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LOOKING FORWARDS AND BACKWARDS IN
THE MULTI-ALLELIC NEUTRAL CANNINGS
POPULATION MODEL
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Abstract

We look forwards and backwards in the multi-allelic neutral exchangeable Cannings
model with fixed population size and nonoverlapping generations. The Markov chain
X is studied which describes the allelic composition of the population forward in
time. A duality relation (inversion formula) between the transition matrix of X and
an appropriate backward matrix is discussed. The probabilities of the backward matrix
are explicitly expressed in terms of the offspring distribution, complementing the work of
Gladstien (1978). The results are applied to fundamental multi-allelic Cannings models,
among them the Moran model, the Wright-Fisher model, the Kimura model, and the
Karlin and McGregor model. As a side effect, number theoretical sieve formulae occur
in these examples.
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1. Introduction

Cannings [1], [2] introduced haploid discrete population models with constant population
size N € N := {1, 2, ...} andnonoverlapping generationsr € Ny := {0, 1, 2, ...}. Ineach gen-
eration the individuals are randomly labeled from 1 to N. The ith individual of the rth generation
produces a random number, vi(r), of offspring, where v{r) +---+ v,(\;) = N. Cannings assumed
that, for each fixed r, the random variables v{r), el v/(\;) are exchangeable and that the model
is time homogeneous in the sense that the random vectors ) = (vlr), e, vl(\;)), r € Ny, are
independent and identically distributed. For convenience, define v := v and v; := v* for
i € {l,..., N}. The most celebrated examples are the Wright—Fisher model [14], in which
v has a symmetric multinomial distribution, and the Moran model, in which v is a random
permutation of (0, 1, 1, ..., 1, 1,2). Many other discrete population models in the literature,
in particular most of the examples collected by Gladstien [4]—[7], are (or can at least be viewed
as) Cannings models. For example, as explained in Section 5, the Kimura model (see [7,
p. 636] or [10]) can be viewed as a Cannings model with symmetric multi-hypergeometric
joint offspring distribution (see (11)). Another example studied in more detail in Section 5 is
the Karlin and McGregor conditional branching process model (see [7, p. 636] or [9]). These
classical examples demonstrate the importance of the class of Cannings models. In this paper
we are interested in the multi-allelic version of the Cannings model, which is less intensively
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studied in the literature. Gladstien [7, pp. 638—640] considered multi-type models; however, he
did not provide explicit formulae for the multi-allelic Cannings model. The basic reproduction
model is the Cannings model described above. In addition, in the multi-allelic version it is
assumed that each individual has one of K € N possible types and that each offspring inherits
the type of its parent (neutrality, no mutation, no selection). For a nonneutral discrete Moran
model, we refer the reader to [8]. The paper is organized as follows. In Section 2 we briefly
focus on the Markov chain which describes the allelic composition of the population forward
in time. In Section 3 we look backward in time and derive explicit expressions for the so-called
backward matrix of the multi-allelic Cannings model. In Section 4 the duality relation in the
spirit of Gladstien [7] is discussed in more detail. For fundamental examples (Moran model,
Wright-Fisher model, Kimura model, Karlin and McGregor model, uniform model) detailed
explicit formulae for the multi-allelic forward and backward matrices are derived in Section 5.

2. Forward structure

Let Xy (r) denote the number of descendants of type k € {1, ..., K} in generation » € Ny,
and set X(r) := (X1(r),..., Xg(r)). Itis easily seen that X := (X(r))ren, is a time-
homogeneous Markov chain with state space

Evg :={i=(1,....ix) eN§ iy +---+ig = N}.

Note that |Ey x| = (NZEI]) The chain X moves from the state i = (i1, ...,ig) € Ey. g to
the state j = (1, ..., jx) € En, k with transition probability

i =PXUr+1D=j|X@r)=i)=P(C =)), (1)
where C := (Cy, ..., Cg) with Cy := i’;SHH vg fork € {1,..., K}, so := 0, and s; :=

i1+ ---+ir fork € {1,..., K}. Note that C depends on i and that C; + --- + Cx =
V1 +---+ vy = N. In general, the transition probability 7;; depends on the population size
N and on the number of types K.

3. Backward structure

In the following the space Sy x := {i = (i1,...,ik) € Né(: i1+ ---+ix < N} will play
an important role. From Sy g = Um:O E, k. it follows that

N N
m+K —1 N+K
S = E = = .
ISvkl =D 1Emkl =) < K —1 ) < K )
m=0 m=0

Note that |[En k+1| = |Sn k|, a fact which we will come back to in Section 4. For most
purposes, the order of the elements of Sy g is unimportant; however, it is convenient to think
of the elements ordered lexicographically, for example, the 10 elements of S5 in the order
0,0, (0, 1), (0,2), (0,3), (1,0), (1, ), (1, 2), (2,0), (2, 1), and (3, 0). In the brief Section 2
the Cannings model was studied forward in time. It is also reasonable to look from some
generation r € N backward in time. More precisely, fix some i = (i1,...,ig) € Sy g and
take in some generationr € N asample of |i| := i +- - - +ig individuals and suppose that iy of
these individuals are of type k, k € {1,..., K}. For j = (j1,..., jk) € SN,k let A;; denote
the event that the i| individuals of type 1 have exactly j; parents, the i> individuals of type 2
have exactly j, parents, ..., and the ix individuals of type K have exactly jgx parents. Note

https://doi.org/10.1239/jap/1285335405 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1285335405

Multi-allelic neutral Cannings population model 715

that, for fixed i € Sy g, the events A;;, j € Sy g, are disjoint. The following proposition
provides an explicit formula for the probability p;; := P(A;;).

