SOME STUDIES ON SEMI-LOCAL RINGS

MASAYOSHI NAGATA

Introduction. The concept of semi-local rings was introduced by C. Che-
valley [1]%, which the writer has generalized in a recent paper [7] by removing
the chain condition. The present paper aims mainly at the study of completions
of semi-local rings. First in §1 we investigate semi-local rings which are subdi-
rect sums of semi-local rings, and we see in §2 that a Noetherian semi-local
ring R is complete if (and only if) R/p is complete for every minimal prime
divisor p of zero ideal, together with some other properties. Further we con-
sider in § 3 subrings of the completion of a semi-local ring. §4 gives scme
supplementary remarks to [7], Chapter II, Proposition 8.

TeERMS. A ring means a commutative ring with identity and under-the term
“subring” we mean a subring having the same identity. Semi-local rings or
local rings are those in the sense of Nagata [7] (or [6]). So, (semi-)local rings

in the sense of Chevally [1] (or Cohen [2]) are called Noetherian (semi-)local
rings.

1. Subdirect sums of semi-local rings.

LEmMMma 1.1. Let R and R* be a2 subdirect sum and the direct sum of rings
R, R, . .., R, respectively, and suppose that R is quasi-semi-local.” We denote
by ¢: the natural homomorphism of R-onto R;, by n; the kernel of ¢, and by
m, m*, m; the J-radicals® of R, R*, R; respectively (i=1,2, ..., n). Then we
have (1) m*=mR*, (2) mM*NR=m, (3) m*=m+me+ . . . 4y, (4) ¢:(0F)=m?*
(B=1,2, . ..), (5) (m+n) (MMH*AR)S (n+n)mk (k=1, 2, . ..) provided #=2.

Proof. (1), (2) and (3) are almost evident.” To prove (4),let ps, ..., ba
be the totality of maximal ideals of R. Then it follows mf=p*N.. .hph"’
=pf...ps¥ and ¢;7mE) = (pFF) N . LN 0D = (0F ) L. (R
This proves (4). Finally, assume that n=2, and consider an element b, of
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0 Numbers in brackets refer to the bibliography at the end.

I A quasi-semi-local ring is a ring which has only a finite number of maximal ideals ; cf. [9].
2) J-radical (Jacobson radical) of a ring is the intersection of all maximal ideals in the ring.
3 Cf. [9, Lemma 2].
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(m*)*MR. Then we can choose an element b. from m* so that ¢:(&;) =¢:(b),
ie., b=b,—by & (mk+n.) N\, (by virtue of (3) just above). Then we have (n;+n:)d
=10 my (Mm% +n1,) Nny) Sy, which proves (5).

Next we cite lemmas due to Chevalley :

LemMmA 1.2. Let R be a complete Noetherian semi-local ring. If every a,is
an open ideal (=1, 2, . . .) and if fi\‘an=(0), then {a,; #»=1,2, ...} is a sys-

tem of neighbourhoods of zerc. [1, §1I, Lemma 7]

LemMmA 1.3. Let R be a Noetherian semi-local ring with J-radical m and let
¢ be an element of R which is not a zero divisor. Then {m” : ¢cR; n=1,2,...}
forms a system of neighbourhoods of zero. [1, §II, Lemma 9]

Now we prove

THEOREM 1. Let a Noetherian semi-local ring R be a subdirect sum of two
rings R, and R.. Let n; be the kernel of natural homomorphism ¢; of R onto R;
(i=1, 2). If ny+n. contains a mon-zero-divisor c, then R is a subsﬁace of the
direct sum R* of R, and R.. (R* is clearly a Noetherian semi-local ring.)

Proof. Let m and m* be the J-radicals of R and R* respectively. Then we
have m*S (m*)*NR, since m=m*M R by Lemma 1.1. On the other hand, it
follows from Lemma 1.1 also that c((m*)*NR)Sm*, ie, (WX RSmM*: cR.
These prove our assertion by virtue of Lemma 1.3,

CororLLARY. Let R be a Noetherian semi-local ring. If the intersection of

ideals qi, . . ., 0. are zero and if q; : q;=q; for every pair ixj, then R is a
subspace of the direct sum of rings R/q, . . ., R/qa; in fact, these assumptions
for q;, . . ., Gn are satisfied if q;(\. . .[\q» is a shortest representation of zero

ideal as an intersection of primary ideals and if zero ideal has no imbedded
prime divisor.

