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J. G. MAULDON 

1. Introduction. In n-dimensional Euclidean space En, where we shall 
throughout assume that n > 2, the maximum number of (n — 1)-dimensional 
spheres which can be mutually orthogonal is n + 2, and it is well known that 
the sum of the squares of the reciprocals of their radii is zero, so that the 
spheres cannot be all real. The maximum number of such spheres which can 
be mutually tangent is also n + 2, and in 1936 Soddy (7) indicated the 
beautiful relation connecting their radii. These two formulae are the parti­
cular cases 7 = 0, y — — 1 of Theorem 1 below, which gives the relation 
connecting the radii of a set of n + 2 such spheres when every pair is inclined 
at a given non-zero angle 0, where y is written for cos 0. The formula is applic­
able even in the case when real spheres do not intersect in real points, so that 
the angle 0 is not real—in fact 7, defined by (1), is always real for real 
spheres, and can take any real value except* + 1. 

Let us denote a sphere of dimension n by Sn. Then, in Euclidean space of 
any dimension, if a set of spheres Sn-i is such that every pair intersects in 
an Sn-2, we find that either (a) the same 5W_2 is common to all the Sn-i or 
(b) the Sn-i all lie in some w-dimensional space En or (c) they all lie on the 
n-dimensional surface of a sphere Sn. The easiest way of proving this result 
is to invert the whole figure with respect to a common point of two of the 
spheres 5n_i, and this method readily leads to an analysis of the case (a), 
which will not be further considered here except (§ 9) in the degenerate 
case 7 = 1. 

If a set of n + 2 spheres Sn-i are such that each pair intersects in an Sn-2 
and each pair is equally inclined, with inclination y = cos 0, then case (b) 
is covered by Theorems 1 to 3 and case (c) by Theorem 4. 

The results are also applicable in elliptic space, and in § 10 they are extended 
to hyperbolic space. 

2. Notation and definitions. The inclination y of two spheres Sn-i in En 

with finite non-zero radii r% and r2 is defined by the equation 

(1) d2 = r\ + r\ — 2yr1r2, 

where d is the distance between their centres. Thus for real spheres y is always 
real, if they intersect in real points at an angle 0 then y — cos 0, and the 

Received June 28, 1961. Prepared with the partial support of the National Science Found­
ation, Grant G-14648. 

*The value y = -f-1 yields a degenerate case, which is excluded from the main body of the 
paper and covered briefly in § 9. 
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sign of the radius has relevance, so that for concentric spheres with radii ± r 
we have y — — 1. We shall not consider spheres of zero radius, but (1) can 
be extended in a straightforward way to the case of spheres of infinite radius. 
The underlying idea is to assign to the normal at each point of a sphere a 
definite (continuous) orientation, to define 6 as the angle between the oriented 
normals at a common point, and to take y = cos 6. 

For two spheres Sn-\ in spherical w-space (that is, on a sphere Sn) their 
inclination y is given by the well-known result of spherical trigonometry 

(2) cos </> = cos ai cos a2 + y sin «i sin a2, 

where ai and a2 are their angular radii and </> is the angular distance between 
their centres. 

The inclination y of two real spheres Sn-i in En or Sn can alternatively be 
expressed in terms of the cross-ratio % of the two pairs of extremities of 
collinear diameters, oriented in the same or opposite sense according as the 
Sn-i have radii of the same or opposite sign (for definiteness, the angular 
radius of a real Sn-i in Sn will always be taken between — -K and + ir). In 
fact, we have y = (1 + x ) / ( l — x)-

3. The principal results. 

THEOREM 1. If N spheres Sn-i in n-dimensional space En are such that each 
pair of spheres has the same inclination 7 5̂  1 then N < n + 2 and, if 
N = n + 2, we have 

( n+2 . ^ 2 n+2 

(3) \ E rA = (n+l + y-l)Z û\ 
\ i= l / i=l 

where r\, r2, • . . , rn+2 are the radii of the spheres. 