Proposition 1. Fori = (i1, ...,ix), j = (j1,.-., jk) € SN .k,
(N—|i|)!i1!'~~i](! V1 v|j|
pij == P(Ajj) = — - E , ()
Y YN = 1D k! ; m miji
where
il= i ik, =gk
and the sum extends over all m = (my, ..., m|j) € NI satisfying my + -+ +mj, = iy,
Mmjg1+ -+ mj1j, =02, ..,Mjj4eijpr_+1 + - +mj = ig. Inparticular, p;j =0

if jx > ik for some k € {1,...,K}. Thus, thinking of Sy x as being lexicographically
ordered, the matrix P := (p;}j)i jesy g I left lower triangular. The eigenvalues of P are hence
pii =EBQ1---v)), i € SN k.

Remarks. 1. Comparing the definition of the matrix P with the definition of Gladstien’s matrix

G in [7, pp. 638-639], it is clear that P = G, the transpose of G. If K = 1 then (2) reduces
to (see, for example, Gladstien [7, p. 637])

= E () () e,

I wm Jj eN
myttm =i
Proposition 1 extends this formula to the multi-allelic case. Note that Gladstien did not provide
explicit expressions for the entries of G for the multi-allelic Cannings model (K > 1).

2. Since, for each fixed i € Sy g, the events A;;, j € Sy g, are disjoint, the inequality

Z p,,-:P( U A,-j>§1

JESN K JESN .k

holds for all i € Sy k. Thus, the matrix P is substochastic. For K = 1, the matrix P is well
known to be stochastic, whereas, for K > 1, the matrix P is in general not stochastic. This
fact can be explained as follows. Let M;, C {1, ..., N} denote the random set of all parents
of the iy individuals of type k, k € {1, ..., K}. Since individuals of different type cannot have
the same parent, it follows that UjeSN_K Aij = Ni<k<i<k {Mi, N M;; = 3}, an event which,
for K > 1, in general does not coincide with the full space €2. In fact, for particular models,
the matrix P may even have rows with only zero entries (see, for example, the simple model
presented at the beginning of Section 5).

Proof of Proposition 1. Fix i, j € Sy kx and r € N. Obviously,

pij =) P(A;; VTV =k PO =k,
k

where the sum extends over all k = (kq,...,ky) € N{)V with k; + --- + ky = N and
P =D = k) > 0. The computation of the conditional probability P(A;; | v~V = k) is
equivalent to the following ‘putting balls into boxes’ problem. Suppose that there are N balls
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given, i; of them of type k, k € {1, ..., K}. The balls are labeled from 1 to N such that the
balls of type 1 have labels 1, ..., i1, the balls of type 2 have labels i1 + 1, ..., i1 + iz, and so
on. Note that the last N — |i| = N — (i} + - -+ + ik ) balls are not so important and, hence,
not assigned any type. We call these N — |i| balls the neutral balls. Moreover, there are N
empty boxes given, k; of color [, I € {1,..., N}. The boxes are labeled from 1 to N such
that the boxes 1, ..., k; have color 1, the boxes k; + 1, ..., k; + k have color 2, and so on.
Each box has space for exactly one ball. The N balls are thrown randomly on to the N boxes
such that, after the experiment, each box contains exactly one ball. There are obviously N!
outcomes of this experiment. We are interested in the probability of the event that, after the
experiment, boxes of the same color only contain balls of the same type (and possibly some
further neutral balls) and that, for each k € {1, ..., K}, the number of colors of those boxes
containing balls of type k is equal to jx. Let L denote the number of colors of the boxes which
contain a ball of type k. Let my; denote the number of balls of type k£ which belong to boxes
of color [. The event we are interested in corresponds to the constrains that |Lg| = ji for all
ke {l,..., K} and that my; € N forallk € {1,...,K}and! € L with ZleLk my; = iy for
all k € {1, ..., K}. There are ( i ) possibilities to select among the k; boxes of color / those
my; boxes Wthh will contain a ball of type k. There are ix! possibilities to distribute the iy balls
of type k among the ), L, ki = ik selected boxes. For the remaining N — |i| balls, there are
(N — |i])! possibilities to distribute them among the remaining N — |i| free boxes. Therefore,

P(A;j | v D =) = Z DN - W‘“(”" Il (mkz>>'

..... Ly mkl k=1 leLy
Here the first sum extends over all disjoint sets L1, ..., Lx € {1, ..., N} satisfying |Lg| = ji
forallk € {1,..., K} and the second sum extends over all my; € N, k € {1,...,K},l € Ly,

with ZleLk my; =i forallk € {1, ..., K}. Thus,

e 3 (i ()

..... Ly mg k=1 leLy

Since the random variables vy, ..., vy are exchangeable, the last expectation does not depend
on the particular choice of the subsets L1, ..., Lx. Thus, we can choose L := {1,..., ji},

2:={j1+1,...,j1 + j2}, and so on. Since there are exactly N!/(ji!--- jx! (N — [jD!)
choices of subsets L1, ..., Lk, it follows that

Jit+Jk

-t () ()

11! ! m
DT gk N 1 e 1 VT

The index substitution m; := my; completes the proof.

The sum on the right-hand side of (2) has |j| summation variables. There is the following
alternative formula for p;; which involves only K summation variables.