On the other hand, we have

THEOREM 2. Let a Noetherian semi-local ring R be a subdirect sum of (Noe-
therian semi-local) rings R,, ..., R,. We denote by n; the kernel of natural
homomorphism ¢; of R onto R; for eachi. Let R be the completion of R. Then
R is a subspace of the direct sum R* of R,, ..., R, if and only if ﬁn,ﬁ: 0).

Proof. We denote by R* the completion of R* and by m, fii, m* fi* the
J-radicals of R, R, R*, R* respectively.

If R is a subspace of R*, it is evident that F\n;ﬁ: (0). Conversely, assume
i=1

that _r’jlml?= (0). Then R is a subdirect sum of completions B; of R; (i=1,2, . . . , n)
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by the natural way. Whence {(W*)*NR; k=1, 2, ...} forms a system of
neighbourhoods of zero in R by virtue of Lemma 1.2, that is, for any positive

integer % there exists a positive integer #(k) such that (m*)*®NRSTi*. Whence
(m*)* MRS m*, which shows that R is a subspace of R*.

CoroLLARY 1. If a Noetherian semi-local ring R is complete and if ny, ..., s
n
are ideals in R such that Nn;=(0), then R is a subspace of the direct sum of
i=1
}?/nl) DR }?/nn.

CoroLLARY 2. Let R be a Noetherian semi-local ring, and let there be ideals
@ (=1, 2, ..., n) in R such that q; : q;j=q; for every pair i%j. Then we have
(M) R=Na:R, where R denotes the completion of R.
i=1 i=1

Proof. This is an immediate consequence of our Theorem 2 and Corollary
to Theorem 1.

THEOREM 3. Let a semi-local ring R be a subdirect sum of semi-local rings
R, ..., R,. If R is a subspace of the direct sum R* of R,, ..., Rn, then R
is a closed subspace of R*. In particular, if morecver R* is complete, i.e., if
every R; is complete, then so is R t00.>

Proof. let (ai=ai+ ... +ain) (GiER, aire=Re) (1=1, 2, ...) be a con-
vergent sequence in R with limit c=c¢;+ . . . +c¢u (ckERe) in R*. Suppose that
ceER. Let ¢/ be, for each 7, an element of R which is mapped on ¢; by the
natural homomorphism ¢; of R onto R;. Then we would have (?\c.-’-!—n;ﬁ“,
where n; denotes the kernel of ¢;. Since every semi-local ring lx—s] a normal
space and since each n; is closed in R, there exists, for each 7, an open set U;
in R such that U;2¢/+n; and ﬁUi:a' This contradicts to our assumption

that ¢ is the limit of the sequence (a;) in R, and we have c=R.
2. Completeness of a semi-local ring.

Lemma 2.1. Let R be a semi-local ring and a a closed ideal in R. Then R
is complete if both R/a and a are complete.

Proof. Let R be the completion of R. Since a is complete, it follows that
aR=a and a is closed in R. Further, since R/a is complete, it follows K/aR

=R/a=R/a,” and this proves our assertion.

4 Cf. [1, 11, Proposition 13] or [7, Chapter 11, Proposition 1].

5 If R is complete, then R* is complete without the assumption that R is a subspace of R*.
%) § denotes the empty set.

7 Cf. l.c. note 4).
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LemMa 2.2. Let R be a Noetherian semi-local ring. Let ¢ be an element
of R such that ¢*=0. Then R is complete whenever R/cR is complete.

Proof. By virtue of preceding lemma, we have only to prove that cR is
complete. Let (cas) (n=1, 2, ...) (anER) be a convergent sequence in R
such that c(@z—ana)EM” (n=1, 2, ...), where m denotes the J-radical of R.

