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On the Membership in Bergman Spaces of
the Derivative of a Blaschke Product With
Zeros in a Stolz Domain

Daniel Girela and José Angel Peldez

Abstract. It is known that the derivative of a Blaschke product whose zero sequence lies in a Stolz angle
belongs to all the Bergman spaces AP with 0 < p < 3/2. The question of whether this result is best
possible remained open. In this paper, for a large class of Blaschke products B with zeros in a Stolz
angle, we obtain a number of conditions which are equivalent to the membership of B’ in the space
AP (p > 1). As a consequence, we prove that there exists a Blaschke product B with zeros on a radius
such that B/ ¢ A%/2,

1 Introduction

We denote by D the unit disc {z € C : |z|] < 1} and by H? (0 < p < o0) the
classical Hardy spaces of analytic functions in D (see [3]). The Bergman space A?
(0 < p < o0) consists of all functions f analytic in D which belong to L?(ID, dA),
where dA(z) = %dx dy denotes the normalized Lebesgue area measure in D. We
mention [4, 6] as general references for the theory of Bergman spaces.

A sequence {a, } of points in ID is said to be a Blaschke sequence if

o0

Z(l — laa|) < oo.

n=1

o0 |an| ay—z

The corresponding Blaschke product B is defined as B(z) = [],~, kot

If¢ €ODando € (1,00), weset ,(§) ={ze€D: |1 —E&z <o(l —|z])}. The
domains ©,(£) (1 < o < 00) are called Stolz angles with vertex at £. The domain
Q,(1) will be simply denoted by €2,.

If a Blaschke product B has zeros a, = r,e'", we define
1 — |a,|
t) = E te(— .
fB( ) (l_lan|)2+(t_tn)2’ ( ﬂ-;ﬂ—)

a,7#0
Ahern and Clark [2, Lemma 1, p. 121] proved that

(1) B e H & fge IP(—m,m), 0<p<oo.

Using this criterion we can deduce:
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(i) If the zeros of a Blaschke product B all lie in some Stolz angle, then B’ €
ﬂ0< p<1/2 HP.

(ii) If B is the Blaschke product with zeros a, = 1 — 1/(11log2 n), n > 2, then
B/ g HI/Z‘

2 The Main Results

Even though we do not have a Bergman space analogue of (1), using [1, Theorem 6.1]
(see also [5, Theorem 3]), it follows that if the zeros of a Blaschke product B all lie in
some Stolz angle, then B’ € A? forall p € (0,3/2). We shall prove that the exponent
3/2 is sharp in this result even for Blaschke products with zeros on a radius.

Theorem 1  The Blaschke product B with zerosa, = 1 — 1/(n log2 n), n > 2, has the
property that B’ ¢ A3/,

For a large class of Blaschke products B with zeros in a Stolz angle, we shall obtain
a number of conditions which are equivalent to the membership of B in the space
AP (1 < p < 00). Theorem 1 will follow from these results. We remark that if B is
an arbitrary infinite Blaschke product, B’ ¢ A? for any p > 2 (see [7, Theorem 1.1]).
Hence, our coming results are really significant only for 3/2 < p < 2.

Following Vinogradov [9], if B is the Blaschke product with zeros {a,}5°,, we
define

1 — [a,|

(2) 5(0) ;[9+(1—\an|>12’ 0 € (0,00).

We shall prove the following result.

Theorem 2  Let B be a Blaschke product whose sequence of zeros lies in a Stolz angle.
If there exist a positive constant C and 0y € (0, ) such that

(3) Opp(8) > C  forall € (0,6),
then, for any given p € (1, 00), we have that B’ € AP if and only if pg € LP~'(0, 1).

Theorem 1 can be deduced from Corollary 10 below, but here we give a direct
proof using Theorem 2.

Proof of Theorem 1 If B is the Blaschke product considered in Theorem 1, then

> 1 — |a,] - nlog’ n
0) = = , 0>0.
5(0) ; [0+ (1 — |a.])]? ; [1+ Onlog” n]?

For0 < 6 < 1, let Ny be the unique number greater than 1 such that Ny log2 Ny =1.
By a standard argument involving summation by parts, we have
Ny 1

1
0) > - nlog>n < N2log’ Ny = — = ———.
SDB( )_4 Z g [ g 0 0 9210g2N6

ZSnSNg
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Now, the definition of Ny easily implies that log Ny ~ log 5, as § — 0. Then it follows
that there exist a positive constant C and 6y € (0, 1) such that

1

This implies that ¢z ¢ L/2(0, 1). Then using Theorem 2 we deduce that B’ ¢ A%/,
|

Theorem 2 follows immediately from Theorem 3.

