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Abstract. Suppose E is an elliptic curve over Q, and p > 3 is a split multiplicative
prime for E. Let ¢ # p be an auxiliary prime, and fix an integer m coprime to pg. We
prove the generalised Mazur-Tate-Teitelbaum conjecture for E at the prime p, over
number fields K C Q (g, 73/m) such that p remains inert in K N @(gq) ™. The proof
makes use of an improved p-adic L-function, which can be associated to the Rankin
convolution of two Hilbert modular forms of unequal parallel weight.
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1. Introduction. Let E denote a modular elliptic curve defined over the rationals
of conductor Ng. The behaviour of its Hasse-Weil L-function L(E,s) at s =1 is
a fundamental topic in modern number theory. Thanks to the efforts of Birch
and Swinnerton-Dyer, there are some deep conjectures describing both the order
of vanishing at s = 1 for these L-functions, and also a detailed formula predicting
their leading terms. Despite much strong progress over the last thirty years, the
original conjectures themselves remain unproven (except for curves whose analytic rank
is<1). . B

Assume p is a prime number. We fix once and for all embeddings 7, : Q — Q,
and 7 : @ < C, which enable us to view L-values both p-adically and over C. In an
attempt to understand these questions from a non-Archimedean standpoint, Mazur et
al. [13,21] constructed p-adic avatars of the classical complex L-series. For almost all
primes, the order of vanishing of the p-adic L seems to agree with that of its complex
cousin. However, in 1986, Mazur, Tate and Teitelbaum [14] discovered if p is a prime of
split multiplicative reduction, the p-adic avatar vanishes at s = 1 regardless of how the
classical L-function behaves there. Based on extensive calculation, they conjectured
a derivative formula at s = 1, involving a mysterious L-invariant term defined via
Iwasawa’s logarithm (normalised so that log,(p) = 0).

Throughout we suppose E has split multiplicative reduction at a prime p # 2. As
a local Gg,-module, the elliptic curve admits the rigid-analytic parametrisation

E(@p) = @; /qép where qg, € Q;denotes the Tate period of E.

From the above discussion, the p-adic L-function for E over @ has a trivial zero
caused by the vanishing of the p-Euler factor (1 — a,(E)~") whenever a,(E) = +1.
Greenberg and Stevens [7, Theorem 1.3] managed to prove the derivative formula at
the central point s = 1 through an ingenious application of Hida theory [8-10].
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In 2009, Mok [15, Theorem 1.1] extended the method to include totally real fields
F, provided E has split multiplicative reduction at only a single place of F' above p.
Recently, Spie3 [19, Theorem 5.10] has further developed work on the totally real case,
and can now remove Mok’s restriction that the elliptic curve be split multiplicative at
only a single place.

In this paper, we treat a complementary scenario to those considered in [7,15,19].
The main goal is to establish a higher derivative formula for the p-adic L-function over
number fields which are not totally real, yet lie in a false Tate curve extension. One now
fixes an auxiliary prime number ¢ # p, and a g-power free integer m > 1.

Here, we will prove the exceptional zero conjecture over L, = @(qu ,‘IW).

In particular, these are non-abelian field extensions of @, whose Galois group is
isomorphic to (Z/q"Z) x (Z/q"Z)*. Let us also set K, = Q(uy) and F, = K, NR.
One imposes the following four hypotheses on p, ¢, m, n and E:

(1.1.1)  E is semistable over the extension F; = Q(u,)*;

(1.1.2)  E,r, has good reduction at the prime above g;

(1.1.3) the positive integer m is coprime to q - Ng;

(1.1.4) the prime number p remains inert in Z[u,] N R.

We will first attach a p-adic L-function to E over the number field @(qu, ‘&/ﬁ) by
using the factorisation of L(E/L,, s) into a product of its various Artin twists. For each
finite order character ¢ : Z; — C*, one considers a multiplier term

My(Ly, ) = H (e-factor of p ® ¢>)m(p N (see Definition 6.7)

p

where the product ranges over all the irreducible representations p of Gal(L,/Q), and
m(p) counts the total number of copies of p inside the regular representation. (If ¢ is
trivial then 901,(L,, 1) is just the square root of the discriminant.)

THEOREM 1.1. There exists a bounded measure du(g) 1, defined on 2, interpolating

L(E/L,, ¢~ ', 1
B(x) - du(é’)Ln(X) = My(Lp, ¢) x ( L :@]/2)
xeZ; (QEQE) '

at almost all finite order characters ¢ # 1, whilst fxez; du(g}Ln (x) =0when¢ = 1.

Here, the transcendental numbers Q7 denote real/imaginary Néron periods for E. The
analytic p-adic L-function is constructed via the Mazur-Mellin transform

xeZ,

and clearly vanishes at the point s = 1 because ,ﬂg} 1,(Z;) = 0. The purpose of this
article, therefore, is to recover as much of this missing L-value as possible.

Let ¢, = ¢,(L,) denote the number of places for @(/an, ‘1%) lying above p. Since
the prime p was assumed to be inert in the totally real subfield F,, = K,, N R, the positive
integer ¢,(L,) must divide into the index [L, : F,,] = 2 x ¢"; henceforth, we shall denote
by ¢ the largest power of ¢ dividing e,(L,).
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THEOREM 1.2. Under these hypotheses, order,_, (L,,(E /Ly, s)) > ¢,(Ly).
If ;0 is the regular representation for Gal(L,/Q), it will be shown later that
"o (11— XQ )[K’ divides the characteristic polynomial of £;, /g (Frob;l). Thus,

1=l
one can replace the characteristic polynomial by

ny
&(Z0.X) = det(1-X - Ep0(Frob, ")) x [T (11— xtree) e
=0

which again has rational integer coefficients, yet is always non-zero at X = 1.
THEOREM 1.3. If p > 5 remains inert in K, there is an exceptional zero formula

1 dvL,(E/Ly,, )
a ' ds®

disc(L,) - L(E/Ly, 1)
(25525) "

= [,p(E/L,,) X SIJ(ELn/@’ 1) X

s=1

where the L-invariant equals [T/ [F, : @]@=D4"" (log”(q”))eﬂ
ord,(qk.p)

This definition of £,(E/L,) above is compatible with those proposed in [12, 15].

Furthermore, the quantity log,(qr ») # 0 by the main result of [1] hence the £-invariant

term is non-vanishing. We therefore directly obtain the following:

COROLLARY 1.4. Assuming p > 5 remains inert in K,, one deduces that
(a) If L(E/Ly, 1) = 0 then order,_; (L,(E/Ly, 5)) > ey(Ly);
(b) If L(E/Ly, 1) # 0, then order,_; (L,(E/Ly, 5)) = ¢,(Ly).

We conjecture analogues of Theorem 1.3 and Corollary 1.4 hold if p splits in K,/ F,,,
but are unable to prove it with the deformation techniques presented in this paper.
(The author hopes to return to the situation where p splits in future work.)

REMARKS.

(a) It is natural to ask if these formulae over L, = @(uqn, q%) can be derived
from the existing results of Mok and Spie3? The answer is negative as the largest
real subfield inside L, is precisely F,, = Q(u4)", and the number field F(7/m)
will never be totally real (nor is it even Galois over Q).

(b) While throughout one has assumed that g # p, the situation where ¢ = p has
been addressed by Lei and the author in [4]. The p-adic L-functions constructed
in [4, Theorems 1 and 4] also exhibit exceptional zeroes, and moreover satisfy
various p-power congruences predicted by a non-commutative Iwasawa Main
Conjecture.

(c) A worthwhile project would be to extend Theorem 1.3 to establish a derivative
formula in the ¢ = p situation, then verify the p-power congruences numerically.

These derivative formulae are built out of a more technical result, which holds for the
Artin twists of an elliptic curve E that is semistable over a totally real field F in which
the prime p is inert. Let K/F denote a CM extension of number fields, and define
= Ind%(®) for some non-cyclotomic character ® & such that p* = p. One writes
er(p) to indicate the e-factor associated to the Artin representation p, which itself can
be decomposed into a product of local terms.
The work of Hida and Panchiskin [8,16,17] on Rankin convolutions allows the
construction of a p-adic L-function, L,(E, p, 5), interpolating cyclotomic ¢-twists of
the complex L-series associated to the motive 4! (E) ® Ind%(@),
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THEOREM 1.5. Assuming the p-adic L-function has an exceptional zero at s = 1,

dL,(E, p, 5) . day(k) B L(E,p. 1)
e | = T g | < (= Ae) (@0,

where the ideal p = p - OF, the local L-factor at p is Ly(p, X) = (1 — X)(1 — Bp(0)X),
and oy (k) denotes the pth eigenvalue (at weight k) of the Hida family lifting E .

This formula gives a p-twisted generalisation of the results in [7,15,19] over real number
fields (a more detailed version is stated as Theorem 6.2 later in the article).

ExAMPLE 1.6. We now study in detail the modular elliptic curve
E=525B1: > +xy = x>+ x> +25x

with split multiplicative reduction at 7, non-split multiplicative reduction at 3, and
potential good reduction at 5. Let E' = E ® (5) denote the twist of E by the quadratic
character of conductor 5, which has a minimal Weierstrass equation

E'=2144: Y’ +xy = X +x.

Put ¢ =5 m=2, n=1 and consider the non-abelian extension L; = Q(us, *v2).
The prime p = 7 remains inert in K = Q(us), and over the real subfield F = Q(us)™
the twisted curve E' also has split multiplicative reduction at the prime above 7. The
Hasse—Weil L-function for E over L; decomposes into a product

4
L(E/Li,s) = L(E,s)x L(E, $) x L(E ® 65, 5) x L(E' ® 05, 5) x (L(E, 0, s))
where 05 denotes the Teichmiiller character modulo 5, and p indicates the unique

irreducible Artin representation of degree 4 factoring through L;/Q.

Since E = E' over all three number fields F, K, L; clearly E satisfies each of the
Hypotheses (1.1.1)—(1.1.4) mentioned at the beginning of the Introduction. Moreover,
the ideal 7 - Ok splits completely inside L; /K, so applying Theorem 1.3

‘/diSC(Ll) . L(E/Ll, 1)

(Qha;)"

1 d°Ly(E/Ly,5)

5 S = Ly(E/L) x &(Z1,0,1) x

s=1

5
where disc(L1) = 216 5% and £7(E) = 2* (15202 )" = 16(4 x T+4x T +...)"

Using the MAGMA package, the LSeries function determines numerically that
L(E/K,1) = 2.12709564136... and L(E,p,1) = 1.70167651313...

in which case L(E/Ly, 1) # 0. By Corollary 1.4(b), the order,_L;(E/L;, 5) = 5.
Here is a brief plan of the paper. We begin by recalling the theory of p-adic families
of Hilbert modular forms, and their behaviour at classical points in weight space. In
Section 3, we construct a A-adic HMF interpolating the product of a weight (/, ..., [)
cusp form g; with an Eisenstein series of variable weight. After working out its fj-
isotypic projection, one can associate an improved p-adic L-function in Section 4 which
is the natural generalisation of [7, Proposition 5.8] to Rankin convolution L-functions
(the existence of such functions over general number fields was raised in [3, 4.17]).
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Finally, in Sections 5 and 6, we extend this construction to a two-variable deformation
ring. The exceptional zero formula follows from a functional equation for the measure
interpolating L(fy, g1, s) at pairs (k, s), where k € Z-, and s € {1, ...,k —1}.

2. Preliminaries on Hilbert modular forms. We start by collecting together the
various definitions needed from the theory of Hilbert modular forms (HMFs for
short). Our approach requires us to construct measures on 7, x Z,, whose values lie
inside deformations of these vector spaces. The main sources of reference are [16-18]
and for the p-adic theory [9,10,22].

2.1. Modular forms over totally real fields. Let F be a totally real field of degree
n=[F : @], and write 0 for it’s different. One may then interpret GL,(F) as a group
Bg of rational points for an associated Q-subgroup inside GL,,(Q). Its adélisation &a
corresponds to the product

GLy(Ar) = GLy(R)" x GLy(F) where F:=FQ® (limZ/mz).

m

The subgroup GL3 (R)" comprising vectors v = (v, ..., v,) with v; = (;’j’_ ’?{') and
J J

a;8; > B;y; for all j < n, acts naturally on n-copies of the upper half-plane $. If i =
(i,.... i), there is an isomorphism {v € GL}(R)" | v-i=i} /R% = SO(2)" and this
quotient is maximally compact within GL,(R)” / R%.

REMARKS.
(a) For any element v € GL} (R)" and functionf : " — C,

(fl0) @ = N(yz+ 6_,-)% xf(v-z) -/\/(det(y))k/2 at integers k > 0

where the norm of an n-tuple z = (z1, ..., z,) is given by N(z) =z x - -+ X z,.

(b) Let ¢ be an ideal of OF; one haslocalisations ¢, = ¢- Op,p and 0, =0 - OF,. We
define open subgroups W, C &, by the product W, := GLJ (R)" x ]_[]g W(p),
with each local factor consisting of matrices

W(p)
— {(‘! 2) € GLy(Fy)

(c) If hp = #CI"™OpF) denotes the narrow class number of F, one can always
chooseideles i, ..., 1, € Aj so that their associated Op-ideals7), . .. 7'11r form
a complete set of representatives for CI"(OF). By the approximation theorem

By = U Bg-xy- W, = U @@-(x;1)1~Wc,
A A

-1
bebp ,

(S apcp, Cl,d [S OF,pv ad—bc € O;,p} .

where the elements x; = ( (1) ?), and the involution ¢ : (‘Cl fz) — (_‘IC ;b).

DEFINITION 2.1. Fix a weight k& > 0, an ideal ¢, and a Hecke character ¢ mod c.
Then, a Hilbert automorphic form f : &5 —> C of parallel weight (k, ..., k), level ¢
and character v satisfies:
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(1) f(sgx) = ¥ (s) - f(x) for all x € Bp, s € A and g € Gg;
(i) f(xw) = ¥ (w') - f(x) for every w € W, with we, = 1;
(iii) f(x7(8)) = f(x) - exp (ik{0}) where r(6) = (..., ( =% S0y ),

—sinf;  cos6;

DEFINITION 2.2. An automorphic form f : &4 — C is cuspidal provided

/ f b -g|-dt = 0 ateachelementg € Gx.
Ap/F 0 1

If f satisfies the condition that for any x € & with Archimedean component xo, = 1,
there exists A, : $" —> C such that f(xy) = (h|,v)(i) for all vectors v € GL3 (R)"
with each &, holomorphic at the cusps, then f is called a Hilbert modular form of
holomorphic type.

REMARK. One writes My(c, ¥) to denote the space of HMFs of holomorphic type, and
similarly the notation Si(c, ¥) indicates the vector subspace of cusp forms. Setting f; =
h(xk—l)t, then f,(z) € My(Ts(c), ¥), where at each A € {1, ..., hr} one defines I';(¢c) :=

x; - Wi(c)- (x;l)‘ N &g to be the congruence modular subgroup of level ¢ (lying inside
the Q-group Q% consisting of totally positive matrices).

The map f+ (fi, ..., f; ) yields an isomorphism My(c, ¥) = @, My (Tx(c), ¥).
Consequently for all y € T';(c), one has fk| v = ¥ (i, and moreover

f.(2) = > a()er(tz)  with ep(2) := exp (27iTr(2)),
&

the sum being taken over the totally positive elements & > 0 and also & = 0.
Normalising the standard additive character xr : A — C* by xp(xo0) = er(Xs), then
the adélic expansion

f((ﬁ ’f)) = P2 % Y CEvOr ) xr(Ex)er Eive) + [y]s Co(yOr. 1)

E0

has Fourier coefficients

@ (8) - Nrja(B) %2 ifn = €7, is integral,
Cn,f) = ]
0 otherwise.