The formula (3) is of the general type considered in the latter part of (1). 
If the ri are real, the Schwarz inequality shows at once that we must have 

y~l < 1, but it is rather more surprising that for real spheres we must have 
y < 0: 

THEOREM 2. / / the n + 2 spheres in Theorem 1 are all real, then 

(4) y < - (n + l)-\ 

We may notice that if 6 = arc cos y is real, then (4) is equivalent to 

(5) 7T — arc sec (n + 1) < 6 < TT. 

Conversely, we have 

THEOREM 3. / / 7 satisfies (4), then there exist real numbers rh r2, . . . , rn+2 
satisfying (3), and for any such set of real numbers rt there exists a set of n + 2 
real spheres Sn-\ {with radii r t) satisfying the conditions of Theorem 1. 
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Subject to (4), the rt may always be chosen to be not all of the same sign. On 
the other hand, they may be chosen to be all of the same sign (positive, say) if 
and only if y < — n~Y. 

For spherical space Sn we have 

THEOREM 4. If N > 3 spheres Sn-i in spherical n-space Sn are such that each 
pair of the Sn-\ has the same inclination 77^ 1 then N < n•'+ 2. If N"= n + 2, 
we have 

( n+2 \2 / w+2 ^ 

(6) J Ç cot ctij = (n + 1 + 7""1)|l - 7 + E cot2 a*| , 

where «i, «2, . . . , «w+2 «re //&e angular radii of the Sn-i, and if the n + 2 spheres 
Sn-\ are all real, then (4) holds. 

Conversely, if y and cotat are real numbers subject to (4) and (6), then there 
exists a set of n + 2 reaZ 5w_i m 5W mï/£ angular radii at such that each pair 
of the Sn-i has the same inclination y. 

Regarding the spherical w-space Sn as a sphere embedded in En+i we obtain 
the same result for right circular cones with a common vertex (at the centre 
of Sn). Identifying diametrically opposite points we reach the same formula 
for elliptic space. The corresponding results for hyperbolic space are given 
in § 10. 

4. Proof of the formulae (3) and (6). Although (3) is readily deduced 
from (6) by letting the radius of the spherical w-space tend to infinity, it is 
convenient to prove (3) first, since our proof of (6) makes use of (3). 

Elementary considerations (6) with rectangular cartesian co-ordinates, 
regarding all but the first sphere as fixed, show that the required relation 
must be algebraic in r± (indeed, quadratic, but we shall not use this fact). 
Hence it is algebraic in r i _ 1 and it is clearly symmetric in ri~l, . . . , r«+2

_1, so 
that it can be expressed as a polynomial relation in the elementary symmetric 
functions pi, pi, ... , pn+2 of the quantities rf1. 

Confining attention for the moment to a proof of Gosset's result (5), which 
is the particular case 6 = -K (or 7 = — 1) of (3), consider the special case 
rr1 = x, rr1 = r3

-1 = . . . = rn~
l = y, rn+1~

l = rn+<rl = 0. Then the two 
hyperplanes must be parallel and a distance 2y~1 apart, so that the equation 
for x must be 

(7) (* - yy = 0, 

which is of degree 2 in the variables x and y together. Now the required 
polynomial in pi, ... , pn+2 must clearly be homogeneous in the r{~1 and, 
since it reduces to (7) in the particular case under consideration, it must be 
of weight 2. Hence it depends only on pi and p2, and the only possible form 
of relation is pi I pi = constant, or equivalently 
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( w+2 ) 2 n+2 

(8) { Z rl1} = C Z 7̂2, 

where the constant C — n is evaluated by again considering the special case, 
with x = y. 

