Let V and W
be finite-dimensional vector spaces over a field K of characteristic 0 and of dimensions d and
e and let A and B be linear operators on V and W, respectively. Write P(A,t) = Z?:o a;t!
and P(B,t) =37, b;t’ for the reverse characteristic polynomials of A and B. Then the reverse
characteristic polynomial P(A ® B,t) of A® B is equal to

de
P(A@B,t) = Zuk(ag,... ,ad,bo,...,be)tk.
k=0
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Translating back, let « be a closed point of X and write P, (M*,t) = Z?:o a;t' and Py(L,t) =
> =0 b;t’. Then we have

de
P (M*® L,t) = Zuk(ao, o agybo, .., bt
k=0
It follows that
de
P.(‘*(M*®L),t) = P,(("M*)® ‘L,t) = Zuk(L(ao), ooy t(ag), t(bo), . .,L(be))tk.
k=0

But ¢+(bj) = bj because b; € Q for all j. Therefore P,(*(M* ® L),t) = P,(*(M*) ® L,t). The semi-
simplicity of “(M* ® L) and *‘M* ® L allows us to conclude that *(M* ® L) is isomorphic to
‘M*® L.

On the other hand, the exact argument of [AE19, 3.2] for lisse [-adic sheaves
implies that dim(H"(X, M* ® L)) = dim(H°(X, *(M* ® L)). Therefore dim(H°(X, M* ® L)) =
dim(H°(X, (*M*) ® L)), and the result follows. O

Remark 2.6. The argument of [AE19, 3.2] cited in the proof of Lemma 2.5 is based on [Laf02,
Corollary VI.3] and uses L-functions. A similar idea is used in the proof that the companions rela-
tions preserves irreducibility, which was crucial to Proposition 2.4. See also [Ked18, Lemma 3.1.5,
Theorem 3.3.1].

Remark 2.7. It follows from the argument of Lemma 2.5 that if X/F, is smooth and geometri-
cally connected and if £, F € F-Isoc’ (X )@ are semi-simple objects, all of whose summands are
p — —
algebraic, then, for any field isomorphism ¢: Q, — Q;, we have (€ ® F) = ‘€ ® 'F, that is, the

relation of being (-companions commutes with tensor product.

Remark 2.8. It follows from Lemma 2.5 that, in the context of Theorem 2.1, there is a

decomposition
g

RY(7¢).Q, & @(Li)
i=1
where the L; form a complete set of Q; companions. There are exactly g non-isomorphic com-
panions because the field generated by Frobenius traces of L is isomorphic to E and the [-adic
companions are in bijective correspondence with the embeddings E < Q;. In particular, each
companion occurs with multiplicity 1. In fact, as F = End¢(A¢) ® Q, it follows that E ® Q; acts
on R'(m¢).Q;. On the other hand, F ® Q; 2 [, Q;, where i runs over the embeddings E — Q.
For each 4, pick a non-trivial idempotent e; € E ® Q; whose image is the ith component of the
direct product decomposition. The above direct sum decomposition is induced by these e;.

To apply Drinfeld’s Theorem 2.1, we will use the following lemma.

LEMMA 2.9. Let Y/F, be a smooth, geometrically connected, projective scheme and let o be
a line bundle on Y. Let M C IP’E!; be a closed subset. Suppose there exists an infinite collection
(Cpn)nen of smooth, projective, geometrically connected, closed subcurves C,, C Y such that:

(1) for each n € N, the natural map H°(Y,a) — H°(Cy,alc,) is an isomorphism;
(2) for any infinite subset S C N, the union
U e

nes
is Zariski dense in Y';
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(3) for each curve C,, there exist m + 1 globally generating sections
tn0s- - s tnm € H(Cn,alc,)

such that the induced morphism to P™ factors through M :

C, — pm

N

M

Then there exist global sections fo,...,fm € H%(Y,a) such that the induced rational map
f:Y --» P™ has image in M. Moreover, f can be chosen to be compatible with infinitely many
of the maps f,.

Proof. There are finitely many ordered m + 1-tuples of sections H°(Y,a) = H°(Cy,alc,)
because HY(Y, @) is a finite-dimensional vector space over [F,. By the pigeonhole principle, in our
infinite collection we may find an m + 1-tuple of sections g, ..., %, € H°(Y,a) such that there
exists an infinite set S C N with

(t~07 cee 7t~m)’Cn = (tn,Oa cee 7tn,m)

for every n € S. There is therefore an induced rational map f: Y --» P™ with f lc,, = fn for
each n € S. On the other hand, the collection (Cn)nes is Zariski dense in Y by assumption and
f(Cy) C M; therefore the image of f lands inside of M, as desired. O

Lemma 2.9 has two key ingredients. The first ingredient is that if X/F, is a projec-
tive variety and « is a coherent sheaf on X, then HY(X,a) is a finite set. The second
ingredient is the pigeonhole principle. To use Lemma 2.9, the following definition will be
useful.

DEFINITION 2.10. Let X /k be a smooth, geometrically connected, projective scheme of dimen-

sion at least 2, let Z C X be a reduced simple normal crossings divisor, and set X := X\ Z. Let

U C X be an open subset whose complement has codimension at least 2. Let (xj)jzl be a finite

collection of closed points of U := U N X. Let a be a line bundle on X. We say that C C U is a

good curve for the quintuple (X, X, U, a, (xj)j-zl) if:

e ( is the smooth complete intersection of smooth ample divisors of X that intersect Z in good
position;

e C contains each of the closed points xj, for j=1,...,s;

e the natural map H°(X,a) — H(C,a|s) is an isomorphism.

In the proof of Theorem 1.2, we will need to know that good curves exist. This is guaranteed
by the following two results.

PROPOSITION 2.11. Let Y/k be a smooth, geometrically connected, projective scheme of dimen-
sion d > 2 and let o be a line bundle on Y. Let D C'Y be an ample divisor. Then there exists
an so > 0 such that, for any s > sg, and for any integral divisor E' € |sD)| in the linear series, the
natural map

HY(Y,a) — HY(E,a|g)

is an isomorphism.
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Proof. For any s > 0, let E € |sD| be an integral divisor in the linear series. Then there is an
exact sequence

0—a(—E) - a—alp —0.

If RO(Y,a(—E)) = h'(Y,a(—FE)) = 0, then by the long exact sequence in cohomology, the restric-
tion map HY(Y,a) — H°(E,a|g) is an isomorphism. Our task is therefore to show that, for all
sufficiently large s, h%(Y, a(—sD)) = h'(Y,a(—sD)) = 0.