In particular, if f € Si(c, ¥) then the constant term Cy (yOF, f) is identically zero.

Fix a Hilbert modular form f e M(c, ¥), and also an auxiliary Op-ideal q.
Throughout, ¥* will denote the ideal character associated to v (although for reasons
of space, we shall sometimes drop the * superscript, provided the context is clear).

DEFINITION 2.3.
(i) The Hecke operator U € Ende (M(c, w)) is defined to be

f(0)|Ug = Ngja@*" Y f(x ((1) Z)) with ¢ € A% satisfying 7 = q.
veOr/q
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(ii) The degeneracy map Vg : My(c, ) — My(cq, ¥) is given by

f(x)‘ Vo = Nejal@) ™ x f <x (g (1))) where once again ¢ = q.

The action of U, and V, on the Fourier coefficients of f is explicitly described by the
twin formulae C(n, f|{U;) = C(qn, f) and C(n, f|V5) = C(q~'n, ), respectively. More
generally, one has Hecke operators 77(q) € Endc (Mk(c, w)) which act on each of the
coefficients through C(n, f|T((a)) = >4 1 nce N0y =1 y*(b) - C(672gn, f).

We adopt the convention that ‘n(f)’ always refers to the exact conductor of f.
Assuming that ¢ C n(f), Shimura’s J-operator [18, Section 2] is obtained via the rule

(fl7)(x) = w(det(x)"") - f(xby) such that by = (3) o) € Bg with ¢ = .

It has the property that f|J. € M (c, ¥~'). Furthermore, if f is a primitive Hecke
eigenform of level ¢ = n(f), then f‘Jn(f) = w(f) x f# where # denotes the eigenform
with conjugate coefficients, and the pseudo-eigenvalue @ (f) has absolute value one.

EXAMPLE 2.4. Let n be a finite order character over F of conductor equal to m,,.
Then, its associated Gauss sum is given by

wm) = Y. sign(n(xe0)) - 0" (xmy0) - ep(x).

xem;‘b*‘/b*l

The twist of f by  is the unique Hilbert modular form f ® n € M (em;, ¥n?) satisfying
C(n,f®n) = n*(n)- C(n,f) at all ideals n with n 4+ ¢ = Op.
Moreover, if f € S(c, ) is a primitive cusp form of conductor ¢ coprime to m,,

then f ® n will also be a primitive HMF of conductor cmf], in which case

fen

Jey = wE@n) x (F@n™") € Se(emy, v~'n7)

with twisted pseudo-eigenvalue @ (f ® 1) = ¥*(m,) n*(c) - Tr(n)* Npa(m,)™! x @ (f).

2.2. Klingen—Eisenstein series and their holomorphic projection. We shall now
relax the condition that these Hilbert modular forms be holomorphic. One writes
Me (c, w) (resp. S° (c, 1//)) to denote the space of C*°-modular forms (resp. the
subspace of cusp forms) of weight (k, ..., k), level ¢ and character .

A plentiful supply of real-analytic modular forms is given by Eisenstein series.
Fix a positive integer m, and also two fractional ideals a, b. Let  denote any Hecke
character modulo e satisfying n*(x - Of) = sign(x)" for all x = 1 mod*e. Providing
that Re(s) > 2 — m, one then defines

Ki(z,s:a,b5m) = Qui) . (z—2)1

= q
xS sign N (d)"n*(db™") (Z :[ Z) N(ez +d)™
c,d

o
Nez + ar))oo ,
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where ¢ =(q1,...,qx) € 2", {q} = q1 + ...q,, and the sum is over representatives
(¢, d) € a x b under the equivalence (c, d) ~ (uc, ud) with u € O;. In a similar way,

Le(z,55a,b5n) == Qi) . (z —2)7¢

x Zslgnmc)mn*(ca”)( %) M

N(cz + d)‘

Both K, and L} extend naturally to yield C*®-functions on the adelisation of
GL,, first by putting I}, (s;a,b:9),(2) = N@G)™/2 - N () x K (z, 5,500, b 31)
and secondly L, (s sa, b 37),(2) = N@) ™2 - N()* x Lin(z, 5 50,7076 ;).

LEMMA 2.5 ([18, p 672]). If Al(z,s) = 7"y [, (s + m + qy), then
Az, 1—=m—s)-KL(1—m—s;a,b;n)
= rp(n)u/\f(Dabe)mﬂs ' x Al(z,s) LY (s;a,besn ).

As a corollary, the definition of the J-operator yields the functional equation
I (50, bm) g = (=11 N(@0) 2 x L (556, a7 ),

Write Dr = N(9) for the discriminant of the real field F, and suppose that e # Or.

PROPOSITION 2.6 ([17, Proposition 4.2]). Assuming s € Z satisfies s < q, at every
v,

”—,‘L(Z, 0; OF,T)TID_I; n)
(—2n l‘)[F:@](m+23)(_ 1)[F:@]s+{q}

= Dr NOOTL TG rmi gy <& D Ak s yom) en(E2),

0KEET;,

where each real-analytic Fourier coefficient A, (&, s, y, n) equals

[F:Q]
Z sign N (b)"~! - N(b)™ >~ . n*(@) x l_[ W(4rg,yy,m+ s+ gy, s — qv)
E:Fx? v=1

and the Whittaker function W(y, a, B) := / (u+ D) wP e du.
0

The presence of this unpleasant quotient in the Fourier expansion above suggests
some renormalisation is required. Let n # 1 denote a Hecke character modulo ¢. The
Eisenstein series we will examine in detail is precisely

27[F:@] \/D_F F(m + S) [F:Q]

. N 0/ .
Em(S, T),e) - ( 47[) F@]( 27Tl)F@](m+25) u‘m(sa OF, OFa 7))

NOTATION. In the special case where p is a prime of Op and n' denotes the character
associated to n modulo p"e, one writes Ep (s, n;ep”) in the place of Ey(s,n';ep”). In
particular, the Fourier development of E,, arising from Proposition 2.6 exhibits rather
nice p-adic interpolation properties over weight-space, whilst E,,, does not.
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In the confines of this paper, a good reason to study E,(s, n;¢) € M (e, n) is
that it naturally appears in an integral expression for the Rankin—Selberg L-function.
Assume thatf € M (c, )andg € M(c, ) are two holomorphic modular forms. Their
convolution L-function is defined by the summation

Lis.f.g) = Y C(m,f) C(m,g) N(m)™  for Re(s) > 0,

with a meromorphic continuation to the whole of C.
DEFINITION 2.7. The completed Rankin—Selberg L-function is equal to

CD(C)(S, f,g) = (Zn)—Z[F:@]sF(S)[F:@]F(S +1— 1)[F:@] . {1(;0(2.9 +2—k—1,40)
x L(s, 1, g),

with ;}c)(s, V0) = im0, (WO (m) - N(m)™* denoting the twisted zeta-function.

Whenever the ideal ¢ is the least common multiple of the conductors of f and g, then
we just drop the superscript () from the notation altogether.

REMARKS.
(a) The Petersson inner product of F € §°(c, ¥) and G € M°(c, ¥) is given by
the complex integral

i‘l[-‘

FG) = > f B, G() NI dpin(2)

o Ineera
upon selecting the hyperbolic metric duoo(z) = ]_[E}F::?] y;2 - dx,dy,.
(b) Provided k£ > /, one has the following integral representation

T(s+1— )\
29s, 1, 8) = VD (%)

x (f#, g K (s—k+1; ¢, O 1//6_1)>
which was established by Shimura in [18, equation (4.32)].

(c) In general, the product g- K ,(s —k + 1; ¢, Op; ¥67') is only real-analytic,
with moderate growth as a C**-modular form. It follows that the inner product
above must then be equal to (f*, Hol(g- I} ,(s —k+ 1; ¢, Op; ¥671))..

(d) Here, the holomorphic projection operator sends G = (Gl, ceeh GAF) €
M(c, ) with G, =} . a,(§,y) er(§x), to a holomorphic modular ff)rrn
Hol(G) € M(c, ¥) under the condition that Hol(G), = .7, @1(§) er(§2)
where

(4n)[F:®](k71)N(s)k71

w®) = e — [ o D) erE0)

(This property that G has moderate growth is discussed at length in [17, Section
4.6].)

2.3. Controlling analytic families of HMFs. Before we can proceed further, let
us recall some basic notions from measure theory. Fix a prime p # 2 and a tame

https://doi.org/10.1017/50017089515000245 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089515000245

394 DANIEL DELBOURGO

level n coprime to p - Op. The narrow ray class group of conductor np" is by definition
CI¥ (np") = F*\ Af /FL - (O N Wy ny). Taking the inverse limit over r, one obtains
a decomposition

Zp(n) = ImCE(np') = Win) x Zr(nons.

r

where Wr(n) is free over Z, and #Zr(n)iors < 00. For each integer r > 1, define
Zpr(n) = Ker(Zp(n) — CIi¥(np")) and  Wg,(n) = Wrn)N Zg,(n).

We now explain how to make power series rings out of these various profinite groups.

NOTATIONS.
a) Let O be a finite extension of Z,; one considers Iwasawa algebras
P g

Ap = lim O [Zr(W)/ZF,(0)] and Ap = 1<if_n(9[WF(n)/ Wr )]

Clearly, Ap = AF[ZF(n)lors], and Ar is a power series ring in d =1+ ép,)
variables where 8, denotes the ‘defect term’ in Leopoldt’s conjecture for the
pair (F, p).

(b) For an ideal | coprime to np, let [[] be the corresponding group element of Ar, and
likewise ([1]) refers to the group element in A under the natural projection.

(c) Write F¥" for the maximal abelian extension of F unramified outside np" - oo.

Class field theory furnishes us with an isomorphism CIz"(np") —> Gal(F?'/F)

by explicitly sending the class of a to the Artin symbol %) € Gal(F®' /F). Passing
to the inverse limit again,

Ap = O[[Gal(F"/F)]] where the Lie extension F¥" = U F'.

r>1

Over the field of rational numbers Zg(1) = Z; and Zg(1)wrs = F;, so we denote
by wq : Zo(1) —» F; and () : Za(l) - Wo(l) = 1 + pZ, the two projection maps.
Analogously, we will write wr and (-) for the composition of the above projections
with the norm homomorphism N : Zp(np") — Zg(1) = Z,;.

LEMMA 2.8.
() There is an isomorphism Meas(Zr(n), ©) —> Ap[Zr(Wors] which at each
character 6 : Zr(W)ors — C, sends

du — 0(g) wi...w$-du(g) € A(If)
g€Zr(n)

whereWg(n) = 7, - {wl, e wd};
(i) if Tw; : Ar — AF corresponds to the operation mapping du +— N'x), - du with
Nx, the Tate character, then the twist operator Tw; € Auto(Ar) for allj € Z.

Proof. See for instance [21] which contains an argument for /-admissible
measures. ]
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EXAMPLE 2.9. If € is a finite order character of Wr(n) and k > 2 an integer weight,
we write Pr. € Homp (A F, @,,) = Spec(A F) (Q,) for the specialisation extending the
map <[I]) — e([)([}’j;2 (such homomorphisms are designated ‘classical points’). Assume
the ideal ¢ C n, and that ¢ is a Hecke character modulo ¢p” for some r > 0. The work
of Deligne—Ribet [6] implies the existence of a p-adic zeta-function!

Cg,)z-adic(‘ﬁ) € @®AFH I ‘iz 1,...,d} C Qa, = Frac(Ar)

1

interpolating Pk'+2»€(§;7f;7—adic(¢))= 7, (C\P 1 -k, epwr X)) at integers kK’ > 0. As the
action of Tw; extends to pseudo-measures, then Tate twisting j-times:

Pre o Ty (61 aaie(0} 7)) = 617 (3 =k — . epw}™) for all weights k > 2 —

We conclude the background section with a discussion of Hida’s deformation
theory. First, endow A (np>°, O) = 1<ir_nr hi(np”, O) with its natural 4 p-algebra structure
by sending each group element [[] to the diamond operators < [ > € A (np”, O). In
fact, hx(np>, O) is independent of the weight k > 2, hence one writes h(n, O) for the
universal p-adic Hecke algebra of tame level n.

If Sp(np™, 0) =J,-; Sk(np", O), then its p-adic completion Si(np™, 0) is a
module over Ay again, independent of k > 2 (which we drop from the notation).
Moreover, there is a perfect pairing [—, —Juy~.0: h(n, O) x S(np™, O) —> O, which is
the natural extension of the dualities A (np”, O) = Si(np”, O)* at the finite levels.

DEFINITION 2.10.

(i) If M is an h(n, ©)-module, then M°™ will denote the largest direct summand
of M upon which the Hecke operators U, are invertible for all p|p, i.e. M ord . —
M ey cut out by the idempotent eyq = lim,Hoo(Up.oF)”!.

(i1) For a normalised ordinary eigenform f € Si(np”, ), its p-stablisation equals

O = ¢ ]‘[(1—,3p(1)-Vp),

plp

where by convention o, (f) (resp. B, (f)) denotes the p-unit (resp. non p-unit) root
of the characteristic polynomial X% — C(p, )X + ¥ *(p)N (p)*".

For simplicity, let us now abbreviate the Z,-free subgroup Wr(n) using I' instead.
Assuming thate : T — @: is any character of finite order and the weight k > 2, then
Ker(Pk,E) will be a prime ideal of Ap. The following results are fundamental.

THEOREM 2.11 ([10, Corollary 4.21] and [9, Theorem 3.4]). If the prime p 1 3D,
then:

(a) the O-algebra h°(n, O) is a finite and free algebra over A,

(b) at all classical points Py.. € Spec(Ar)™¢, one has isomorphisms

h(m, 0)/Prc -hm, 0) = Mwp', € 0),

where r denotes any integer for which Wg .(n) C Ker(e).

ISkipping ahead a section, we shall need this element ij(g“,(,f;_adic@w?z ) for the demonstration of
Proposition 3.1, wherein we make a precise choice of Tate twist j = 2 — / and character ¢ = ¥~
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Alternatively, if p =3 0rp|DF, both (a) and (b) hold upon replacing O by Frac(O).

We will now explain how to find a basis of primitive forms in the A-adic setting.
Consider a Ap-algebra homomorphism A : h°“(n, ©) — Ox,; the fraction field of
Im(%) is a finite extension of Q4,., and let [ be the integral closure of A in this finite
extension. By Theorem 2.11(a), the homomorphism A will take values in [.

REMARK. The set of algebraic specialisations Spec(l)*¢ ¢ Spec(l) consists of points
P:l— @p such that P|AF = Py forsomee : ' — @; and integer weight k > 2. Each

composition Ap = Po A : h°“(n, ©) — @p factorises through h,‘zrd(np", €;0) due to
Theorem 2.11(b), hence it must correspond to a classical cusp form.

THEOREM 2.12. Let f € Sli’rd(np’, €; O) denote an ordinary cuspidal eigenform. Then,
there exists  : h°(n, ©) —> [ and a point P € Spec(1)* of type (k, €) such that ip
corresponds to f. Furthermore, if f is a p-ordinary newform, then the localised algebra [ p
is étale over App, ..