Smet Gn=m":cR (n=1, 2, ...) and d=(0) : cR. Then we have blq,,=b because
Nm?=(0). Since R/b is complete, {q./d; n=1, 2, ...} forms a system of
rxzighbourhoods of zero in R/d, by virtue of Lemma 1.2, this shows that (a,)
is a convergent sequence in R/d. Let a be its limit, then ca is the limit of
(ca,). This proves our assertion.

THEOREM 4. Let R be a Noetherian semi-local ring with p-radical® n. Then
R is complete whenever R/n is complete.

This is an immediate consequence of Lemma 2.2.

THEOREM 5. Let R be a Noetherian semi-local ring. Let p,, .. ., bs be the
totality of minimal prime divisors of zero ideal in R. Then R is complete when-
ever every R/p; is complete.

This follows immediately from Corollary to Theorem 1 and Theorems 3, 4.

3. Subrings of the completion of a semi-local ring.

Let R be a ring and m its ideal. Suppose that r\m"— (0). Then R is called
an m-adic ring if R is topologized by taking {m”; n 1, 2, .} as a system of
neighbourhoods of zero.

THEOREM 6. Let R be a semi-local ring and let R be its completion. Let m
and W be the J-radicals of R and R respectively. If R' is a subring of R contain-
ing R and if we set W =mNR’, then we have RO =mkF (k=1,2, ...). Con-
sequently, R is a subspace of w'-adic ring R'.

Proof. Since R is an fi-adic ring, R’ becomes an m’-adic ring. Since clearly
=wNR, we have m*Sm*NR. On the other hand, it follows from M*NR=mFk
that m*=(M*NR)NR2m*NR, because m’=MMR. These prove our assertion.

THEOREM 7. Let R be a semi-local ring and R its completion. If a subring
R’ of R containing R is finite with respect to R, then R’ is a semi-local ring and
R is a subspace of R', but (the semi-local ring) R’ is not a subspace of R unless

8 The p-radical of a ring R is the intersection of all prime ideals in R; cf, [8]. If R is
Noetherian, it is the largest nilpotent ideal.
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R’ coincides with R.

Proof. Let m, m’ and T be the J-radicals of R, R’ and R respectively. Put
further m”=mNR’. Then it follows from Theorem 5 that (n”)*N\R=m* (k=1,
2, ...), while we have clearly that mR'SwSm”, which shows that R is a
subspace of R'. Since R/m=R/, we have R/m=R'/m”. Suppose now that R’
is a subspace of R, then mR'=mRNR'=m", because mR’ is (open whence)
closed in R. We have therefore R+mR =R’, which implies R=R’ by virtue of
[6, Appendix, Corollary to Proposition 4].

Remark. As was shown in the above proof, we have also that mR/'=m" if
R'xR.

CorOLLARY 1. Let R and R be the same as in Theorem 6. Then R is not
finite with respect to R whenever R%R.

CorOLLARY 2. Let R be a Noetherian semi-local ring and let R’ be a semi-
local ring in which R is contained as a subring as well as a subspace. Then
R is closed in R’ whenever R’ is finite with respect to R.

We prove, by the way, some properties of m-adic rings.

ProposiTiON 3.1. If an m-adic ring R is a subspace as well as a subring of
an m’-adic ring R’ and if both m and W’ are semi-prime ideals®” in R and R’
respectively, then we have m’'N\R=m.

Proof. Since n’\R is an open semi-prime ideal in R, we have w'NR=2m.
On the other hand, since we can find a natural number % so that m=2(m')*NR
2 (’NR)* and since m is a semi-prime ideal, we have m2m'Nk.

ProposiTiON 3.2. Let R be an m-adic ring, and suppose that m is a finite

intersection of maximal ideals p;, . .., p» of R. Let S be the complementary
h

set of \Up; with respect to R. Then the ring Rs of quotients of S with respect
i=1

to R in the sense of H. Grell [4] is definable and is a semi-local ring. Further
R is a dense subset of RsJ"

Proof. S is clearly multiplicatively closed. S contains no zero divisor, be-
cause m(\S=40, every m” (n=1, 2, . . .) is an intersection of primary ideals and
Nm”=(0)."" Therefore R; is definable. Further, since m”Rs(\R=m", Rs is a semi-
n=1

9 A semi-prime ideal in a ring R is an ideal which is an intersection of prime ideals in
R; cf. [8].

) Cf, [11, §71.
M) Cf. [7, Chapter I, Lemma 3].
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lIocal ring and R is a subspace of Rs. Now we prove that R is dense in R..
That ((&/a)+m"Rs)NRx0 (beER, aES) is equivalent to that b—ac,=m” for a
suitable ¢,&R. Since a=S, a is unit in R/m”, and this shows the existence of
such ¢» (for each »). This completes our proof.

