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ON APPROXIMATION OF
CONTINUOUSLY DIFFERENTIABLE FUNCTIONS
BY POSITIVE LINEAR OPERATORS

Heinz H. Gonska

The aim of this note is to prove a theorem on the pointwise
degree of approximation of continuously differentiable functions
by positive linear operators. As can be seen from the
applications to Bernstein and Hermite-Fejér operators, our
inequality yields better constants and sometimes even a higher

degree of approximation than the known general results.

Recently Mond and Vasudevan [13] proved a refined version of a theorem

of Censor [3] concerning the approximation of functions in Cl[a, b] by
positive linear operators. This improvement which is also due to Meier
[10] can be obtained by proceeding in the same way as was done by Mond [1Z]
who modified the well known result of Shisha and Mond [17].

It is the aim of the present note to indicate that there is a further
improvement over Censor's result which yields better constants than the
theorem of Mond and Vasudevan and which guarantees for certain positive
linear operators even a higher degree of approximation. Moreover, the

assumption that {Ln(l)} is uniformly bounded is superfluous.

(o]
n=1
Following De Vore [4] we prove a pointwise statement.

THEOREM. et L be a linear positive operator on Cla, bl . Let

f € Cl[a, bl and let w(f', *) be the modulus of continuity of f' .
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Then the estimate
(5, D@ = |5 « [legs 21l + Il + [L(ep-. 2)]

+ I:L(Iel-x|, z) + 2l—h . L[(el—x)e, :cH - w(f’, n)
holds, where e; denotes the ith monomial, h € (0, b-a] 18 arbitrarily
chosen, and ||*|| denotes the sup-norm.

Proof. First observe that
IL(f, =)-flz)]| = |L(f, x)-flx) * L(eo, z)| + |flx)] - IL(eO, z)-1]| .
Thus it remains to estimate the difference L(f, *) - f(*) * L(eo, -) .

Since f is in Cl[a, bl and L is a positive linear operator we know

for each x € [a, b] that
IL(F-f(z), )|

Ll f-f(a)], =)
It - zlle-zl, =)

|L(5, =)-f(=) « Lley, =)

A

1A

This inequality is due to Mamedov [91].
Moreover, let g € Cz[a, bl . 1In this case we have
2
|L(g, x)-g(x) * Lley, 2)| =% - L[(el-x) x} “llg"ll + 1z{ey-z, )| - g’} .

This type of estimate can be traced to De Vore [4] and, independently,
Min'kova [17].

Now let f € Cl[a, bl . Considering again the difference
L(f, *) = f(*) - L(eo, ) we have for an arbitrary g in Ce[a, bl ,

IL(fa x)_f(x) ¢ L(eo’ .’B]l
|L(f-g, x)-(f-g)(x) * L(eo, zy| + |L(g, z)-g(z) - L(eo, z) |

1A

IA

17921+ 2(ley=2ls =) + llg”ll - & - 5{(e,-=)?, <]

+ gl - |L(el—x, z) |

Now we extend f' to a function f' by defining Ff'(x) = f'(a) for
z <a and f'(x) = f'(b) for z >b . Putting
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1 h =
(f')h(x) = o I ., f'(x+u)du

for 0 <h<b-a and x € [a, b] yields a function (f')h satisfying the

inequalities
IF'=(FL0 < 0(f, ) and N(FOLN < 5 - w(F7, B

If we now choose g € c?la, b] in such a way that g’ = (f')h we arrive
at
IL(F, z)-f(z) « Lley, =)

<u(r, m - Lleyal, @) + k- 0ir B - k- 5{(e,0)?,

+F'h - Nzfe)-x, )|

= 'l - IL(el—x, z)| + [L[|el-x|, x) + 2lh . L[(el-x)z, xH ~w(f', h).

From this the desired inequality follows.

Note that if L reproduces the zero-th or the zero-th and the first
monomial at a fixed point & , this theorem gives a much simpler estimate.
This is the case for the polynomial operator introduced by Bernstein [2]

which will be treated in the following

EXAMPLE. For the classical Bernstein operators given for f € R[O’l]
by
i ny k n-k
B,(f, x) := ¥ flk/n) » ()« (1-2)
k=0
for f € Cl[O, 1}, x € (0, 1] and n =1 the following inequalities
hold:

(1)

2 P+1 n-pr x(l-x)} ( ;1
B - < 3= (n- - hod ElimloZ B U = .
|1B,(f, ©)-f(=)] {n (n-r) ()= H1-2)"" 4 pov=ny S A n] ;

here r is given by r = [nx] where [nx] denotes the

largest integer not exceeding nx ;
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(11) B f-fll = % » = - w{f’, —l—]

vn V-

Proof. The important representation of Bn(|el—x|, x] was given by

Schurer and Steutel [15];, the equality Bn((el—x)z, x] = x(1-x)/n is well
J

known. This gives (i). In order to arrive at (ii) it is not necessary to

use (i).

