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REDFIELD’S THEOREMS AND MULTILINEAR ALGEBRA
DENNIS E. WHITE

1. Introduction. The remarkable 1927 paper by J. H. Redfield [13] which
anticipated many recent combinatorial results in Polya counting theory and,
in fact, predated Polya’s theorem by ten years has been discussed at length by
Harary and Palmer [8], Foulkes [5; 6], Sheehan [15; 16] and Read [12], not to
mention de Bruijn [3] and others. We shall, in this paper, demonstrate how
multilinear techniques may be used in this context. The Redfield superposition
theorem and decomposition theorem turn out to be statements about a group
acting on finite function spaces, and may thus be dealt with in multilinear
terms. We shall prove Redfield’s results and an extension due to Foulkes [5].

2. Background. We shall first sketch results which have appeared elsewhere
[19]. Let S be a finite set, G a finite group acting on .S, L a G-stable subset of .S,
A a system of distinct representatives, or transversal, on the orbits of the
action of G on L. We let G : L mean the action of G on the set L. Let F be
a field of characteristic zero. Then FS is an algebra under pointwise addition,
multiplication, and scalar multiplication. Let {e,}cs be a basis for F5, e;(t) =
x(s = t) where

1 if statement is true,

statement) = . .
x( ) {0 if statement is false.

We define operators 7 and Qg as follows and extend linearly:
1
Tee, = 05y
=161 % ¢

G
QGeS - IG| €sy

where G is the stabilizer subgroup of the point s € S. Then we have
THEOREM 2.1.
TeQo¢ = Qe¢l'¢ and Tg* = Tg.
Proof. See [19].
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If G and H are subgroups of G, we define the operator P4# on the basis of
FS and extend linearly:
1 _
Pgle, = Ho ™' C G,)e,.
7o = 1] 2 X(HT CGue

Note that when G = G, Pgfe, = Mg, (H)e, where Mg (H) is the mark of K at
H (see [2; 17]). We then have

¢"Q¢ = QoPa".
In [19] we showed:
THEOREM 2.2. T'¢Ip = Q¢l where I, = 3 scqes for A C S.
Proof. See [19].

This theorem is a vector statement of Burnside’s Lemma. The more classical
versions may be obtained by applying appropriate linear functionals.

We now specialize S = R? where R = {1, ..., r} =[1, r] and D =
{1,...,d} = [1, d]. Then we may summarize the additional structure on F*
as follows:

THEOREM 2.3. If S = RP, then FS is the algebra of temsors of rank d and
dimension r.

We define the correspondence v : My .(F) — FS where M, (F) =
{d X r matrices with entries in F}, by

va(f) = g Qig(iy)

where A = (a4;) € My, ,(F). Although v is not one-to-one, we note that v, = vp
if and only if A, = a,B, and 11 oy = 1 where A, and B, are the i™ rows of
A and B respectively and a; € F.
Furthermore, although v is not onto, vy, = e, where E; € Mg, .(F) is such that
the 17" coordinate of E; is 1 if f(4) = j and O otherwise. Thus, Im v spans FS.
Finally, we note that if A, B, C € M,;,(F), A = (a;), B = (byy), C = (cqy),
then

VC=VA+VBT:fA1=Bi=C1forall’i¢kandAk+Bk=Ck,
Vo = QVy /LfA1 = Cifor all’l«#kand Ck —_—C(Ak,
Vg VB ’l«f Cij = a”~bufor all ’i, ]

Il

Ve
Proof. See [19].
We oftenlet A € M, ,(F) represent v 4. The matrices M, ,(F) are sometimes
called pure or homogeneous tensors.

For certain group actions on R? (e.g., G acts on D and therefore on RP)
if A is a pure tensor and [ is a linear functional on F(®") such that IE,, = IE,
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for all f € RP, for all ¢ € G, then IQ¢A4 is an easily computed quantity [20].
We may then restate a version of the problem of rejecting isomorphs in a
G-stable subset L of a finite function space as follows: Construct pure tensors
Ay, ..., A,suchthat I, = T4¢(4: + ...+ 4,). Then by Theorems 2.1 and
2.2, Telpn = TeQe(41+ ...+ 4,). Since IT¢E, =IE, IT¢ = 1. Thus,
Iy = 10641+ ...+ 1Q¢A,. For instance, if L = R?, we may let v = 1,
Ay = J = thed X r matrix of all I’s, and thus IIp = IQ¢J. For some subsets L,
the principle of inclusion-exclusion may be used to construct A4, ..., 4,
[18]. We shall not deal with this construction problem in this paper.

