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Abstract

We study the distribution of principal ideals generated by irreducible elements in an algebraic number
field.

2000 Mathematics subject classification: primary 11R27.

1. Introduction

In an abstract algebra course, students learn that the concepts of prime and irreducible
elements do not coincide in an integral domain without unique factorization. Usu-
ally, various examples are given in Z[+/—5], for instance, showing the existence of
irreducibles which are not prime. Of course, as every student knows any prime is
irreducible and so generally there are more irreducibles than primes.

This difference leads naturally to two questions. First, can one give a characteriza-
tion of irreducibles in familiar integral domains where unique factorization need not
hold, such as the ring of integers in an algebraic number field? Second, how are the
irreducibles distributed, again in an algebraic number field?

The problem of characterizing irreducibles involves, among many challenges, a
good characterization of all the prime ideals in any given ideal class of the ideal class
group of the field. This has a particularly nice solution when the Hilbert class field
of the number field is an abelian extension of the field of rational numbers Q, for
class field theory shows us that the solution involves congruences, modulo certain
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integers depending on only the field, for the rational primes contained in the prime
ideals. (As a minor aside, we give a characterization of the irreducibles and primes in
two imaginary quadratic number fields of class number two in the last section of this
paper.) In other cases such a satisfactory characterization is not known and probably
even nonexistent.

In this note, we study instead the distribution of irreducibles. First, we give a little
background. Let K be an algebraic number field and denote by M (x) the number
of nonassociate irreducible elements o with |Ng,q(a)| < x. In the 1960’s, Rémond,
[11], showed that

M(x) ~ C—f———(loglogx)')", as x — 00,
log x

where C is a positive constant not explicitly given and D is the Davenport constant
which is a positive integer depending on only the structure of the ideal class group of X .
Now, if we let P(x) denote the number of nonassociate primes  with {Ng,q(7)| < x,
then by a classical density result

x

1
P(x) ~ =,
)™ logx

where h is the class number of the field, that is, the order of the ideal class group. If
h > 1(so D > 1, see Section 2), then there are ‘many more’ irreducibles than primes.
If h = 1, however, then the ring of integers is a unique factorization domain and hence
the irreducibles and primes coincide. This is consistent with the estimates above once
we observe that in this case, C = | and D = 1; see the next section for more on these
constants.

Subsequently, Kaczorowski, [6}, gave a major extension of Rémond’s result, which
we state here in simplified form:

D-1
Mx) = X Zm,(loglogx)’) + 0 (1 al (loglogx)"),

log x port og’ x

as x — 00, for some constant ¢ > 0 and complex numbers m;. In particular,
mp_, = C the coefficient in Rémond’s estimate. As in Rémond’s case, the constants
depend on K but are not explicitly given.

Later, Halter-Koch and Miiller in joint work [5] showed, among many results, how
to determine the constant C and as a result showed that it depends on only the class
group of K.

This result prompted us to explore the dependence of some of the other coefficients
in Kaczorowski’s estimate on the arithmetic of K. In particular, we consider m_, and
give an explicit expression for this coefficient. We then apply this to the special case
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of a number field with cyclic class group in which case we find that mp_, contains
explicit arithmetic information about the field and some of the subfields of its Hilbert
class field. (We chose the case of cyclic class group due to the messy combinatorical
arguments in the general case. It would still perhaps be of interest to see what
happens in general.) Finally, we compute—more precisely, approximate—mp_, for
two imaginary quadratic number fields with class number two. Indeed, this calculation
shows that more than just properties of the class group figure into the makeup of mp_,.

2. A Dirichlet series associated with irreducibles

Let K be an algebraic number field, that is, a finite extension of the rational number
field, Q, and let Ok denote its ring of integers. We denote by N(x) the norm of
an element x from K to Q. Also, we denote by Na the norm of an ideal a of Oy.
Furthermore, let C1 = CI(K) denote the class group of K and h = hg the class
number, that is, the order of CI(K).

In studying the distribution of the irreducibles, we introduce the following function.

DEFINITION 1. 4(s) = )" ) o imea. |V (@)%, where s is a complex number with real
part,o > 1.

The sum runs over the principal ideals generated by irreducible elements of 0.
We obviously do not wish to count all associates of an irreducible since there are
infinitely many when the unit group is infinite, that is, anytime K is not Q or an
imaginary quadratic number field.

Ultimately, we shall be interested in the ‘summatory’ function given by

DEFINITION 2. M(X) = )" ) & ired. Ny <x |» WheTe x is any positive real number.