In the general case y 9e — 1 it turns out that there is no advantage in 
taking two of the spheres to have infinite radius, and as a result the proof 
is a little more complicated. Taking rf1 = x, r2

_1 = r3
_1 = . . . = rn+£~l = y, 

we find that the centres of the spheres of radius y~l are situated at the vertices 
of a regular simplex of side [2y~2{\ — y)}* whose circumradius is 

{x~2 + y~2 — 2yx~1y~1}\ 

Now (3, p. 158) the ratio of these two quantities is {2(n + l)/w}^ and hence 
(n + l)(x2 + y2 — 2yxy) = nx2(l — 7), which is equivalent to 

(9) {x + (» + l)y}2 = (n + 1 + y~i){x* + (n + l)y2}. 

Since this particular case of the relation is of weight 2, it follows as before 
that the required general relation is of the form (8), where the constant 
C = n + 1 + 7_1 , exhibited explicitly in (9), is determined by considering 
the same special case. 

For the proof of (6) let us take for granted, for the moment, the fact that 
the required general relation is algebraic in cot a\. Then, being symmetric, 
it must be expressible as a polynomial in the elementary symmetric func­
tions pi, . . . , pn+2 of the quantities cota*. Since, in the limit as the radius 
of the spherical w-space tends to infinity, it reduces to (3), it must be of 
maximum weight 2, and it is therefore dependent only on pi and pi or, 
equivalently, on ^ c o t a * and £cot2c*i. Finally, the special case «i = £, 
ai = az = . . . = an+2 = 77 yields a regular spherical simplex of side 

(10) (7 = arc cos (cos2 rj + 7 sin2 77) 

and of circumradius 

(11) p = arc cos (cos J cos rj + 7 sin £ sin 77) 

where (an immediate deduction from (3, p. 158)) we have 

(12) sin2(i(r)/sin2p = {n + l ) / (2n) . 

Eliminating p and a from (10), (11), (12) we have 

(13) { c o t £ + (n + l)cotr;}2 = (n + 1 + 7_1){1 - 7 + cot2 £ 

+ (n + 1) cot2
 v} 

whence the general result (6) follows exactly as before. 
It only remains to prove that the required result is in fact algebraic in 

cot ai and for this we suppose all but the first sphere fixed. In En+i with 
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origin a t the centre of the spherical w-space Sn, let the axes of the n + 2 
spheres Sn-i have direction cosines liJ:, where i — 1, . . . , n + 2 and & = 1, 
. . . , n + 1. Then for the n + 2 unknowns /n, /i2, . . . , /i,«.+i and «i we have 
the n -\- 1 equations linear in /u-, cos «i and sin « i : 

ra+1 

(14) 2 ^ W J A = cos ai cos «y + 7 sin a± sin a;- ( j = 2, . . . , n + 2) 

together with the quadrat ic equation 

n+l 

(15) Z *L u = cos a\ -j- sin «i. 
/;=1 

Solving (14) for lu, substi tut ing in (15) and dividing by sin2 OLI yields an 
algebraic (indeed, quadratic) equation in cot ai, as required. 

5. A n e l e m e n t a r y proof of T h e o r e m 2 a n d t h e corresponding resu l t 
in spherical space . Take any three of the spheres Sn^i and effect a real 
inversion so tha t one becomes a h y per plane A and the other two become 
spheres B, Cwi th positive radii. If y > 1, the smaller of B, C would lie wholly 
within the larger. 

Since y is the same for each of the pairs (A, B), (A, C), it follows t h a t 
the distances from A of B and C must be proportional to their radii, so t ha t 
B cannot lie wholly within C nor C within B. Combining these results, we 
have 7 < 1. 

The Schwarz inequality applied to (3), and an a fortiori a rgument applied 
to (6), yield y~l < 1 and hence y < 0. 

Finally, the result n + 1 + 7 _ 1 > 0 is now trivial, and this completes the 
proof. 

6. A n algebraic l e m m a . Although the methods of §§ 4 and 5 are interesting, 
they are not powerful enough to prove the converse theorems. For these we 
shall need the lemma below, which can be used to yield the forward theorems 
as well. 