We may then extend this multilinear setting as follows. If S = R;?t X
... X R.Pk then FS is the tensor algebra of rank % of vectors from the tensor
algebras F(Z®H (see [19]). We may write a pure tensor of pure tensors as
A1 ® ... Q A; where 4, € My, ,,(F) and |[Ry| =74, |Dy| = d..

We now let S, be the symmetric group of order ! acting on [1, n]. Let p be
an integer partition of n. We write p = 171272 .. n’/» where j; denotes the
number of times 7 appears in p. The following two results are well-known:

THEOREM 2.4. There is a one-to-one correspondence between partitions of n
and conjugate classes of S,. This correspondence is as follows:

p = 191 | nIn <> all elements of S, with j, cycles of length 1 for each 1.
Proof. See, for instance, [7].

We may discuss, then, C, = conjugate class of S, corresponding to the
partition p.

THEOREM 2.5.

Cl = n! — ’ﬂ_’ 13 — lil' 1 Ins
(Gl = T o =, where me = Uik n Tl

Proof. See [13].

3. Redfield’s theorems. Let I, = {partitions of #} and let sy,..., s, be
n indeterminants. We now write the cycle index polynomials (see [4])
PG:[I,n] (Sl, S2y « o ) as follows:

1
Porm (s, S2,...) = = 2 |C,NGls,
IGI p€lln
where s, = 51715572 . .. 5,77, We observe that V = (s,),cn, forms a vector
space of dimension |II,|. We define * in 1 as follows:
Soy * Sp, = x(p1 = P2)7rplsnlr

and extend linearly, making V an algebra. We define a linear functional
E: V— F as follows:

(3.1) E(s,) =1 forallp

and extend linearly.
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In 1927 Redfield described and counted objects he called ‘‘superpositions’
[13]. These have been further described in [6; 8; 12; 16]. We shall describe
them in terms of function spaces as follows:

Let {Gi}ici1,m be subgroups of S,, G, C S,, each G; acting on [1, n]. Let
G=G1 X...XGn XS, LetR =8,,D = [1,m]. (Weshall later have R, =
Rand D; = D.) Then we define an action of G on R? as follows:

(3.2) (g, .-, gmo)f)(@) = gif @)o™?

where the operation on the right hand side is function composition. Redfield’s
superpositions make up a system of orbit representatives A from G : RP”.

Redfield described them as m rows of # objects, each row having a group,
G, act on the objects in the row, and two of these arrays equivalent if they
could be made equal, entry by entry, by some action of the G,'s and some
permutation of the columns. A moment’s reflection will convince one that the
action described in (3.2) yields the same objects. We shall no longer refer to
Redfield’s superpositions, but shall instead only use the action of G on R?
described in (3.2).

We shall use the following lemma (see Perlman [10]):

LemMma 3.3. If G acts on X and Y, two finite sets, and Ay is a transversal on
the orbits of G : X, Aqs(x) a transversal on the orbits of G, : Y, A a transversal on
the orbits of the induced action of G on X X Y(G: X X ¥V), W: Y >, a
commutative algebra over F, W constant on orbits of G : Y, then

2 2 W) = (I%:EzW(y)-

€A1 y€A2(2)

Proof. Notice that A = {(x, y) € X X V: x € Ay, y € Ay(x)} is a trans-
versal on the orbits of G : X X Y, because

G) If (x, y), (x', ¥') € A and there exists ¢ € G such that ox = x’ and
oy = 9', then x = x’ because A, is a transversal on the orbits of G : X and so
o € G, which means y = % since Ay(x) is a transversal on the orbitsof G, : Y.
Thus, A is contained in a transversal on the orbitsof G : X X Y.

(ii) If (x, y) € A, then there exists ¥’ € A; and ¢ € G such that ox’ = x
since A; is a transversal on the orbits of G : X. Furthermore, there exists
¥ € A(x’) and 7 € G, such that 79/ = o1y, since A,(x) is a transversal on
the orbits of G, : V. But then or(x’,y’) = (o7x’, 07y") = (ox’, 007 ly) = (x, ).
Thus, A contains a transversal on the orbits of G : X X V.