Proposition 2. Fori = (i1, ...,ix), j = (j1,..., jk) € SN .k,
(N it ig! jZ] Z (1—[( 1)kl (jk>) E(ﬁ <Dk)) 3)
P =T = = w)) A\ )
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where |i| ;= i1+ -+ig, |j| == j1+---+jk,and Dy := vy _ 41+ -+, fork e {1,..., K}
withrg :=0andry =011 +---+ Lk forke{l,...,K}.

Remark. If K = 1 then (3) reduces to (see [12, p. 766, Equation (7)])

@Xj:(_l)j1(1)E<(V1+---+w>> e 0 )
(Ilv)l:() ; ; , i,je{0,...,N}.

Proof of Proposition 2. Fix i, j € Sy k. Define so := 0 and sx = j1 + -+ + jik for

k € {1,...,K}. Note that sx = |j|. Let A denote the set of all m = (mq, .. m|j|)e N J!
satisfying my + -+ +my =i, mg41 + - +my, =i, ..., Mg 141 + - + mj = Ig.
Forl € {1,...,]j|}, define the subset A; C A via A; := {m € A | m; = 0} and denote
A=A\ Ay Form € A, define Z,, := (ml) .- (;‘lfﬁ ) By (2) we have to manipulate the sum
Jl
si= ), B@Zw=) EZw- ), EZw.
meKlﬂmﬂﬁm meA meA|U--UA |

By the principle of inclusion and exclusion (Silvester’s sieve formula), it follows that

Il

s = ZE(zm)—Z( ety ). E@w

meA LE(L. 1y meMer Al
|L|=n

1
=y =" Y Y. EZw,
n=0

K
L Lk menE, Mier, At

where the sum ZLI .... L extends over all Ly € {1,....s1}, Ly € {s1 + 1,...,5},.

Lg C {sxk—1+1,..., sk} satisfying Zk | |Lk| =n. From the exchangeablhty of the vari-
ables vy, ..., vy, it follows that, for m € ﬂk 1 Nier, Ai> the mean E(Z,,) depends only via
(ni,..., nK) = (|L1|,...,|Lk]) on Ly, ..., Lg. Thus, we are allowed to compute E(Z,,)
for the particular choice of subsets L := {S.l —ni+1...,0hLLy={s—nmn+1,...,9}
and so on, and multiply with the number (}f}) . (YJL’; ) of all possible subsets L1, ..., Lx and
obtain

Jl

s=Y (=)
n=0

. . K
S 21 ) GO L 1 D S ) B i)
n n m Mg, —
ni,..., n](EIE() 1 K k=1 Mg {4150 mSk—nkeNO Sk—1+1 Sk—Nk
At =n m.rk,l-%—l+"'+msk7nk:ik
ljl

s () ()R )

ni,....ng €Ng
nit-+ng=n
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The index transformations Iy := ji — ny and afterwards [ := |j| — n yield

1l . . K
_ Ry Juy - (JK V41 + -+ Vg 4,
S_;)( K 2 <11> <1K)E<,£[l< ik >>

ll ..... IKEN()
Ity =|jl—n

/1

_ g(_l)uu 3 (jl) (jK> E(ﬁ <Vsk1+l + .i.k. + vsk1+zk>>

[y Ik

I1,...,IgeN k=1
N e
= Z Z (l_[( l)Jk I <]k>> <1_[ <vSk—1+1 +eet v~Yk—l+lk>>
=0 Ig=0 k=1 t

By exchangeability we can replace vg,_, 11 + - - - + Vg, _, 41, by D, which completes the proof.

Remark. The structure of the matrix P = (p;;);, jesy x becomes clearer if the states of Sy x
are ordered (differently from the lexicographical order) as follows. A state i € Sy g is called
absorbing if p;; = Oforall j € Sy g \ {i}. Note that, since P is in general only substochastic,
this does not necessarily imply that p;; = 1. It is readily checked (by using Proposition 1
or Proposition 2) that at least all the states i = (iy,...,ix) € {0, 1}X are absorbing. These
are 2K states. Let i be one of these 25 absorbing states. To i is attached the set of all states
J =1, Jk) € Sn.k satisfying jx = 0if iy = O0and j > i ifix =1, k e {1,..., K}.
These are the only states j from which the absorbing state i is possibly reachable. Note that,
if exactly m € {0, ..., K} entries of i are equal to 1 then there are (Z ) such states j. Suppose
that the states of Sy_ g are ordered with respect to the order induced by the 2% absorbing states
and the set of states attached to each of these absorbing states, for example, the 10 states of
83,2 in the order (0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (2, 0), (3,0), (1, 1), (1, 2), and (2, 1). With
respect to this order, P is a block diagonal matrix containing 2X square blocks, where, for each
m € {0, ..., K}, there are exactly ( m) square blocks of the same dimension (N ) in agreement
with the formula Y% _ (5)( ) = (K + N)!/(N!K!) = [Sy,k|. Moreover, if the states inside
each block are ordered lexicographically then each block itself is a left lower triangular matrix.

4. Duality
Fix N, K € N. We identify each element (i1, ...,ix+1) € En g+1 with the element
(i1,...,ix) € Sy.x. In particular, |Ey g+1] = |Sn, x| and we can write the transition matrix

of the forward process with K + 1 types in the form I = (7;;);, jesy - Let H = (hij)i jesy x
denote the matrix with entries

(D - UK)jg

hi; =
/ (N)yji

, i,j €SNk, “4)
where |j| := j1 +---+ jx for j € Sy k., (x)o :=1,and (x); :=x(x —1)---(x — j+ 1) for

x € R and k € N. Assuming that the states of Sy g are ordered lexicographically, H is a left
lower triangular regular matrix with determinant

i -ig!
det H = 1_[ I’li[: 1_[ (N—)‘ll>0

iESN,K iESN,K
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The following result is from Gladstien [7, Lemma 4]. We provide an alternative proof based
on the explicit formulae for 7;;, (1), and for p;;, (3).

