Canad. Math. Bull. Vol. 41 (1), 1998 pp. 10-14

SIMPLE CONDITIONS FOR MATRICES
TO BE BOUNDED OPERATORSON I,

DAVID BORWEIN

ABsTRACT.  The two theorems proved yield simple yet reasonably general condi-
tions for triangular matrices to be bounded operators on I,. The theorems are applied to
Norlund and weighted mean matrices.

1. Introduction. Suppose throughout that

1<p<oo, }+1':1,
p q

andthat A := (an)nk>0 isatriangular matrix of non-negativereal numbers, that isay >
Oforn,k > 0,anday = Oforn > k. Let I, bethe Banach spaceof all complex sequences
X = (Xp)n>0 With norm

o= (3 paP) " < oo

and let B(lp) be the Banach agebraof all bounded linear operatorson |,. ThusA € B(l,)
if and only if Ax € I, whenever x € |, Ax being the sequence with n-th term (AX), :=
S h_o @nkXk. Let
Al == sup |||,
<1

so that A € B(lp) if and only if ||Al|, < oo, in which case||Al|, is the norm of A.
We shall prove the following two theorems:

THEOREM 1. Supposethat

n
(1) M; = SUpZ Ak < 00,
n>0 k=0
2 Mz := sup (n+1)ay < oo,
05:;8/2
and
2k
) Mz :=sup_ ak < oo.
k>0 n=k
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Then A € B(lp) and [|Al|p < 1/ 93/, where

g < 2YPMy+gM,  and o < Mz +qMa.

THEOREM 2. Supposethat (1) holds, and that
(4) ank < Msay forO<k<j<n,
where My is a positive number independent of k, j, n. Then A € B(l,) and

AQ 1
max aDD — << [IA < |\/| |\/|q
( 1 M4)— || Hp — q 1 4 '

where A := liminf napo.
These theoremsyield simple yet fairly general conditions for A € B(lp). In Section 4
weshall illustrate their scope by applying them to Nérlund and weighted mean matrices.
2. Lemmas. Werequire the following known results:

LEMMA 1 (SEE [4, THEOREM 2]). If

n n+1\1/p ) k+1\1/a
= su — < oo and = su — < 00,
= an(f 17 ) o= sp Y ane( 7 )

then A € B(lp) and [|Allp < pi/u3/".

LEMMA 2 (See [10, LEMMA 4] AND [8, LEMMA 1]). Ifq > 1land z, > O for
n=kk+1,...,wherekisanon-negativeinteger, then

(gkzn)q < qézn(fj z,-)q_l.

j=n

3. Proofsof the theorems.

PROOF OF THEOREM 1. Lets:= 1/p,t:= 1/q, and let u1, po beasin Lemmal.

Then, by (2),
Ank 1
n+1)> < su ag)(n+ 1) 1
o Oﬁgn/Z (k+1)3 (OSKSE/Z 0+ ) osgn/z (k+1)s
(n+1)(n+2+s My
B (ogkgg/zank) (1—92-s ~1—s a2
and’ by (1)1
S9S
n+1° 3 ak _ (n+1)°2 M, < 2M,.

n/2<k<n (k + 1)S N (n + 2)S
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Hence
p1 < 2°M1 +qMa.
Also, by (2),
X Ak & 1
k+ 1) < My(k + 1)t S —
R e A I SR e
dx gk + 1)t
t _ .
< MZ(k 1) /;k ( X + 1)t+1 - M (2k+ 1)t = qu,
and, by (3),
2
t <
('S Gy <M
Hence
p2 < gMz + Ma.
The desired conclusion now follows from Lemma 1. n

PROOF OF THEOREM 2. Our proof ismodelled on the proof given by Johnson, Moha-
patraand Rossof Theorem 1in[9]. Let T bethetransposeof A. We shall use the familiar
result that A € B(lp) if and only if T € B(lg) and ||Allp = ||T||q- Lety = Tx where
X = (X) is area non-negative sequence in lg. Then, by Lemma 2, (4), and Holder’'s
inequality,

g-1

V1§ = 353 awa) = a3 3 a2 aws)

k=0 ‘n=k k=0n=k =n
<Mty ankxn(Z aJnXJ) = aMI S 3
k=0 n=k n=0 k=0
< quMgfl Z Xnyﬂ_l < quMgA(r:ioxg) 1/q(r§)yﬁ>1/p
= qMaM§ [ gllyl18P.