Proof. We refer the reader to the [9, Theorem 3.6] and [15, Proof of
Theorem 4.4]. O

DEFINITION 2.13.

(1) An [-adic Hilbert modular form F of tame level equal to n is a collection of
[-adic coefficients C(m, F), Cy(m, F) indexed by ideals m C Op, such that there
is a Zariski dense subset of points P € Spec(l)'2 with P| Ap = P;. . and Hilbert

modular forms Fp € My (np", €; O[€]), satisfying
P(C(m, F)) = C(m, Fp) and P(Cy(m, F)) = Cy(m, Fp) at every Op-ideal m.

(i1)) The module of l-adic modular forms of tame level n is denoted by M(n, I);
similarly, S(n,[) denotes the [-submodule, consisting of those elements F
whose specialisations yield cusp forms at a Zariski dense subset of points
P € Spec(l)?.

As usual, M°4(n, 1) = M(n, [)|eeq and S°(n, 1) = S(n, [)|eora will indicate their
ordinary components. In particular, there is a natural duality

S, 1) = Homa, (h(n, 0),1)

which allows one to interpret [-adic cusp forms F as Ap-algebra homomorphisms
Ar :h%m, ©) — 1, and vice versa of course. Assuming the coefficient ring O is
sufficiently large with O = 1N Q,, the space S°(n, ) is completely diagonalisable
under the Hecke algebra (which means that a basis of primitive forms can be found).

EXAMPLE 2.14. Let E be a modular elliptic curve over @ with good ordinary or
bad multiplicative reduction at p, and let fg denote its associated newform. Assuming
F is a solvable extension, then there must exist a cuspidal eigenform BC(fg) € S>(ng, 1)
which is the base-change of fz over F.

From the Control Theorem 2.12, such a form lifts to a family F e S° (nE, l])
with the interpolation property that P(F) € S,‘jrd(nEpoo, ea)f;k) when Plp, = Pre.
In particular, at weight 2 and the trivial character, P(F) = BC(fz)® will be the p-
stablisation of fg over the extension F; as a corollary, L(P(F), s) = L(E/F, s) if one
ignores the Euler factors at the primes dividing p.
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ExAaMPLE 2.15. Another nice specimen arises from the A-adic Eisenstein measure.
Let 6y, 6, be two characters of Zp(n)is whose conductors divide into np®, and such
that 9192|F®R = 1. Then, there exists a unique &(9;, 6,) € M°(n, Ar) ®4, On, With
the property that Py . (€(6;, 02)) is equal to the p-adic HMF

0((—=1)eo) Dy T (l)FClrz(6)

T\ T N 2m e < Bl o)

_ k—2
9—692&)1,

where the (non-p-stabilised) Eisenstein series Ex (6, 6;) is given in [22, Proposition
1.3.1]. We shall write M°4f(n, ) = M°4(n, 1) ®4, Oa, to indicate the space of [-adic
modular forms admitting poles, and likewise S°™T(n, [) = S°(n, 1) ®4, Qa,.

REMARK. Our initial hope had been to exploit properties of these elements &0y, 6,)
to construct a two-variable p-adic L-function, interpolating twists of elliptic curves.
Unfortunately, the integral expressions for the associated Rankin—Selberg L-function
involve Hilbert modular forms which are non-holomorphic outside the line s = k — 1,
and the &(6;, 6»)’s do not interpolate outside this line (this is a potential disaster!). The
salvage is to instead try to construct by hand an l-adic modular form, H* say, which
glues together the holomorphic projections of these C*°-functions.

3. Projecting Hol(gﬁ) as the weight of E varies. Let F be a totally real field in
which the prime p > 3 is inert; we shall write p for the unique ideal of O lying above
p- Recall that A = Ar is isomorphic to a power series ring in 1 + &, variables, where
8 p was the defect term of Leopoldt (in particular, it is conjectured that 87, = 0 for all
totally real F and primes p, and the result is certainly known for real abelian extensions
of Q).

Lastly, pick a Hilbert modular cusp form G; € S;(cp”, n) of parallel weight / > 1,
nebentypus 7, and level ¢p” with n > 0. We can deform G, along the weight-axis by
multiplying it with an appropriate A p-adic Eisenstein series.

PROPOSITION 3.1. For a fixed finite order character W mod cp” and integer r >
0. there exist pairs of Hilbert modular forms Hy,, = Hy (Gr. cp™, ) € 841 (c, A)
interpolating the data

~ ord
Prc (H,) = Hol (G x B (= (= 1= 1), v~ e "))

for every finite order character € : T — @; such that € # a)llffziﬁ’ln, and at all parallel
weights k > r + | + 1 satisfying the parity condition (—1)='=1 = £1.

In fact, if 6r, =0, then the forms H;En,, are uniquely determined by the above
interpolation formula, as a consequence of the Zariski density of each +--subset

Spec(A)y, = {Pk_E such that (1)~ = £1 and ¢ € Hom(T, @;)mrs}

within the full set of A-adic specialisations (note the mapping [w] — [w]* induces an
automorphism of A = Z,[1 + pZ,] as p # 2, so the even/odd weights are dense).
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Proof when r # 0 To establish existence of these HMFs, for every A € {1, ..., ilp}
we shall define universal &-expansions

0KEET,

where each &-coefficient is approximated by the finite sum

CUEE L HE), = Y CEn Gy Y ()P Vsignv () |

pNE=E +& By=bx2, beT,
ceOp—p

x N@) NEBEN x (v ) @ NOY < ([2)).
The truth of the proposition will follow, provided we can establish:

(3.1.1) Ci(é"f;l, Hffn.r)A = limy_ CN”i(S"t';l, 7'-(;3,,)A converges inside of A;

(3.1.2) If Pr € Spec(A);j,. then (—1)TFEIN(7,)F/2 x Pk,e(ci (&7, ", H,fn,,.)k)

is the &-coefficient of Hol(Gy x Ex_i(r — (k — 1 — 1), Yn~ ok e cp))ord;
(3.1.3) an,, = ZI;FZI(H;’,)A belongs to the space of cusp forms S°(c, A).
Let us prove these statements in order. Following Panchiskin [16,17], we first give the
Fourier expansion for the holomorphic projection of G;(z) - Ex_;( —, — ;cp”).

Let 6 denote a (not necessarily primitive) character factoring through Gal(F**" /F);
attached to @ # 1, we consider the normalised Eisenstein series

o—[F:Q] 4 D}U/Z x T(k — [ + 5)IF:Q)
(—4m) Q) x (=277 {)F:QUk—1+25)

Ek_l(s’ 0; cp") = X l]_gfl(s; Op, OF;Q).

Using the development of L% (s; —); given in Section 2 and putting m = k — I, one
obtains

Eii(s, 0;¢p"), = N@) ™ D2 @) Fas Ay Z A€, 5,9,0) x ep(§2)

§=0,0r
(S

at every component A € {1, ..., hr}, with real-analytic coefficients (for & > 0):

A, 5,9,0) = E sign V(B I N (B3 19+ () l_[ W(4n&yy, k —1+35, ).
F=hx7, v
bET)u CEOF

0

REMARKS.

(1) If s = 0, then Ek_;(O, 0; cp") is a holomorphic modular form, and its Fourier
expansion was computed by Klingen (e.g. see [18, Section 3] or [15, equation
(3.14)]). However, if s 0, then Ek,z(s,e;cp”) will unfortunately be non-
holomorphic in z; consequently, for s < 0, the function Gy(z) x Ex_(s, 6; cp”)
is only real-analytic.
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(ii) If 6, denotes the Hecke character satisfying

* __(0*(v) ifp+p=0r
0, (n) = { 4020

then Ek_;(s,j; cp”) = Ex(s, 0p; cp”); it follows that the corresponding Fourier
coefficients A4, (&, s, y, 0) for | differ from the A, (&, 5, y, 0)’s in that their sum instead
involves ideal-decompositions & = b x ¢, b € T, which omit those ¢ € p.

Multiplying our &-development of the C*°-modular form INE/(_;(S, 0; ") s=r—k—1-1)
together with the expansion G/(2), = N(1)"? Y gcer, CET; . G1) x ep(&2):

(gl X Ek_](}’ — (k —1- 1),6; Cpn))
=N@E) NN CEn ! g) < Y sienN (B!

0KEED, E=51+& By =hxT, bely,
ceOp—p

x NOF152 5 07 @) x @ Wyy [T W (dntanys. k — 1+ 5.5) x ep(Ez)

with the R.H.S. evaluated at the non-positive integer point s = r — (k — / — 1).
FacT: [17, p134]. If B € —N U {0}, then the Whittaker function

—B
_ (P ) P@ 5.
Wy, o p) = -1 : PV ;
(0 ) ;0( Y(] e

in particular, this holds true when y = 4n&,y,, @« = k — [ 4+ s and B = +s as above.
Now calculating the holomorphic projection,

HOl(gl x By(r — (k= 1-1),6; CPH)) = N@ 7Y ocea, YemeCET . G1)
X Yt e s SIEON (DY IN (B D 6+(@) TT, Py (SZquv) x er(£z),

ceOp—p s=r—(k—I—1)

where the polynomial Py(£.,, &) = Y (— 1)’(‘3 )rfr(ﬁl_)]) L ﬁl;k 11)1)52: &l belongs to

the two-variable ring Z[&,,,, &, |.

REMARKS.

(a) Since P (52 Vs Ev)|v =r—(k—I-1)= k =t mod Ev 'Z[EZ,V’ Ev]; there is a congru-
ence [17, equation (5.9)] on the level of £-expansions

Hol(G x Ec(r = (k= 1= 1).6:")) = Y 8i()er(E2) mod N(§)- O[]

0KEET,
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where §,(£) = 6,.(%, G/, k, r, 0) is defined by

Sk(é) = N(?}L)k/z—r—l Z C(El?;l, gl) % (_1)(k—l—1—r)[Ft@] x N(é—z)k—l—l—r

§=61+&
x Y signN(B) T ) NBPED 5 0% (@),
By=hx7, beTy,
ceOp—p

(b) Provided N > /i, then hitting Hol(...) , With the Uj-operator N!-times:

Hol(g, x Biy(r— (k= 1 1), 6; qg"))A

U= ) 8 (p"'&) er(€2) mod N(p)™'.

0KEET,

(c) Lastly, a bare-hands calculation? shows that

5 (0V'e. Grkor0) = (DT S NG x> CET )

pN'E=61+&

< ) (=D signar®) V@ By

By=hx7, beTy,
ceOp—p

x *@N@ "' mod N(p)M'.

An important corollary of (a)—(c) is that whenever (—1)¥~/~1 = 41,
5, (pN!%-’ G k,r, 9) |9:¢n,1wz{ks = (_l)r[F:@]NGA)k/ZPk,e (CN' (5 7l H:t ) )
modulo N (p)"', as each specialisation Py . (([¢])) = i *e ()N @*2 for k > 2.

For convenience, we will abbreviate G; x Ek_;(r —(k—-1-1),0; cp”) by writing
GE. From its definition Hol(Q]NE)Ord = limy_ oo Hol(gﬁ) ’ Uév ! whence

Hol(GE);" = >~ NG lim C(pMET,! , Hol(GE)) x ep(£2)
0kE€T,
by (b) : N -
A Og; Jim &, (p"V'€) ep(£2) atall components A € {1,..., hr}.
€1

The C(pV'g ZA , Hol(gﬁ))’s are Cauchy under the usual p-adic topology, therefore both
the sequences {8,(p™'€)}n=1 and {Py (CV"*(ET, !, Hp)2)}v=1 must also be Cauchy
(via the congruences on the previous page).

Under the diagonal embedding A < @p, _cspecnyz, A/ Prec if @ A-adic sequence
were not Cauchy, it would also fail to be Cauchy modulo some Py, € Spec(A)alg.
The contrapositive of this statement implies {CV ”i@?;l, Hffn,,)x} ~N>1 1s Cauchy; as

>The ((—DFDsign A (Z))(kflfl) term is missing from [17, equation (5.9)]; however, the argument of
Panchiskin is not compromised in any way by its omission. In the A-adic setting, the presence of this
sign term forces a (hypothetical) single “Hyn ” to split into a “+’-part and a ‘—’-part.
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A is complete, this sequence tends to a unique limit ‘Ci({f; , ). say, thereby

establishing assertion (3.1.1) in the process.
To prove (3.1.2), we simply note that if = ="' 2 ke £ 1, then

pn

Hol(g, x B i(r— (k—1— 1),9;cp"))A‘UéV! = > 5 (PVE Gk 0) ep(E2)

0KEET,

= CDPANGI? x Y POV M), er(E)

0KEET,

modulo NV (p)'; taking the limit as N — oo, the L.H.S. tends to Hol(gﬁ)grd whilst the
R.H.S. tends to (= 1) AN (T, /% x 20«5&“ Pro(CE(ET M), Der(E2).

Finally, the spe01a11sat10n of Hp“, at any pomt Prc e Spec(A) with k > r +
[ + 1 coincides with Z Hol(gE)Ord € S,Srd(cp U o /‘e) it follows directly that

P(Hp,, ,) 1s a classical cusp form at a Zariski dense subset of points P € Spec(A),
therefore assertion (3.1.3) is established too.

alg

Proof when r = 0 The argument is exactly the same as for r # 0, except that the
Fourier coefficient 8, (&) = 8.(&, 1, k, 0, 0) requires the addition of the L-value

N@GP 5 27D g9 (1 — (k= 1).6,) x C(ET,". G)

caused by an extra term in Hol(GE) which occurs only at r=0 [16, equation

(5.7)]. Thus, we need to modify the definition of C*(£7, e ), by adding in the
factor

prr

N@G)™ > 271Ha TW271(§£2:-adic(w’7 e )) x C(s7", Gi)

(the p-adic zeta-function {}‘;_adic(wn‘lw;l) merely belongs to @ ® A F{[w]+l}’ which

explains why the family 7, | lives inside S T(c, A) precisely when r = 0). U

pi,r

Recall that for x € GL,(Ap), the trace mapping

cpm /\/lk(cp ,¥) — My(cp™, ¥) sends h(x) — Z V¥ (w Hh(xw).

weW  N\Wepm

The following (twisted) inner product will appear frequently when we calculate special
values for the improved p-adic L-function.

DEFINITION 3.2. For integers N > m > 1, we now introduce a C-bilinear pairing
Vepvon + Se(ep™, ¥r) x Se(ep™, v) — C

by the rule Vepnn (f, h) = /\/(JDN*”’)](/2 ! <f# Trehn (h|J pfv)> .
cp™

As the trace map satisfies Trcpm (h) = (=DFEQEN (pN=m) K2R T o5 UN T cpm, one
has an alternative definition

Vepvon (£ h) = (%, h|UY " Jepn)

cpm'
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Listed below are some basic properties, which shall certainly be required later on.

LEMMA 3.3.
(a) Under V the Up-operator is self-adjoint, i.e. Vepvn(f, h|Up) = Vepvn(f| Uy, h);
(b) if f € Se(ep™, ) andj > 0, then Vepvsin (f , —) = Ve (£ |UL, =)

S(epM )
(c) iffis a p-stabilised newform and h € Sk(cpN’l, 1//), there is an equality

Vepso (£, 0| V,) = N(p)™* x Vepvan (F|UZ, ).

Proof. Because the operation © — |Up |Jcpm’ has the same effect as * — |Jcpm .

(., (| Up) | UY " [ Jepn) = (£%, | UY " | Jepn |U) = (| U*, 0| UY " [ J ).