Proposition 3. (Duality.) The transition matrix I1 of the forward chain X (with K + 1 types)
and the transpose P of the backward matrix P are similar with respectto H, i.e. TIH = HPT.

Remark. For K = 1, the matrix P is stochastic and Proposition 3 is in fact a duality relation
between two Markov chains (the forward chain X and a backward chain Y with transition
matrix P) in the sense of Liggett [11]. We also refer the reader to [12] in this context. For
K > 1, the matrix P is in general only substochastic, such that a backward chain Y cannot be
defined without adding a kind of ‘coffin state’.

Proof of Proposition 3. Fix i = (i1,...,ix),j = (J1,-.., jk) € Sn k, and define the
random vector C = (Cq, ..., Ck) as in Section 2. Then, by (1) and (4),
)j - Uk)j E(C1)j, -+ (Ck) jx)
(MH)j = ) mihyy= Y P(C =)—Hmomtt = o
leSn .k leSn k Ll 1l
On the other hand, by (3),
(HP");; = Z hiipji
leSn k
Z 0y - Ur)ig (N =1jD il jk!
IoSmx (N (N =Dt 1!

& Elfe- ) E)

m1=0 mKIO k=1 Tk

(N) Z Z <H(Dk),k) > ]_[( 1= mk<lk>(l") (5)

m]—O mg=0 leSy k k=1

The last sum simplifies to

2 e (1)) - I () )

IGSNYK

K

=H<lk)z( 1)lk mk< )
k=1 N =l
K ix—my

=1—[<lk)z( 1)lk mi— sk( mk)
k=1 Mk sp=0 Sk
K .

-T1 <”‘ )(1 — Dy
k=1 Mk

= 8”717

where §;,, denotes the Kronecker symbol. Thus, only the multi-index m = i provides a nonzero
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contribution to (5). But, for m = i, the random vector D coincides with C and it follows from
(5) that

E(Cy)i ---(Ck);
(P Ty = BCD - Co)ie)
(Niji

Thus, TTH = HP" and the proof is complete.

In some cases it might be useful to derive the backward matrix P directly from the forward
matrix ITvia PT = H~!'T1H. This approach is of course only advisable if the inverse H ™! of
the matrix H is known. Of course, H, as well as H 1, is left lower triangular. The following
proposition provides an explicit formula for the entries of the inverse of the matrix H with
entries (4).

Proposition 4. Suppose that H has entries (4). Then, fori = (i1, ...,ix), j = (ji,..., jk) €

SN’K, . .
(H Y z(_l)li—mﬂ(”)...(”{> (©6)
Y il ig!\J1 jx)’

where |i| :=i1+---+igand|j| == j1 + - -+ jk.

Proof. Letb;; denote the right-hand side of (6), and set B := (b;;); jesy - Fori, j € Sy k.,
it follows that

(HB);j = Z hibyj

IESN,K

Z ((/RERX(F QI (_1)|1|_|j| (N)y (11) o (1K>
(M Il Ig!\ i JK

lESN,](

_ 121 li ﬁ(_])lk—jk(i'k><ik_jk>

; ; Ik —J
lLi=h lk=jk k=1 Jk k= Jk

. iy . .
Lk L—in [ Yk — Jk
— | | E : — Dk
(jk) =D (lk — jk)

k=1 lk=Jk
K .

=11 (l.")(l — 1y
i \k

=5

Thus, H B = E (identity matrix). Similarly, it follows that BH = E. Thus, B = H -1

Remark. Since, by Proposition 4, the inverse H~! is known explicitly, the duality relation
IIH = HPT can also be viewed via T = HPTH~! and PT = H'TIH as a number
theoretical inversion formula between IT and P T. We will see in the following section that, for

typical examples, this inversion formula involves (generalized) Stirling numbers of the second
kind.

Remark. It might be useful to replace the matrix H with entries (4) by a more general matrix
H with entries ) )
L l

hii = TG

, i,J €SNk, (7
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where the w(j), j € Sy k., are some given nonzero weights. Note that (4) corresponds to the
particular weights w(j) := (N)|;;/(j1!--- jk!), J € S~ k. Adapting the proof of Proposition 4
to this more general matrix H shows that the inverse H ! exists and has entries

(H ) = (—1>"'—'f'w<i)<;11) (J’;) i, j €Sy

Similar as in the proof of Proposition 3, it follows that

1 Cq Ck
nH); =——E(( ) (%))
()i w(j) ((Jl) <JK>>

Again, there exists amatrix P = (p;j)i, jesy x Which satisfies the duality relation [TH = H PT.
The entries of P are

pij = (H'TIH) ;
= Y (H Y (MH);

IESN,K
-y (_1)|j|z|w(j)<11>,“<J'K>LE<(D1>M(DK>>
leSn k h Ig Jw(i) i ix

2055 (v (1)x(11(7))
w(i) =0  Ig=0 “k=1 I i1\l 7

in agreement with Proposition 2 for the particular weights w(j) = (N);/(i!---jkD.,
J € Sn.x. Note that, the diagonal entries p;;, i € Sy kx, do not depend on the weights

w(j), j € Sn,k. Thus, the diagonal entries are always of the form p;; = E(v;---v);|) no
matter how the weights are chosen. Suppose now that K > 1 and that P(v; = 1) < 1. Then,
for the particular absorbing state i = (1, 1,0, ..., 0), we obtain

> pij=pi =B@iv) < L.