Let £ be the canonical bundle of Y. Then by Serre duality, h'(Y,a(—sD))=
hi=i{(Y,a"(sD) ® £). It follows from Serre vanishing that there exists an sop > 0 such that, for
any s > so and for any i < d, h% (Y, a"(sD) ® £) = 0. Therefore, for any s > sy and for any
i <d, h'(Y,a(—sD)) = 0 and the result follows. O

LEMMA 2.12. Let X /F, be a smooth, geometrically connected, projective scheme of dimension
at least 2, let Z C X be a reduced simple normal crossings divisor, and set X := X\Z. Let
U C X be an open subset whose complement has codimension at least 2. Let (:Uj);f:l be a finite
collection of closed points of U := U N X. Let a be a line bundle on X. Then there is a good
curve C' C U for the quintuple (X, X,U, «, (z5)5-1)

Proof. By induction, it suffices to construct a smooth ample divisor D C X such that:

e DN U has complementary codimension at least 2 in D;
e D intersects Z transversely;
e D contains xj, for j=1,...,s; and
e the natural map H°(X,a) — H°(D, a|p) is an isomorphism.

This is a standard application of Poonen’s Bertini theorem over finite fields [Poo04,
Theorem 1.3]. Fix a closed embedding X ]P’g; and let Shomog be the set of homogenous poly-
nomials on ]P’g;, as in [Poo04, p. 1100]. Consider the set 7 of those functions f € Shomog such

that D := V(f) N X is a smooth ample divisor of X and the above four properties hold for D.
Our goal is to show that 7 is non-empty.

o Let £ := X\U; by hypothesis, dim(E) <n — 2. If f € Shomog is such that V(f) does not
contain any component of E, then dim(V(f) N E) <mn —3. For this to hold, it is suffi-
cient that V(f) avoids at least one given closed point e; on each connected component

of E.
e Write Z = U;:1 Zj to be the decomposition of Z into connected components. For each J C
{1,2,...,r}, set Zj:= mjeJ Z; to be the corresponding scheme-theoretic intersection. By

assumption, for each J, Z; is a smooth subvariety of X. The condition that D intersects Z in
good position means that D must intersect each stratum Z; transversely, that is, that Z; N D
is a smooth subvariety of D of dimension n — 1 — |J|.

Then the positive density (and hence non-emptiness) of 7 immediately follows from [Poo04,
Theorem 1.3]: the conditions on f are that V(f) N X intersect a finite set of smooth subvarieties
transversely, avoid a given finite set of points, pass through another given finite set of points,
and have sufficiently high degree by Proposition 2.11. ([l

Note that Lemma 2.12 also holds with [F, replaced by any infinite field £ by the usual Bertini
theorems. Finally, the following lemma is surely well known but we could not find a reference
for exactly the statement we need. (The essential content is contained in [CCO14, §3.3].) We
will use this lemma to make a particular choice of Ac — C' in the isogeny class from Drinfeld’s
Theorem 2.1 (though this choice will not be unique).
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LEMMA 2.13. Let X be a scheme and let A — X be an abelian scheme. Let r be a prime
and let G be an r-divisible group on X. Suppose there exists an isogeny 1: A[r*°] — G of
r-divisible groups on X (as in [CCO14, 3.3.5]). Then there exist an r-primary isogeny ¢: A — B
of abelian schemes over X and an isomorphism €: B[r*™] — G such that the following diagram

Alre] v G
wkm m/

Proof. Set N = ker(¢). Then N is a (commutative) finite flat group scheme over X of r-primary
order. We have a short exact sequence in the category of fppf sheaves:

commutes:

0—>N—>A[p°°]£>G—>O.

Consider the quotient A/N in the category of fppf sheaves. It follows from, for example, [CCO14,
1.4.1.3, 1.4.1.4] that there exists an abelian scheme B — X that represents the sheaf A/N. We
then have the following commutative diagram of fppf sheaves:

1

0 N A B 0

where the right vertical arrow exists because G = coker(N — A[r*°]). We claim that the induced
map G — B yields an isomorphism G — B[r*°]. By the snake lemma, G — B is injective.
However, an injective isogeny of r-divisible groups is an isomorphism. ]

3. Proofs of Theorem 1.2 and Corollaries 1.3, 1.4

Proof of Theorem 1.2. We proceed in several steps.

Step 1: organizing the summands of £. As &; is irreducible, has determinant @p(—l), and
has rank 2, the slopes of (&;), are in the interval [0, 1] for every closed point = of X (see [DK17,
§1.2, pp. 136-137], where it is deduced from Corollary 1.1.7).

Write the isotypic decomposition of £ in F-Isoc!(X )@p:

i=1

The field generated by the coefficients of P,(€,t) as = ranges through closed points of X
is Q. Therefore, by [Dril8, E.10] and either [AE19, Theorem 4.2] or [Ked18, Corollary 3.5.3], we
can pick an [ and a field isomorphism o: @p — @y such that the semi-simple o companion L to
£ exists and in fact may be defined over QQ;, that is, corresponds to a representation

m1(X) — GLy (Qu).

(We emphasize that L is independent of the choice of o by Proposition 2.4.) By compactness
of m(X), we may conjugate the representation into GLx(Z;). We refer to the attached lisse
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Z;-sheaf as L. Similarly, for each i we denote by L; the o-companion to & (the L; indeed do
depend on the choice of o). The companion relation commutes with direct sum; hence, we have

L= éL;“i.
i=1

(See also the proof of Proposition 2.4.) Let E; C @p denote the (number) field generated by the
coefficients of P, (&;,t) as x ranges through the closed points of X. Note that for each &;, all p-adic
companions exist and are summands of £ by Lemma 2.5. For each &;, set F; to be the sum of all
distinct p-adic companions of &;. Note that there are [E;: Q] distinct p-adic companions of &;,

parametrized by the embeddings F; — @p. By reordering the indices, we write the decomposition
of £ as

b
ex=rm (3.1)
i=1

for some integer 1 < b < a. (Under this reordering, the collection of (&)_; are all mutually
not companions and, for each b+ 1 < j < a, there exists a unique 1 <7 < b such that &; is a
companion of &;.) Set

b
9= Zmi[Eii QJ. (3.2)
=1

Step 2: the proof in a simplified situation. We first assume that X admits a simple normal
crossings compactification X such that £ extends to a logarithmic F-isocrystal €& with nilpotent
residues on X and, moreover, that L has trivial residual representation. Write Z := X\ X for the
boundary. (Note that under the above assumption on &, the [-companion L is tamely ramified.)

By Lemma A.7, there exist a Zariski open U C X with complementary codimension at least
2, and a logarithmic Dieudonné crystal (M, F, V) on U (with the logarithmic structure coming
from Z NU) such that the associated logarithmic F-isocrystal is isomorphic to &|;. (In other
words, My is an F and p o F~! stable lattice in £|.) Let

(NUaF7 V) = (MU’Fa V)4 ® ((MﬁvFv V)t)47

where the t denotes the dual logarithmic Dieudonné crystal. We also consider this logarithmic
Dieudonné crystal as we will need to use Zarhin’s trick. We set U := U\ (U N Z).

After Remark A.8, it follows that we may define Hodge line bundles wy; and wy on
U attached to the two logarithmic Dieudonné crystals. As U C X has complementary codi-
mension at least 2 and X is smooth, it follows that wy; and wy extend canonically to line
bundles on all of X.