LEMMA. If M is the symmetric matrix of order N > 3 whose elements mi:j, 
for i, j = 1, 2, . . . , iV, are defined by 

i , * = j , (16) Mij = , . . . . . . 
Vcos ai cos dj-f-y sin at sin ajt i ^ j , 

where y 9^ 1, then the rank of M is at least N — 1 and, in the case when M 
is real and singular, its characteristic roots are all non-negative if and only if 

(17) 7 < ~ (N - l)~\ 

Proof. Write 

(18) mu = cos2 ai + 7 sin2 a * + k s'm2 au i = 1, 2 , . . . , A7, 
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where k = 1 — 7, and expand |M| in powers of k. The coefficient of kN~r is 
a sum of terms each of which contains a factor which can be wri t ten as the 
de terminant of the matr ix product K'UK, where K ' is the transpose of K, 

cos au . . . cos air 

Lsin aiv . . . sin airJ 

so t h a t the rank of K'UK does not exceed 2. Hence the coefficient of kN~~r is 
zero unless r = 0 or 1 or 2. Taking out these three cases separately, we find 
tha t the condition for singularity can be writ ten 

N 

(20) k2 + k 2 3 cosec2 at (cos" at + 7 sin^ at) 

"+" 7 zîl zL cosec"' at cosec" ai sin" (at — a.j) = 0, 

where a factor feiV-2IIsin2 at has been removed from the de terminant . T h e 
subst i tut ion k = 1 — 7 yields 

(21) { Z c o t a l = (N- 1 + 7 - 1 ) ^ l - 7 + Z c o t 2 a , ! ' , 

which is thus the condition t h a t the rank of the matr ix M should not exceed 
N — 1. Now, if the rank of M were N — 2 or less, we should have not only 
IMI = 0, implying (21), b u t also the cofactor of each diagonal element mu 

would be zero, implying the validity of (21) with N replaced by N — 1 and 
any of the at (say a\) deleted. An immediate consequence would be 

(22) (N-1 + 7-1) cot a i = X c o t « 4 , 
2 = 1 

and similarly co ta^ = cot a i (all i), leading to a contradict ion unless 7 = J, 
which is excluded by hypothesis . Hence the rank of M is a t least N — 1. 

We now turn a t tent ion to the case when M is real and we notice t ha t 
(21), regarded as a locus in the J\T-dimensional space of real cartesian co­
ordinates xt = cot au represents a central quadric var ie ty Q. Define the "out ­
side" U of Q as t h a t component of the complement of Q which contains the 
points cti = a for i = 1, 2, . . . , À7, where a is real and small, bu t not neces­
sarily positive. At such a point the characteristic roots of M are an (A — l)-fold 
root = sin2 a (I — 7) and a simple root nearly equal to N. These roots are all 
positive if 7 < 1, while if 7 > 1 a t least two of them are negative, and by 
cont inui ty the same results hold throughout U. Since Q is the boundary of U 
and since only one of the characterist ic roots of M vanishes on Q, it follows 
tha t the characteristic roots of M are all non-negative on Q if and only il 
7 < 1. For real non-singular M the a rgument of the last live lines of § 5 
shows tha t this condition is equivalent to (17) as required. 

7. Proof of T h e o r e m 4 w i t h i t s converse . J u s t as for (14), let the axes 
of the N spheres 5n_j have direction cosines lik, where i — 1, . . . , X and 

(19) 
1 0 

.0 y. 
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fe=l,...,w + l . Then the resulting equations like (14) and (15) can be 
writ ten in matr ix form 

(23) L 'L = M, 

where L is the (n + 1) X N matr ix whose elements are lki, L/ is its transpose, 
and M is defined by (16). From the lemma of § 6 and (23) it follows t ha t 

(24) i V - l < r k M < r k L < n + l 

and hence N < n + 2, with equali ty only if (21) holds. 
The reduction of M to diagonal form by a real orthogonal transformation 

shows tha t , if M is real, then the real representation (23) is possible if and 
only if rk M < n + 1 and M has no negative characteristic root. In the case 
N = n + 2 these conditions are equivalent to (21) and (17), which are 
identical with (6) and (4). 