It follows that ||y||q < MM *||x||q, and hencethat || T||q = [|Allp < gMiMI .

To establish the lower estimate for ||Al|p, fix § € (0, 1) and choose a positive integer
N so large that na,g > 6 for all n > N. Suppose M > N and define x = (%) by setting
X, := NP for N < n < M, and x, := 0 otherwise. Then, by (4),

(5)\

iz £ (S aen) = () S G e

M 1 p
= () S G e = () Sa8(- (3
1
n

- (29 312 - (29 g

n=N
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where py — 1asM — oo. It follows that [|All, > ¢ and hence, since § can be

arbitrarily closeto 1in (0, 1), that |Al|, > ,\A,l—j Finally, for the unit coordinate sequence

e = (1,0,0,...), we have||Aey||p > awl|eol|p, S0 that ||Al|p > ac. n

4, Examplesinvolving Norlund and weighted mean matrices. Leta := (a,) be
a sequence of real non-negative numberswithag > 0, andlet A, ;= ag+ay +--- +ap.

The Norlund matrix N is defined to be the triangular matrix (an) with ay = %
for0 <k <n,anday := 0fork > n.

The weighted mean matrix My is defined to be the triangular matrix (an) with ap :=
%forogkgn,andank '=0fork>n.

Observe that

2l

n an7k 2k a|q7k k
— =1 and —_— Ak =1,
& A LA SRE

_1
Ac =

so that the Norlund matrix N, automatically satisfies conditions (1) and (3) of Theorem 1

with M; = 1 and M3 < 1. The weighted mean matrix M, also satisfies (1) with My = 1.
ExAMPLE 1. Supposethat

(5) M} = sup (n+ 1)y < 00

n>0

It is immediate that, for the Norlund matrix Na, (2) implies (5) with M; < M,. On the
other hand we have, for 0 <k <n/2,

(n+Dank _ (M+1-Kank Ak _n+1 <2(n+1_k)an—k
Aq Ank Ay n+l—-k— Ank

so that (5) implies (2) with My < 2Mj, for the Norlund matrix Na.
It follows now from Theorem 1 that, subject to (5), N € B(lp) and |[Nallp < 3/ 3",
where

S 2M£;

pr <2YP+2gMy and  pp < 1+2gMp.

This result was proved directly by Borwein and Cassin [3] with a slightly different and
better estimate for the upper bound of the operator norm. See also [2] and [7] for related
results.

EXAMPLE 2. Suppose that (a,) is non-increasing. It is immediate that this implies
(5) with M5, < 1, but it also implies (4) with M4 = 1 for the Norlund matrix N,. Hence
either Theorem 1 or Theorem 2 yields that N, € B(l,), and Theorem 2 shows that

max(1, Ag) < [[Nal[p < q,

where ) := liminf ”Tf‘nﬂ. Thisresult was proved as Theorem 1 by Johnson, Mohapatraand
Rossin [9]. Our Theorem 2 is clearly ageneralization of their theorem.
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ExAMPLE 3. Supposethat (a,) is non-decreasing. Evidently the weighted mean ma-
trix M, satisfies (4) with M4 = 1. It follows from Theorem 2 that Ma € B(lp) with
[Mal|p < g. This result wasfirst proved by Cartlidge [6] by an entirely different method.
See also[1], [5] and [7] for related and more general results.

The preceding examples involved proofs of known results. For the next example we
use Theorem 2 to prove a new result which combines Examples2 and 3. Let a := (ay),
b := (bn) be sequences of real non-negative numbers with ag > 0, by > 0, and let
Cn := agb, + a1bp—1 + - - - + @,bo. The generalized Norlund matrix N, is defined to be
the triangular matrix (an) with ap, ;= éﬂgn@& for0 <k <n,anday ;= 0fork > n.

ExaMPLE4. Suppose(a,) isnon-decreasingand (by) isnon-increasing. Then Ny, €
B(lp) and max(1, Aq) < ||Nap|lp < g, where X := liminf 2

ProOOF. Evidently the matrix N, satisfies (1) and (4) with M; = My = 1. The
desired conclusions follow from Theorem 2. n
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