The Hodge line bundle o on the fine moduli scheme o%,7; ® F, is ample by [MBS85,
Ch. IX, Théoreme 3.1, p. 210] or [FC90, Ch. V, Theorem 2.5(i)]. Let g be as in (3.2) and
choose an 7 so that the o is very ample on .2, 1. As 8g > 1, it follows from the Koecher prin-
ciple that H (%1, ® Fq,a”) is a finite-dimensional F-vector space for all r € Z [FC90, Ch. V,
Theorem 1.5(ii)]. Fix a basis so, ..., sm of the vector space

S0, 5m € HO( gy 11 ® Fy, 0") (33)

once and for all. There is an induced embedding 2%, 1; C P™. As is customary, denote by %2,1,1
the Zariski closure of @, 1 in P"*; we call this the minimal compactification. In an abuse of
notation, we also denote by « the Hodge line bundle on ;2%8”; 11+ The Koecher principle implies
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that HO (g1, @ Fg, ") = HO(%"‘%U ® Fy, a"); this follows from [FC90, Ch. V, Theorem 1.5(ii),
Theorem 2.5(iii)].

It follows from [Dell2, Proposition 3.4] that there exist a finite number of closed points
(z;)5—; of U such that, for each &;, the field generated by the coefficients of Py, (&;,t) € Q,[t] as
j=1,...,sis F; C @p. We call this fact 4.

If C C U is a good curve for the quintuple (X, X,U,wy, (:L‘j)jzl) as in Definition 2.10, set
C := CnNX. Then the following three properties hold.

e Each &|¢ is irreducible by [AE19, Theorem 2.6].

e The field generated by Frobenius traces of &|¢ is E; by #.

e Each &|¢ has infinite monodromy around oc. Indeed, from the positivity of C', and the good
position assumption, it follows that C' intersects each irreducible component Z,, of Z in a non-
empty and transverse way; moreover, C' does not intersect the codimension 2 strata Z,, N Z,.
By assumption, for each &;, there exists a component Z,, around which the monodromy
around Z,, of & (equivalently, of L;) is infinite. On the other hand, there is a surjective
morphism of tame fundamental groups

R(C) - me(X)
by [EK16, Theorem 1.1(a)]. Moreover, for each m, we may restrict the above surjection to a
surjective map of tame inertia groups

IM5-(C) = I37(X)

around Z,, N C and Z,,, respectively. By the assumption that L; had infinite monodromy
around Z,, and the fact that wild inertia is a pro-p group, it follows that the image of
ItZ%flne(X ) in the [-adic representation corresponding to L; is infinite. Therefore, the image of
Itza,;nrﬁé(c) in the [-adic representation corresponding to L;|c is also infinite, or equivalently,
&|c has infinite monodromy around Z,, N C, as desired.

Let C' C U be a good curve for the quintuple (X, X, U,w;, (:vj)jzl). Recall the decomposition
from (3.1): £ = @b | F™, where each F; is the sum of the distinct companions of & under
the reordering specified in Step 1. (Note that F; has Frobenius traces in Q.) By Theorem 2.1
and Remark 2.8, for each ¢ € {1,...,b}, there exists an abelian scheme A; — C of dimension
gi = [E; : Q] such that F;|¢ is compatible with A;. By taking the iterated fiber product over
C, it therefore follows from (3.2) that there exists an abelian scheme 7¢: Ag — C' of relative
dimension g such that

RY (7). Q; = Lc.

As [ is prime to p, it follows from the Galois correspondence for m1(X) that the category of
(necessarily étale) [-divisible groups on X is equivalent to the category of lisse Z; sheaves on X
(see, for example, [CCO14, pp. 147-148], where they explain that the functor is explicitly given
as the Tate l-group). Write ® for an inverse functor. We have assumed that the Z;-lattice L has
trivial residual representation, that is, the following map is trivial:

m1(X) — GLyy(Z/1Z).

Then it follows from the Galois correspondence that ®(L)[l] is isomorphic to the split étale group
scheme (Z/17)%9 (see, for example, the explicit formula on [CCO14, p. 148]). On the other hand,
®(L) is isogenous to Ac[l*] because L is isogenous to Tj(A¢). It follows from Lemma 2.13 that
there exists an [-primary isogeny Ac — Ay, over C such that Ay [l] — C is isomorphic to the
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split étale group scheme (Z/1Z)?9. The abelian scheme Aj, — C' therefore has a full collection of
I-torsion sections, that is, it has trivial [-torsion. Replacing Ac by Aj,, we may assume that Ac
has trivial [-torsion.

Similarly, we claim that D(Ac[p*™]) ® Q, = €|¢. Indeed, D(Ac[p™]) ® Q, is a semi-simple

object of F—IsocT(C)@ by [P4ll5] and is compatible with L|c by [KM74]. Therefore, D(A¢x[p>])
P

is isogenous to (M, F, V)¢ as Dieudonné crystals on C'. We claim that we may replace Ac by an
(p-primarily) isogenous abelian scheme in order to ensure that

D(Ac[poo]) = (M, F, V)C’

as Dieudonné crystals on C. To see this, use [dJ95] to construct a p-divisible group G¢ on C
where D(G¢) = (Mg, F, V). It follows that Ac[p™>°] and G¢ are isogenous. Applying Lemma 2.13,
we see that there is a p-primary isogeny Ac — Aj, such that Ay [p>] = G¢. As the group of
[-torsion points of an abelian scheme is a finite flat [-primary group scheme, it follows that

¢ also has trivial I-torsion. Replace Ac by Aj.. We emphasize that this choice of A¢ is not
canonical!

By construction, the [-torsion of A — C' is trivial; it follows that Ac — C has semi-stable
reduction along C'N Z. (Use that the monodromy representation 71(C) — GLg,(Z;) has image
in (1) := {1+ M| M €lMpxn(Zi)} C GLoy(Z;), and the fact that if [ > 2, the group (1 +1Z;)*
is torsion-free. Therefore, if v € 71(C) has quasi-unipotent image in the representation, it then
in fact has unipotent image. The claim then follows from Grothendieck’s semi-stable reduction
theorem for abelian varieties.)

Let As — C be the Néron model and let A — C' denote the associated semi-abelian
scheme, that is, the open subset of A5 — C obtained by removing the non-identity compo-
nents along C\C. It follows from the third part of Proposition A.11 that the logarithmic
Dieudonné crystal of Az — C constructed in Remark A.9 is isomorphic to (M, F,V)s. Then,
by the second part of Proposition A.11, the Hodge bundle of the AZ — C is isomorphic
to w M’C"

Set Beo := (A¢ X¢ Atc)‘l. By Zarhin’s trick [MB85, Chapitre IX, Lemme 1.1, p. 205], B¢
admits a principal polarization. By construction, we have that

e B¢ has trivial [-torsion, and
e D(Be[p™]) = (Ne, F, V).

By the uniqueness part of Proposition A.11 it follows that there is an isomorphism of logarithmic
Dieudonné crystals:

D'°8(Bg) = (N, F,V)ea.

Hence, the Hodge line bundle of BZ — C is isomorphic to wy|s again by Proposition A.11.
However, we emphasize again that the choice B¢ — C' is not canonical!