We shall first determine properties of 1(s) and then use a well-known Tauberian
theorem to glean information about the distribution of M (x).
To this end, consider the following. Write Cl = {¢;, = 1, ¢5, ..., ¢4}

DEFINITION 3. For each positive integer m, let

h
D= k=G, k) eNG TS B L kit =my,
j=1
where [T¢* = 1 means that [Jc¥ = 1 and if [J¢* = 1 for some I; such that
O0<li<kifori=1,...,h thenl, =0foralliorl; =k, foralli. (Here Ny denotes
the set of nonnegative integers.)
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Notice that ™= guarantees that a product of elements is 1 but no nontrivial subproduct
is 1. Hence the product gives a ‘minimal’ representation of 1.

Later on it will be more convenient to think of the elements of 2, as functions in
the usual way; namely,

9,,,:{/(:Cl—> No‘ﬂcm'?—_‘"l, Zx(c)zm )

ceCl 4

DEFINITION 4. The Davenport constant of Cl, denoted by D or D(Cl), is the largest
positive integer m such that 2,, is nonempty.

The Davenport constant is defined as above for any finite abelian group. In general,
the relation between the Davenport constant and the structure of the group is not
known. On the other hand, it is well known (and easy to prove) that the Davenport
constant is no larger than the order of the group.

We now have the following proposition which gives a connection between irre-
ducibles and prime ideals. First, we denote the set of nonzero prime ideals of &

by £.

PROPOSITION 2.1. For any complex s with o > 1 and where ) _ _ is defined to be 1
whenever k; = 0,

uis) = i > ﬁ Y N@)

m=| k€P,, i=1 a;
- IPite...Pir;, €PNe;
ai=pii-Pik;

PROOF. For k € 2,,, define
‘Qy’i={aza:al"'ah,ai=pil"‘pik,, Somepi",egnci},

where a; = 1, if k; = 0. Now let & = | & where the union is over all k in | J,, Z,,..
By the uniqueness of the factorization of ideals into prime ideals, we see that this
union is disjoint. Moreover, by the multiplicativity of the norms, we have

> T[] Ne =3 we

m=1 k€D, i=1 a; aeo

where a, are as above in the definition of .@;. Now notice that if a € &, then a € &}
for some k € 2,,. Thus the ideal class [a] containing a satisfies

h ]
[a] =[] E 1,
i=1
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by definition of %,. Hence a = (&) for some nonzero, nonunit integer « in K. But
notice that @ must be irreducible for otherwise [a] = I—[:'=l ¢;* = 1, would not be a
minimal representation of 1.

Conversely, if « is irreducible, then (a) € 2 for some k; namely,

h Kk
@ =[][]ps

i=1 j=I
for some k; € Ngand p;; € P N,. |

Next, we examine the right-hand sum in the proposition above. To this end we
define the following family of polynomials.

DEFINITION 5. Let k be a positive integer and z|, ..., z independent variables.
Then
1 IJ
— — !
P@ =P, )= ) oot
{(Vieers vk)eNa
Eijvj=

Moreover, let Py(z) = 1.

PROPOSITION 2.2. Let k be a positive integer and x;, x3, X3, . .. be a sequence of
independent variables. Moreover, for j = 1,...,k lets; =Y o xi. Then

Z Xp oo X, = Pr(Sy, ..., Sk)-

(ny....m)eN
n\ <<y

PROOF. First we introduce some notation. Let x, = x, ---x, for any n =
(ny,....m)eN.LetT={neN:1n <... < nk}.-Also, let S; be the symmetric
groupon (I, ..., k};foro € S, leton = (Ny(m,), - - - Nomy)- Next, let C = C(o) be
the conjugacy class of o in S, that is, C(0) = {yoy~' : y € §}. Let

k
o =l—[ﬂj|"'ﬂju,
j=1

be a factorization of o into disjoint cycles, where v, € Ny and for each j and

i =1,...,vj, the permutations n;; are the distinct j-cycles, say n;; = (a1 ---a;i;)
with a;; € {1,...,k}, and with the convention that 1-cycles are included so that
Uj_,.[aj“, ...»a;i;} ={1,..., k). Recall that r € C(0) if and only if 7 has the same

type of cycle decomposition, that is, if

k
’ ’
T =l——[n1|.n1v;
Jj=1
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into disjoint cycles with the same conventions as above, then v, = v;forj = 1,... ,k,
(see, for example [2]). Notice then that a conjugacy class in S; is determined uniquely
by ak-tuple, (v, ..., ) € N§ with ZL, Jv; = k. Any permutation in the conjugacy
class has a cycle decomposition determined by the v;’s as above. Moreover, recall

that
k!

T RREETA ) LIy
again see [2]. Furthermore, recall that the cardinality of the orbit of n under S,
Sin = {nn : n € 8}, is equal to |S;|/|Sc(n)} where Sy(n) = {n € S; : nn = n}, the
stabilizer subgroup of n. Moreover, if m € Sin, then the stabilizer subgroups, S;(m)
and Si(n), are conjugate and thus have the same cardinality.