8. Proofs of T h e o r e m s 1, 2, 3. The question of the existence and sign of 
the fi in Theorem 3 is readily settled by writing rf1 = ut and considering 
the intersection of the hyperplane YLui = (w + 1 + 7 - 1)* with the sphere 
^2uf2 = 1. The remaining theorems may be obtained from Theorem 4 by 
lett ing the radius of the spherical ^-space tend to infinity and noticing t h a t 
the characteristic roots of M are continuous functions of the elements of M, 
so t h a t Theorem 4 has a certain "s tabi l i ty ." 

9. T h e degenera te case y = 1. In this case, we observe tha t the matr ix 
M of § 6 can be expressed in the form K/K, where K is defined in (19) and 
r = N, so tha t rk M < 2. I t then follows from (23) t ha t rk L < 2, so t h a t 
the axes of the spheres Sn-i in Theorem 4 all lie in the same (ordinary two-
dimensional) plane, and hence the spheres Sn-i all touch a t the same point, 
and their number and radii are arbi t rary. The same applies to the spheres 
5w_i of Theorem 1 and it is for this reason t ha t the case 7 = 1 may be described 
as degenerate. 

10. F u r t h e r r e s u l t s . The submaximal case N < n + 2 can be dealt 
with ra ther easily by the methods of §§ 6 and 7. Of more interest is the fact 
t h a t Theorem 4 can be immediately transferred from spherical space to hyper­
bolic space.* Using canonical coordinates (4, p . 281) we see tha t the inclination 
7 of two spheres is defined by the equation corresponding to (2) : 

(25) cosh $ = cosh a± cosh a2 — 7 sinh OLI sinh a2 

and the result corresponding to (6) is 

C n+2 \2 ( n+2 \ 

(26) 1 £ coth a i \ = (n + 1 + y'1)] E coth2 a, + y - l\ . 

^Suggested by the referee. 
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If we consider* two equidistant surfaces 5,,_i whose "radii" (constant 
distance from the axis) are fti and #2, where (/> is the angle between their axes, 
then the formula for their inclination 7 is 

(27) cos <t> = y cosh f3x cosh /32 — sinh /3i sinh 02 

and the result corresponding to (26) is obtained by writing tanh (3{ instead 
of coth at. 

Finally, still in hyperbolic w-space for a mixed system consisting of spheres, 
horospheres and equidistant surfaces, all of the type 5„__i and mutually inclined 
with the same inclination 7, we have the relation 

i w+2 \ 2 L w+2 \ 

(28) 'j g Ki\ = (n + 1 + y^)\ £ K\ + 7 - l] , 

where Kt is defined as coth at for a sphere, tanh f3{ for an equidistant surface, 
and unity for a horosphere. 

A study of Poincaré's conformai model (2, p. 302) of hyperbolic space in 
Euclidean space shows that here also, for the reality of such a system, the 
condition (4), 7 < — (n + 1)_1, is necessary and sufficient. This result may 
also, of course, be obtained by the methods of §§ 6 and 7. 

CORRECTION 
In the present paper, appears the erroneous assertion that in spherical n-

space no set of n + 3 oriented spheres (with radii r.j) can have the same non­
zero mutual inclination 7. This is false if and only if 

7 = - (n + 2)-1, £ cot rj - 0 and £ cot2r, = - in + 3)/(« + 2). 

It is true for sets of n + 4 spheres. Similar corrections apply to elliptic, 
hyperbolic and Euclidean space. 
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*In this paper we distinguish between the two branches of the usual concept (2, p. 303) of 
' 'equidistant surface," regarding them as two distinct equidistant surfaces with oppositely 
oriented axes and with radii of opposite sign. The inclination of two such equidistant surfaces 
(cf. the first paragraph of § 2) is then given by 7 = — 1. Changing the orientation of the axis 
or the sign of the radius (but not both) yields the region obtained by reflecting Poincaré's 
half-plane model in its boundary. 
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