We have an induced morphism to a fine moduli scheme C — &, ;. This extends to a
morphism from C to the minimal compactification %Z,I,I /F4 because the latter is proper and
the former is a smooth curve:

C —— g1

l | (3.4

_ *
C > %g,l,l
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We now claim the pullback of «, the Hodge line bundle on %’; 11> is isomorphic to wy|s. Here
is the reason. Choose a toroidal compactification 42%?397171. We then have a commutative diagram

_ h -
C — g1

\ | (35)

D11
again, because %g,Lz/Fq is proper and C'/F, is a smooth curve. By [FC90, Ch. V, Theorem 2.5],
there is a semi-abelian scheme G — 42%;397171 such that ¢*« is isomorphic to the Hodge line bundle
of G — ﬁfég,u. Now, [FC90, Ch. I, Proposition 2.7] implies that h*G is isomorphic to A% — C,
that is, the semi-abelian scheme given by the open subset of A5 — C obtained by removing the
non-identity components along C'\C. In particular, it follows from part (2) of Proposition A.11
that the Hodge line bundle of h*G is compatible with the Hodge line bundle constructed in
Remark A.8.
In (3.3), we have already fixed a basis of sections

S0, -5 5m € H(dg11 @ Fg,0") = HO (g 1 @ Fg,a”);

after pulling back the sections to C' via (3.4), we obtain an m + 1-tuple of sections tg, ..., ¢, in
HY(C,wh|s) that define the morphism C' — gy 1, C P

In conclusion, for every good curve C' C U for the quintuple (X, X, U,wl;, (z;)3

jzl), we have

constructed an m + 1-tuple of globally generating sections tq, ..., t, € H°(C,wh/|s) such that

e the induced map lands in 4275;;’171 c Pmy

e the image of C' under the induced map lands in @41, C 42{827171;

e and such that the induced abelian variety on Bo — C' is isomorphic to (A¢c X¢ A%)4 where
Ac — C is an abelian scheme with D(A¢[p™]) = (M, F,V)|c as Dieudonné crystals on C.
(Therefore we also have that D(B¢[p™]) = (N, F,V)|c.)

In particular, setting M = o ;, C P, condition (3) of Lemma 2.9 holds for C C X (corre-
sponding to the symbols C' C Y in Lemma 2.9). Note that for two such good curves C' and C’,
there is no reason that the induced maps to %, 1,; match up on the intersection C'N C' because
our choices of abelian schemes were not canonical.

For each n > 0, let P, denote the union of the set of closed points of U whose residue field is
contained in [F n. Note that, for any infinite subset S C N, the set Uneg Pn is Zariski dense in X;
indeed, any given closed point x of U is an element of P, for all n > 0. By Lemma 2.12; it follows
that, for each n > 0, there exists a good curve C,, C U for the quintuple (X, X,U,wl;, P,).

For each n € N, by the above remarks we obtain an m + 1-tuple of globally generating sections

tn,07 cee )tn,m € HO(C_’nv w]TV‘C_'n)

such that the induced map factors f,: C,, — 42/8*9 11 € P™. Moreover, any infinite subcollection
of the C,, is Zariski dense because they are space-filling: if x is a closed point of U with residue
field Fye, then z is contained in C, for all n > e. By Lemma 2.9, it follows that there exist

an infinite set S C N and sections to, ..., tm € HY(X ,wh) such that the induced rational map
f: X --» P™ lands in 42/8’; 1; and, moreover, for each n € S, we have an equality of morphisms
f ’C’n = fn.
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By shrinking U, we therefore obtain a map f : U — afgg1, and hence an abelian scheme
By — U such that Byl[l] is a trivial étale cover of U. The maps f,: C, — gy 1, were all
constructed such that the induced abelian scheme B¢, — C), is compatible with

(Ne,, V) @ Qp = (€@ E°(-1))c, -

On the other hand, if u is a closed point of U, then w lies on C,, for all n > 0. We claim that
it follows that By — U is compatible with (L & L*(—1))%|y. Indeed, it suffices to show that
for every closed point u of U, B, — u and (L @ L*(—1))*|, are compatible, that is, that the
characteristic polynomials of Frobenius match up. Pick n € S with C,, containing u. As the
map f: U — lzg.1, extends the map f,: C, — @&y 1,; by the definition of S in Lemma 2.9,
the induced abelian scheme By — U extends the abelian scheme B¢, — C), constructed above,
which is compatible with (L @ L*(—1))*|¢, by construction. Therefore B, — u is compatible
with (L @ L*(—1))*|., as desired.

For each n € S we have that f |6, = fa- By construction there exists an abelian scheme
Ac,, — O, of dimension g with

Bule, = (Ac, xc, Ak )L

Consider the map of representations induced by the first Z;-cohomology of the abelian schemes
By — U and Bylc, — Cp:

7T1(Cn) 7T1(U)

N

GL16g(Zy)

Then [Katz01, Lemma 6(b)] implies that for n > 0, the two representations have the same
image (which lands in GLgy(Z;)®). By the fundamental work of Tate and Zarhin on Tate’s
isogeny theorem for abelian varieties over finitely generated fields of positive characteristic
[MB85, Ch. XII, Théoreme 2.5(i), p. 244], it follows that, for all n > 0, the natural injective
map Endy(By) — Endc, (Byle, ) is an isomorphism when tensored with Z; and hence also
when tensored with Q;. Therefore, for all n > 0, the map

Endy (By) ® Q — Ende, (Bu|c,) ® Q

is an isomorphism as both sides are finite-dimensional semi-simple QQ-algebras of the same rank.

We know that End¢, (Bu|c, ) has a non-trivial idempotent ec, that projects onto a copy of
Ac, . After replacing ec, by a high integer multiple, we may lift ec, to ey € Endy(By). Set the
image of e; to be the abelian scheme 77 : Ay — U. Finally, we claim that Ay is compatible with
L (equivalently, £). Indeed, the image Ay — U is an abelian scheme of dimension ¢ that extends
Ac,, — Cy. On the other hand, in (3.6) the two images in GL164(Z;) are the same (as we have
assumed n > 0) and hence have corresponding decompositions in irreducible Q; representations.

Step 3: the proof in the general case via reduction to Step 2. There exists a projective divisorial
compactification X of X. (This means that X is normal and the boundary is an effective Cartier
divisor.) By Kedlaya’s semi-stable reduction theorem (see [Ked22, Theorem 7.6] for a meta-
reference), there is a generically étale alteration ¢: X' — X together with a simple normal
crossings compactification X’ such that the overconvergent pullback £ extends to a logarithmic
F-isocrystal with nilpotent residues. After replacing X’ with a further finite étale cover, we may
guarantee that the residual representation of L’ is trivial.
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We have proven the theorem for £ on X': there exist an open subset W’ C X’ and an abelian
scheme Ay — W' of relative dimension g with D(Ay/[p™]) = &'|w-. After shrinking W' and
W, we may assume that |y : W — W is finite étale, of degree d.