Now for the proof: Notice that

EOIDIEIELD3) ) IEM

TES, meN* T C 0eC meNt
am=m dm=m

#C(O’) =

where )" is the sum over the conjugacy classes of S;. Now notice that if we

. k . .
write 0 = [];_, nji---n;,, as above, then 3 i spem X, = S -5, which is
independent of the choice of o € C. Hence

PDIDITEI DI

C 0eC meN* meNt
om=m am=m
1 k!
vy Vi
= — s s = Pulsy, -, se).
k! 2 T R TR (51, 56)
(vy.....u)ENE
Z/ vi=k
On the other hand,
RN DD
X = X,
T Sl &7
neT neT = meSin
since x,, = x, forany m € S;n. Hence
1 1
X, = E E Son] 22 = T E ISk x,
neT meNt neT k= " meNt neT
meSin meSin
1 s 1
=g 2 IS, =533 3 x,
meN* neT meNt neT oeSi(m)
meSin meSin
1 1
=52 2 &)L
meNt o €S (m) neT
meSn
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But) . ,es.1 = 1,since only one permutation of m can belong to T. Therefore,

Zﬁﬂzi‘,z Z£m=Pk(Sh~--,Sk),

neT " meNt aeSi
= om=m

from above, as desired. O

PROPOSITION 2.3. Let k be a nonnegative integer and ¢ any class in Cl. Then

> N@™T =P,
ap..‘..,;‘eync
a=p;--pi

where z; = 3 pn N7, for allRe(s) = 0 > 1.

PROOF. For k = 0, both sides are equal to 1, for the left-hand side consists of one
term, ¢ = O which has norm equal to 1.

Assume k > 0. Write Z Nc¢ = {p, : n € N}. Forany n € N, let x, = Np,*.
Then the proposition follows directly from Proposition 2.2, once we observe that N
is multiplicative and all series involved converge absolutely, since o > 1. a

We now have the following useful corollary to Proposition 2.3.

COROLLARY 2.4.

D h
p)y= Y IN@IP =) ] P z),

(a), airred. m=1 keD, i=I

where 2; = 3 _one, Np’".

For the next proposition, write z;; = Zpiegnq Np” =1+ g, where | =
(1/h)log(1/(s — 1)), and g; = gi(s). It is well known that g;(s) is regular at
s = 1. We then have

PROPOSITION 2.5. iu(s) = 3., _c,l¥, where ¢, = 3 _ i 2 ke, kur Where
lf&z (k], ...,kh), then

ki Vi — i

k kn h
Ay = Z S [Tbowr with b= —Eep ...

My, — u)
=0 up=0 i=1 ViV =1 u‘l'(vll I’LI)‘

et pn=p
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where

P = E 1 7 Z"":

ki vip = Vi, <i2 17T ik 0
fi-t viZ! . vik.- !2":2 P ki

(Vigoe vig; JENG

3 jvij=ki —vi
ifk; > 1, and we define pyo = 1, py, = 1, and p; o = 0.
PROOF. First use the definition of the polynomials P,(z) to expand u(s) in Propo-

sition 2.3, where the indices of summation are v;; fori = 1,...,hand j =1, ... k.
Hence

wis) = Z Z 1_[ Z Vi, vllu.. ekt (48" z™ - ™,

m=1(ky,...kp)EDy i=1 (v,.... u,‘,)
T jvij=ki

where ), . --- = 1,ifk; = 0. Now in the right-hand most sum above, sum over
the v;, first in which case we get

k,
1 " ! ([ +gi)v"
Z vii! oo ki ( + g’) llzz' T = Z Pr, viy»

A1y, Y 1
(ViteoaVik; ) i v'ki'IVl vi1=0 Vit:
X jvij=ki
with p as defined in the statement of the proposition. Next, expand z;}' = (I + g)™
as
Vit
Z:( )lu. Vit
o \Hi
Then

L+ g)™ R A
Z Tpk'~"'l = Z l Z( ) 8i pk‘,u,ll = Zbk"“'l ,

vi1=0 v =0 Vi 1#i=0 ;=0

where the b are defined as above. But then

ky

h Kk kn h m
[T et = 30 3o TTouat ™™ = 3 anl",
u=0

i=1 p;=0 w1 =0 =0 i=1

with the a as defined above.
Butnow 3, o D 7 o aul* =3 oD sca, Aul”. Hence

D

D m D
wO =33 Y e =31 2 D el

m=1 u=0 ke, u=0 \ m=max(l.u) k€D

as desired. |
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Now we rewrite the q, , in Proposition 2.5 in a form more convenient for winning
an explicit formula for c, for ‘large’ u.