However, #| Uz = (f] Up)#, so (a) follows from the alternative definition for Vpvm.
Assertion (b) is an easy consequence of (a). It therefore remains to prove (c).

Let us decompose our cusp formash =), c;h \ V4, where the ¢;’s are scalars, each
i € Sk(b,, w) is a primitive eigenform, and the 1deals a;, b; satisfy a;b; |cpN L After
some algebraic manipulation

Vepon (£, 1| Vy) = Z ¢i Vepson (£, 0| Ve | V)
_ ZN N—m k/2 IC, <f# Trcpm( i|Vpa,-|JcpN)>
_ ZN prm k/271Ci< s hi’VPui|JcIJN>

i v

_ ZN(prm)k/Zflci (_1)[F:®]k<f#"lcpl\,’ h| Vpa,->[pN

cpm

- ZN(pN””)kﬂ_lci (=D g, h,~qu,>c x ERU(s, h,)}

where the ratio of convolution L-functions

270 (5, by i L(s, (f#|JCpN)#,h,-|Vpa,) _ ap(t#|JcpN) _ ap(f)

L(s, (f*|Jepv) " 1| V) Npy Ny

Reversing each of the steps in our algebraic manipulations:

ZN(pN m)k/z 1 (= I)F@]k<f#|Jcpx h; |Va,> =

= Z Cj cp’\’ m f h | V ) = chw.m (f, h)

hence, part(c) follows immediately, and so does the lemma. Il

Recall that we fixed the cusp form G, € S/(cp”, n) at the very start of this section;
in addition, one now insists that G; = g,| V', for some cusp form g; € S;(cp’"*l, 17). We

introduce a secondary modular form Fi. . € Sy(cp™, 1//a)12;ke), such that
(1) Fk.e 1s a p-stablised newform;
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(i1) Fi. is ordinary at p; and
(iii) the parallel weight k is strictly greater than /. _
Our aim is to calculate the Fj .-isotypic projection of the family lifting Hol(GE) (note
the specialisation of Hg[,,,,. at Py is a classical HMF with rp(@)-coefﬁcients, and so it
may be paired against Fj . via the composition 7., o r]jl).
THEOREM 3.4. IfH;,. = Hﬁ,,,.(g,, cp”, w) 1S Sord""(c, A) are the Ap-adic HMFs
described in Proposition 3.2, then for all N > nandr € {0, k=1 1}

m s+1-kH -k y k=1 [F:Q]
V[pN,IH(fk,g s Pk,e(Hg:,,,’,)> = (N(Cp )D%) 2 % (W>
(1= v o3 e(p)-|ep (Feo) |2 N o)1)

(1 _ wnflwlz;ke(p)N(p)’a‘”z*k*’))

X

Ué\/—m , g

Jopn1)

’

x ./\f(p)_l/2 X ’D(s, Fre

s=Il+r
where the sign % is chosen to satisfy the parity condition (—1)*~'=1 = £1.

Proof. Again abbreviating Ex_;(r — (k — [ — 1), yn '} ¥e; ¢p”) simply by Ex_y,
we know from Proposition 3.1 that Viyvn (]—'kf ,Pkye(H;t”’,l)) must coincide with

Vephan (]—'k,e , Hol(g|V}, x Ek_/)ord>. One now appeals to the following identity:
LEMMA 3.5. If g; € S;(cp” ', n) and 6 = yn~'wy e # 1, then

HOl(g[| Vp X Ek,/)ord
= Hol(g/|Vy x Ext)”™ — 0* ()N () "~'~" x Hol(g, x Ex_;)*"

Vy .

(In order not to interrupt the exposition, we defer its proof to Appendix A.)
Observe that G; = g,] V, and the form Fj . is p-ordinary; as a corollary

Veptr (‘7:"’E ’Pkf(H;b",r)) = Viphom (J:k,e , Hol(G; x Ek_,))
= O N X Vepn (]: ke » Hol(g; x Ekfl)ord) Vp).

The computation neatly subdivides into two separate problems.

Case I - Calculating Vv (]—"k,e , Hol(G; x Ek,l)):
First settingh:= G- Ex_; € SX(cp”, Yoy “€), we have

Ve (Fie + Hol(h)) = A/ (pY—)2" ( FE Trﬁ';ﬁ(Hol(h)|Jcp,V)>cpm

N (M) P HEE . HoOlm)] o)

Vo

upon using the standard identity — |, Je,v = ./\/(p]\’*”)k/2 X (= [ epr |, Vorr).
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Decomposing Hol(h)\J = D cihf| V4, into a finite sum of primitive eigenforms (c.f.

the proof of Lemma 3.3), the exact same method shows that

(Fee W Va Vovs) o L(s, Fie . Wi| Vi)
(FF L | Ve,) ~L(s, Fre, hi|Va)

k,e

Qp (-7:k,e)N_”
s=k N(pN—n)k

p N

and consequently,

vcp,v,m<fk,€ ,Hol(h)) = N(p)" VO ><<fsze

N—n
UN~", Hol(h)

J, )
P | v

REMARKS
(a) Recall from Section 1, the Eisenstein series Ey_;, I]_g_ I K,(f,_ , are related by

Ek,I(S —k+1,0; cp”)

Tepr AD(s) x LY (s =k +1; O, Or; 6)

Jepr
_ A}”(s) « N(cp"bz)ﬁli%
xI)_,(s —k+1; cp”, Op; ),
where the complex factor Al (s) = = 4,,2;{2?;;?,%7fg;g;gﬁiﬂ,k,,).
(b) Tt follows that if = ¥y~ w2 *e # 1, then

Vepo (Fioe » Holw)) = N (p)" 7% o (7 |UN", b| )

cpN
ZN(p)m—N+(n—M)§ « A;})(S) « N(cpnaz)s—kl—%
< (FE U Gl (s = K+ Licp”, O 6))

cpV
with the R.H.S. evaluated at the critical point s =+ r.
(c) Lastly, the inner products at level ¢p” can be shrunk down to level cp” via
# N—n _ Voo (T (cp™)\pI ) " Nen
< (fk'e)x ’Up T .>cpN B voo(FA(cp”)\h[Fi@]) x < (}—k’f)x )Up T )cp"
_ N—n H N—n
= NG (), U )p
Note the Haar measure [18, 2.31] of a fundamental domain for T'; (n) is precisely
: _iF- « 277! _
voo (MNP ) = 27 D020 07, (07)'] N [T (1 +N@™).
qin
Conclusion: In summary, we have so far established
—my(E— =
Veprn (fk,e ,Hol(h)) = N ()" G 5 AD (4 1) x N (ep0?)
x(FE N UN, Gilepe - Wi = (k= 1= 1); <", O 9)>cp”

which holds true for all integers r contained within the strip0 <r <k —/—1.
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We now exploit the following three key identities:
BA1) Gl T = N (P x Gi|Tepn
(3.42) 99, f.g) = AP(s) x <f# gx K0 (s—k+1; ", OF; 9))@”
with the choice of T'-factor AP (s) = /Dy x T'(s — [ + 1)[FQ x g ~1F:Qs
(3.4.3) For coprime Op-ideals a, b: D (s, f|Va, gVs) = N(ab)™ - D(s, f|Us, g| Ua).

Vpn—m N

Applying the above sequentially,

Vepson (Fie » Holtw)) ™ & n (o) AD (141 v (apo?)

(NG e | Ve W= (= 1= 1) 8", O 6)

cp”

P N ) AR ) M)
x AP+ DO (141 Foe [UYT Gilepn| Vi)
ME N )T AR ) W (@)
x AP () N ) 9O (1 Fil [UN Gl ).
Cleaning up these extraneous factors, one arrives at the formula
(3.4.4) vcpw,m(fk,g . Hol(¢s x Ek,,))
AD(1+7)

= N(cp"o? "H_%x
(p ) Ag)(l—i—r)

x DO (141, Fee |UYT, Glepn).

Lastly, the fact that G;|Jepn = g/ Vp|Jepn = N(p)™? x gj|Jepn-1 implies

chNvm(]:k,e , HOl(gl X Ek—l))

1=kt AD (11 _ _
= N(cpmtﬁ)’* i A;)El-‘rl‘; N(p) . Q(C) (l-‘r T, fk,e |Uév ", g[|.]cpm—1>

and the calculation in Case I is complete.

(To deal with the second part of the computation, we will apply some formulae
derived in Lemma 3.3; this case is non-empty precisely when Wn_‘a)lz{ke (p) #0.)

. ei—r d
Case II - Calculating 6*(p)A ()17 x Vepin (fk,e Hol(g; x Bx_;)” ‘ Vp):
Exploiting the properties of our V-pairing,

rd
chNﬂl (]:k,é 3 Hol(gl x Ek71)0 ‘Vp)

IO A () F X Veprn (fk,é

U, , Hol(g, x Ek,,)ord)
= N @y x Vepro (Fre . Hol(g, x Ee)™)

as Fr. €

Sord
=" N(p)_k Olp(]:k,g) X chw.m (fk,e s Hol(g, X Ekfl)).
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We can now reduce most of Case II to the same computation outlined in Case I, by
exploiting equation (3.4.4) and replacing G; with g; throughout — this yields

(3.4.4) Vepro( Fi. . Hol(g, x Ex1))

kel Oy
= W S 5 U )

On the other hand, g;|Jcp» = N(p)/? x g;|Jcpn-1 |V, whence
DO (s, Fee |UY ™, gl ) = N@2 x D (s, Foe [UF, gylJopn 1| V3)

by (2.4.3) p(Fr.e) . .
Y= N@)R 1/(_]:; % D >(S’ Fre |UéV , g,|Jcpm71)

and we therefore obtain

2 . ap(j:/c,e)
N(p)l-H‘

chN,m (Fk,e , HOl(gl X Ek_l)ord‘ Vp) = N(p)*k Oép(]:k,e) X N(P)l/
X i)(c)(1+r, Fh.e \U;V*m, g1|Jcan) .

As a direct consequence, one easily deduces that
s d
0" (PN B x Vepn (Fie . Hol(g, x Exi)™ |V

2 .N(p)—(l+l+2r) % /\/(cp’”az)ﬂrl_%

= 0(p) - e (i)
Ag)(l+ r)

_— —1/2 (c) N—m
X A(Fz)(l+r) x N(p)™" xD (l+r, Fre [UY, g[|Jcp,,,,l>

which means the calculation in Case II is also complete.
Finally, it is a tedious but straightforward exercise to verify that the ratio

0] i _ i1~ [F:Q]
Ap (1 +7) _ (2—(k—l+1)n.l—1l~k—1) Fa (2 Fox ! )
AD(1+7) (=27 )
The theorem follows immediately upon combining Cases I and II together. O

4. Constructing the ‘Improved’ p-adic L-function. The deformation theory ideas
in [7,15] (for F = Q and F C R, respectively) carry over well to Rankin L-functions.
We shall examine in detail some useful consequences of the p-stabilised newform Fj .
varying inside an analytic family.

Let us now assume the cusp form g; is a primitive HMF of character 7, of parallel
weight / > 0, and whose conductor n(g;) has tame part n(g,;), i.e. n(g,) +p = Of. In
addition, suppose that the Hecke polynomial of g; at p factorises (over C) into

X2 = Clp, g)X +n* (N = (X — ap(g) x (X — Bo(g).
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Following the notation of [15, Section 5.1], one defines

0

g = g — Bp(g) x gl| Ve € S;(n(g,)p, 77)

and similarly,
g = g —ap(g) x g |V, € Sin(g)p*,n)
(of course, these definitions depend on how we labelled the roots oy (g;), By (g))-

LEMMA 4.1. Considering the four Hilbert cusp forms g?o, g?, g, gf in tandem, their
Rankin convolutions are related by the formulae

@ (s Ficl U™, g epnr)

= _o(2) o N |
B (1 O‘p(fk,e)N(p) )X@(Sv Fre|Up ,g,|Jcpm,l>,

) D(s Fee UF ™, &)

— Bp(g)) " o |
B (1 - ap(]‘—k,g)N(p) ) X Q(Sv Fie|UYT™, g,|Jcp,,,_,>’
N—m cpmfl %*S /
(C) @(S, fk,E|UP ’ g1|JCpm—l) = N( n(g) ) . w'(gl) . C(n(fk,g) , :/‘Ek,e)
/

X ot (]_.k’E)N—l—ordpn(g/) . @(S, ]—'k‘€ , g#)

Here, we have written n(F; ) to denote the prime-to-p part of the level of F; ., and
have fixed the Op-ideal ¢ := n(Fj ) x n(g;) which is clearly coprime to p.

REMARK. The two Euler factors occurring in (a) and (b) vanish at s =/, under the
special circumstances that o(g;) = ap(Fr) and Bp(g)) = ap(Fr) respectively. In
particular, if s =/=1 and Fj . is the weight k£ = 2 newform associated to a split
multiplicative elliptic curve defined over F, then we are in the precise situation covered
by the generalised Mazur—Tate-Teitelbaum conjecture.

Indeed, the vanishing of these rather innocuous Euler factors (when viewed as rigid
analytic functions over the weight-space), turns out to be the main building block in
deriving the exceptional zero formula.

The cautious reader will have spotted if the quantity C (n(]:k,e)’, ]—"k,é) is zero, then
the above lemma represents none other than the formula ‘0 = 0’ three times. To guard
against this eventuality, let us henceforth assume

HYPOTHESIS (5s). The Fourier coefficients C(n(F.c)', Fi.e) # 0.
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Proof of Lemma 4.1. To show (a), we exploit the following basic identities
D(s, —, 8" | Jepn1) = D(s, —, 8| Jepn1) — () D(s, — ., & |Ve|Jepn1)
= N®"-D(s, — g [Jepn2|Vy) — ap@N®) - D(s, —, &) |Tepn2)

- N/ (1 %N(p)”) D(s. — . gl V3)

_ _M s—1) . _ 0 l
= (1 ap(fk,g)N(p) ) D(s, —, g |[Jepn1)

which can be deduced from equations (3.4.1) and (3.4.3). Part (b) follows similarly.
To establish statement (c), one already knows that

cpm—l 12
Jc m-1 = N( ) xXg
’ n(g) :

Cpn171 /2
=N< ) o X #‘chf,
n(g) () < &7 |Veprs

Vot

n(gy)

g In(g)

where @ (g;) denoted the pseudo-eigenvalue under Shimura’s J-operator; however,
o) (s, Fiee|UY™ g V) = ap(Fro)" T C(n(Fre)s Fre)
n(gy)

Cpm_l - N—m #
XN(n(g,)) X Q(s, Fie| U} ,g,)

upon using (3.4.3) again, which implies (¢) must also be true. O

We now shift attention to gluing this information together along points of Spec(A).
Choose any finite extension [ of the algebra Ar which is integrally closed in Q,,,
and write O =1 N Q,. Let Az : h°(n(F), O) ®,, | — I denote the homomorphism
corresponding to an I-adic cusp form F € S°¢ (n(]—' ), I]); in particular, one knows each
specialisation P(F) is classical at points P € Spec(1)*2 by applying [10, 4.21].
Moreover, if Az is a primitive homomorphism, then the localisation [p is étale
over Ag p,. where P‘ Ar = Py ; in fact, every specialisation P(F) will then be the
&-expansion of a p-stabilised newform Fy . = P(F) of tame level n(Fy ) = n(F).