Set By := Resll, (Ayr) to be the Weil restriction of scalars. This is an abelian scheme over
W of dimension dg. We claim that By is compatible with L?. One way to see this is as follows.
Consider the short exact sequence of abelian sheaves in the étale topology:

0— AW/ [ln] - AW/ L"_) AW/ — 0.

As W' — W is finite étale, Weil restriction is exact on the level of abelian étale sheaves. There-
fore Mes(} (Aw[I"]) = B [I"]. As Ayr[I"] is a finite étale group over W, one deduces that the
representation associated to By is isomorphic to

m (W') 71
Ind7 (7L
However, L', as a representation, is the restriction of L along the inclusion m1(W’) < my (W).

Then the desired compatibility follows from the following fact: if H C G is the inclusion of a
subgroup of finite index d, and if V is a finite-dimensional representation of G, then

Ind%Res% (V) = VP4,

Recall that we wrote an isotypic decomposition:

L= L)m™
=1

where each L; is irreducible on X (and hence on W by [Ked18, Lemma 1.1.2]). Let E; C Q;
denote the field generated by the traces of Frobenius on L; as x ranges through the
closed points of W. We claim that we may find a smooth curve C' C W with the following
properties:

(1) each L;|¢ is irreducible;

(2) the field generated by Frobenius traces of L;|¢ is E; C Q;;
(3) each L;|¢ has infinite monodromy around oo; and
(4) the induced monodromy representations coming from By — W and By |c — C
™1 (C) m (W)
GLaga(Z1)

have the same image.

We have a projective normal compactification X of X, which is smooth away from a closed
subset of codimension at least 2. Let FF = X\ X and let F' C F be the singular locus of X. For
each L;, there is an irreducible component F); of F' that witnesses the fact that L; has infinite
monodromy at co: having infinite monodromy at oo means that a certain inertia group has
infinite image in the representation.

Pick a closed point y; € F;\(Fj N F’) for each j. Then, by using [Dril2, C.2], we may con-
struct an infinite set of curves (Cy,)nen where each C,, C W is a smooth, geometrically connected
curve that contains all closed points of W whose residue fields are contained in F n and that
pass through the y; transversally (i.e., with a tangent direction that is not contained in Fj).
(We remark that this is a consequence of Poonen’s Bertini theorem [Poo04, Theorem 1.3].)

882

https://doi.org/10.1112/50010437X22007333 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007333

RANK 2 LOCAL SYSTEMS AND ABELIAN VARIETIES 11

Each L;|¢, has infinite monodromy around co. By [Katz01, Lemma 6(b)], it follows that for
all n > 0, C,, satisfies (4). For n > 0, [Katz01, Lemma 6(b)] and [Dell2] guarantee that setting
C' := (], satisfies the above four conditions.

Again, by using Drinfeld’s Theorem 2.1, Remark 2.8, and (3.1) as in Step 2, there exists an
abelian scheme Ao — C' that is compatible with L|c. On the one hand, using the Tate isogeny
theorem [MB85, Ch. XII, Théoréme 2.5, it follows that AZ is isogenous to By |c. On the other
hand, another application the Tate isogeny theorem together with property (4) of C implies that
the natural map

Endw (Bw) — Ende(Bw|c)

is an isomorphism after tensoring with Q. As By|c is isogenous to A%, it follows that
Ende(Bw|c) ® Q has an element ec projecting onto a factor of A¢. After replacing ec with a
high integer multiple, we may lift to ey € Endy (Bw ). Set the image of ey to be the abelian
scheme Ay — W; this is compatible with L]y, as desired. ]

Proof of Corollary 1.3. Suppose there exists 7y : Ay — U such that R!(my).Q; has L; as a
summand. By the assumption that X is smooth and geometrically connected, it is irreducible;
hence U C X is dense. A theorem of Zarhin implies that R'(7y).Q; is semi-simple [MBS85,
Chapitre XII, Theorem 2.5, pp. 244-245]. The field generated by the characteristic polynomials
of RY (7). Qy is clearly Q; indeed, this follows Weil’s theorem that the characteristic polynomial
of Frobenius acting on the Tate module of an abelian variety over a finite field has coefficients
in Z [Weid8, IX,X].

We claim that D(Ay[p™]) ® Q, is a semi-simple object of F-Isoc!(U). This is essentially
contained in [Pall5, Remark 4.11], but some comments are in order.

While the statement of [P4ll5, Remark 4.11] assumes that U is a smooth curve, this assump-
tion is unnecessary. Indeed, the only point where this assumption is used is in the citation of
[KT03, 4.3-4.8], to argue that the associated F-isocrystal is overconvergent. However, [Ete02,
Théoréme 7] essentially states and proves exactly this: if S/k is a smooth separated scheme over
a field k of characteristic p and A — S is an abelian scheme, then R! f;, (O /K) is an overconver-
gent F-isocrystal on S. When k is perfect, this F-isocrystal is isomorphic to R! ferys(Ox w) ®Q
because A — S is smooth and proper (see, for example, [Ber97, Proposition 1.9]). On the other
hand, R fe,ys(O x/w) = D(A[p™]). In particular, to obtain the semi-simplicity, one simply com-
bines Corollary 4.9 and Proposition 3.5 of [P4l15] with the fact that D(Ay[p™]) € F-Isoc'(U),
exactly as explained in [Pall5, Remark 4.11].

As D(Ap[p™]) ® Q, is isomorphic to the rational crystalline cohomology of Ay — U, it
follows from [KM74] that D(Ay[p™]) ® Q, and R!(my).Q; are companions. It follows from
Lemma 2.5 that all crystalline companions of Li|y exist and, moreover, are summands of
D(Ay[p™]) ® @p. Then, by [Ked18, Corollary 3.3.3], all crystalline companions to L; exist.

Conversely, suppose all crystalline companions (51')?:1 to L7 exist. We first of all claim that
each &; has infinite monodromy at oco. Indeed, suppose for contradiction that there existed an
alteration f: X’ — X and a compactification X’ such that f*& extends to an object F’ of
F-IsocT(T)@ . Then f*L; would also extend to X’ by [Ked18, Corollary 3.3.3], contradicting
the assumptign that L; had infinite monodromy at oo. Moreover, each &; is irreducible by
[Ked18, Lemma 3.3.1]. Similarly, tensorial operations respect the companion relation, hence
det(&;) = Q,(—1). There exists a p-adic local field K with each & an object of F-Tsoc!(X)g.

Set £ := @2’:1 &;, considered as an object of F-Isoc!(X) (by restricting scalars from K to Q,,
so the rank of £ is 2b[K : Q]). Note that &, being the sum of irreducible objects, is semi-simple.
Then & satisfies the hypotheses of Theorem 1.2, and L; is a companion of a summand of £.