COROLLARY 2.6. u(s) = Y, ¢ 14, wherec, = Y0 b 5 o ay,, with

= Z Z I—I k 1 Z V - )\’ )'(k vi)!giw_/\’pk,,k,-—).,»a

v =0 u=0 i=1
Vit =1
where (as above)
p — 1 Zu,~2 Z"ui
ki k=X — § i - Vi, “i2 "7 Sikg -
- vi2! . \)'.ki! iz ... ki
2. ¥ig, NG
Livij=i

PROOF. (Sketch) In Propostion 2.5 change variables as follows: let v = m — u, let
U,=ki—ﬂi,andletk,‘=k,'-\),'1. O

From this corollary we extract the following result.

COROLLARY 2.7. Let pu(s) = 3" c,l*. Then

M ep=Yeq, [T (/K.
(i) comr = Yyeay, [Ty (1/kD + Xyeo, T (/KD X, ksg
(iii) IfD > 2, then

ho Ry
Cp-2 = Z l—[z—'-i- Z Hmijgj

keDpyi=1 ' kePp_, i=l
Z'z
+ kjk kitk; ~ 1 £1).
ZI-[ ( Z ]2g]lg]2+z ( )( 2 ))
kePp i=1 I=ji<j22h Jj=1

The proof is a straightforward application of the previous corollary.
We further obtain the following expressions for (i (s) for some fields with small
class number.

COROLLARY 2.8. (1) Suppose D = 1 whence h = 1. Then u(s) =1+ g,.
() IfD=2s0h =2, sayCl={l =¢, )}, then

1 1 1
nis) = 512 + (1 +g)l + (gl + 58% + 5222) .

PROOF. In light of the formulas for the ¢, above, it suffices to compute Z,, for each
of the groups listed.
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Let C1 = {1 = ¢;}. Then we have only one minimal representation of 1, namely
1 =1, implying that 2, = {1}. Using this with the previous corollary yields (i).

Now let Cl = {I = ¢;,a = ¢;}. Then we have two minimal representations
of 1, namely, 1 = 1,andaa = 1 implying that 2, = {(1, 0)} and 9, = {(0, 2)},
respectively. This yields (ii). a

3. The summatory function M(x)

Having established formal properties of the Dirichlet series i (s), we now use well-
known results relating a Dirichlet series to its associated summatory function as in [6].
We present the following weaker form of Kaczorowski’s ‘Main Lemma’ given in [6],
which will be sufficiently strong for our purposes.

Let f(s) = Y_>2, a,n™" be a Dirichlet series where s = o + it with a,, 0, t real
numbers and a, > O.

As in [6]} we have the following definition.

DEFINITION 6. We let &7 be the set of those Dirichlet series f as above satisfying
the following three additional properties:

(i) Forallx,y e Rsuchthatl <x <y,

Y an<(y—xlogty+ 00",

x<n=<y

for some ¢, > 0,8 < 1 where the constants depend on f only.
(i1) There exists a nonnegative integer k and functions g;(s) for j = 0,...,k,

such that }
. 1
f(s) = ;gj(s) log’ (s = 1) )

for 0 > 1 and such that g,(1) # 0 and g;(s) is regular for ¢ > 1 and can be
analytically continued to a regular function in the region % given by

. (&)
R =s=0c+it:c>] — ——
[ log(lt|+2)}

for some ¢, > 0.
(ili) In the region Z, |g;(s)| < log®(|t] + 3), for some c; > 0.

PrOPOSITION 3.1 (Corollary to Kaczorowski’s Main Lemma). Let

flry=73 am™
n=1
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be a Dirichlet series in class &/ as defined above. Let S(x) = anx a, be the
summatory function associated with f(s). Then for all € > 0 and all x > e°,

k—1
j X
S0 = o~ (Ze,aoglogx> ) +0 (logz-fx),

as x — 00, where the e; are complex numbers given by

D™ 1
St —_]ez(logz)'"dz,
¢

m! 2mi

k
v! .
ej=2ﬁgv(1)1v_,, with I, =
v=j

where € is the path of integration consisting of the segment (—oo, —1] on the lower
side of the real axis (so that the argument of log z is —m ), the circumference of the
unit circle taken counter-clockwise, and the segment [—1, —00) on the upper side of
the real axis.

The proof may be found in [6] where we take Case I and g = 0 in the Main Lemma.

LEMMA 3.2. Let t be any positive real number witht < 1. Then
(a) IO 0,
() X ", = exp(yt + Yoo (=15 (n)t"/n), where y = 0.577... is
Euler’s constant,
©) LT=land I, =vy.

PROOF. Part (a) follows since I, = [, e* dz = 0.