Using [9, Corollary 3.7], one obtains a decomposition
b (n(F), 0)®A, O = O @ B

into a direct sum of algebras, and projection to the first factor is induced by A . Under
the diagonal mapping

diag : b (n(F), O) @, 1 —> 1 & pry(h™(n(F), 0) @4, 1),
the cokernel is (by definition) the congruence module ‘Cy(Ax)’ introduced in [9]; it
detects mod P congruences between pairs Az, Az, : h™(n(F), O)®a, 1 — . Ina

similar vein, the differential module Ci(Ax) := Qlllord /1 Onerd [ measures the failure of
the component in h®(n(F), O) containing A x, to be étale over Af.
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Hida has shown [9, Corollary 3.8] both Cy(rz) and Ci(Az) are torsion [-
modules, with the supp;(Co(rr)) = suppy(Ci(rr)). In addition, Q}lord /1 Onerd (1/P) =
0 at all points P € Spec(l)¥¢ since the specialisations [p were étale over Agp, ..
As a corollary, the idempotent cutting out the first factor in the decomposition
hord (n(]—"), (’)) ®nr O = Q1 ® B can only have poles at non-arithmetic points.

REMARK. Defining Ty = {ideal pairs (a, b) with n(g;) C ab and b # n(g,)/},
clearly there is an injection

T =®apVa: @ SM(n(F)b,1) < the old part of S°(c,[)

(@,b)exE

because the action of the V,’s extends [-adically (provided a is coprime to pn(F)).
Under the isomorphism S°™(c, [) = Hom,, (hord(c, 0), I]), its dual 7* induces

O & B
[

h(c. 0) ®a, O == EPh™(n(F)b, O) ®a, O = b (n(F). O) ®4, O,

(a,b)exg
where ‘proj” maps down to the summand involving the ideal pair (a, b) = (OF, OF).
The composition Az o proj o 7* : hord(c, O) ®n, Q1 —> O factorises through a Hecke
algebra at level n(F) - p°, so is imprimitive as an [-algebra homomorphism (in fact the
P(F)’s will be oldforms at level ¢ = n(F)'n(g;)’ because n(g;)’ # OF).

The corresponding idempotent 75 € h°rd(c, (’)) ®a, Q1 cuts out the F-isotypic
component from the old part of S°(c, ), and has no poles lying along Spec(l)*!2.
Extending the perfect pairing [—, —]c; : h°(c, ©) x S(c, I) —> [ over Frac(l), we
now determine the image of [15 , ijs[".r]c,u € (Qy at its arithmetic specialisations.

DEFINITION 4.2. For all algebraic points P € Spec(l)*® satisfying P|, = Py, let
us denote the [-adic period associated to A at P by
C(n(j:k,e)/a Fk,e)
: Ao\ [F:Q
Dk (2. 1‘—’”)[ ]

Qﬂ()\,}', P) = . ap (-Fk,g)mil .N(pm)lfk/z .

ch”’vm («7:/(,6 > ]:k,e) ’

where the eigenform F; . = P(F), and the integer m > ord,n(Fy ).
To see why this quantity is independent of m, it is enough to show for j > 0 that

1-k/2

ch”’*/'-’”*f (]:k,e > fk,e) = N(P/) X vcp’"v’" (]:k,e | U{: s fk,e)

which we leave as an exercise for the reader.

The periods Qu(kf, P) themselves are algebraic numbers; they are error terms
measuring discrepancies between the l-adic deformation of the automorphic period,
and the original value (.7-'/(,6 ,]-'k,é). Not only do they appear in the two-variable p-
adic L-function (interpolating critical values of the whole family ), but also in the
one-variable L-functions interpolating F at a single fixed value s =/ + r.
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PROPOSITION 4.3. If P € Spec(1)* with P|AF = Pr.andr € {0, o k—=1— 1}, then
each specialisation P([tf , H;tn!,.(g1| Ve, ep", ¥)e1) is equal to

k=1

r+1—"52
(N(Cp'")D§> + (1 — Y~ lw% ke( ) |ap (-7:k 6)| N(p) (I42r+1) )
X
N ()P N (pm) T2 (1 — ynwd e (p)- N(p)—(/+zr+z_k))

Dk - @(3r. P) @(1+r, Fio UV g Jc,,mfl)
X
C(Fie) Fre) (= 2mi) M. (fk,e ,fk,e>

X ap (fkqe)l_N X

n(Fe)

where again the sign + is chosen so that (—1)==1 = £1.

Proof. The majority of the hard work was done in Section 3 (in particular, Theorem
3.4). We first remark that the pairing [¢+ , —].| respects specialisation along Spec(l)'¢;
namely, at such arithmetic primes P, one has P([tr , H].1) = [tpcr) » P(H)]cp~, 0 under
the Qp-extension of the duality

[— ]pwo B (ep™, €;0) x S (ep™, e, 0) — O.

Here, tpr) € h,‘zrd(cp"o, €; Qo[e]) denotes the Hecke idempotent which decomposes
h™(ep>, €; Qole]) = Qole] & B, where projection to the first factor is Az, , o proj. It
follows directly that

(Fie s Prc (Hn.r) ep)
+ _ + — i
P<[t]: ’ Hpn’r]c‘”> o I:ZP(F) ’ qué(Hp”’r):ICPm,O N <]:1?,6 ) fk,é’Jcpf >Cp1\r

provided the integer N is chosen sufficiently large.

Ensuring N > n > m > 1, this last ratio can be rewritten in terms of V via

+ _ V ’\/m(]:ke Pke(Hpn ))
(l:t]: ’ H ] ) - V(p/\,,m (.7:;(,5 ,f/“)
by 3.3(b) Ve pNom (]:k,e qu.e(thv,))
B Ve (P Fie)

Plugging in the Definition 4.2 (which relates Veymn (Fi.e , Fi.c) with Qi(Ar, P)) then
after some easy algebra, one deduces

Dk . (k. 1k [F:Q] ~ ~
Pl 75.00) = gy % o)

Qi(rr, P)
X—
<]:k,e ’ ]:k,e)

X chwm(}—kg ,P/CG(HPH ))

(Fee)

Now using Theorem 3.4 to evaluate Vynvm (]—"k,e , Pk,e(Hpin’,.)), the result follows. |
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It makes sense to shorten some of our notations; we shall introduce
H;,, i )]
H) = M, (20| Vo 0", ¥)
and  HEY = HE, .(g?°| V. cpl, I//).
HE

The following summarises the delicate effect switching amongst H:
on the specialisations of [£z , —].; at arithmetic primes.

COROLLARY 4.4. If P € Spec(1)“ with P|AF = Py and (=171 = £1, then

@ P([ir . H5),,) = O—l@@LN@ﬂpr””ﬁmw%

+,00
prrs Hlpi, ,,Hpn - has

(fke)
+.,0 _ Bp(g)) ;
0 P([tr H55),,) = (1_apsze) N(p)>xp([zf Hi )
v N(@)" "N o)
() P([tf,H.i,r]c,u) = Dyt j\/l(c)k/z 1 'ap(j__kyé)o/rdpn(g[)

(1 — el Fe(p) - o (Fre) 2, .N(p)—(/+zr+1)>
( — Y~ twp Fe(p) N(p) (2= k))
O(1+n Fie, gf)

(_2 )(1 HF:Q] <‘7__kE ,.f'ke>

X

x Q(rz, P) x

“(fk,e)

Proof. To show (c), one combines Proposition 4.3 with the formula in Lemma

4.1(c). To establish (b), one simply combines Proposition 4.3 for Hpn‘ with
Lemma 4.1(b). Lastly, to prove (a), one combines Proposition 4.3 for H;[”,O,O with
Lemma 4.1(a). ]

The final task in Section 4 is to interpret these results in a rigid-analytic context.
A crucial feature of the deformation rings we have been considering is that their
localisations at arithmetic primes tend to be unramified over the weight algebra.
Consequently, in some local neighbourhood, they behave like affinoid Qp-algebras;
the underlying Galois representations also interpolate seamlessly over such rings. Fix a
base weight ko > 2 and character ;. Write R for the subring of Q,[w — ko] consisting
of formal power series with positive radius of convergence about kj.

The natural homomorphism Py, o, : Ar —> R, sending an element ([[]) to the
power series representing w — €o([(])(I) 7~ ko extends uniquely to give a mapping 73/(0,5(, :
[p— R; this follows because R is Henselian, and the localisation [p is étale over
AF,p,,., Where Plies over Py, ,. Hitting the §-expansion of 7 with the Mellin transform
73/%50, one may view its Fourier coefficients as rigid-analytic functions convergent on
some closed p-adic disk ‘Uy, ¢, (centred at the point w = ko).

NOTATION. We also write F (w) for the image of the family F under 73;(0,60, so that

Fk) = Frey € STM(FW™, yorreo) at all weights k € Uy, ¢, N Zs2,
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where Y indicates the tame character associated to ,g : hord(n(}"), (9) ®pp Il — L
Similarly, one denotes by ay(F, w) the power series interpolating k +— op(Fi ;).

DEFINITION 4.5. For a fixed pair (ko, €9) with ko > [, and choosing 4 = (—1)f~/~1
let us define functions on Uy, ., by

M L (F) = DN x P ([ 1)
) Lo (For) = D2 NG x Pl ([17 . 7], )
i) Ly (For) = DEENGT x Pa ([t 15, ),) -

Noteif r # 0, then Ll(,ogi o L/(»O ,)CO ., and L;“}cp , are analytic functions on U, ¢, as each of

HED HES 7-[i . live in the space of A-adic cusp forms Sord(c, A F). However, if r = 0,

ptr pr
:hen L;ol)w o(F, 0) and L;n}z ., (¥, 0) might inherit simple poles, due to the constant
erm

27[F:@] X TWZ—/ <€1(~“f1)1—adic (wnilw;]))

associated to the A-adic family {Ek 10, 6; cp’)}keu “ . Since the zeta-functions g( )(1 —

k=10, Gp) can only exhibit a pole where k — / = 0 and we know ky > /, there exists
a (possibly smaller) neighbourhood U _~C Uy, ¢, upon which each of the functions

(0) L. .
L, (F.0)and L;“}('f) ¢ (F.0) is rigid-analytic.

(Observe the function L(OO) (}' r) is rigid-analytic on Uy, ¢, even if r equals 0;

in fact, the addmonal term 2 [F a (c)( —(k=1),6,) x C(ET,", (2V;,)°) in the
g-expansion of H; P 0 is identically zero, because g,°| V, is killed by the U,-operator
whence (Y|, )Ord 0.)

THEOREM 4.6.
(a) Ifap(g/) # ap(fko.fo) a}’ld pr(g[) ?é ap(fko,eo)) then

L (£ _ (1 _ap(g) ) _ (1 By(g)) )
ko 60( ) w=ky O‘p(]:koyfo) O‘p(]:ko c)
XL;“}(I; “ (7.0) :

w=k0

(b) if ap(g)) = ap(Fiy,e) Dut Bp(g)) # p(Fiy.eo), then as w — kg inside of Uy, ,, the
order,,—x, (L(OO) (F. 0)) > 1 and

'p.ko.€o

d L

L (.0 (7.0)

5
kao

M X (1 pr(gl) ) « L 1mp

- k
w=ky ap(]:ko,éo) a)ﬂ(]:ko Eo) Pl
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(c) if both ay(g)) = By(g)) = op(Fiy,e), then again allowing w — ko inside Uy, ,,
the order ,—, (L(OO) (F, 0)) > 2 and

'p.ko, €0
o (SEY e
oty (Fo.en) i koseo I

¢ LY (F,0
w p.koﬁéo( ’ )

w=k0 w=k[)

Proof. By the first two parts in Corollary 4.4, for P € Spec(l)*2 with P | a = Proe

+.,00 _ ay(g)) Bp(g))
e 7e81) = (1-a) (1) Pl 7al)

Thus, assertion (a) follows immediately from Definition 4.5.
To establish statement (b), if we restrict to p-adic weights w € Uy, then

~ +,00 by 4.4(a) o (Fy ) ~ +0
Pl‘“’e"([tf ’Hp”,O]c,ﬂ) N (1 ap(F, w)) . 7)]“]’E‘J([ZJT ’Hp"*‘)]c,”)

Qp (]:"0-50)

Furthermore, the analytic function Y(w) = 1 — 0 )

admits the Taylor series

o} (F, ko)

0
T =0 —k _
(w) X (w 0) + w (Froc) X

(w-— ko)1 + 0((w — ko)2>;

since Y (w) has a zero of order > 1 at w = ky, the second part of our theorem is a direct
consequence of the value for the linear term above.
Finally, to show (c) once more, we restrict to those w € Uks.eo’ in which case

~ by 4.4(a,b Ay (Fkp.ey) 2 ~
Pko,eo([tf ’H;‘:’;%O]C,O y4é(a ) (1 - %) X Pko,éo([tf ’HIZJ‘:”,O]c,U)'

o, (F ko)
Ap (]:kOAeO)

2
Clearly, Y(w)? has a zero of order > 2 at w = ko with quadratic term ( ) , and

the truth of assertion (c) is now evident.

5. Measures associated to two-variable deformations. We consider the same
scenario as the previous two sections. Again, the primitive homomorphism Ax :
h°™(n(F), O) ®a, | — [ corresponds to an -adic cusp form F e $(n(F), [), and
P e Spec(l)¥'2 ranges over the arithmetic specialisations. In due course, we will insist
that the primitive cusp form g, has parallel weight one; however, for the initial discussion
we can allow g, to be of positive weight (/, ..., /).

It is worthwhile to remind the reader of the running assumption we made:
HYPOTHESIS (ss). The Fourier coefficients C(n(F), P(F)) are all non-zero.

In particular, the periods (A 7, P) are non-vanishing at every P € Spec(l)¥2.

In Section 4, we showed that pairing the idempotent 7+ with the family Hﬁ,.
produced a rigid analytic function, convergent on some p-adic neighbourhood Uy, ,
of w =ky. We now wish to introduce a second cyclotomic variable, ‘s’ say, to
the deformation; the resulting two-variable power series will be analytic for all
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(s, w) € Z, x Uy, ¢,, and will satisfy a functional equation along its line of symmetry
s=w/2.

REMARKS.
(i) Those elements x € Homeon (Gal(F®/F), C) of finite order can be identified
with Hecke characters over F, via the sequence of maps

—1
T, —x

QS X,

Ar B Gal(F*/F) 5 1,(@°) 2>
where the symbol ‘CFT’ denotes the homomorphism of global class field
theory. We shall frequently jump between finite order Hecke characters x, and
elements of the dual group Homeen (Gal(F**/F), C), . without any change
in notation.

(ii) The maximal abelian extension @ of @ is certainly contained inside of F2b;
one denotes by NV'x, € Homeon (Gal(F*°/F), Cx) the mapping induced by

tors’

Gal(F®/F) 5 Gal@®/F) — Gal@®/Q) = [] z; - z; — C}.

primes 1

(iii) The special characters of the form y - N xf, where yx has finite order and j € Z,
are p-adically dense inside Homeon (Gal(F*°/F), C).
Rather than considering all characters of Gal(F®®/F), let us instead restrict to the
cyclotomic part Fy, := U, F(i»). Its Galois group is an open subgroup of Z5,

ie. X, = Gal(Fx/F) = Gal(Fx/F),. x (1+pZ,)

tors

thence, the torsion subgroup of &), r above is finite, and of cardinality dividing p — 1
(finite order characters of X, r correspond to characters of the ideal group over F
whose conductors are powers of p = p - OF).