883

https://doi.org/10.1112/50010437X22007333 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007333

R. KRISHNAMOORTHY AND A. PAL

It follows that there is an open set U C X together with an abelian scheme 77 : Ay — U such thiat
E 2 D(Ap[p™®) ® Qp. Again using Zarhin’s semi-simplicity, L1 |y is a summand of R!(7).Qy,
as desired. (]

Proof of Corollary 1.4. Under the assumption on Ej, all p-adic companions to &; exist by [KP21,
Corollary 4.16]. (This result is straightforward; they are all Galois twists of each other.) Fix
o: Q, — Q;. Then the o-companion to & exists by [AE19, Theorem 4.2] or [Ked18, Corollary
3.5.3]. Apply Corollary 1.3. O

Appendix A. Logarithmic F-crystals

We first recall the notion of a logarithmic F-crystal/isocrystal. While this notion is due to Kato
[Kato89, § 6], our treatment is copied from recent work of Kedlaya.

DEFINITION A.1. A smooth pair over a perfect field k is a pair (Y, Z) where Y/k is a smooth
variety and Z C Y is a strict normal crossings divisor.

DEFINITION A.2. Let (Y,Z) be a smooth pair over a perfect field k of characteristic p > 0.
A smooth chart for (Y,Z) is a sequence of elements t1,...,t, of elements of Oy (Y)
such that

e the induced map f: Y — A" is étale, and
e there exists an m € [1,n] such that the zero-loci of ¢;, for i =1,...,m, are exactly the
irreducible components of Z.

Smooth charts exist Zariski locally on smooth pairs (in characteristic p) by [Ked05,
Theorem 2|. Let (Y,Z) be a smooth pair over a perfect field k& of characteristic p > 0. Let
t1,...,tn be a smooth chart of (Y, Z). Let Py be the formal scheme given by the formal com-
pletion of W (k)[t1,...,t,] along (p). By topological invariance of the étale site, there exist a
unique smooth formal scheme P and an étale morphism f: P — Py lifting f. We call the pair
(P,t1,...,ty) the lifted smooth chart of (Y, Z) associated to the original chart.

Let 0g: Py — P, be the Frobenius lift with o*(¢;) = ¢¥ for i € [1,...,n]. Then there exists an
associated Frobenius lift 0: P — P.

DEFINITION A.3. Let (Y, Z) be a smooth pair over a perfect field k and let ¢4, . .., t,, be a smooth
chart of (Y, Z). Keep notation as above. A logarithmic crystal with nilpotent residues on (Y, Z)
is a pair (M, V) where:

e M is a p-torsion free coherent module over P; and
e V is an integrable, topologically quasi-nilpotent connection on M (with respect to W (k))
with logarithmic poles and nilpotent residues along the zero-loci of f*(¢;) fori € 1,...,m.

A logarithmic F-crystal with nilpotent residues is a triple (M, V, F') where (M, V) is a logarithmic
crystal with nilpotent residues and F' is an injective, horizontal morphism

F:0"(M)— M

of coherent P-modules. A logarithmic Dieudonné crystal with nilpotent residues is a quadruple
(M,V,F,V) where (M,V,F) is a logarithmic F-crystal in finite, locally free modules with
nilpotent residues and V' is an injective, horizontal map

V:(M)—o*M
such that FV =V F = p.
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Remark A.4. In the definition of a logarithmic F-crystal with nilpotent residues, we do not
demand that M is locally free. However, in our definition of a logarithmic Dieudonné crystal, we
do demand that the underlying logarithmic crystal is locally free.

This definition extends to general smooth pairs by Zariski gluing; every smooth pair admits a
finite open covering on which the restriction admits a smooth chart. We often drop the connection
V from the notation and write a logarithmic F-crystal as (M, F).

There is a natural category of logarithmic crystals with nilpotent residues on (Y, Z) (where
morphisms are P-linear and horizontal), and the category of logarithmic isocrystals with nilpo-
tent residues is defined to be the induced isogeny category. One similarly defines the category of
logarithmic F-isocrystals with nilpotent residues.

Remark A.5. Part of the definition of a logarithmic F-crystal (M,V,F) in Definition A.3
explicitly assumes that the residues of the underlying crystal (M,V) were nilpotent. This
assumption is indeed superfluous; we now explain why.

First of all, the associated logarithmic isocrystal (M,V)® Q to (M,V,F) is a convergent
logarithmic isocrystal: indeed, a logarithmic isocrystal is convergent if and only if it is infinitely
Frobenius divisible; see [Ogu95, Remark 16], the argument of which is just a logarithmic variant
of [Ogu84, 2.18]. (See [Ber96, §2.4] or [ES18, Remark 2.4] for several other perspectives in the
non-logarithmic setting.) Then it is a general fact that a convergent logarithmic F-isocrystal has
nilpotent residues; see, for example, [Ked22, Definition 7.2].

Remark A.6. Let (Y, Z) be a smooth pair over k and let U = Y\Z. We denote by Y the (fine,
saturated) logarithmic scheme given by (Y, a: Of — Oy). Then our definition of a logarithmic
crystal is compatible with the definition of Kato (see [Kato89, Theorem 6.2]), our definition of
a logarithmic F-crystal in finite, locally free modules is compatible with the definition of Kato
and Trihan (see [KT03, 4.1]) and our definition of a logarithmic F-isocrystal is compatible with
the definition given by Shiho (see [Shi00, Definition 4.1.3]).

The mathematical content of the following lemma is essentially [Katz79, Theorem 2.6.1]
(and relatedly [Cre87, Lemma 2.5.1]); we have simply rewritten Katz’s argument in the
logarithmic setting. The key is that Katz’s slope bounds holding on the open subset where the
logarithmic structure is trivial guarantees that they hold everywhere. We use Kato’s definition
of logarithmic F-crystals only for convenience to discuss global objects; all of the computations
use the local definitions given above.

LEMMA A.7. Let (Y, Z) be a smooth pair over a perfect field k of positive characteristic and let
U:=Y\Z. Let £ be a logarithmic F-isocrystal on (Y, Z).

(1) Suppose the Newton slopes of &y are all non-negative. Then there exist an open subset
W CY, whose complementary codimension is at least 2, and a logarithmic F'-crystal
in finite, locally free modules (M" F) on the smooth pair (W,W NZ) such that
(M",F)®Q=&y.

(2) Suppose the Newton slopes of £y are in the interval [0, 1]. Then there exist an open subset
W CY, whose complementary codimension is at least 2, and a logarithmic Dieudonné
crystal in finite, locally free modules (M", F, V') on the smooth pair (W, W N Z) such that
(M" F)@ Q= &y.

Proof. By the definition of a logarithmic F-isocrystal, there exist a logarithmic crystal in coherent
(not necessarily locally free!) modules M and a map F': Froby M — M ® Q that is isomorphic to
& when thought of as a logarithmic F-isocrystal. Here, Froby refers to the absolute Frobenius (on

885

https://doi.org/10.1112/50010437X22007333 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007333

R. KRISHNAMOORTHY AND A. PAL

the fine and saturated (f.s.) log scheme Y induced from the smooth pair (Y, Z)) and the * refers
to pullback on the logarithmic crystalline topos. This is compatible with our above definitions.

As M is a logarithmic crystal in coherent modules, there exists a non-negative integer v so
that

F: (Froby)"M — p™#*M.