With respect to Part (b), consider the formal sum

> 1 1
P Im _ 2z —rlogzd — z —Id _ .
; wmilet S T i )T T T

But then since I, = 0, we have

S — n—1
Z tm) ep(yt+Z( D"'g(m)— )

n=2

by [13].
Part (¢) follows immediately from (b). a

COROLLARY 3.3. Let e; be defined as in Proposition 3.1. Then

(i) ifk =1, e =kgdl),
(i) ifk>2 e2=(—-1Dg (1) +kk—1Dg(l) y.
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The proof is immediate from the preceding lemma and proposition.

We now apply these results to p(s) to obtain information about M(x). By [6],
using results in [7], p(s) belongs to the class &

We shall state a well-known result about
recall some definitions.

Let K be an algebraic number field of degree n over Q with class group CI(K) = Cl
of order h. Let Cl denote the character group of Cl, that is, the group of homomor-
phisms from Cl into the multiplicative group C*. As usual, we denote the principal
character, that is, the constant character 1, by either y, or simply by 1.

Let x be an arbitrary character on Cl, then we define the L-series

(1/Np*), for ¢ € Cl, but first we

pec

x@

Naw (o > 1),

L(s, x)=

where the sum is over all (nonzero) integral ideals of K.

If x = 1, the principal character, then L(s, xo) = £« (s), the Dedekind zeta function
of K.

Asis well known, L(s, x) converges absolutely and uniformally on compact subsets
in the half plane o > 1. Moreover, since the norm map N is completely multiplicative
on the set of ideals of K, we have

x@\
L(s, x) 1:1 (1 Np: ) )
forall ¢ > 1 and where the product is taken over all (nonzero) prime ideals of K. Itis
also well known that in the half plane ¢ > 1 — 1/n, the series for L(s, x) converges,
if x # 1, and L(s, x) is regular there. On the other hand, &« (s) has a continuation
into the same half plane but with a simple pole at s = 1 with (nonzero) residue ag.
Furthermore, in the region #¢ given by

Ck

> - —,
log(jt} +2)

L(s, x) does not vanish, where cx depends on K but not on .
Now, since L(s, x) is nonzero in the region above, we see thatlog L(s, x) is defined
and regular in this region.

PROPOSITION 3.4. Let ¢ be an ideal class of Cl. Then

s ¢]

1 1 1 1
— = -1 - x(c)log L(s, x) — ,
N~ h 0glxls) + - EX X (¢)log L(s, x) m§_2 EP NP
pec x#1 - pTec
foro > 1.
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For a proof see, for example [8], (or just about any text on algebraic number theory).
Notice that this proposition allows us to analytically continue ) . .. Np~* onto the
region F.

pec

COROLLARY 3.5. Let g.(s) = Zpec(l/Np‘) —(/h)log(1/(s — 1)). Then

ge(s) = log((s — Dgx() + Zx(c) log L(s, x) — Z}:

s p mNpms
x#l pTec
hence regular inZg. In particular
) = lo ag + — ¢)log L(1 -
g.(1) = ~logag Zx()g(x) m};;mmm
x;él pmec
where ay is the residue of {¢ (s) at s = 1.
PROOF. Write Zx(s) as (1/(s — 1))(s — 1)¢x(s) and then apply log. ]

We now apply this result to M (x).

PROPOSITION 3.6. Let K be an algebraic number field with class number h and
associated Davenport number D. Then

p-2
o oy, x 23 o —
M(x)= Dcph __logx (loglogx)” ™'+ logx ;e, (loglog x)’ + 0<(logx)3/2)’

where the e; are given in Proposition 3.1 with g;(s) = h™/c;(s).

PROOF. The proof is immediate since u(s) = Ef;o (YR~ (log(1/(s — 1n)".
O

As an immediate corollary we have

COROLLARY 3.7. M(x) ~ Dcph~P(x /log x)(loglog x)P~".

Compare this with [S, Theorem 1]. But we also get the following result.
THEOREM 3.8. For D > 2,

M) = oz x (C(loglogx)D ' + B(loglog x)®7%) + O (E(x)),
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where C = Dcph™ and B = (D — l)cp_,(1Dh'=? + D(D - V)cph=Py, with v,
Euler’s constant, and where

lox P (log logx)D‘3 if D > 3;
E(x)={ %% ,
W otherwise.

4. The special case of number fields with cyclic class group

We now investigate the asymptotic behavior of M (x) when the number field K has
cyclic class group Cl of order A > 1. Then we see, by Theorem 3.8, that in order to
compute the coefficients C and B, we need to determine cp and cp-(s). First of all,
notice that D = h, for we have already observed that D < h for any Cl. But now
since Cl is cyclic generated by ¢, say, then c” = 1, whence h < D in this case.