Theorem 3  Suppose that 1 < p < oo and o > 1, and let B be a Blaschke product
whose zeros lie in a Stolz angle. Then there exist C; > 0,C, > 0, M > 0and 6, € (0, )
such that

(4)
2m bo
C / b1 0) do > / |B(2)|P dA(z) > C, / PETH0) (1 — & M) gg.
0 D 0
A number of results will be needed to prove Theorem 3. The pseudo-hyperbolic

metric in the unit disc will be denoted by o: o(z, w) = ‘ 2%\ z,w € D. The follow-
ing result, which is due to Marshall and Sarason, is proved in [8, Proposition 4].

wz

Proposition 4 Let K be a closed convex subset of D with 0 € K. Let B be a Blaschke
product whose zeros {a,, } are all contained in K. Ifz € D \ K and ¢ = 9(z, K), then

()] > — 'B(Z)' Z(l—g(zan»

1+e21—
The following lemma can be proved using simple geometric arguments.

Lemma5 Giveno > 1land0 < § < 1, there exists & > o such that p(z,,) > 0
foreveryz € D\ Qz.

Lemma 6  Let B be the Blaschke product whose sequence of zeros is {a,}5°, and let
6 € (0,1). If z € D satisfies that o(z, a,) > 6, for all n, then

5) B@)| > exp( 53 (1 - Pza).

252

Proof Take z € D such that g(z,a,) > 0 foralln = 1,2,...; then using the
elementary inequality logx < x — 1, for x > 1, we deduce that

1 — 1 &
EZ( 2(2 an) ) S ﬁ;(l_gz(zaan))a

n=1

\ /\

\B<>| ; gg(za

which implies (5). ]
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We shall use also the two following elementary lemmas.

Lemma7 Given R € (0, 1), there exists Cg € (0, 1) such that
(6) .
CR[(I —r+(1—-p0)+ |t|} < |1 — ore"|

S(I—T)+(1—Q)+|t|, T',QG[R,I),IE[—TF,TF].

Lemma8 Ifoc > 1then 5= 2+a < ‘\11 \ilz‘l < 2+ o, wheneverz € D and X € (.

Proof of Theorem 3 Take p > 1 and assume, without loss of generality, that B is
a Blaschke product with B(0) # 0 whose sequence of zeros {a, }22, lies in the Stolz
angle Q, (o > 1). Write ¢ for @p.

There exists R € (0,1) such that |a,| > R, for all n. Let Cy be the constant
associated to R by Lemma 7. Fix a number 6 € (0,1). Using Lemma 5, we can take
T > o such that o(z,Q,) > ¢, forallz € D \ Q5. Using Proposition 4 with K = Q,

and bearing in mind that the function x — 2%; is increasing in (0, 1), we obtain that
foreveryz € D\ Qz,

’ ZQ(Z, Q) |B(2)‘ |a,,
PO - Z(l —eEa) 2 52 1Bz ”Z T~ e

Ifz € D\ QF, then o(z, a,,) > 6 for all n. Lemma 6 and the above inequality yield
(7)

\B’(z)\zl 2\1 o, exp( 5 7 0= 20— Ja )), zeD\ Qs
=1

1 —a,z|?

Using (7), Lemma 8 and Lemma 7, we see thatifz = re'’ € {z € D : |z| > R}\ Q5

oo o0

1 — |ay? 1 1—|Z| )0~ )
® el e D e X )

n=1

28 =1 — |y
>
T (1+6)(2+0)? ; 11— |an|z|?

2+0)? = (1250 = |a,?)
XeXP(‘ T 11— Ja,|2]? )

n=1

2(5 11— |an|
Z T+ 2+ 07 2_;( [(T—r+1- Ian\)ﬂt\]z)
(2+0 zi (1 — |21 — aa]*) ) >

C2[(1 — 1)+ (1 — |a,|) + |t]]?

X exp(

n=1
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20

reraeread Gl
2
X exp(—%(l e Q-+ \t\))

= Ap((1 — 1) + [t]) exp(=K(1 — )p((1 — 1) + [¢])),

where A and K are two positive constants. Observe that there exists a positive con-
stant 3 such that

9) lt| > B0 —1), forz=re" € {zeD:|z] >R}\ Q.
Take Ry > R such that (6 + 1)(1 — Ry) < 7. Using (8), making three consecutive

changes of variable: 0 = 0(t) =1 —r+t,u=u(r) =1 — r,x = x(u) = up(f) and
using Fubini’s theorem, we obtain

(10) [ |B'(2)|F dA(z) > / B'(2)|? dA(z)
D {z€D:|z| >R }\ Q5

1 us
ZZAP/ / O ((1—r)+1t)exp (—Kp(l — e ((1 —r)+t)) dtdr
Ro Jp(1—1)

1=Ry  p(B+1)(1—Ro)
> ZAP/ / ©" (0) exp (—Kpup (6)) dodu
0 (

B+1)u

(B+D(1—Ro) 55
= 2AP/ / ©P () exp (—Kpup (0)) dudf
0 0

(B+1)(1—Ry)
— a0 / o1 (0) /
0 0

o B+n0—R) —kpOp(0)
— E/0 ) {1 — exp (W)} do.