DEFINITION 5.1. For r > 0, we define $°(c, A)-valued distributions du* = d/fgbhr
on the p-adic Lie group &), r by

/ X (0 -dpit 0 = 15 (@ @ 0|V 0, v),
XEXFAF

where the integer 7 >> 0, and the homomorphisms x € Hom(&, r , C))

tors”

PROPOSITION 5.2.
(a) Each distribution d/fgthr is a bounded measure on X, p;
(b) the measures d,ug,,. are uniquely determined by the data in Definition 5.1,

(c) for all r = 0, we have relations d,ug,,. = (—=1)TFQN(p) x (pr)r . d,u;().

Proof. Let us begin with some brief observations, concerning the twist of the cusp

form g by an element x € Homeon (&), £ . C)),ors Of conductor p'r, say.

(5.2.1) The (twisted) Hecke eigenform g{° ®  is killed by the Uy-operator;
(5.2.2) (g)° ® x)|V, belongs to S;(n(g)p™ax22} px2) ‘ (1 = limy_ o U{)V!);
(52.3) C(£7,', g2 ® x) = 0 for all elements £ >> 0 such that & € p.
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It follows that if the integer r = 0, there is no need to adjust the &-expansion of
H, 0((g ® x)IVy, cp”, ¥) by the additional factor

N 27 T (64 e (W~ 07 x 7)) x C(657 (2 @ x| 13)™)

because by (5.2.2) above, this term is identically zero anyway.
We now abbreviate the A-adic form an,,.((g ® XV, cp”, ¥) with Hi (X).
Quoting verbatim from its definition (c.f. the demonstration of Proposition 3.1),

(), = T 3 gim (M H ), ) enen)

0<<§€l/

at all components A € {1, ..., izF}, where each &-coefficient was the A-adic limit of
e i(stk ’ p’l('p)A = NG xEpvemeie C(a?;l’ (g ®x)| VF‘)

o (D i B) N T < (o 12 @ N @' ()

CEOF—p

To prove 5.2(a)—(c), it is enough to prove analogous statements for the distributions
associated to each coefficient CV"*(£7, !, H ey =00y then take the limit as N — oco. The
following facts are deduced from (5.2.1-3), and also from the rules of twisting:

(5.2.4) if x #1, then g)° ® x coincides with g; ® x;
(5.2.5) if x # 1, then C(§7,', (g)° ® )| Vy) = x*(p7'67,") - C(p™'67, ", g));

o 1 00 _fcEr ] g) ifEep & ¢y’
(5.2.6) if x =1, then C(£7, . (gl ® D|V};) = { 0 otherwise.

For instance, one can easily see that C(&T;l, (g?o ® x)| Vp) =0 unless & € p — p>,
irrespective of whether x is the trivial character or not. As a consequence, most of the

terms we are summing over in the expression defining CV* i(é i, H;[n(,)() ) , are equal

to zero; in fact, we only need to sum over totally positive £, & € p — p.

Exploiting the identities (5.2.5) and (5.2.6), one obtains the tidier expression

M HGY) = N X 0 ET) - CET 8

p+;‘c:!:01.
X Sa e e (— DFDsignN (vB)) * N (@B ) (' x) @ N - (@)

ceOp—p

after performing the twin substitutions & = p~'&; and &, = p~'&,.

Clearly, x*(¢]7,") = x* (&) = X*@'ﬁ;l) as x has p-power conductor, thus the
preceding quantity equals

N(p) Z (Sm— ,gz) Z EN!,:l:(b’ c) . X*(?_IZ7;1)N(?_IZ7;1)r . ([E])
p -1 =t 18 szjxﬁ, pbet,
p+E/=0F ceOrp—p
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JURNEE:!
where EME(b, ¢) = N(H)™! x ((—1)[F:@] : signN(pb)) T x (Y ) @ NE' will
be p-integral, and independent of both r and the ideal character x*.

At every component A, one can define a distribution dv’;"* = dv (&, HE, ) on
X, r through the integrals fxeX LX) dv¥F () = CVE(ET ﬁlf,?())k. Then, to
establish (a),(b) and (c) hold for the §°(c, A)-valued distributions dy; ,, we reduce

the problem to showing similar properties hold for each of the va g,

(a) The boundedness of dv,,’ X’ : Identifying &, r with an open subgroup of ZX, pick
any neighbourhood e + p'Z, C X, r where ged(e, p) = 1 and the integer ¢ > 0. The
characteristic function of e 4+ p’Z,, can be written as a summation

1
charesyz, () = o X Yo x lex)

—1
_pt .
x:(Z/p'Z)*—C,

whence
NiL+ 1 N
f WE = Neyr Y CEre) Y BN o)
xee+p’Z pN=le—g! 1/ Bl =bxT, pbeT,
=175 2= eI
p+E/=0p ceOr—p

1 1 s NP
X YRRy X Z X_l(e)x*(c lbl)t]) N(C lblkl) ([Z’])
P x:(Z[p'2)*—C;

The bracketed term equals 1 or 0, depending on whether the image (under CFT) of
the idele associated to ¢ lbtk coincides with e modulo p’. Defining the constant

dy = dy(g,r.2) = ]N(p)]p x rggg‘c(ﬁ; "g/)’p er

we conclude that ||

xem,zpduf;i(x) ed! Apforallé, Aand e+ p'Z, C X, .

(b) The uniqueness of dvz\!‘i: Itis a standard fact that a bounded measure is completely
determined by the integrals [ x(x) - dv(x) at finite order characters x, which means
there is nothing to prove here.

(c) Tate twisting dvﬁ!f by ~(/\f xp)'s Replacing x(x) instead with x(x)- (Nx,) is
equivalent to sending x*(¢7'67, ') > x*(¢7'b7,") - N'(¢7'bF;") in our expression for

CNE (g7, 1, Hfj,‘,(,?()) .- After some simple algebra, one deduces

/ x(x)-dvi ) = N(p)x/ XNx) - dvV ()
xekXy r xekXy, r

so that du;ﬂrl = (=DIFCIN(p) x (NVx,) - du . The result follows by induction. [J

The preparatory work is over. We can now define a two-variable p-adic L-function?
interpolating the standard versions of Panchiskin et al [2,5, 16, 17] over Spec(l).

3In fact, our two-variable L-function on [Uk0 ¢ X £, is the rigid-analytic image, for the weight (/, ..., )}
branch, of the element D € I®xJ described in [8, Theorem 5.1] up to some normalisations, of course.
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Again fix a base weight ko > 2 and character €. Recall from the previous section, the
Mellin transform Py, , extended the mapping sending ([l]) to the Iwasawa function
representing w — € ([[]) Yoo o and converged on the disk Uy, ¢, C Z,.

DEFINITION 5.3. For a finite order character x of p-power conductor, one defines

Ly koeo (F. 810 x5 w,5) = ﬁko.fo ®id ([

A EXp,F

W) X () [ er, i o] ")

under the proviso the weight variable w € Uy, ¢,, the cyclotomic variable s € Z,, and
the sign satisfies 1 = (—1)%~/~1,

Does this formula actually make sense?

First note that d“j«;,o is a bounded measure on X, y with values in S°4(c, A),
therefore pairing it with ¢ yields a measure (on A, r) taking values in [ ® Z[l /p].
We can certainly integrate special characters of the form (./\/ xp)‘v_l x (x) against it; the

resulting integral of this function belongs to the affinoid algebra ﬂ@o@p {(s). Lastly the
Mellin transform induces

Proe ®id : 180D, ((s) —> { fe@,(w, s) ‘ f is rigid-analytic on Uy, ¢, x z,,}

so the answer is yes, this formula does make sense.

REMARK. The construction of the one-variable p-adic L-function is entirely similar.
One instead performs the integration

L, (fi. g, x55) = /X W) ™ x(x) - dgn(x) € Qp{is).

Pan

where ‘d,u 00’ denotes the bounded p-adic measure in [16, 17], interpolating the
algebraic part of@(s, fi, g)° ® x) atits critical points s = /..., k — 1.
THEOREM 5.4. For all integers k > 2 satisfying k € Uy, ¢, withk = ko (mod 2), and
at all critical twists r € {0, k=1 1}.'
Lp,ko,eo (j;v’ g, X k, l+}") — (_l)r[F:@] . D%r+2+l % n*(pfx,r) X w—(g])

i} N r+lf%
x (xop")" (n(g)) - M x Qi(Ar, P) x Euly(k,[,r)

N (n(F) !
-1
teor ) NE) o147 Fia o g ® (xer) )
wB)” () T (R R
€0

where xwy" has conductor pixr say, while the modified p-Euler factor is given by
Euly (k.1 7) = (1= xoi (7525 N6Y) (1 - xor ()25 M)

(et
X

(1*1077“ X202 ke (p)-j\/(p)—(/+2r+2—k))

2 'N(p)—(l+2r+1)>
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Proof. We begin by pointing out that the constraint k = ko (mod 2)
implies the parity condition +1 = (—=1)%~/=1 = (=1)*~/~! holds true, at all such
integers k. Focusing on the value s=1/+r, the two-variable p-adic L-function
satisfies

Lp,ko&o(}-’ g, xsw, [+ r) = ﬁko’eo (fxeXp,F(NxI’)er;r(x) ' [tf’ dM;O(X)]c ”)

by 4.2(c)
a cl

(_l)r[F:@]N(p)fr X 73/(0,60 <fxe/1’[,.,; X(,();’(X) : I:t]:a d/"“:g‘j,)(x)] )

PE (LTI () x By <[ff (80 @ xor) Ve v )] )

cl

and furthermore,

cl

el o)
w=k

r

N(n(g/)‘pzu,,.)1/z+,.N(p)
i
w (g/®)(a);r) - ()Lf,P) X D <1+r, Fey (g1®Xw;l')#)

)ordp (“(g[)vpzuyr) (_Z”i)(liw:@]'(fkv‘o fk-f())

by 4.4(a,b, i
y44@.b.o) D%’HH x Euly(k, [, r) x

Fp (Fk*‘0 "(‘Fk,fo)

However (through some low-brow computation), one finds that

() = (g ® xoi") = n*(p) - (xor") (n(g) - T(xeor")" - N (ph) ' x & (g);
(i) NV (n(g))*" x N2 = N(n(g))""" 7 x N(n() ™
The theorem follows upon plugging these two identities into the expression for
Ly ko.eo F. 8 x5 w, [+ 1)‘ obtained on this page. g

w=k

5.1. The functional equation at parallel weight / = 1. At present, it is unclear how
to obtain a nice p-adic functional equation when the weight of g, is greater than 1, so we
are forced to make simplifying assumptions. Essentially, we will only treat the situation
where / = 1, and the primitive form g = g, arises by inducing down a grossencharakter
over a CM extension K/F.

HYPOTHESIS (H1). F € §° (n(]-" ), [I) has square-free level n(F) as an Og-ideal.

HYPOTHESIS (H2). For all integer weights « inside a disk U C Z, containing 2, each
specialisation F, is the p-stabilisation for the base-change lift (from Q to F) of a
classical Hecke eigenform f, € S™%(Fo(Np™), g ).

The advantage of assuming (H2) holds is to ensure whenever k = 2 (mod p — 1),
the complex L-function for each form F, arises from a motive realisable over Q. A
consequence of (H1) is that at weight two, the specialisation F; is Steinberg at every
prime q dividing the tame level n(F); as a corollary C(n(F), F,) = 1. However,
C(n(F), F¢) is a rigid-analytic function of «, so it must be non-zero in a p-adic
neighbourhood of ¥ = 2. It follows that (H1) implies Hypothesis (SS). One can further
deduce C(n(F), F) = £(N (n(]:)))K/ *~! via [11, Proposition 5.2].
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Attached to the system {F,} cunz.,, one has an analytic family (for x € U) of
representations m, ,, : Grp —> GL, (1_7 V), which are themselves restrictions of Deligne’s

Gal(Q/Q)-representations V,(fc) associated to the classical forms f,./Q (up to
semisimplicity, the latter are uniquely determined by the condition that if a prime
[t pN, then both trace(Frob,‘l) = a;(f,) and det(Frob,‘l) = wéz_" (O, Let us denote

by ‘V,(f.)’ the underlying representation space for 7., over F,,.
We now turn our attention to imposing suitable conditions on g € S;(n(g), n):

HYPOTHESIS (H3). There exists a CM extension K/F and a Hecke character @k, such
that g = g, is the weight one primitive form associated to p = Ind% (P k).

HYPOTHESIS (H4). The Artin representation p : Gp — GL,(C) is isomorphic to its
contragredient i.e. p = p", and therefore also g, = gff on the level of HMF’s.

In terms of the corresponding Ok-ideal character @ f, the normalised newform g,
has nebentypus n = det(p) given by

+1 ifqgsplitsin K/F
n*(a) = gk/r(a) - @ i (aOk) where ¢x/r(q) = § —1 ifqisinertin K/F
0 if g ramifies in K/F.

Fixing a primitive cusp form f of parallel weight > 2 and assuming that Re(s) > 0, its
p-twisted L-function is defined by the infinite product

Lt.ps) = ] det(l —/\/'F/@(q)“"-Frobgl‘(Vv(D o7, Vv(p))lq).

finite primes g

HYPOTHESIS (H5). (Vv(f) ®F, Vl)(,o))lq = V(e ®7F, V,(p)'s for all primes q.

Upon multiplying L(f, p, s) through by the appropriate gamma factor at infinity, this

last assumption (H5) permits us to identify the p-twisted L-series attached to f with

the convolution ’D(s, f, gp) (whose critical values were interpolated by d/fgt o) As the
=

latter extends to an entire function [18, Proposition 4.13], clearly so must L(f, 0, s).

REMARKS.
(1) Assuming f is a primitive HMF of scalar weight k& with n(f) +p = OpF, the
functional equation for the (p ® x ~'w})-twisted L-series becomes

2s 4f,,\5/2 F(S) 1l -1 r
(5.2.7) D7 - (N(n(f, p)) - N(p)Hxr)"" Gny “L(f, p @ x '}, )

= (—1)[F:@]k/2 - Weol(k) x X’Ia)}(n(f, ,o)) X r(x’lw})z . I(Xa);")

x DY (N (ndh, ) - Nip) o) 72

Tk — 2[F:Q]
< ( (k S)) -L(f#,pv ®xw;r,k—s),

-2

(27-[ )kfs

wheren(f, p) is the F-conductor of the v-adic system { V,,(f) @ Vv(’o)}veSpeCOF'
(i1) The quantity we(k) is called the root number and is of absolute value one.
In the case where f is the base-change of a classical primitive form f* over
Q) with rational coefficients and trivial character, plus given that the Artin
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representation Ind}c;-D (p) was self-dual, one can further say that the root number
Weolk) € {—1, +1}.

(iii) The rational integer value N'(n(f, p) x p*'=-) above will coincide exactly with the
Q-conductor of the twisted system { V,(f) ®aq, Vq(Indf:D(,o ® x ')} gespecz-

(iv) The support of the ideal n(g,) is strictly contained in the support of n(f, p), as at
least one of V(f) = { Vv(f)}vespecoF and p : Gr — GL,(C) is unramified at every
place of F. One then defines M = 9(F, p) := n(f, p)/n(g,)*, which depends
on {F}ceunz., but is independent of the initial choice for f = f.

THEOREM 5.5. Restricting to weights k € UN Z; satisfying k = 2(mod p — 1):

Ly(F g, 16 ko 1+7) = wy() x x () - (7 % L(Fog s kok—1-7),

where w,(k) = (= DIFQK2 (k) - a)p(n(f, ,o))k/zi1 takes values inside {—1, +1}, and
is therefore locally constant.