Now by Corollary 2.7, we need to determine &, form = D =handm = D-1=
h—1.

To this end, we cite the following main result of {3].

PROPOSITION 4.1. Let S = (ay, ..., a,—) be a sequence of n — k (not necessarily
distinct) elements in Z, = Z/nZ. Suppose 1 < k < n/6 + 1 and that O cannot be
expressed as a sum over a nonempty subsequence of S; then there exist an integer ¢
coprime to n and a permutation o of the set {1,2, ..., n — k} such that ca,;, = 1 for
i=1,....,n—=2k+1, and Z::_zk+2 |@gi|n < 2k — 2, where |x|, denotes the least
positive inverse image of x under the natural homomorphism from the additive group
of integers onto Z,.

In particular, there are at least n — 2k + 1 terms in § which are relatively prime to
n and all congruent to one another modulo n.

We use this result to prove the following lemma.
LEMMA 4.2. Suppose Cl = (¢). Then
Dp=1{:1<k=<h (kh)=1}
where k; : Cl = Ng with k,(¢¥) = h and k,(¢') = 0 otherwise;
Do ={:1<k<h (kh)=1},

where A, : Cl > Ng with A (¢F) = h — 2, A (¢*) = 1, and A, (¢') = O otherwise.

PROOF. We start by determining the elements of Zp. Suppose ¢y, ..., ¢, € Cland
]_[" ¢, = 1. Then the h sequences §; = (¢y, ..., €y ..., y) (where ¢; is omitted)

i=1
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satisfy the hypotheses of Proposition 4.1 with k = 1. Hence in each S there are at least

h—1terms which are equal and generating Cl. Hence, we musthavec, = .- - =¢, =¢
and (¢) = Cl. Thus 2, is as stated above.

Now consider Zp_;. Suppose ¢;,...,¢-; € Cl and ]_[f.:ll ¢ ™ 1. Then the
h — 1sequences S; = (¢y, ..., ¢, ..., ¢,) satisfy the hypotheses above with k = 2

provided & > 6. (For h < 6 the lemma follows by a straightforward calculation.)
Hence, assume & > 6 in which case in each §; there are at least 4 — 3 terms which
are equal and generate Cl. But then, without loss of generality, ¢, = --- =¢,_2 = ¢
where (¢) = Cl. Thus ¢"~20 = 1 for some ? € Cl; whence 0 = ¢?, as desired. O

This lemma along with Corollary 2.7 and Theorem 3.8 yields the following propo-
sition.

PROPOSITION 4.3. Let K be an algebraic number field with cyclic class group
Cl = (c¢) of order h > 1. Then

X
M(x) = Tozx (Cloglogx)"™' + B(loglog x)"~%) + O (E(x)),

where C = @(h)/((h — 1)!h"), and

p(h) h—1 p(h) 1 i
B = h ck 1 s
o Ve =Pt G ; g (1)
(k=1
where a(h) = 1/2, if h = 3, and a(h) = 1, otherwise; and where g. is as appears in
Corollary 3.5.

The proof follows immediately from Corollary 2.7 and Theorem 3.8. (Notice that
whenh =3, |2,| = 1, not p(h).)

We now give an (partially) arithmetic interpretation of 2" =1 ge(1). First, we
introduce some notation. =1

Once again assume K has cyclic class group Cl = (¢) and let L be the Hilbert class
field of K. For each divisor d of h let L, denote the intermediate field in the extension
L/K of degree d over K. (Since by class field theory Gal(L/K) =~ Cl and Cl is
cyclic, L, is uniquely determined.) Notice in particular that L, = K and L, = L.
Finally, let a,, be the residue of the Dedekind zeta function &, (s) at s = 1.

THEOREM 4.4. Given the assumptions of the previous paragraph,

. (d) 1
Y sal) =3 S logan, = 3

dih m=>2 p
{lpmh=Cl

k=1
(k.h)=1
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PROOF. By Corollary 3.5 we have

p(h) 1 S !
Z gu(s) = ——1 g((s—1)§x(s))+gﬂ(5)‘z Z zp:kmNp””’

m=2 k=I
(k.h) 1 (k.h)y=

where

1 pm

h
B)=_ Y x(clogL(s, x).
xE1 (el
For j =0,..., h —1,let x; be the character on Cl determined by x;(¢) = ) forg, a

primitive hth root of unity. More generally, let x, ; be the character on Cl determined
by xa.;(c) = ¢, for any positive integer d dividing h. Also let

h
i)=Y &

k=1
k.h)=1
the usual Ramanujan sum. Then
h-1

Bs) =) cu(—j)log L(s, x;).
j=l
But the Ramanujan sum has the explicit representation (see, for example, [4, page 238])
: h/h, j))
en() = oy LR )
@(h/(h, )

and thus
h—1

B(s) = w(/z)Z“() Y logL(s, x;)

vlh j=1
(h, j)=h/v

h
—ot) B3 g Lis, 1)~ wh) og e o).

