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Abstract

The author investigates M(n, @) = min | @ — Zn.k ~'| where the minimum is over all sets of signs
n, = =1 and shows M(n, a)<n~3="%" for [ | <3(1—¢)logn.

In the previous paper it was shown that for given ¢ > 0 there exists n, such
that for n > n. it is possible to choose suitable signs n, 1=k = n, such that

> Mk
k=1

where log. denotes the base 2 logarithm. The aim of the present paper is to
extend this result to make Zn:k ™' close to numbers o not necessarily zero. The
exact result obtained is:

<n —4(1-¢)log,n

THEOREM. For given ¢ >0 there exists N, such that for n > N, and real a with
|a| <i(1—¢)logn it is possible to choose signs ni, 1 = k = n, such that

i mk ' —a
k=1

The method of proof is to split up the sum so that the following elementary result
can be applied.

< n ~%(l‘z )logzn

(1)

LemMma 1. Let t, = t,= --- 2 t, be a sequence of positive real numbers with
L, =36, for 2=j = p and let o be real. Then there exist signs ¢, 1 = j = p, such
that for 1=k =p

) <max<tk,|a|—2t,->.

j=

k
a— Z il
=1

Proor. Set g, to be the same sign as a, so that (2) is satisfied with k = 1. For
k =2 we define g inductively to be the same sign as a — 2/ ]¢t. Since
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L1 Z ke =4, it is clear that (2) holds when 6_,=|a |- 22/ . On the other
handif &, <|a |- Zf] ¢ then g, &4, - - * &, are all of the same sign as a and

k
:la,—;t].

COROLLARY. Let LtZ b2 =1, and s, = 5; = - Z 5, be sequences of posi-
tive numbers with t, =2, s, =2 1, =23 for2=j=pands; zis5_ for2=j=o.
Then if « is a real number such that |a |+2 = 2¢_t; there exist signs g, | = j=p

and 8, 1 =j = o, such that

-

} o — Eit,'

I

a — S 8,‘[, + Z 5,-s,-
i1 =1

=S,.

©)

Proor. By the lemma we choose g to ensure |a — 27 &t | =2. Since
327_.s; =22 a further application of the lemma gives the desired result.

The proof of the theorem hinges on constructing suitable sequences
S1, 82, S, and ty, £, + « -, t, to make the left side of (3) of the same form as the
left side of (1). To construct these sequences we need a few preliminary results.

LeMMA 2. For integral k =0, a >0 there exist signs u; = +1, 0=j =2*"'
such that s(a, k)=, 325" w;(a + j) ' =2« Dk187*"" with B € [a, a + 2).

Proor. For k =0 this is trivial, and for k > 0 this follows from lemmas 1
and 2 of Worley (1976).

LemMMA 3. For b=16 and m >2°** let f(x) be defined by f(x)=
Q2 72m*")"* =2 for 2=x =B = b —2log,b. Then f is increasing.

Proor. Differentiating gives f'(x)=2m2*m ™" (logdm)x>—2" log2>
(217 e pOxThrlonb _ 9x ) 1002 since m > 2°*? and x < b. Thus f’(x) > 0 provided
hy(x)>0, where h,(x)=3+b —x —log.b — (b + 4)x™". Now dh,(x)/dx is posi-
tive for 2 = x = (b + 4)* and negative for (b + 4} = x = B, 5o it is only necessary
to show h,(2)>0 and h,(B)> 0. Plainly h,(2) = 3(b — 2log, b — 2) is positive for
b =16 so it remains to consider h,(B)=3+log.b — (b +4)/(b —2log,b). It is
easily verified that (b +4)/(b —2log, b) is decreasing for b = 16 and its value at
b =16 is 2}. Hence h,(B) is positive as required.

COROLLARY. Let a, =1, a,=m?—4, and let a; be defined inductively for
3=j=J = B as the greatest integer less than (2'>m'™")"" — 2/ that is congruent to
a, mod27". Then (i) a; <m and (ii) a, 1= a; for 2=j=J.

Proor. The inequality 2’7 < 2* < m yields 2’ >m’~' < m’ which implies (i).
The result (ii) is trivial for j =2 and follows from the lemma for j = 3.

LEmMMA 4. Let m, b, J,a\,-- -, a; be as above and let a = a;. Then
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(@) (a +2"1Y < 24"
for integers j 22, k =1 satisfying k <j.

Proor. Since k =j it is only necessary to show klog(l+2*'a™")<log2.
Since log(1+x)<x and a = q; > (2 >m’'™)" —2'*" it suffices to show
(5) 1+ j/log2 < 2b7i+2 Gt

For 2 = j = (b + 4)! the rigth side of (5) is at least 2*~¥ and inequality (5) follows
easily. For (b +4)!=j = J the right side of (5) is at least 220eb+2-(+4/b-2ogb)
2%°:* = p? and again (5) follows.

LemMA 5. If m, b, J are as above, a >m,2=<j =] and
a' <27m'"Y -2 thens(a',j —1)=3s(a,j—2)
Proor. Since (j — 1) = (j —2)! we have
28006 — (22T 2 21070 — ) !
which, by Lemma 2, yields s(a’,j —1)Z s(a,j —2).
Lemma 6. With the above notation
(6) s(a, J — 1) < p Hroeans730g108n

where a >n —2""" and 2°"7=n < 2",

ProorF. By Lemma 2, since a>in, we have s(a,J-1)<
20007~ 1)14'n 7. As J <log,n it is easily seen that

(l) 2%(1—1)(1—2)< n%logzn’

@i1) (J—1)! < (logs n)'s=" = plosanlosn

(iii) 4’ < n?,

(iv) n’ >n®?"=""" and

(v) b~-2log.b—1>log:n—5-2log:(log.n —4).

Combining these inequalities yields (6).

We are now in a position to prove the theorem. We assume n = 2'° without
loss of generality, define b =16 by 2°**=n <2°** set m = n —2°*" and define
B,J,a,, -, a, as above. We also set a;., to be the greatest integer less than or
equal to n that is congruent to a; mod 2’. Since a, < m and J = b < b we clearly
have a,,,> a,. Define r, for2=j=J by aq;.,=a, +r,2'.

Consider firstly the collection of sums

S={s(q;+r2 +2X k) 0=k <j=J0=r<r}.
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First it will be seen that for 0 =r <r;
s(a; +(r+1)2 +25 k)= is(a, +r2' +2% k)
by Lemmas 2 and 4, and it will be noted that
s(a, +(r, =1+ 1)2 +2% k)= s(a;.. + 02" + 2% k).
Second, by Lemma 5,
(A + 2"k + )= is(a, + (- 1)27 + 2% k),

since n —m >2.2' implies a;, + (r;, —1)2’ +2* > m. Hence the sums in the
collection S, together with the terms 1, 3,3, - - -, 1/2° where ¢ = [(log a,)— 1] and
the terms a,', as', -, a5 7Y, (@ + 1), - -+, n7', when ordered as s, =5, =
---Zs,, have the property required by the corollary to Lemma 1.

Now consider the terms 3,1 %, -+ 1/(a-— 1) where the missing terms are
1,35 -+, 1/2°. If these are ordered as t, = t,= - - - = t, these have the property
required by the corollary to Lemma 1, and

i 4> loga,—1—>,1/2 > loga,— 3.
j=1 ji=0

The theorem now follows immediately from the corollary to Lemma 1 and
Lemma 6, for the construction used ensures that the left side of (3) can be written
in the form of the left side of (1).

It will be noted that this result is capable of generalization to sums of the
form Xx,/f(k) for functions like f(n)= nlogn.
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