We have assumed that the Newton slopes of £ are all non-negative. Slope bounds of Katz
(see the proof on [Katz79, pp. 151-152]) imply then that there exists a non-negative v such that,
for all n > 0,

F": (Frobfy)*My — p~"My. (A.1)

We explicate this in local coordinates. Take an affine open neighborhood T° C Y such that
(T, TN Z) has a smooth chart (f1,...,t,). Let (P,t1,...,t,) be the associated lifted smooth
chart; note that P = Spf(A) where A is a noetherian W (k) algebra equipped with the p-adic
topology. Then the logarithmic crystal yields a finitely generated A module M 4 and the Frobenius
structure induces a continuous, A-linear homomorphism F': c*Ma — p™#Ma4.

As UNT C T is open dense, it follows from (A.1) that

F": (c™)*My — p " Ma.

By varying T, one deduces that F": (Froby)*M — p~"M for our fixed v as above and for all
n > 0.
Consider the module

M) =) F"((6%)"Ma) C p~“Ma.

n>0

As A is noetherian, M, is finitely generated, being a submodule of a finitely generated mod-
ule. Moreover, M/, is stable under F. Finally, M, is the finite sum of (logarithmic) horizontal
submodules. Therefore the pair (M, F') is in fact a logarithmic F-crystal in coherent modules.
We have an isomorphism (M), F) ® Q = Er in the category of logarithmic F-isocrystals with
nilpotent residues on (7,2 NT).

Now set M’f := (M/;)**. This is a coherent reflexive sheaf on the ring A, and hence is
locally free away on an open set of Spec(A) whose complement has codimension at least 3
[Sta20, 0AY6]. M’{ is manifestly stable under the connection and F. In particular, we can find
an open subset 7" C T with complementary codimension at least 2 such that the logarithmic
F-crystal (M}, F)pr is a crystal in finite, locally free modules.

After initially choosing a pair (M, F': Froby; M — p~#M) representing &£, the constructions
we have made are canonical. Therefore, ranging over T, we may glue the (M", F)pu; that is,
there is an open subset W C T with complementary codimension at least 2 and a logarithmic
F-crystal (M" F)y in finite, locally free modules on the smooth pair (W, Z N W) that is a lattice
inside of &y .

We now indicate how to complete the result if the Newton polygons on U are in the interval
[0, 1]. Let (M, F') be a logarithmic F-crystal in finite, locally free modules on a smooth pair (Y, Z)
over a perfect field k£ and suppose the Newton slopes on U are no greater than 1. Set V := F~ o p.
Then V' does not necessarily stabilize M; however, the pair (M,V)y is a logarithmic o~ !-F-
isocrystal in the language of [Katz79]. (Fortunately, Katz’s entire paper is written in the context
of 0% F-crystals for any a # 0, not just the positive a. In particular, all of Katz’s results also
hold for o~ !-F-crystals. Katz does not deal with logarithmic crystals, but we only use the slope
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bounds on the open set U.) By the coherence argument as above, we may find 7 such that
Vi (Froby')*M — p™"M

on all of Y. Again, using Katz’s slope bounds on U (which hold equally well for o~ !-F-crystals)
and the same coherence argument, one shows that after possibly increasing n, we in fact have

V™ (Froby")*M — p~ ™M
for all n > 0. Now run exactly the above argument with V instead of F': then

M’ =Y " V™(Froby')*M) C p~"M
n>0
will be coherent, horizontal, and stabilized by V. Recall that F'V = V F = p; therefore, M’ is also
stabilized by F! Then M" := (M')** is a reflexive logarithmic crystal on (Y, Z) that is stabilized
by both F' and V. Exactly as above, there exists an open subset W C Y of complementary
codimension at least 2 such that (M”, F, V) is a logarithmic Dieudonné crystal in finite, locally
free modules, as desired. ]

Remark A.8. Let (Y, Z) be a smooth pair over k and let (M, F, V') be a logarithmic Dieudonné
crystal (in finite, locally free modules) on (Y, Z). We construct a natural line bundle w, which
we call the Hodge line bundle, attached to (M, F, V).

Evaluating M on the trivial thickening of (Y, Z), we obtain a vector bundle My, ) on Y
together with an integrable connection with logarithmic poles on Z and a horizontal map:

F(Y,Z): FT’Ob*XM(yjz) — M(Y,Z)‘

The kernel is a vector bundle on Y. Set w := det(ker(F(y,z))). We call w the Hodge line bundle
associated to (M, F)).

As a reference for this remark: in the case when Z is empty, one finds this construction
in [dJ98, 2.5.2 and 2.5.5]. In the setting of logarithmic Dieudonné crystals, Kato and Trihan
construct the dual object: Lie(M, F,V) (see [KT03, 5.1] and especially [KT03, Lemma 5.3].
Note that this lemma holds in our situation: our hypothesis that (Y, Z) is a smooth pair over a
perfect field & implies that the conditions of 5.1 of [KT03, p. 563] hold: étale locally, there is a
p-basis of Y such that each (regular) component of Z is cut out by some member of the p-basis.

Remark A.9. Let Y/k be a smooth scheme over a perfect field k. Let Ay — Y be an abelian
scheme. Then there is an associated Dieudonné crystal (M, F,V) = D(Ay [p™]) on Y [BBMS82].
The Hodge bundle of (M, F') is isomorphic to the Hodge line bundle of the abelian scheme
Ay — Y by [BBM82, 3.3.5 and 4.3.10].

Finally, we have the following key Proposition A.11, which furnishes several compatibil-
ities that we need for our main argument. The proof of the proposition largely amounts to
collating well-known results in the theory of F-(iso)crystals. We first require the following
setup.

SETUP A.10. Let C'/k be a smooth, proper, geometrically irreducible curve over a perfect field
k of characteristic p > 0, let U C C be an open dense subset, and let Z C C be the reduced
complement. Let Ay — U be an abelian scheme with semi-stable reduction along Z. Call the
Néron model Ac — C. Then there is an attached logarithmic Dieudonné crystal on (C,Z2),
which we call DI°¢(Ag) [KT03, 4.4-4.8]. (Kato and Trihan construct a covariant Dieudonné
functor. We assume ours is contravariant, which may be accomplished by taking a dual as
in [KT03, 4.1].)
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ProprosiTION A.11. In the context of Setup A.10, the following assertions hold.

(1) The (non-logarithmic) Dieudonné crystal D'°8(Ac)|y is isomorphic to the crystalline
Dieudonné module of the p-divisible group Ay [p™]

(2) Let A2, — C be the semi-abelian scheme associated to Ac — C, obtained by removing the
non-identity components of the fibers over Z.The Hodge line bundle of A, — C, is isomor-
phic to the Hodge line bundle of the logarithmic Dieudonné crystal D'°8(A¢) described in
Remark A.S.

(3) The logarithmic Dieudonné crystal D'°¢(A¢) is the unique logarithmic Dieudonné crystal
(with nilpotent residues) on (C, Z) that extends D(Ay [p™]).

Proof. We prove each point in turn. Point (1) follows by the construction of the logarithmic
Dieudonné module: see the description of gluing as in [KT03, Lemma 4.4.1].