vlh j=1
plh. jy=h/v

Now, by [8, page 230], we have
loggr,(s) =) Y logL(s, xu.))-

vid jmodv
(jov)=1
But then by Mdbius inversion,

Y logL(s.x) = Y logL(s, xuj) = y_ u(v/d)log&y,(s).

j mod h Jj mod v dfv
(h,jy=h/v (=1
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Thus
W')Z—“(v) _5:: fog L(s, x;)
o ) o
(h.j)=h/v
d
=ik )ZZM 2 (v)logCL.,(S)=</>(h)Zlog;L,,(s)Z_____“(”)“(”/ )
vik  dlv d dlh :;,Ih (P(v)
h d
_<P(h)§:logng(5)“(d)Z 1’ (v) =<p(h)Z og £, (s)—— u(d)
dlh ;:/, ( dih (h) d
wu(d)
=hy ——logfu,(s),
dh
since

Zuz(v)= h p*(d)
e(v) o) d '’

vih
div

see, for example, [1, Lemma 3]. Hence

B(s )-hZ“( 08 £.,(5) — () log £k (s).

d\h

Now notice that

11m ﬂ()—hz

dlh

( >~ pd) w(h)) log(s — 1)

d\h

1Og(S = D&, (s) — @(h) log(s — 1)Zk (s)

u(d)
=hy ——loga,, — p(h)log ay,

dlh

since (h) = h 3_,, u(d)/d. This gives us the result. |

S. Examples

The coefficient C of M (x) depends on the class group of K, more precisely, on
the Davenport constant and the order of the class group. On the other hand, the
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coefficient B seems to depend more intrinsically on the arithmetic for the field K. In
this section we consider approximating B for two imaginary quadratic number fields
of class number 2, namely, K, = Q(+v/=5) and K, = Q(~/—15) to see if the B are
unequal. But before we carry out the calculations in these special cases, we consider
Proposition 4.3 for the case where h = 2.

COROLLARY 5.1. Let K be a number field with class number 2. Denote by ¢ the
nonprincipal ideal class of Cl. Finally, let L be the Hilbert class field of K. Then

M( )_l X
¥ = Flogx

1 X X
log | =21 1 0] ,
oglogx + (21 +gc(1) + V)= + ((]ogx)m)

where y is Euler’s constant and

g.(1) = logay — :,Z—logaL -3 > mNpm

m=>3 pec
m= 1(2)

We need to compute ag, ar,and S =3 w2 3 . 1/(mNp™).

To this end, let F be any algebraic number ﬁeld Then the residue of ¢ (s) ats = 1
s 2nQa)*Rehg

wn/W ’
where r| and r, are the number of inequivalent real and complex embeddings of F
into C, respectively; Ry is the regulator of F; hf its class number; w, the number of
roots of unity in Or; and df is the discriminant of F.

For K, = Q(+/=5),ri =0,r, = 1, Rg, = 1, wg, = 2, and dx, = —20, and hence
ag, = 7 /5.

For K = Q(~/=15),r, =0,r, = 1, Rg, = 1, wg, = 2, and dg, = —15, and
hence ax, = 27 /+/15.

The Hilbert class fields of Q(~/=5) and Q(/=15) are L, = Q(/-5, «/5) and

= Q(v/=15, +/5), respectively. To compute a;_in these two cases, we first notice
that r, = 0 and r, = 2. To compute the other invariants, we shall use the fact that
L; are CM-fields, which will allow us to compute the regulators R, , and the fact that
Gal(L;/Q) >~ C(2) x C(2), the Klein four group, which will give us a way to compute
the class numbers.

Tothisend,let Lt = LNR = Q(\/g) inbothcases L = L;. Now R;+ = log((1 +
\/5)/2) and by [12, Proposition 4.16] (for example) R, = (1/Q)2log((1 + \/5)/2),
where Q = (E, : W, E,-) € {1, 2} with Er and W the group of units, respectively,
roots of unity in & for any number field F. But in our two cases, Q = 1; see [10,
Theorem 1]. Thus in both cases

ar =

R; =2log

1445
Rt
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By [8, Proposition 17, page 68] (for example) we see that d;, = 20? and d;, = 15°.
Finally, to compute the class numbers, we use Kuroda’s class number formula:

1
h, = ECI(L)hlhzha,

where the 4; are the class numbers of the three quadratic subfields of L, and g(L) =
(E. : E\E,E3) with E; the group of units in the quadratic subfields, see, for example,
i9]. In our cases, & h,h; = 2 and since L/ K is unramified (L) = 1, [10, Theorem 1].
Hence in both cases h;, = 1.