Both L, (}' 2 8ps — 3K —) and (‘ﬂ);/ 2l are rigid-analytic in the variable « € U, hence

the function w,(k) € {—1, 41} extends continuously to weight k = 2 as well. To extract
data about the zeroes of Lp(]-', g,, =k, s) at the point (k, s) = (2, 1), the functional
equation should involve (on both of its sides) the same p-adic L. Thus, we only need
focus upon the trivial x-branch above.

COROLLARY 5.6. Under the additional assumption that x is the trivial character,

k/2—s

L,(F.g, L ks) = w2 x (M) " xL,(F.g, L k.k—s)

for all weights k inside a sufficiently small p-adic neighbourhood of 2.

The demonstration of Theorem 5.5 will now occupy the remainder of this section.
Let us begin by obtaining a more succinct expression for the critical values of
L, (]-" 8y X5 Kk, s); we explicitly relate these to the primitive Rankin L-function. Recall
also the epsilon factor of the Artin representation p : Gal(Q/F) —> GL»(C) can be
written as a product of local terms ez (0, 5) = [Tjjaces » €7, (00> 5)-

LEMMA 5.7. Noting each Fy. is the p-stabilisation of a primitive cusp form £y, say, the
special value L, (}", g, x> k, 1+ r) equals

(=D)AL (pler) x ep(p, 0) - Qu(hr, Pr) x (xep" )N ' (n(g,))

-2 2,0\ . pert? ONl+r fr, g ® x ot
% T(X“’F) N(p ) F x E(k.rx) x ( ° F)

oy (F) " - N (n(g, n(F) = (Fi+ Pz,
where the degree four p-Euler factor is given by
. _ —r ap(gp) r —r ﬂp(gp) r
Enlkrx) = (1= xor B2 NG ) (1= e ()5 Vo)

x (1= X op0larp(g, )0 N0 7)1 = X~ 0p()Br(g,)Bp(E) N ()™ )

Proof. There are two possibilities to consider: the cusp form Fj is Steinberg at p,
or alternatively Fy is the p-stabilisation of a primitive form f; of exact level n(F). Let
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us deal with the latter possibility first, in other words
Fie = B — Bo(fi) - fk‘ V, where B, (fi) is the non-unit root of Frobenius.

We start by simplifying the factor Eul, (k, /, ) occurring in Theorem 5.4 (at/ = 1). By
direct inspection, the ratio

(1- nqxfzwlzﬁz—k(p)wap (j_—k)|io_N(p)f(1+2r+1))
(1 . n*leza)lzp”z*k(p)-J\/‘(p)’(”z”z’k))

equals one because ‘ap(]-"k)ﬁo = ap(fc) x Bp(f) = N(p)*~!, whence

Eul, (k, 1,7) = (1 Al N(p)") (1 — yor (&) N(p)’) .
op(fi) op(fi)

It is then a straightforward exercise to verify the identity
Eal, (k. 1,r) - D(1+ 7 Fi g, ® (xop’) ) = & krx) - D(1+7 fiog, ® x o},

The interpolation formulae stated in our lemma are a simple consequence of the
corresponding formulae in Theorem 5.4 (with /=1,y =land g, =g, = gﬁ), albeit
the @ (g,)-term will appear in place of the ex(p, 0)-factor.

Lastly, the following result allows us to replace the pseudo-eigenvalue of the Jyg )-
operator, with the global epsilon factor associated to the representation p (note that
a classical Gauss sum can always be interpreted as the global e-factor associated to a
one-dimensional Gp-representation, i.e. to a Hecke character over F).

LEMMAB.L  er(p) 1= er(p.s)| = #7U-Dp-\[N(n(g,) x =(g,).

To avoid interruption, the proof of this lemma has been left until Appendix B, wherein
a more detailed discussion of both local and global e-factors is included.

The treatment of the case where f; is Steinberg at p follows very similar lines.
Here, we note that a,,(Fi)*> = C(p, £x)* = N(p)*~2; because a, (F%) is a p-adic unit, this
situation can only occur at weight & = 2. It follows immediately that

1 ify #1
Bu(k17) = Euly(2.1,0)= {0 N I
(k,1)=(2,0) (k,1)=(2,0)
and the remainder of the argument proceeds as in the non-Steinberg case. ]

Returning to the proof of Theorem 5.5, we will establish the two-variable functional
equation at critical pairs (k, s), where f; is non-Steinberg at p and s € {1, ...,k — 1}.
Since this excludes at worst kK = 2, and as the remaining weights (greater than two
and congruent to 2 modulo p — 1) are Zariski dense inside of the weight-space U, this
would be sufficient to prove the formula in general.

We start by supposing only that k is even. To be consistent with our earlier notation,
denote by p/¥ the conductor of the Hecke character le]c:—Z—r over F. Assuming for
simplicity that both its numerator and denominator do not vanish, then applying
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Lemma 5.7 twice to the following quotient yields

L,(F, gp,x’l; k,(k—r—2)+1)
L,(F.g, x: k.r+1)
_COFT ) ) g Sk =207
N(n(e ))2r+2 & n* (pher ) Ep(k.r x)
D2(k r— I)N( 2]‘X,)k = 2,( L2t ) D(k—1-r f, gp®lefv )
i(rH)N( 2%5Y 1 (xwp )2 X D(r+1, fir, g, ® x 'wf)

However, if one now restricts to k = 2(mod p — 1), then ok >~" = (X*Iw;) whence
pf7r = pfer. Furthermore, it is a tedious exercise canceling out Euler factors to deduce
Eplk, k—r1—2, x‘l) = &u(k, 1, x), in which case
Ly(F. g x " kk—1—r)
L,(F.g,. x; k,r+1)

= x(n(g,) - (ng))s " x O,

DF N () T e ()’ Dk~ 1 i g, ® X))

h @ . — . . .
where B, Digr+l)N(p2fx_r)r+ (xwy’ )2 D(r+1, fx, g, ® x'wf)

Exploiting the fact D(s, f, g, ® x o)) = ((271)‘SF(S))2[F:@] L(fr, p @ x ', 5),
the complex functional equation (5.2.7) implies that

1—k/2 r+1-k/2

Ok, = (—DFI2 (k) - wp(n(F, p)) x x (n(F, p)) - (n(F, p))

and the p-adic functional equation along (k, r + 1) € U x Z,, follows readily.

REMARK. Conversely if one of L,(F,g,, x': k,k—1—r) or L,(F.,g,. x: k, 1 +7)
does in fact vanish, so must other one (courtesy of the equation (5.2.7) again). Under
this scenario the desired identity

/2—1—r

L (F.g,, 1 k1 4+7) = wy(k) x x " (N) - (N} Ly(F. g, x ik k—1-7)

is vacuously true, as it represents none other than ‘0 = 0’ in disguise.

6. An application to semistable elliptic curves. Let E be an elliptic curve over Q,
and fr € SV (FO(N E)) its associated newform. We shall assume that E is semistable
over the totally real field F, in other words its F-conductor ng is a square-free ideal.
Lastly, we suppose E has split multiplicative reduction at the prime p, which yields a
Tate parametrisation E(Fy) = F /qf .

Notice that fr is the weight two representative of some Hida family {]”KO}KGEUQZZZ;
in particular, £ has trivial character and Q-coefficients whenever « = 2(mod p — 1).
Base-changing each one of these p-stabilised newforms f°/Q up to the field F, one
obtains a family of HMF’s F, = BC(f,?) € S,?rd(nEpo", a)lz{") with k e UNZ5,. The
elliptic curve E was assumed to be semistable over F so the tame level of the [-adic
cusp form F must be square-free, and Hypothesis (H1) is therefore satisfied. Similarly,
(H2) also trivially holds as this l-adic form is constructed via base-change.
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At this stage, we shall still need to assume both the Hypotheses (H3) and (H4).
However, (HS5) is true under the proviso that ng and n(g,) are coprime Op-ideals, and
in Section 5 we already discussed at length why (H1) = (SS).

DEFINITION 6.1.

D (Fa s Faduy L, (7. g, x:2.5)

L,(E = .
o(E.p® X, 5) (@r0)F X 1P (A s, Py)

From our interpolation rules (see Lemma 5.7), if x has conductor p'» # 1, then

. LEE,p®x 1,1
L(E,p®x,1) = er(p) x T(X)2 -detp (PfX) : X(“(gp)) X (+——[F:CM)
(k)
whilst at the trivial character,
L(E, p, 1)
Ly(E, p.1) = er(p) x (1 —ap(g,))(1 — Bp(g,)) x Fa -
(@)

Precisely when either of a,(g,,) or B,(g,) equals one, we have an exceptional zero.

Case I - The eigenvalue o, (g,) = 1 but B,(g,) # 1:

This scenario is accessible using the method of Greenberg, Stevens et al [7,15]. As a
general comment, the sign term €4, (£, p) in the complex functional equation for the
Rankin L-function (attached to the pure motive 4'(E) ® Ind}‘;;?(p) over Q) is related to
its p-adic counterpart w,(2), via the simple formula

wp(z) = (_l)fp X 600,@(E7 10)7

where e, counts the multiplicity of 1 inside the Frob;, -eigenvalues {a,(g,), By(g,)}. In
Case I, clearly e, = 1, therefore the complex and p-adic signs must be different.

THEOREM 6.2. The p-adic L-function vanishes at s = 1, with derivative formula

dL,(E, p, s) day (Fx) er(p) - L(E, p, 1)
b Ak a2 I | (1=
ds s=1 T dk k=2 (1= Aoley)) (QEQE)[F:@]

This is the p-twisted analogue of the results in [7, Theorem 1.3] and [15, Theorem
1.1]. Provided the derivative of «,,(Fi) does not vanish at k = 2, one conjectures that

order, 1 L,(E, p, 5p) 2 + order,__1 L(E, p, S~), but its proof is a long way off.
Proof. First, if €5 (E, p) = —1, then L(E, p, 1) =0, so the right-hand side is

zero. On the other hand L,(E, p, 1) = 0 and w,(2) = +1, hence the p-adic L-function
L,(E, p, s) has a zero of order > 2 at s = 1; the formula just collapses to ‘0 = 0’.

The interesting situation occurs when both ey g(E, p) = +1 and w,(2) = —1.
Developing our two-variable L-function about (k, s) = (2, 1):

L,(F.g, 1: k,s) = 04 ci(s—1) + ca(k —2) + higher order terms.

Moreover, Corollary 5.6 implies the above vanishes along the central line s = k/2, in
which case its Taylor series coefficients satisfy ¢; = —2c¢,. Defining for the moment a
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iDL AFy Fa) g

temporary scalar Cc3 = m

€ C, we apply the reasoning

dLP(E’ IO’S) = 1% dLP(‘F’ gp’ 1’ 2’ S) = X
ds 1 : ds - o
oL,(F,g,, 1; k,
= —263 X C = —2C3 X p( ;g;]){ S)
(k,9)=(1,2)
00
bySIASH) o dL;’z)(]-", 0)
3 T
k=2
al (F,2
byasd) ol ).<1 _ Be(gy) ) « Dy 1mp(]__ 0)
ap(F,2) ap(F,2) Py
But Dy - ““"(f 0)| = er(p) L(E, p, 1) x (WA D2 Q(hg, P2)[(Fo s Fang)
whilst the eigenvalue o, (F, 2) = a,(E) = +1. The result follows immediately. O

Case II - The eigenvalues ay,(g,) = B,(g,) = 1:

Unfortunately, this situation appears more complicated than the preceding scenario.
One can make progress towards proving a formula for the double derivative here, by
first establishing the correct lower bound in the order of vanishing.

THEOREM 6.3. The function L,(E, p, 5) has at least a double zero at s = 1.

Proof. Asboth of a,(g,) and By, (g,) equal one, clearly w,(2) = (- 1)’ X €x0.0(E, p).
If w,(2) = €x.q(E, p) = +1, then L,(E, p, 5) has even order of vanishing at s = 1;
however, L,(E, p, 1) = 0 thence the order of vanishing must be > 2.

Alternatively, if w,(2) = €x,0(E, p) = —1, it is enough to show that there is no
simple zero in the p-adic L-function at s = 1. By the reasoning employed earlier, the
Taylor series for L,(F, g, 1; k, s) about (2, 1) had the form

L,(F.g, 1; k,s) = 0+ ci(s—1) + ca(k—2) + higher order terms,

and again ¢; = —2¢; because the two-variable L-function vanishes along s = k/2.
Fixing the value s =1 and using Theorem 4.6(c), its derivative with respect to k
must then vanish at weight two since L;OO)(}" 0) has at least a double zero there.
Consequently, ¢; = 0 in which case ¢; = 0, so L,(E, p, s) cannot have a simple zero. [

Bearing in mind the expression we obtained for the double derivative with respect
to the weight variable k (c.f. Theorem 4.6), it is tempting to hope that the vanishing
along s = k/2 will yield an analogous formula for the cyclotomic variable s € Z,,.
This is regrettably not the case. Indeed, the quadratic terms in the Taylor series for
Lp(]:, g, Lk, s) are of the form ¢4 x (k —2)? +¢5 x (s — 1) + ¢ x (k — 2)(s — 1),
and we lack derivative formulae along s = k/2 that would allow us to determine cg.

CONIJECTURE 6.4.

dsz(Ev p7 S)
ds?

_ g (Y
=1 dk

)2 _er(p) - L(E. p. 1)
k=2 (QEQE)[F:@]
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For instance, if the derivative of «y,(F) is non- zero at k = 2 one speculates that there

should be a strict equality order,,—1 L,(E, p, 5p) = ) + order, 1 L(E, p, Sx), although
again its proof lies well beyond the reach of current technology.

6.1. Behaviour over the number fields Q(u,, 7/m). We shall conclude by
revisiting the situation first mentioned in the Introduction. Let us recall that g # p
denoted an auxiliary prime, and E,g an elliptic curve. We consider fields L, =
Qg 7/m), K, = Q1) and F = F, = Q(1y) N R. Throughout, we assume the
prime p > 5, and that p remains inert in F),.

Let m, : Gal(L,/K,) — 4 denote the character sending o — a(qW)/ 7ym.
The irreducible Artin representations factoring through L, /Q all have the form

pro®Y% suchthat0<t<n, pg= Ind%(m) and ¢ : Gal(K,/Q) — C*.

Working over the totally real field F' = F, the corresponding representations are p,(q’) =

p: ® W = Indy (7, ® Res, (1)) with p, = Ind} () and W = Res, ().

REMARK. A basic calculation shows p, g ® v occurs inside the regular representation
of Gal(L,/Q) exactly (g — 1) - ¢'~'-times, which also coincides with its actual degree.
It follows that the Hasse—Weil L-function for E over Q(u, 4/m) splits into

n _1\al—1
L(E/L,.5) ]_[ L(E.0.5) x [] I1 (L(E/F,, plfq'),s))(q v

=1 y.Gal(F,/F)—Q"
where 6 ranges over Dirichlet characters whose conductors divide ¢".

DEFINITION 6.5. The p-adic L-function for E over Q(uq, 94/m) is given by

L,(E/Ly,s) = l_[ LO(E l—[ H (Lp(E, p;w>7s))<q—1)qf*1

o =1 y.Gal(F,/F)—Q"
which is an Iwasawa function defined at all points s € Z,,.