Point (2) is given in [KT03, Example 5.4(b)], with the caveat that they work with the
covariant Dieudonné functor and Lie(A¢c — C).

We now prove point (3). First of all, note that we only need to check that there is at most one
extension as a logarithmic F-crystal in finite, locally free modules. In our setting, V' is determined
by F under the relation FV = VF = p. By [Ete02, Théoreme 7], it follows that D(Ay[p™]) @ Q,
is overconvergent. Forgetting the V-structure, we are left with a logarithmic F-crystal (M, F') on
(C,Z). (By Remark A.5, the residues of (M, F) are automatically nilpotent.) Note that (M, F')|y
is an overconvergent F'-crystal by [Ked04].

We are now able to prove the desired uniqueness. Let (IV, F') be a logarithmic F-crystal
on (C,Z) such that (M, F)|y = (N, F)|y. (By the above, (N, F) automatically has nilpotent
residues along Z.) We introduce the following notation.

e FC(C,Z) is the category of logarithmic F-crystals in finite, locally free modules (with
nilpotent residues) on (C, 7).

e FC(U) is the category of F-crystals in finite, locally free modules on U.

e F-Isoc(C, Z) is the category of logarithmic F-isocrystals (with nilpotent residues) on (C, Z).

e F-Isoc(U) is the category of (convergent) F-isocrystals (with nilpotent residues) on U.

Consider the following diagram:

res

HOIHFC(C,Z)((M’F)? (Nv F)) HomFC(U)((Ma F)|Ua(N’F)|U)

| |

resq
HomF-Isoc(C,Z)((M> F) ®Q,(N,F)®Q) — HomF—IsocT(U)((Mv FlveQ, (N, Flu ® Q)
(A.2)
To prove that (M, F) = (N, F) in the category FC(C, Z), it suffices to show that the top hori-
zontal arrow is an isomorphism. We first prove that this arrow is injective with torsion cokernel;

then we will show that the image is p-saturated.
The natural map

HomIsoc(GZ)(M 02 Q7 N® Q) - Homlsoc’r(U)(M‘U & Qa N‘U & Q)

is an isomorphism by a full-faithfulness result of Kedlaya [Ked07, Theorem 6.4.5]. It follows
immediately that the bottom horizontal arrow of (A.2) is an isomorphism. (See also [Ked22,
Theorem 7.3] for exactly this statement.)
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The group Homgg(c,z)((M, F'), (N, F)) is a finite free Zj-module because (C,Z)/k is log
smooth. The left vertical arrow of (A.2) is injective because it is simply the map ®Q on a finite
free Z,-module.

The group Hompc 1) ((M, F)|u, (N, F)|v) is a priori only a torsion-free Z,-module. (In par-
ticular, it could have infinite rank.) However, the right vertical arrow fits into the following
diagram:

HomFC(U)((Ma F)|U7(N> F)|U) — HomF_IsoCT(U)((M7 F)‘U ®Qa (Na F)|U ®Q)

HomF-ISOC(U)((M7 F)‘U ® Q, <N7 F)’U ® Q)
where the vertical arrow is an isomorphism by [Ked04]. As

HomF-IsocT(U)((Ma F)‘U ®Qa (Nv F)|U ® Q)

is a finite-dimensional Q,-vector space, it follows that Hompc ) (M, F)|u, (N, F)|v) is a finite
free Zy-module. As the diagonal arrow is injective (it is the map ®Q), we deduce that

HOIIch(U)((M, F)|U7 (N7 F)’U) - HomF-IsocT(U)((M7 F)‘U ® Q’ (N7 F)’U ® Q)

is also injective. Then the top arrow, res, in diagram (A.2) must be injective with torsion cokernel
by consideration of the ranks.

Finally, we prove that res is a saturated map of finite free Z, modules. Equivalently,
we prove that if ¢ € Hompcc,z)((M, F), (N, F)) is such that res(y) is divisible by p in
Hompc o (M, F)|u, (N, F)|v), then ¢ is divisible by p. This will use an explicit local calculation
with Definition A.3.

Pick smooth charts for (C, Z). More precisely, C' may be covered by open subsets Y; such
that there exist étale maps f;: Y; — Al = Spec(k[z]) with the following property: if Y; N Z # 0,
then Y; N Z = f7(V(x)). As both the categories of logarithmic F-crystals and usual F-crystals
are stacks in the Zariski topology, it suffices to prove the desired saturatedness for a single
(Y;,Y;N Z), which we relabel (Y,Y NZ). If Y N Z = (), there is nothing to prove, so we may
assume that Y N Z # 0.

Let f: Y — Al be an étale map with f*(V(x)) = Y N Z, which exists by the definition of
Y. Let Ag:= W(k)[z]" be the p-adic completion of W (k)[z]. By topological invariance of the
étale site, the map k[zr] — Oy (Y) (with 2 — f) deforms to an étale map Ay — A; set f to be
the image of x in A. Similarly, let By = W (k)[z,z~!]" be the p-adic completion of W (k)[z,z~!].
Again using topological invariance of the étale site, the map k[z,z~1] — Oy (Y'\(Y N Z)) induced
from f deforms to an étale map By — B. As Y N Z = f*(V(z)), we have that B =2 A®4,By. In
particular, there is the following diagram of p-adic rings:

A~—— B

]

Ay —— By

As in Definition A.3, equip Ag and By with the Frobenius lift og sending ¢ — tP. Set ¢ to be the
induced Frobenius lift on A and B.

Let (M,V,F) and (N,V,F) be the realizations of (M,F) and (N,F) on A as in
Definition A.3. In particular, M and N are finite, locally free A modules. Then the statement
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we wish to prove is that
Homu((M,V,F),(N,V,F)) — Hompg((M,V,F)p,(N,V,F)p)

is a saturated map of Z, modules, that is, if ¢ € Hom4((M,V, F), (N, V, F)) is a map such that
pp is divisible by p in Hompg((M,V, F)p, (N,V, F)p), then ¢ was divisible by p. In particular,
we assume that ¢(Mp) C pNp and wish to prove that ¢(M) C pN; indeed, if ¢(M) C pN,
then ¢/p will automatically commute with V and F' and hence would yield an element ¢/p €
Hom4((M,V, F),(N,V,F)). Therefore, it suffices to prove that if M and N are finite, locally
free A modules, then the map Hom4 (M, N) — Homp(Mp, Np) is p-saturated.

We claim that A < B is a p-saturated map of p-adic rings. As noted above, B = A® 4, Bo;
therefore, to prove that A — B is a p-saturated, it suffices to prove that Ay — By is p-saturated.
This map is simply the inclusion W (k)[z]" < W (k)[z,2~1]", which is clearly p-saturated from
the explicit description of the elements of the two rings as series.

As M and N are finite locally free A-modules, the natural map Homyu (M, N)®@4 B —
Homp(Mp, Np) is an isomorphism. It follows that the natural map

Homy (M, N) — Homu(M,N) ®4 B = Homp(Mp, Np)

is p-saturated, as desired. ]
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