JESN K

Therefore, for K > 1, the matrix P is not stochastic no matter how the weights are chosen,
except for the trivial model in which each individual produces exactly one offspring.

5. Examples

In this section the multi-allelic versions of six fundamental examples of Cannings models
(a simple model, Moran model, Wright-Fisher model, Kimura model, Karlin and McGregor
model, and uniform model) are studied. Explicit formulae for the forward transition matrix IT,
the backward matrix P, and their eigenvalues are derived. Note that all the results derived in the
previous sections, in particular the duality result (Proposition 3), apply to all these examples.

5.1. A simple model

We start with a somewhat nonnatural but simple Cannings model in which it is assumed
that the offspring vector v = (vy, ..., vy) is a random permutation of (0, ..., 0, N), i.e. one
randomly chosen individual has N offspring, whereas all other N — 1 individuals do not have

https://doi.org/10.1239/jap/1285335405 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1285335405

722 M. MOHLE

any offspring. It is easily checked that the forward transition matrix IT = (7;;);, jegy x has

entries '
i
X if jy = N forsome k € {1, ..., K},
JT,‘J‘ = N
0  otherwise.
For k € {1, ..., K}, let ¢; denote the kth unit vector in RK. Straightforward considerations

show that the matrix P = (p;;)i, jesy x has entries

1 if (@, j)=(0,0),
pij =11 ifi =irerand j = e, forsome k € {1,..., K} and some iy € {1,..., N},

0 otherwise,

in agreement with Proposition 1. In particular, for K > 1, the matrix P has several rows with
only zero entries, namely the ith row has only zero entries whenever the vectori = (i1, ..., ig)
has at least two nonzero components. The matrix P is hence highly substochastic.

5.2. Moran model

We consider first the following Moran model (see [7, p. 636]) with overlapping generations
and constant population size N € N\ {1}. Ateachtime r € Ny one randomly chosen individual
contributes one offspring to the next generation r 4- 1. Afterwards one individual—not the same
individual who produced the offspring—is randomly selected and removed from the population.
We are interested in the multi-allelic version of the model, so each individual has one of K
possible types and each child inherits the type of its parent. Fortunately, this model can be
interpreted as a model with nonoverlapping generations by identifying individuals who are still
alive in the next generation as being children in this next generation. More precisely, the model
can be seen as a Cannings model, where the offspring vector v = (vq, ..., vy) is a random
permutation of (0, 1, 1,..., 1, 1, 2). Let e¢x denote the kth unit vector in RK, k¢ {1,...,K}.
It is readily seen from the definition of the model and can alternatively be derived from (1) that
the multi-allelic forward Markov chain X moves from the state i € Ey g tothestate j € Ey x
with transition probability

K . .
Z ik —1) . .
— = ifj =i,
o NN -1
T ki if =i+ f kel Kywink 2l
- if j = ex — e for some k, .., KYwi ,
NV D) j=ite—¢

0 otherwise.
We now turn to the backward matrix P = (p;;)i jesy - By (2), fori € Sy k,

pii = E(p---v)))

=P =---=v; =D +2Pw;---v; =2)
_ (N —[i(N = [i]| = 1) +2|i|(N— lZ])
N(N —1) N(N —1)
_ o lidi =1y
NN -1
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Suppose now thati, j € Sy x with j =i —e; forsomek € {1,..., K}. Notethat |j| = |i| — 1
and that jp = iy — 1. Then, (2) yields

(N — i e Vs
Pi= e 2 Bl e
J "]k.S:j1+"~+jk—l+1
Jit ik
=y X Pmi=leve=lhw=2iva =Ly =)
J s=j1+-+jk—1+1
_ i) i N —|j
N =i NN =)
ik —1)
NN -1’

All other entries p;; are equal to 0, so in summary, for i, j € Sy k,

Nl — 1
=D
N(N —1)
=4 i —1
Pij % if j=i —egforsomek € {l,...,K},
0 otherwise.

In particular, the Moran model has effective population size Ne := 1/p2; = N(N — 1)/2.

Note that
1 K
jeSn .k NN -1 ki=1
k2l
Thus, for K > 1, the matrix P is not stochastic but substochastic. The eigenvalues of P are
M=y
Pii —N(N—l)’ N,K-

By the duality result of Section 4, these are also the eigenvalues of the transition matrix of the
forward chain X with K 4-1 types. The classical Moran model (see [13] and [7, p. 635]) slightly
differs from the Moran model described above, since, in the classical version, the individual
who is removed from the population is randomly selected from the complete population and
is hence possibly the same individual who produced the offspring. Fortunately, the classical
Moran model can also be interpreted as a Cannings model as follows. In each generation, with
probability 1 — 1/N, the population evolves according to the Moran model described above
and, with the complementary probability 1/N, the population evolves according to the trivial
Cannings model in which each individual produces exactly one offspring. In other words,
the classical Moran model is a convex mixture of the Moran model described above and the
trivial Cannings model. Note that the corresponding offspring vector v = (v, ..., vy) of the
classical Moran model has distribution P(v = k) = 1/N ifk = (k1, ..., kny) = (1,..., 1) and
P(v =k) = (1 —1/N)(N —2)!/N! = 1/N?ifk = (ky, ..., ky) withk; = 2, kj =0, and
ki =1foralll e {1,...,N}\ {i, j} forsomei, j € {l,..., N} with i # j. Itis easily seen
that, for the classical multi-allelic Moran model, the forward chain X moves fromi € Ey g to
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J € En, k with transition probability

K .
Yt ii T
N2 =
N
Tij % if j=i+ex—e forsomek,le{l,..., K}withk #1,
0 otherwise.