The 6-twists are the p-adic L-functions (over Q) of Mazur-Tate-Teitelbaum [14]; their
derivatives at s = 1 are described by the formula of Greenberg and Stevens. We are
left with the task of inputting the information from Theorems 6.2 and 6.3, in order to
bound below the order of vanishing for L,(E/Ly, s).

Let us first verify that our running assumptions are valid over these number
fields. We only need check Hypothesis (H4) at the orthogonal representations pfl) = o
because it is precisely these which exhibit the exceptional zeroes.

LEMMA 6.6. For all t < n, Hypotheses (SS) and (HI1)—(H5) hold over F,.

Proof. Let us check through the conditions (H1)—(HY) carefully.

(i) The curve E will be semistable over F' = F;, hence the base-change of fz has
square-free conductor as an Op,-ideal, and (H1) must be true;

(i1) both (H2) and (H3) are automatic from the construction of {¥,},>> and p,(w);
(iii) the self-duality of ,o,(l) = Indl,z’l (7r,) follows because 7, is orthogonal;
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(iv) since E has good reduction at the unique prime ideal of F; lying above ¢, the
level n(g,, ) is coprime to ng = ngr, so (H5) holds;
(v) finally, we have already seen that (H1) = (SS) for a sufficiently small p-adic
neighbourhood of ky = 2 in weight-space.
]

Let ¢ be a Dirichlet character of conductor p, which we interpret as a finite order
character of Z,. By Mazur-Tate-Teitelbaum [14, Section 14], at all such characters ¢
each individual 6-twist interpolates

L(E, 0 x¢', 1)

L;”)(E, ¢, 1) = )" -(07'e)- (1 -0""¢(p))- oiEn@x9)
E

which gives rise to a trivial p-adic zero when 6(p) = 1 and ¢ = 1g.
Let p; denote the Op,-ideal generated by p. Provided x = Resg,(¢) # 1F,, then
Ly(E. p{"'® x. 1) = er (o)) - 75, (x)? - detp(p}") - x (n(g,)
L(E 2y 1),
(@)

alternatively, if Resg,(¢) = 1, one has the interpolation

L(E, pi*, 1)

P(E p(‘l’) 1) = €F (pt(\p)) (1 - lIJ(pl)wp(gp,))(l - \Ij(pt)ﬂp(gp,)) . (QEQE)[E@]

which itself yields a trivial p-adic zero when W~(p,) € {a,(g,,). Bp(g,)}-
DEFINITION 6.7. We define a p-adic multiplier 90%,(L,, ¢) by the local factor

He(p) " r@ 9 ¢ 1_“_[ <8F, o rF,()()2 detp(\L')*( ) (n(g (WD))(q—l)q’*"

=1 ¥

where x = Resg,(¢), and the right-hand product ranges over W : Gal(F,/F;) — [0

Proof of Theorem 1.1. To prove this result, we multiply together our interpolation
formulae at ¢ above, first over the one-dimensional 0-twists, and secondly over all the
Artin twists pt(q’). A little bookkeeping shows that

(i) L(E/Lw.¢.1) = [] L(E.0¢.1) 1—[ 1—[ L(E. p™'® Resg (), 1)
0

n —1

(¢g-Dq'
(11) (QEQE [Ln Q]/2 l—[ Qs1gn(0><<1>) < 1_[ 1_[ (Q+QE [F: @])

=1 v
and the rest of the theorem follows readily. O

Proofof Theorem 1.2. Assume first that p, remains inert in the CM extension K,/ F,;;
it is an easy exercise to show for all # < n, that each prime ideal p, C Of, cannot split
in K,/ F; either. Let {Py, ..., P.,} denote the set of primes of L, = Q(ug, 74/m) lying
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above p, so that e, = [Q(ug, 7W/m) : Q(ug)]/[Qp(1agr, W) - Qp(pgr)] = g™ say.

Only one of the O-twists satisfies the exceptional zero condition (the branch 6 = 1g),
whilst the Artin twists pﬁ‘” = p, ® ¥ do so precisely when 1 < ¢ <npand ¥ = 15. We
immediately deduce

no
order,_|L,(E/Ly,,s) > order,_|L,(E,s) + Z(q —1)¢"" - order, L, (E, py, 5)
=1

which is bounded below by 1 + Y "7° (g — 1) ¢! x 1 = ¢™ = ¢,(L,).

Conversely if p, splits in the CM extension K,/ F;,, each p, must splitin K,/ F;. In this
situation, there are precisely ¢, = 2 x ¢™ primes of L, lying above p. Moreover, (p) = 1
for exactly two choices of 0: the trivial character obviously, but also for the quadratic
character 6’ of conductor ¢ (as p splits in the associated quadratic extension). If we write
p; - Ok, = ;- 9, then provided 1 < 7 < n, both eigenvalues oy (g,,) = n,(Frob;}) and
By(g,,) = n,(Frobg) will equal one. It follows that order,_L,(E/L,, 5) is bounded
below by

o
order,_ | L,(E, 5) + orderszng’/) (E.s) + Z (g—1)¢"" - order,_ L, (E, p, s)
P

which upon applying Theorem 6.3, must itself be bounded below by the quantity
T+1+Y7, (=D g™ ' x2 = 2x g™ =¢,(L,). ]

Proof of Theorem 1.3. The task is to calculate the coefficient of (s — 1)%(Zn)
occurring in the Taylor series expansion of Lp(E /Ly, s) about s = 1. Applying an
identical argument to the demonstration of 1.2 above, this coefficient is given by the
product

1 dL,(E/Ly, s)
a dse

U (g-Dg!
= L(E 1) x [JLO(E 1) <[] (LP(E, o 1))
s=1 01q =1

n

y 1—[ ( E oo 1 )(q Dyq'~ ]X 1—[ 1—[ ( t(\p)’ 1)>(f1*1)q

t=ny+1 =1 Wl

=1

REMARKS.
(a) The term L;) (E , 1) is computed via the Greenberg—Stevens formula.
(b) The terms L'ff)(E , 1) when 6 # 1g are already described on the previous page,

and so are the special values L, (E, o™ 1) when either 7 > ng or ¥ # 1p,.

(c) Finally, if 1 <7<ng and W = 1p, then a,(g,) =1 = —p,(g,) because the
local L-factor of p, above pis (1 — nt(Frob;I)J\/K,/@(g))”) = (1 = Ng0(p)™);
Theorem 6.2 then allows us to obtain the derivative of L, (E, p;, 5) at s = 1.

Combining these remarks (a)—(c) together, one then arrives at the formula

1 d¥L,(E/L,, s)

M, (L, 1) - L(E/Ly, 1)
el dsv 8

=" (e

= Ep(E/Ln) X gp(p_s)

3
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where the L-invariant term is defined by

1—1

LoE/L) = o), ( S

ord,(qg )

>(t/—l)q
k=2

If one sets d(r) = [K; : Q] and d* (1) = [F; : Q], the rational polynomial &,(X) equals
the product of [],_;, (1 —67'(p)X) with

t=1

[T TT0 - 900me O x [T TT (1~ viooane, )"

=1 v t=1 W#lp, or t>ng

The result will follow, providing one can establish:
(1) the multiplier M (Ln, ¢) evaluated at ¢ = 1 returns the value /disc(L,);

1
(i) the derivative of ap, (Fy) at k = 2 is equal to —5 x [F; : Q] x Lo8,(45,) ;
t ord,(qg, )

(iil) &€,(X) agrees with the polynomial 5p(2 L2, X ) given in the Introduction.
Working in reverse order, to show (iii) observe if 7 < ng then the factor (1 — X*'®)
occurs with multiplicity d(7) = [K; : @] inside of the det(1 — X - £, /@(Frob;I)). In
other words, the full product [T/, (1 — X" ‘”(’))[K’:@] - &,(X) coincides with

[T =67"@x) x [T TT((1 = wkoupe,)x" ) (1 - we)be,)X “(t)))dm

6 =1 v

which is precisely the characteristic polynomial of ;g (Frob;l), so we are done.

REMARK. Because F; is a totally real field, we can use the result in [15, Proposition 8.7]
to find the derivative of the Hecke eigenvalue «y, (F, k) at the base weight k = 2. The
relevant formula one needs is

1 F,] log,(qg )
dk

= —= %X [Kfpp, : X
P 2 [ Fopo Tp ordp(qE’p)

where Kr,p, = O, /ps,

however, the residue class degree [Kr, ,, : F,] = [F; : Q] as the prime p is inert.

This leaves us with the demonstration of (i). Writing out 9, (L,, 1) in full yields

I1 = 1‘[ H(SF, @) )”‘”“”; (@67 x [ eole)™

4 PEZL, /0, dim(p)>1

where we have utilised the Artin formalism: er(p) = eq(IndR(p)) for F/Q normal.
The above is precisely the e-factor associated to the regular representation X, g at
s = 0, which is widely known [20] to equal the square root of disc(L,,). ]

A. Appendix relating Hol(g,| Ve x Ek,g)ord to known quantities. Recall in Section

3, we omitted the proof of a p-stabilisation identity involving Hol(G/E). We guard the
same conditions as Theorem 3.4, and now supply the missing proof.
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LEMMA A.1. If g, € Si(cp™ ', n) and 0 = Y~ wi¥e # 1, then
Hol(g|V, x ]~Ek,1)0rd
= Hol(g|V, x Ek,l)ord — O*(PN ()1 x Hol(g; x Ek,l)ord‘ V.

Proof. The argument reduces to the following four observations (A.1.1-A.1.4),
concerning &-expansions of the various HMF’s occurring in the statement of A.1.

Let us treat the case r > 0 first.
(A.1.1) During the demonstration of Proposition 3.1, we established that

Hol(g,| Ve X Ek_l(r —(k=1-1),0; cp”)))\‘Ué\”

= > 8 (p"') er(€2) mod N (p)™

0<E€D,

where the &-coefficients

8,\(13/\”5) — NGA)k/Z_r_l Z C(%']?;l, gl| Vp) % (_1)(k—l—l—r)[F:@]

pME=61+6
x NEF % Y signV B! x NG 4D x 6% (@)
By =bx2, beT,
ceOr—p
= (_1);‘[F:@] % N(}’A)k/Z—l > Z C(p_].fl?;l, g[)
pME=E1+6

x 3 (CDFDsignnB) e By

By =bx2, beT,

ceOp—p

xO*@QN @1 mod N(p)™'.

(A.1.2) An absolutely identical argument shows
n N!
Hol(g,| Ve x Egy(r — (k—1—1),0;¢p ))x’Up :

= > 8, (p™'€) er(£2) mod N (p)™

0<E&€D,
with the modified &-coefficient satisfying

5 (V) = CDTD X NG Y CpaT ! g)

pNVE=£1+8

xS ((=DFDsign NV (B) “TTINE B x 0*@N @ mod N (p)M

By =bx@, beTy,
ceO F

(Note & (p'€) differs from 8, (pV'€) only in the range of its second
summation.)
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(A.1.3) Thirdly, replacing ‘g;|V,” with ‘g,” one deduces

Hol(g, x Ey(r—(k—1-1),6; cp”))k‘ Ué\”

= )" 5 (™€) er(£2) mod N(p)™

0KEET,

where this time the coefficients satisfy the congruence

8 (pVE) = DT < NG < Y CaT ! g)

pNE=£1+8
x S (=D VsignN (B) T TINEBE Y x 0*@N@T mod N
Hlo
(A.1.4) Lastly, it is an easy exercise for the reader to check
5, (V') = 8 (M) + NG x 8] (pV x p7'E)  mod N(p)™
in which case, on the level of £-expansions:

Hol(g,|Vy x 1), | U = Hol(g| v, x B, [0

+ 6" N () x Hol(g, x Ex ), [UY [V, mod N()™ - O, [[£]]

The result follows for r > 0, upon allowing the exponent N — oo.
]

REMARK. To treat the r = 0 situation, let us start by introducing ‘correction terms’

(&, K, 0), = NG x 27 FA (1 — (k= 1), 6,) x C(ET", gIVp),

E O = NEGW' x 2P 91 — (k= 1),0) x C(ET", g|Vy)
and '8,k 0) = NEMx 2O 91— (k- 1),0) x C(£7,",g).

Note if r =0 then the first factor 8, (p"'€) requires the addition of ¢(p"'¢, k. 6),,
the second factor &} (p"'€) requires the addition of the correction ¢’ (p™'¢, k. 6),, and

likewise the final factor & (p™'¢) requires the addition of the ¢’ (p"'¢, k, 6), . However,
at every N > 0, these three terms satisfy the equality

C/(pNIS, k, G)A — C(pN!E,k, 9))\ + 9*(p)./\/'(p)k7171 x C//(pN! x pflé-’k’ Q)A

so0 it again happens that

Hol(g,| Ve x Ek,l)/\‘ Ué\” Hol(g,| Ve x Ek—l);h‘ Ué\”

+ 6" (NI x Hol(g, x Ep), [UY|V, mod MoV - O, [[€])

Sending the exponent N — oo as before, the case r = 0 is also established.
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B. Appendix Writing the pseudo-eigenvalue @ (g,) in terms of e-factors. Before
supplying the proof of Lemma B.1, let us first discuss some related concepts. For

any Artin representation p : Gal(@/F ) — GL(V, C), its global e-factor over F can be
decomposed as an infinite product

gF(p,s) = 1_[ £Fv(pv,tv,dxv;s).

all places v

Each local factor depends on a normalisation of additive characters 7,, and of Haar
measures dx,. We shall choose the Haar measure which assigns Z, measure one, and
the additive character 7 : (Q,, +) —> C* given by t(@p™") = exp(2wia/p™) at every
element a € Z,,.

The Artin L-function attached to p over the field F is given by an Euler product

Lp.s) = [] det(l—A/F/@(v)—f-Frob;1

finite places v

V(p)’“) for Re(s) > 0,

where Frob, is an arithmetic Frobenius element for v, and 7, is the inertia group.
If one completes the L-function at infinity by multiplying it with the gamma factor

Teo(s) := ((27t)‘5 X F(s))[F:@], the completed L-function (conjecturally) extends to a
meromorphic function on the whole of C, and satisfies an equation relating the value
at s with the value at 1 — s.

(Thus, ef (,o, 1 /2) corresponds to the root number in this functional equation.)

LEMMA B.1. If'g,, is the weight one HMF associated to p : Gr — GLy(C), then

er(p) = 3F(P’S)‘S=O = "9 Dp- N (n(g,) x @(g,).

Proof. Following Shimura, one defines R(gp,s) = N(n(gp)a2)5/2 Coo(s) X
L(gp,s). Applying [18, equation (2.48)], on the level of primitive forms there is a
symmetry

R(gp, S) = i[F:@] . R(gp|Jn(gﬁ)’ 1-— S)

and by the definition of @ (g,), one has R(g,|/ue,) | —5) = w(g,) x R(gk, 1 —).
However, L(p, s) = L(g,, s) and L(p", s) = L(gﬁ, s), thus the functional equation

Coo(s) X L(p, s) = ¢r(p,s) Te(l —5) x L(,ov, 1 - s)

can be rewritten as

R(g,.s) = er(p,s) -N(n(gp)az)s_% x R(gh. 1-3).

F:Q] |

Comparing this with the version R(g,,s) = it w(g,) x R(gff, 1 — s) above, one

immediately deduces 7Y . w(g,) = er(p,s5) N (n(gp)bz)s_% for all s € C; clearly
putting s = 0 will then produce the desired equality. ]
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