But

2 W) = 2 Wh) = 2 W),
z€A1 y€A2(z) (z,y)€A (z,0)€A

since W is constant on the orbits of G : ¥ and thus is constant on the orbits
of G: X X Y.

We are now ready for Redfield’s decomposition theorem (or, as Read [12]
calls it, the Master Theorem).
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Let R=3S,D=[1,m],G=G1 X ... XGp XS, G, CS,. Then G acts
on R? as defined by (3.2). Let A; be a transversal on the orbits of G : RP.
Note that G acts on [1, #] as follows:

(g1, -+, gmy o)1 = 0t (i.e., projection of G to S, acts on [1, n]).
THEOREM 3.4 (Redfield [13]).

D Pyt (51,52 .. ) = Poyiiim (S1, 52, . )

s1€41
... *PGm.'[Ln] (Sl, S2y . . ')'

Proof. There are a number of approaches to this theorem. We could use
Theorem 6.3 in [19] which involves a homomorphism, \, of S,. Here, we would
set N(oc) = s, where ¢ € C,. Or we could use Theorem 2.2 directly by letting
S = RP” and defining a functional / where

lE, = PGf:[l.n] (1, 52y .. +).

The proof we give exploits the multilinear aspects of FS where S = R,P1 X
R,?: and seems, more directly, to contain the concept of summing cycle index
polynomials of stabilizer subgroups over a system of orbit representatives.

For brevity, we shall denote an element (g1, ..., g, 0) € G1 X ... X G, X
S,bya.Let Ry = Rand D; = D. Theaction of G on R;?!is described by (3.2).
Define the linear functional /; on FZ®D by LE, = 1 for all f; € Ry?1. In
particular, 1 Eqy, = LE, foralla € G. Let J1 = X jicrmPiEfy.

Define R, = [1,7] and D, = [1, n]. Gactson Ry?2 by (g1, . . ., gm, 0)f2(2) =
fa(o=17). Define the linear functional l, on F(Z2* by LE, = ITi_1x,,, for all
fa € RyP2 where xi, ..., x, are indeterminants. In particular, lsE,,, = LE,,
foralla € G. Let Jo = > /,cr0.E .

Define

Z(Efl ® EfQ) = (llEh) X (lZEfz)

and write [ =1, ® lo. Thus, [(E. @ Eay) = I(E;, ® E;,) and therefore
IT ¢ = 1. Let A be a transversal on the orbits of G : R;?! X R,?2 By Theorem
2.2,

(3.5) IT¢la =10c(J1 ® Jo).
We evaluate the right hand side of (3.5) first.

Q@) =1z T T xlefi= 1)

..... gm,0)€G f1€R1P1

(3.6) .
X 2 x(af2=fz>g Xra0)-

r2€R2D,
To evaluate the right hand side of (3.6) we first characterize all f; € R,?1

such that (g1, ..., gn, o)f1 = f1. By (3.2), gif1(1)0™! = f1(4) or f1(2)"'g; f1(2) =
o. Thus, we must have that g; € C, for all 7 where C, is the conjugate class of
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S, containing ¢. Furthermore, the number of possible values for f;(7) for each 7
is just the cardinality of the normalizer of ¢ in S,, i.e., 7,. Thus, the number of
possible f; fixed by (g1, ..., g, o) is 7,™

Continuing with our evaluation of the right hand side of (3.0) we compute

ZD x(afs = f2) H Xp(n wherea = (g1,...,8m o) € G.

S2E€R2P2

This is easily seen to be s, = II%_;s,% where s; = ;" + ... + x,% and j, is
the number of cycles of ¢ of length 4.
Therefore, the right hand side ot (3.5) is

%’ S Ai(p) - Au(0)|Col s,

PETH

where 4;(p) = |C, M G4 and this is
PGx:[l,n] (Sl, S2y .« o ) * ... 0% PGm:[l,n] (51, S2y . s )

We next evaluate the left hand side (3.5).

ITgIa = 11a = Z H X ra(4)-

(r1.72)€8 i=1

We let A2 (f1) be a transversal on the orbits of G;, : R.”? and apply Lemma 3.3
to get

ITels = Z Z H Xra(i)-

f1€41 f2€42(f1) i=1
We now apply Polya’s Theorem (see [4]) to the action of G, on R,”? to obtain
ITels = Z PGfl.'ll,n] (51, 82, . . .).
J1€41

COROLLARY 3.7.
|A1‘ = EPe:01m (1,82 .) %o x Poppn (s, S2,.00))
where E is defined in (3.1).