Note that 77;; = (1 — 1/N)m;; + (1/N)$;;, where m;; is defined via (8) and §;; denotes the
Kronecker symbol, in agreement with the interpretation of the classical Moran model as a
convex mixture. Similarly, the entries p;;, i, j € Sy g, of the backward matrix P of the
multi-allelic classical Moran model are

- 1 dij
pij = I_N pij+

il =1 ... .
]_T if j =1,
=Jir(ix —1
lk(lfv—z) if j=i —eg forsomek € {1,..., K},
0 otherwise.

Note that the classical Moran model has effective population size N, := 1/p2; = N?/2. By
the duality result of Section 4, the transition matrix of the forward chain X (with K + 1 types)
has eigenvalues p;; = 1 — [i|(]i] — 1)/N2, ieSyk.

5.3. Wright-Fisher model

In the Wright-Fisher model [14] the offspring vector v = (vi, ..., vy) is assumed to
have a symmetric multinomial distribution. Note that v has probability generating func-
tion E(z}" - zV) = ((z1 + -+ zx)/N)V, z1,...,zy € C. The random vector C =
(Cq, ..., Ck) introduced in Section 2 has again a multinomial distribution with parameters N
andi|/N,...,ix/N,and, by (1), the forward chain X has multinomial transition probabilities

N iV ik e
T = - (=) (=) , i,je Enk.
” jlt---jK!<N> (N) e

(o) (o)) = () ()
mi mj| lil) mi!---m !\ N
and it follows from (2) that the backward matrix P has entries

.._(N—|i|>!i1!---iK!Z<N> (li])! <1)"'
PU= N =ikt & i) mimpt \N

N (1)"'15[<ik! 5 1 )
W= DIAN ! Mgty

Mg 1415000 Mgy eN
My _1+1 +"'+msk =i

Moreover,

K
= (NN T SGr g, ivj € Sk, ©)
k=1
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where (see also the remark after Lemma 1 in Appendix A)

m! 1 RN "
S N = — _—m —1 n—l lm, ’ GN ’ 10
(m,n) = — ) mil-my!  n! g( ) (l) et 0

mi,....mpeN
mi+--+my=m

are the Stirling numbers of the second kind. Note that S(m, 0) = 6,0, m € Np. In particular,
P has eigenvalues p;; = (N)MN_"', i € Sy k. The effective population size N := 1/p21 =
1/(1 — p22) = N coincides with the total population size.

5.4. Kimura model

The Kimura model with parameter ¢ € N (see [7, p. 636] or [10]) can be viewed as a
Cannings model with symmetric multi-hypergeometric joint offspring distribution

(5) -+ ()

Pv=k)= o (11)

(%)
fork = (ky, ..., kn) € Név with k; + - -+ + ky = N. Kimura’s model behaves quite similar
to the Wright-Fisher model, except for the fact that the number of offspring per individual
is uniformly bounded by c, since P(v; < ¢) = 1 foralli € {l,..., N}. For ¢ — o0,

the distribution of v weakly converges to the symmetric multinomial distribution. Thus, in
the limit ¢ — oo the Kimura model coincides with the Wright-Fisher model. The random
vector C = (Cy, ..., Cg) introduced in Section 2 has a multi-hypergeometric distribution
with parameters N, ¢N, and ciy, ..., cig. From (1), it follows that the forward chain X has
transition probabilities (see also [9])

() )
cN ’
(W)
Since the expectation under the sum ), on the right-hand side in (2) is given by (note that
my+---+mj = |il)

() ()= (o) ()

li]
and, similarly, the random vector D = (Dy, ..., Dg) in Proposition 2 satisfies

() (7)) = () (1)

li]

it follows from (2) and (3) that

N
pij = ((cN))"l' ]_[ Se(ie: i) i j € SNk (12)

where, for m, n € Ny,

._m! c c _m!j n_i (1 (¢!
e E (5 (D-EEr () o

mi,....mpeN
mi+--+my=m
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is some sort of generalized Stirling number of the second kind. Note that S.(m, n) ~ ¢™S(m, n)
as ¢ — oo, where S(m, n) is the usual Stirling number of the second kind defined in (10). Thus,
as ¢ — 00, the Kimura p;; given via (12) converges to the Wright-Fisher p;; given via (9)
as expected. From S.(m,m) = ¢, it follows that the backward matrix P has eigenvalues
pii = c"'|(N)‘,-|/(cN)|,-|, i € Sy k., extending the result of Gladstien [7, p. 636] and Karlin and
McGregor [9] for K = 1. Note that S.(2, 1) = c(c — 1). Hence, p21 = (c—1)/(cN — 1) and,
for ¢ # 1, the Kimura model has effective population size N := 1/p21 = (¢cN — 1)/(c — 1).