Using the Cauchy-Schwartz inequality (which can give quite a crude

estimate) one has

Bn[lel-xl’ x) < [Bn[[el-x)2, x]]%

This leads to the estimate

1B,(f, @)-f(=)| = [$+ 8_1\/5] . w{f', i] Sy . L. w{f', L]

which was claimed under (ii}).

Thus, by employing the above smoothing approach we arrive at an
estimate for the approximation by Bernstein polynomials which is better
than the corresponding application of the theorem of Mond and Vasudevan.
The following remark shows that our approach gives always better constants

provided that L(eo, x) =1 and L(el, z) =x for z € [a, b] fixed.
ir L(ei, 2} = e (x) for ©=0,1 , and if we choose h =4 » u ,
: Z

L
A >0 , where p = ||L((e, —-)2, <J|* > 0, then

1 2 1 2
L(lel‘x" z) + 24u L[(el‘x] ’ z} SHHA o
1
<zt 1]”

Thus the above approach yields an estimate which - for the particular case
of Bernstein operators - comes close to the striking result of Schurer and
Steute! [16] concerning the best possible constant in an estimate of the
above type. We take the liberty to point out that the gap between our
general theorem and the particular Bernstein polynomial approach due to
Schurer and Steutel was bridged in our paper [7] by using the least concave

majorant of w(f', *)
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The next example shows that our theorem yields a higher degree of
approximation for differentiable functions than the theorem of Mond and

Vasudevan does provided that L(]el—xl, x) is small in comparison to

[L[[el—x)2, x]]% .

EXAMPLE. 1If we consider the classical Hermite-Fejér polynomials

-1,1]

Hn(f’ +) of Fejér [5] interpolating a function f élR[ at the zeros

of the Eebygev polynomials Z% and having a derivative equal to zero at

these points, that is,

n (1-zz, )T (z)2
: k' "n
H(f, ) = flz ) [ ) S (N
n kgl ( k n2 . (x_xk) 2

where

Ty = cos ((2k-1)m/2n)

for f € Cl[—l, 1], = € [-1, 1] and 7n = 2 , the following inequalities

hold:
(1)
| | <2 |7 . ()| -« IIf’ 4 |
Hn(f, z)-flz)| = oy | n(x) T, \= e + Py |Tn(x)
— |7 (2)]
. (l+ l-x2 * log n) s w|f', L / — ,
1+V l-xz'logn)
C.logn
. <1, ' 2, A
I T N

Here Cl and 02 are suitable constants.

Proof. 1In order to evaluate Hn[|el-x|, x] we use a recent result of

Goodenough and Mills [§] (see also Amel'kovic [1]); from their Theorem T

we obtain (with real numbers 03, Ch’ P ) the inequalities
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c " 2\ |7 ()]
<3. 2| ¢ {2-25)% 1 N
Hn(lel—xl, x) < ” Ih(x) ké; % + k2) +C, m

c
75 |Tn(x)| . (‘1+(1—.vr:2)!5 * log n)

1A

Using the equalities (see [61, [14])

(x)

- =_ 1, .
He =e, , Hn(el z, z) = - ST -1
2 1
Hn[(el—x) , xl =3 Zi(x)
our above theorem yields the estimate (0 < h = 2)

1 (fs 2)-Flz)| ==+ |7 (@) - 7 (&) I

n-

+ 75—- !Zh(x)! . (l+(l—xz)% * log n) + ;h . %—- Zi(x) « w(f', k) .

Choosing

|Tn(x)|
h=——"——=1 for T (x)#0

1+V 1-x2-1ogn

we arrive at

B, 2)-Fl@)| s« |T(=) - 2 (@] - 1]

c |7 ()]
+ = |7 (z)] - (1+(l-x2]% - log n) + w|f!, —L——1| .

n n -
14V 1-2°+1ogn

Due to the fact that an interpolates at the zeros of Th this
inequality is also true if Ih(x) = 0 . This gives statement (i) in our
example.

The uniform assertion under (ii) follows from the particular choice
h = 1/(log n) . Proceeding in exactly the same way as above we get for all
xz € [-1, 1],
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% 1
S 1F7 + -2 (rosterm) + 108 7) + wffr, 2]

1 2
n logn
1, ’ J e . ’ 1

sLoree, - e, 22

IA

|8,(F, =)-f(z)]

COROLLARY. If f € C'[-1, 1] such that f' €Lipa, O<a<1,
then
(1o )l—a
I, 711 = o] | n e

n

Thus the estimate in our second example gives a pointwise extension of
the theorem of Goodenough and Mills to continuously differentiable
functions in the sense that it takes both aspects into account: it
expresses the fact that we are dealing with interpolation operators and at
the same time reproduces the best available order of approximation of
functions whose derivative is in Lip a . This emphasizes - once again -
the need for theorems on how close the estimate in the corollary is to best

possible.
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