Proof. Apply E to both sides of Theorem 3.4 and note that E(P ¢.s5(s1, S2, . . .))
= 1.

The idea of summing cycle index polynomials of stabilizer subgroups over a
transversal was developed at length by deBruijn [3]. DeBruijn’s results in
that paper (Redfield’s Superposition Theorem was one of them) may be
achieved from the multilinear standpoint of a cartesian product of two func-
tion spaces, with the connecting relationship described in Lemma 3.3. Lemma
3.3, of course, may be extended as follows:

CoROLLARY 3.8. Suppose G acts on X1, ..., X, and thus G acts on
X1 X ... X X, Let A be a transversal on the orbits of G:X; X ... X X,
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Ai(x1, .., xi-1) be a transversal on the orbits of G, (M .. .M\ Gy Xy Let
W: X, —, an algebra, W constant on orbits of G : X,. Then

) W) = 2. Wixa).

71€A1 22€42(21) In€An(z1,..0s Tn-1 @1,.0es Zn) €A

Proof. Use repeated applications of Lemma 3.3.

4. Foulkes’ extension. Redfield notes two problems which he left unsolved.
First, he observed that the cycle index polynomial is not unique, i.e., two non-
conjugate subgroups of .S, may have the same cycle index polynomial. Second,
the decomposition of Theorem 3.4 is not unique, i.e., we may be able to find
another collection of groups Hi, . .., H, such that

!
PGl:[l,n] (5‘1, S2y v« ) * ... *PGm:[l,n] (51, Soy . . ) = Z:l PH.‘:[l,n] (81, S2y o« )
i=

where Hy, ..., H, are not conjugate to {G,.} s;ca; in any order.
These problems may be overcome in the following manner (see [2; 5]).

TraEOREM 4.1. (Foulkes [5]). For all subgroups H C S,, > jea,M¢,(H) =
117 _ M, (H) where the marks are marks in S,.

Proof. Merely apply the trivial functional to Pg, T ¢la, = Ps,"Qels.
(See [17].)

This overcomes Redfield’s difficulties since marks are constant on conjugate
subgroups and tables of marks form non-singular matrices. Thus, if we consider
the free vector space over the non-conjugate subgroups of S,, we observe that
the marks, (M ), form a basis of this vector space. Then, whereas in Theorem
3.4 we were unable to decompose uniquely P ¢, (1.0 (1, S2y -« ) * ... * Pg, (101"
(s1, S2, . ..), in Theorem 4.1 the decomposition of I17_; M, in terms of this
basis must be unique.

Furthermore, even if we were to discover the correct decomposition in
Theorem 3.4, we could not in general recover the stabilizer subgroups {G,} sca,
from this decomposition. However, since the marks, (M ), form a basis of
the free vector space over the non-conjugate subgroups, we can recover these
stabilizer subgroups from the decomposition in Theorem 4.1. In fact, we have
seen in [17] that the decomposition into marks and subsequent reconstruction
of stabilizer subgroups in Theorem 4.1 is merely an example of the general
problem of enumerating orbits with a given automorphism group.

Finally, we shall note the intimate connection between marks, permutation
characters, and cycle index polynomials. If ag is the permutation representa-
tion of S, induced by K, then we have

1
Prr (51,82, - 2) = 2= ColXag (0500

* PETH

where Xq is the character of ax. This formula follows from the standard fact
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(see [9; 14]) that

1S, NG

xex®) =61 G

Thus we see that knowledge of the permutation character xa, of S, is
equivalent to knowledge of the cycle index polynomial Pk .1, In fact,
Theorem 3.4 may be restated as

42) 2 Xag,(0) = [ Xag, (o) foralle € S,
J€AL i=1
This formula may be obtained from Theorem 4.1 by observing that

My ((9)) = Xag(7)

where ¢ € S,, (¢) is the cyclic subgroup generated by ¢ and the marks are
marks in S,.

5. Example. Applications of Redfield’s theorems to graph theory abound
[6;8;12;13; 15]. We shall address ourselves to a simple example here and then
indicate how these theorems might be further used.