5.5. Karlin and McGregor model

Suppose that a sequence X1, X2, ... of independent and identically distributed nonnegative
integer-valued random variables is given. Let f denote the probability generating function
(PGF) of X. For any PGF g and n € Ny, we use the standard notation g” for the nth power
of g (g0 = 1) and the notation g(”) for the nth derivative of g. Moreover, [x"]g(x) denotes
the coefficient in front of x” in the Taylor expansion of g around 0. The conditional branching
process model of Karlin and McGregor [9] is a Cannings model with joint offspring distribution

P(Xy=k) - PXy =ky) _ M1 - X (x)
PXi+---+Xy=N) xN1fV (x)
for k = (k1,...,ky) € N(’)V with k1 + --- 4+ ky = N, a fact already known in 1971 by

Felsenstein [3, p. 399], although at that time the Cannings models had not been introduced yet.
Felsenstein also mentioned that v = (v, ..., vy) has PGF

P(v =k) = (14)

NI(f(xzr) - - flxzn))
[xN1FN (x) ’

If X is Poisson distributed with some parameter « > 0 then (independent of «) the model
reduces to the Wright—Fisher model. If X; has a binomial distribution with PGF f(x) =
(px + 1 — p)€ for some parameters c € N and p € (0, 1), then (independent of p) the model
reduces to the Kimura model with parameter c. Thus, the Karlin and McGregor model is a
generalization of the Wright—Fisher model and the Kimura model. In order to compute the
entries of the forward transition matrix, fix i, j € En g and, as in Section 2, define so := 0
and sy =i +--- +ix fork € {1,..., K} and put ¥y := Zi":sHH X, fork e {1,...,K}.
Note that Y3 has PGF f'*. From (1), it follows that the forward transition matrix has entries

E(z)' 2 = lzil, ..y lzn] < 1. (15)

g P =j0) - Pk = Jjk) _ L] f0 () - - (xR ] f15 (x)
i P(X1 + ... +XN — N) [xN]fN(x)

) i,j € Enk. (16)

For K = 2, we obtain o o
/] f1 OO [x 2] f12 (x)
T = ,
N [xN1FN )
a formula which is slightly simpler than the equivalent expression at the top of page 637 of [7],
since only one variable x is involved. Applying the ‘derivative operator’

o™ L

8lel 8mNZN

to (15), and noting that it is allowed to interchange the ‘coefficient operator [xV]* with this
‘derivative operator’, it follows after choosing z; = --- = zy = 1 thatv = (vy, ..., vy) has
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joint descending factorial moments

[xN=Omittmu) g Omn) () Lo £0nv) (x))
[N fN (x) ’

Substituting this expression into (2) shows that the backward matrix P has entries

o V—giptitig! 1 NN @) £ ) - - f 0 ()
PUS N =Dk VIV () & mil-omyj! ’

E(WDm; - (ON)my) = mi,...,my € No.

i, j € Sn k, where the multi-index m = (my, ..., m;)) runs as explained in Proposition 1.
This expression further simplifies to

WV =D VNG TS Sy Gk i)

l” - . £ 17
P =N D! V17 (o) a7
where, for m, n € Ny,
| (m1) (mp)
Sf,x(m,n) — % Z f (x) i (x) (18)

mi,..., m, eN ml! mn!

mi+-+my=m

is again a kind of generalized Stirling number of the second kind, with the convention that
Sfx(m,0) = 8,0 for m € Ng. For example, if X is Poisson distributed with PGF f(x) =
e*™=D for some parameter @ > 0, then Sgx(m,n) = a™e® =D §(n n), where S(m, n)
denotes the usual Stirling number of the second kind defined in (10). If X; has a binomial
distribution with PGF f(x) = (px 4+ 1 — p)¢ for some parameters ¢ € N and p € (0, 1), then
Spx(m,n) = (px +1— p)"“""S8.(m, n), with S;(m, n) defined in (13). Since Sy, (m, m) =
(f'(x))™, it follows that P has eigenvalues

NN Qo (F ol
V]V () ’
generalizing the known results for K = 1 of [3, p. 400], [7, p. 637], and [9] to the multi-allelic

case. From S (2, 1) = f”(x) and (17), it follows that the Karlin and McGregor model has
effective population size

pii = i €SNk,

N7 ¢N
Netm — =Ny W0
P2l [N =21 (N1 (x) 7 (x)
An alternative expression for p;; is obtained from (3) as follows. Let /i, ...,[/x € Ng with
/] :=I1+4---+Ix < N. Choosingin (15) the first/; variableszy, ..., z;, allequal to some given
u1, the next I, variables zj,+1, . . ., zi,+4, all equal to some given ua, ..., the next [ variables
Uy 4-+lg_1+15 - - > 21y all equal to some ug, and the last N — |/| variables zj; 41, ..., zy all
equal to 1, it follows that the random vector D = (Dy, ..., Dg) in Proposition 2 has PGF

VTGN ) f1 () - -+ 1K (xug )
XN1fN (x) '

The same method used before for the vector v = (vq, ..., vy) yields the fact that D has joint
factorial moments

B} - ul¥) =

lug], ..., |lug] < 1.

NN Gy (£ @D (x) - - (F16) T (x))

E((DD)i; - (DK)ig) = NV ()
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Substituting this expression into (3) yields (17) with
1 < n
Spx(m,n) = — Z(—l)“‘l< )f”"(x)(fl><m><x), m, n € No,
nl = [

which indeed coincides with (18) by Lemma 1 given in Appendix A.