0p(0)
(B+1)
exp (—K px) dxdf

This proves the second inequality of (4) with C, = %, 0y = (B +1)(1 — Rg) and
M=kp/(B+1).
Now we turn to prove the other inequality. Write b,(z) = lau @iz 54 B.(z) =

a, l—a,z
If((z) ,n=1,2,.... We have,
w(2)
I - I - 1— |an|2
(11) |B'(2)| = b,(2) - Bu(2)| < ) 7———=|Bu(2)].
n=1 n=1 |1 - a,,z|2

The elementary inequality log(1 — x) < —x, 0 < x < 1, yields

(12) log |b,(2)| = %log(l —(1—|bu(@])) < —%(1 — |ba(2)]), z € D.
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Summing up over all j # n and using the well-known identity 1 — |b (z)|2 =
7(1_“1‘7);;‘2'“” ), we get from (12) that log |B,(z)| < —1 Z A=[z[)(1—|a; ") which,
T

j#n [1—a;z]?
together with (11), Lemma 8 and Lemma 7, implies that whenever r € [R,1) and
te [_71', 7T])

a,|? 1 1 =71 —|a;]?
B elt < | n (_7 i J )
[B'(re®)| Z |1 a,reit|? AN Z |1 —ajrei|?
j#n
oo oo

1 R ( 1 1-rH1 - \an|2)>
< e2 . i i
- z:: 1 — g,reit|? xp 2 ; [1 —a,re’|?

: jan? 1 o (=) —a?)
<er(2 S L1 N— - .
<ei@+oy Zu—\a reit 2 exp 2(2+J)2; )

1= |ay|re*|?

1— |a,)? — (1= —a,])
<A . K

Z TR e (e e
< Ap((1 =)+ |t) exp( =K(1 = (1 =) +[e]) ),

where, A and K depend only on ¢ and R. After three changes of variable: § = () =

l1—r+t,u=u(r) =1—rand x = x(u) = up(f), some obvious estimates, and
using Fubini’s theorem, we obtain

/ |B'(2)|PdA(2)
R<z|<1
<2A/ / (1—r +t) exp[—Kp(1 —r)p((1 —r) +t)] dtdr
2T
gm//IWmmk@uwmmwm
R Jo

2T
< ZA/ / ©?(0) exp[—K pup(0)] du db
o Jo

27 w(0) 2T
ng(/O 4,0"71(9)d9) (/0 exp(—pr)dx) < %/0 oP=1(0) do

Since fOZW |B(re')|Pdt increases with r, this implies the first inequality of (4). [ |

Corollary 9  Suppose that 1 < p < oo and B is a Blaschke product whose zeros lie in
a Stolz angle and with the property that there exist C > 0 and 6y € (0, ) such that (3)
holds. Then the following conditions are equivalent:

(i) B’ € A%

(i) p € LP7Y(0,m);
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(iii) B’ € HP™Y;
(iv) fz € LP~Y(—m,m).

Proof Theorem 2 shows that (i) < (ii). The equivalence (iii) < (iv) follows from
Lemma 1 and, the implication (iii) = (i) follows from [1, Theorem 6.1].

To prove that (i) = (iii), suppose that B is a Blaschke product with B(0) # 0,
B’ € AP and such that its zeros {a,} lie in ), for a certain ¢ > 1. Write a, =
|a,|e’% with |0,| < . Since {a,} C €, there exists a positive constant \ such that
10,] <A1 —lan]),n=1,2,.... We have [(1 — |a,|) + [0]]* < 2[(1 — |a,|)* + 6*],
and 0% < 2((0 — 0,)* +62) < 2((0 — 0,)* + \2(1 — |a,|)?) whenever n > 1 and
0 € [—m, ). Then it follows that there exists a constant C > 0 such that

(13)  [A—|a)+10]> <C (1= |as)* + (O —6,)%), n>1,0¢€[—m,7]

Since (i) < (ii), wp € LP71(0, 1). Then (13) gives fz € LP~!(—m,7) and B’ € HF L.
| ]

Condition (3) is not a simple one. Next we find a simple condition which im-
plies it.

Corollary 10  If the zeros {a, } of Blaschke product B lie in a Stolz angle and there exist
A > 0andng > 1suchthat 1 — |a,| > A(1 — |a,)|), if n > no, then there exist C > 0
and 0y € (0, 7) such that (3) holds. Hence, B’ € AP < @p € LPF71(0,7) (p > 1).

Proof Given 6 € (0,1 — |a,,]|), take n > ng such that 1 — |a,1| < 0 < 1 — |a,].

Then
Dos(0) > 01 — [an|) > (1 —lann ) —lan]) _ (1 = |ann]) > A
(6 +((1 — |aa)) 4(1 — [an|)? 41— a,]) ~ 4
Hence, we have proved (3) withC = A/4and 0y = 1 — |a,,|. [ |
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