Suppose we wish to know how many octagons we may construct with
exactly 5 red balls and 3 blue balls at the vertices, up to the action of the
dihedral group on the octagon. Suppose, further, that we wish to know, for
each such pattern, the largest subgroup of the dihedral group which fixes that
pattern.

Let G, = dihedral group on the octagon, Go = S; X S;, and n = 8§, m = 2.
Then the number of ways to construct such an octagon is

E(Poy:t1m (81, 52 .. .) * Poyn (51, 82, .. 2))

where G acts on [1, n] by the action of S5 on [1, 5] and the action of S; on
[6, 8]. This is because

E(PGl.'[l,ﬂ](Sly Sg, .. .) * PG?.‘ll,n](Slv Sg,...)) = ’A|

where A is a transversal on the orbits of G; X G2 X S, : S,1t-2 by (g1, g2, 0)f(7)
= g,f(#)o~! (Corollary 3.5). If we write the eight nodes in one row and the
symbols {r, b}, repeating 7 five times and b three times, in the second row,
we have G; acting on the first row, S; X S; acting on the second row (where
Ssactsin the 5r'sand S;actsin the3 b’s), e.g.,

1 2 3 4 5 6 7 8
b b r b r v r rl|’

then the patterns we wish to count are all these, up to the actions of G; and G
on the rows and up to whole permutations of columns.
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Thus,

> Pyt (51,52, -+ 2) = Poyim (51, 52, - - +)

7ea
1
* Py 1,0 (51, S2, .. .) = 5 (7518 + 3512523) and IA] = 5.
Generally speaking, we cannot decompose an arbitrary * -product of the

cycle index polynomials into the cycle index polynomials of the stabilizer sub-
groups. We must, instead, use marks. However, in this case, we easily see that

(318 + 512823)

DO | =

ZA -PG/:[I,n] (51, Soy .+ -+ ) =

JE
1 1 .
+3 (s° + si°s2") + 5 (s8° + ss2’) + 57 + 57

Again, generally speaking, we cannot say exactly to which subgroup an
arbitrary cycle index polynomial is associated. But in this case, it is the cycle
index polynomial of the subgroup consisting of just a reflection through a line
through opposite vertices. Figure 1 lists the five figures and the dotted lines
indicate the axes of reflection for the stabilizer subgroups. Note that two of
the figures have trivial stabilizer subgroups and therefore cycle index poly-
nomials equal to s;8.

We must remark that the result |A| = 5 can be obtained from Polya’s
theorem directly by merely looking at the coefficient of w(r)*w(b)? in the
resulting polynomial, where w is the Polya weight function.

As was stated earlier, Theorem 2.2 may be applied to a G-invariant subset
L of §S. When S is a finite function space, this involves the construction of a list
of pure tensors Ay, ..., 4, which, up to the operator 7'y, represent L. In the
case at hand, we may wish to enumerate orbits from the action of G; X ... X
G, X S, on some useful subset, L, of S,[*'™. Certain boundary conditions
might be considered (for example, no isolated red balls), or restrictions in-
volving the unusual nature of the group action (perhaps involving the con-
jugacy classes of the G/'s).

We shall now indicate one approach to a graph counting problem (see
[12; 15]). Consider graphs with # nodes and % lines. We let m = (121) where
m corresponds to all possible lines in the graph. Then the action of .S, on [1, 1]
induces an action on [1, m]. Furthermore, Go» = Sy X S, acts on [1, m] as
before. Then if A is a transversal on the orbits of G; X G2 X S, : S,,[1'3, A is
also a transversal from the graphs with # nodes and & lines, up to the action
of S, on the m pairs of points.

Thus, the problem of computing |A| reduces to that of computing two cycle
index polynomials for the special group actions above. If we also want to
compute the groups under which the graphs in the transversal are stable

https://doi.org/10.4153/CJM-1975-078-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-078-x

REDFIELD'S THEOREMS 713

Fi1GURE 1. Transversal from octagons under the dihedral group of order 16 with five vertices
labeled ““#"" and three vertices labeled ‘4",

(called the automorphism groups), we must, in the general case, also be able
to compute the marks of the subgroups of .S,,.

m

1

2.

3.

10.

11.

12.

13
14

https://doi.org/

® S o

As before, useful restrictions on the set R? may also be considered in this
ultilinear context.
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