5.6. The uniform model and extensions

We finally mention a further particular Karlin and McGregor model. Suppose that X; has
a geometric distribution with PGF f(x) = p/(1 — gx) for some parameter p € (0, 1), where
q :=1— p. Then X; + - - - + Xy has a negative binomial distribution with parameters N and
p, and it follows from (14) that P(v = k) = 1/(*N;"!) forall k = (k1, ..., ky) € N} with
ki + --- 4+ ky = N. Thus, v is uniformly distributed. Let us call this particular model the
uniform Cannings model. Using (16), the transition probabilities of the forward chain turn out
to be of the form

(i1+j1—1) . (i1<+jk—1)
1 JjKk
(2N —1) ’
N

Since f has derivatives £ (x) = m! pg™ /(1 — qx)"*!, m € Ny, the generalized Stirling
numbers in (18) are given by

! _1 n_, m
Spatmmy="(" ") LI neN
nl\n—-1/)1 —gx)ntr

Tij = i,je Enk.

(with the convention (m__ll) := 8,0 for m € Ny), and it can be readily derived from (17) that

K . .
N!(N — 1)! lk!(lk_1> .
pij = - - —1 . , i,j €SNk
N (N+|l|—1)!(N—|]|)!,£[1Jk! k=1

In particular, P has eigenvalues p;; = GVN—_lzl\) / (21\;\,_1), i € Sy,k. The effective population size

is Ne := 1/p21 = (N + 1)/2. The uniform model can be extended to a more general Karlin
and McGregor model by replacing the geometric distribution of X by a negative binomial
distribution with PGF f(x) = (p/(1 —gx))*, @« > 0, p € (0,1), ¢ := 1 — p. Then
X1+ -+ -+ Xn has a negative binomial distribution with parameters « N and p, and it follows
from (14) that

DT N el ey

(@A) T kl-ky! [aNly

Plv=k) =

forall k = (k1,...,ky) € N(I)V with k; + --- + ky = N, where [x]p := 1 and [x]; =

x(x+1)---(x+k—1)forx €e Rand k € N. For « = 1, we are back in the uniform model

and, for ¢ — oo, this model converges to the Wright—Fisher model. Using (16), the transition
probabilities of the forward chain turn out to be of the form

i+ji—1 ix+jk—1 . .

(" jljl ) (K j;iK ) N!  [ai]j - [aikg]jg

T = = , i,jeEnk.

(NN Jiltee-jk! [aN]y
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Since f has derivatives

+m—1
Fm(x) = ladnpq™ _ m () P m e N
- _ at+m _ at+m O’ 0
(I —gx) (I'—gx)
the generalized Stirling numbers in (18) are given by
panqm
Spx(m,n) = W&x(m, n),  m,n €Ny,

where

sa(m,n):z%! Z <a+ml_1)...<a+m"_1)

mi My
mi,....myeN
mi+---+my=m

_m!n 1P\ (ol +m—1
e ()

and it can be readily derived from (17) that

K
(N1 o .
P R A S Sa (lks s i,jesS .
Pij (@N + il — Dy ]!:[1 a (ks Ji) J N,K
In particular, P has eigenvalues p;; = a'i‘(alyvtml_l)/(aNtVN_l), i € Sy.x. From py =

a(N — 1)/(aN + 1), it follows that this model has effective population size N. := 1/p2; =
1/(1 = pn)=(@N+1/(@+1).

Appendix A

In this appendix a particular combinatorial identity is verified, which is a consequence of the
principle of inclusion and exclusion and of Leibniz’s derivative rule for products of functions.
The corresponding formula (19) below is probably known from the combinatorics literature;
however, we have not been able to find an appropriate reference.

Lemma 1. Let U C R be an open set, and let f: U — R be a function which is m times
differentiable in a point x € U for some given m € Ny. Then, for all n € Ny,

|
T ) O ()

mp!
mi,....mpeN
mi—+-+mp=m
= (= ('Z’) S hH ™ ), (19)
=0

with the convention that the left-hand side is equal to §,,0 for n = 0.

Remark. For f(x) = e¥, (19) yields the two representations in (10) for the Stirling numbers
of the second kind. For f(x) = x¢ for some fixed ¢ € N, (19) yields the two representations
in (13) for the numbers S.(m, n). For f(x) = 1/x, (19) leads to the combinatorial identity

(") = XD (Y, mon e N
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Proof of Lemma 1. 1t is easily checked that (19) holds for m = 0 or n = 0. Suppose now
that m, n € N. Define a finite signed measure  on

Q=Q(m,n) ={w=mi,...,my) e Ng:m +---+m, =m}
via
m!
) = ———— @) ), w=(mi,....m,) € Q.
my!---my!

Note that, by the Leibniz rule, 4 has total mass () = (f")™ (x) € R. Fori € {1, ..., n},
let A; C 2 denote the subset of all w = (my, ..., m,) € Q satisfying m; = 0. Let L denote
the left-hand side of (19). From the definition of u, it follows that

L=pu(ASN - NAS) = u(Q) — (A1 U--- U Ay),

where Af denotes the complement of A;, i € {l,...,n}. By the principle of inclusion and
exclusion, which is applicable for finite signed measures, we obtain

L=p@ - (=D/7" 37wy n---na. (20)

j=1 I<ij<--<ij<n

By the definition of the signed measure p,

n ) n (my) ) )
nAy N NAy) = ( I1 %) (m! I1 fm—k,(x)> = 1@ H™ ),
k=1 : k=1 ’

kelin, i) kit ... jj}

where the last equation follows again from the Leibniz rule. Thus, (20) reduces to

L= (-1 C)fj @ H ).
=0

The index transformation / = n — j yields the result.
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