Therefore,
™ oe (L3 ana i R
= — a = — .
W =10 %\ T2 L= s B\ T2
Next, we need to approximate the two series
1
S,' =
Z Z mNp™
m=>3 pec;
m=1(2)
for the fields K;, i = 1, 2 and where CI(K;) = (¢;). Now, since
Z 11 (log(z+l) 2)
~ mzm 2 \logz—1) z)’
mET(Z)
we see that
1 1 Np+1 2
= = =11 - — .
$=2 0 g =22 ["g(Np—l) Np]

We now truncate the series S at Np < x for x > 3 and estimate the truncation error
by a little elementary calculus. To this end, we write S = S(x) + E(x), where

e I[ (Np¥1\_ 2
S(x)'_zi[log(w—l) Np]

pec
Np<x
and
1
E = .
(X) Z Z mNpm
pec m>3
Np>x m=1(2)
Now, notice that
1 2 ® 2 2
) <Y< = g
v mNpm P mk™ oy mtm m(m — 1)(x — )"~
Np2x -
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since Np = k can occur at most twice (when p& splits where p|p). Hence

> 2
B = ; m(m = D x = D™

1 1 1
< 523 G—D  3x-DGx-2  3x-2¢

Next, to approximate S(x), we need to find out which prime ideals are not principal
in O,. But since the L are abelian over Q, the prime ideals that are nonprincipal
are determined by congruences on the rational primes contained in these ideals. We
now review this procedure. We consider the case K = K. Let (dx/ ) denote the
Kronecker symbol and suppose p|p, p a positive rational prime; then (dx/p) = —
if and only if p = p&y, that is, p is inert in K. By reciprocity, this occurs when
p = 11,13,17, 19 mod 20. Hence in this case, p is a principal ideal. Therefore, if p
is nonprincipal, then (dx/p) = 1 or O, that is, p splits or is ramified, respectively,
in K. Suppose first that p&x = pp, for distinct prime ideals p and p. Then by
properties of the Hilbert class field of K, p and p are nonprincipal if and only if p&;
is a prime ideal. For K, this happens if and only if (-20/p) = 1and (—1/p) = —
that is, if and only if p = 3, 7 mod 20. (Notice then that p and p are principal when

= 1,9 mod 20.) On the other hand, the ramified primes in K, are the (unique)
prime ideals dividing 2 and 5. But if p|5 then p = /—560%,, which is principal;
whereas if p|2, then p is nonprincipal, since otherwise p = (a + b/—5) 0%, for some
a,b € Z, in which case 2 = Np = a® + 5b%, which is absurd. Similarly, for K,
p is nonprincipal when (—15/p) = 1 and (=3/p) = —1, that is, when p|p where
p =2,8mod 15, and for p = 3, 5 (ramified case). (On the other hand, p is principal
whenever p = 1,4,7, 11, 13, 14 mod 15.)

Thus,
p+1 2
Si(x)==|log3 -1 [log (——) — —]
' [ 1+ p§qﬁ 5T1) 75
p=3.7(20)
and
1 2
S,(x) = log3——-——-+ ) [log<p+ )——].
p<x p
p=2,8(15)

To approximate S to four decimal places, say, we use

1 -4
|E(X)| < m <05x10 s

in which case we may take x = 84. Then notice that p = 3, 7 mod 20 with p < 84
ifand only if p = 3,7, 23,43,47,67,83. Also p = 2, 8 mod 15 with p < 84 if and
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onlyif p = 2,17, 23,47, 53, 83. Hence S, = §,(84) ~ 0.077827 and S, = S,(84) ~
0.232435 good to four decimal places.
On the other hand,

0.71229745 fori = 1;

1
logay. — =loga;. =~
BaK = 370841 ™ 1 36572386 fori = 2.

Therefore, g, (1) = 0.6343 and g, (1) = 0.1333.
This shows that the coefficient B differs for these two quadratic number fields.
Finally, as promised in the introduction, we characterize the primes and irreducibles
in Z[/=5] and Z[~/—15] in terms of rational primes.

PROPOSITION 5.2. (a) An element 7 is prime in Z[/=5] if and only if 7|p a
positive rational prime such that p =S5or p =1,9, 11,13, 17, 19 mod 20.
(b) misprimeinZ[+/—15]ifandonlyifp=1,4,7,11,13, 14 mod 15.
(c) « is irreducible but not prime in Z[/—5) if and only if [N(a)| = p\ p, where
D1, D2 are positive rational primes such that p; = 2 or p; = 3, 7 mod 20.
(d) «a isirreducible but not prime in Z[+/—151] if and only if |N(a)| = p,p, where
pi=3,50rp, =2,8mod 15.
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