Remark. Set S’={a(ER); a—-1=m}. Then Rs coincides with the ring of
quotients of S’ with respect to R, because every element of S is unit in R/m.”

4. Supplementary remarks to [7, Chapter II, Proposition 8].
First we prove

ProposITION 4.1.72 Let R be a ring in which every maximal ideal is princi-
pal. Then the following five conditions for R are equivalent to each other:

(1) R is a direct sum of a finite number of principal ideal rings each of
which is einartig.!”

(2) R is a principal ideal ring.

(3) R is Noetherian.

(4) R is a subdirect sum of a finite number of einartig rings.

(5) Zero ideal of R is an intersection of a finite number of primary ideals

Qi, - . . qs such that MNp”Sg; for any maximal ideal p containing g¢; (for each i).
n=1
Before proving this, we state some lemmas:

LemMmA 4.1. If a ring R is a subdirect sum of a finite number of Noetherian
rings, then R is Noetherian, too.

Proof, Let R be a subdirect sum of Noetherian rings Ry, ..., Rn. Leta
be an ideal in R. Let a; be the natural image of a in R,. Then there exists a
finite basis (a/. ..., @/) for a; in R,;. Let a; be, for each 7, an element of a
whose R;-component is a@/. Then clearly a=(a;, ..., a))+aN\(Re+ . . . +R,).
Thus we can prove our assertion by induction on 7.

Lemma 4.2. Every local ring with principal maximal ideal is an einartig
brincipal ideal ring. [7, Chapter II, Proposition 8.]

LemMmA 4.3. An einartig ring R is a principal ideal ring whenever every
maximal ideal is principal.

For, R is Noetherian by virtue of [3, Theorem 2].

Proof of Proposition 4.1. 1t is clear that (2), (3), (4) and (5) follows from
(1) and that (3) follows from (2). (3) follows from (4) by virtue of Lemmas

12) As for the equivalence of (1), (2) and (3), cf. [5, Theorem 9].

13 A ring R is said to be einartig if every proper prime ideal is maximal.
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4.1 and 4.3, To prove that (1) follows from (3), let ;M. . . Max be a shortest
representation of zero ideal in R as an intersection of primary ideals. Let p be
a maximal ideal in R, then the ring of quotients™ of p with respect to R is a
local ring, whence an einartig principal ideal ring. This shows that p contains
only one ¢; and R/qi is einartig.’” It follows from this that R is the direct sum
of R/aw, . .., R/ax each of which is, by virtue of Lemma 4.3, an einartig princi-
pal ideal ring. That (4) follows from (5) is easy if we observe the following

LemmMmaA 4.4. If a principal ideal @R in a ring R contains properly a prime
ideal p, then pE Na”R.

n=1

Proof. Since aRDp, we have p=a)’ for an ideal p’ in R. Since ad:p’, we
have p=p’. This shows that p=a”p, which proves our assertion.

Next we construct a semi-local ring R which is not Noetherian, but every
maximal ideal in R is principal:

Exampie. Let K be a field and let x, y and z be indeterminates, Let R, be
the subring of K(x, y) generated by K[x, y] and y/x. Then R,*K(x, y) and
xR, is a maximal ideal in R,. Let R, be the ring of quotients of xR with respect
to R,. Let S be the intersection of complementary sets of ¥R.[z] and zR.[z]
with respect to R:[z]. Then the ring R of quotients of S with respect to R.[z]
is a required ring.

In fact, R has only two maximal ideals xR and zR, while R is semi-local
because ﬁz"R:(O).

n=1
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